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BBenenune

AKTyaJapbHOCTH

Jluccepraliusi MOCBSIIIEHA UCCIEI0BAHNI0 T€OMETPHYECKUX W MEeXaHWYeCKUX CBOWCTB 00001Ie-
Hud 3aja9u Beprpana. 3agadn HebecHoit MeXaHUKH, CBA3aHHbIE C JIBUZKEHUEM CBETHJI 11O HEOY
1 B IPOCTPAHCTBE, 3aHUMAJIHN IEHTPAIbHOE MECTO B HayKe Ha IPOTIKEHUH MHOIUX BeKoB. Ca-
MBbI€ IIPOCTHIE MOJENIH BO3HUKIN €I B aHTHYHOCTH BO BpeMeHa APHCTOTENs U ¢ TeUeHHeM
BpemMeHu Bcé Dojiee u HoJee YCIOKHAINCH. PazBuTne HOBBIX METOJ0B MAaTEMATHKHU BJICKJIO 33
co00ii KayecTBeHHBbIE CKAYKN B WCCAEIOBAHUM 331a9 HeOeCHOW MeXaHWKH, MO3BOJIAS JIyUIle
MOHUMATH CYTbh MPOUCXOISAIINX IIPOIECCOB, NPUBOAAIINX K HAO/I01aeMbIM gBaeHusaM. Ho sto
MOHUMAaHUE BCETIa HPUHOCUIO eIIé OOJbIIe BOIPOCOB, CTABUIO CJIOYKHBIE MPOOJIEMBI Mepe/l
HCCJIeI0BATEISIMU, JIJIS PelIeHnsi KOTOPHIX TpebOBaIoCh NPHUBJIEKATh BCE DOjiee HOBBIE MaTe-
MaTHIeCKHe HHCTPYMeHTH. Hemasio cioxkHoCTell croa TpHBHOCIT TakK Ha3biBaeMble 0OpaTHBIE
33)Ia90 MEXaHHKH, KOTOpPbIe Becerja ObLIu TpyaHee HpaMbIx. MOKHO CKa3aTb, 9TO B UCCIAEI0-
BaHUM JBUKEHUS 110 HEOY YacTasd UX BCTPEYAEMOCTH €CTEeCTBEHHA.

OsHOM M3 Takux 3a7a4 ObLIO BOCCTAHOBJICHHE 3aKOHA, IPUTSZKEHUsT MEKy HeOECHBIMU Te-
JlaMu 110 hopMe TPAEKTOPHil, KOTOPhIE OMUCHIBAIOT ILIAHETHI IPH CBOEM JABH KeHHH. OTKPBITHE
3aKoHa BceMupHOro tarorenusd B XVIII Beke m03B0/IMI0 HOHATD IOYEMY ILJIAHETHI, aCTEPOUIbI
1 KOMETBI JBHKYTCS 110 KOHMYeCKUM cedeHusiM. Ho Moryiu ObITh U ApyTrue 3aKOHBI MPHTIKE-
HUd, IPUBOIANINE K KOHHIECKUM cedeHnsaM. Bompoc HaXoXK IeHns BceX TaKUX 3aKOHOB OCTAJICA
OTKPBITHIM, Ha 3TO yKazau cam ¢3p 1. HpioToH B cBOoMX Havajax HaTypaabHOH (umsocodbun
[22|. Takum o6pa3oMm 3Hast, 4TO BCe TUIAHETHI IBUKYTCS MO JUIAICAM, Mbl HE MOYKEM C yBe-
PEHHOCTBIO YTBEP:K/IaTh, YTO CUJIA HPUTSKEHUS MEXKIY TeJIaMH 0OpaTHO IPOHOPIIUOHAIBHA
KBaJIpaTy paccTodHust F ~ 7%2 Koneuno, BbIiiag 3a paMKi MaTeMaTHKH, MOXKHO dKCIIEPHMEH-
TaJbHBIM IIYTEM IIPOBEPUTH MPABUABHOCTH Y€TBEPTOTO 3aKoHa HbIOTOHA, HO HECMOTPS HA, ITO
331494 O BOCCTAHOBJIEHHH 3aKOHA TATOTEHNs 10 (pbopMe TPAaeKTOPHil HOCHIA TPUHIMITHATBLHBIH
dyHIaMEHTAJIbHBIA XapaKTep U K/1aJ1a CBOEro PelleHus.

[IepBoie ycnexu ObLIM caenanbl TobKO B 1870x romax. 2K. Beprpan chopmynupoBan u
pemuit B 1873 1. caeayionyio 3ajady (M3BeCTHYIO Takzxke Kak Teopema Beprpamna): Haiitu
CHJIy OPHTSKEeHHsS, KoTopas AefictByer mexkay CoHIEeM H ILJIaHETAMH, 3aBHCHT TOJBKO OT
paccrostanst o CoJTHIIA W 3aCTABISET JBUTATHCS MIAHETH 0 3aMKHYTHIM TPAEKTOPHSIM, €CJIH

TOJIBKO CKOPOCTb H€ OY€Hb BEJIHKA.



B dopmysnpoBke HUUEro He OroBapHBaJIOCh O BHIPOKJICHHBIX CJIydasiX (HAIPUMED, KOIJa
miaHera nagaer Ha CoJiHIE MO MpsiMoii), GoJiee TOrO permagach MJIOCKas 3a7ada, a He Mpo-
crpancTBennas. Ho eciim 3aMeTHTDb, 9TO COXpaHSeTCSd BEKTOP MOMEHTa HMITYJIbCA, TO JIEIKO
[IOKA3aTh, YTO JBUKEHHUE B IEHTPAILHOM II0JI€ CHJ BCETIa OYIeT IJIOCKHM.

Jlpyroit BapuaHT 3a/1a4u BBIIJISJIE] TaK: HAHTH 3aKOH CHJI, JCHCTBYIONHI HA TOYKY H 3a-
CTaBJISIONAE €6 OIMHUCBIBATH KOHHYECKHE CeYCHHST KAKOBbI Obl He OBLIH HA4YaJ/IbHbBIC YCJIOBHSI.
EcrecTBenno, mpenoiaraercsd, 9TO 3aKOH He 3aBUCUT OT BPEMEHH, & 3aBHCUT TOJHKO OT IIO-
JIO?KEHHSI TOYKH B IIPOCTPAHCTBE.

B takom Bapuante dbopmyauposku (Beprpan) TpeGoBanue K opbutam (oJiee CHIbHbBIE, a
UMEHHO OHU JIOJIZKHBI OBITH HE TPOCTO 3aMKHYTBIMHE, & ABAATHCH KOHUYECKUMU CEICHUSAMU; HO
3aTO yCJIOBHE, HAJIOKEHHOE HA 3aKOH CUJIbI, cjadee, T.K. UIMETCS CUJIA, 3aBUCAIIAS OT MOJIOXKe-
HUs TeJI B IPOCTPAHCTBE, & He CTPOro oT paccrodnus. Cpasy peluTh B Takoil (hopMyIupoBKe
He YIAJ0Ch: JJIs perenns: Bropoii 3aga4an Tapby u Anbden [7| yenmuan rpeboBanue K 3aKOHY
HPUTSIZKEHUST — OH JIOJIZKeH ObITh KaK pa3 neHTpajibHbiM. Co BpeMeHeM yIaJI0Ch PEIUTh 33,139y
u 6e3 ponosHuTenbHOr0 TpeboBanns nenrpaasuoctu (lemeiipy) [9).

MaTeMaTHKH ITPOJIOJIZKAJE HCKATh PA3JIMIHBIE YCJIOBU, 110 KOTOPBIM MOYKHO BOCCTAHOBHTD
3aKOH B3auMoeiicTBus. OHO U3 HUX, a UMEHHO aJaredpandHoCTh TpaeKTopuil, Hamén Kénurc
u ero bopMysIupoBKa Bbituisiesa tak [37]: Suast, 4T0 cHiia, BEI3BIBAIOIAS JIBUXKCHAE [IAHCTHI
Bokpyr CoJiHI[a, 3aBUCHT TOJBKO OT PACCTOSIHUSI W TAKOBa, UTO OHA 3aCTABJISET CBOK TOUKY
MPHJIOZKEHUST OITHCHIBATDH aJreOpanvdecKyio KPUBYIO, KAKOBBI ObI HU OBLITH HAaYaJIbHBIC YCJIOBHS
(mpuveM CyniecTByrOT OrpaHHYeHHbIE HeOCOOBIe HEKPYTOBbIe OPOUTHI) HAHTH 3AKOH ITOMH CHIIBL.

[locneaunii BapMaHT CBOAUTCSA K IEPBOMY, €CJIM 3aMETHTh, YTO OI'PAHMYEHHAs KpPHUBAs
JIOJIZKHA OBITH JIOO 3aMKHYTOM, JTUDO UMETh TOYKH CrylieHus. Bropoe ycioBue HeBO3MOXKHO
B BUJLY aJireOpanvyHOCTH KPUBOIi, CJIeI0BaTEIbHO KpUBas Oy/1eT 3aMKHYTa, & 9TO Y2Ke YCJI0BHE
Beprpana.

OTBer KO BceM TpéM BapHaHTaM 3aJIa9H OKA3aJICs Ha YIUBJIEHUE OJIMHAKOB: TAKHM YCJIO-
BUSIM Y/I0BJIETBOPHIOT TOJABKO JIBA 3aKOHA IPUTHAZKEHHs — 3aKOH Tsarorenns Hplorona Fy ~ =

r2

1 3aKOH FyKa FQ (T’) ~ r. Baxmno OTMETUTHb, YTO CHUJIbI UCKaJIUCh IMOTEHIUAJbHBIC 1 aHaAJIHUTH-

geckne. COOTBETCTBYIONINE HOTEHIMAID] BHIIVIAIAT TaK Vi ~ V5 ~ 12,

s

3ameuanme 0.0.1. Kak yrepxkinaer nepsbiii 3akon Kermiepa, B ciaydae 3akona HbioTona
IJTAHeTa JIBUKETCS 0 SJIUICY, B OAHOM n3 (hoKycoB KoToporo naxoaurca Cosnre. B ciydae
3akoHa ['yka anajior nmepsoro 3akona Keriepa BBIVIAAUT TaK: IJIAHETA JBUMKETCS IO JLIHII-
cy, B neHTpe koroporo naxomutca Cosmne. Emé omnum oramumeMm 3akona ['yka or 3akona
HbIOTOHa COCTOUT B TOM, 4YTO y HEro HeT HeOI'DaHUYICeHHBbIX Op6I/IT7 TaKHUX KaK Hapa60ﬂa NJIn

rurnepboia.

JlasbHeiinme ncce/ie[0BaHus O 10 Iy TH YCI0KHEHUs CTPYKTYPBI TpocTpaHcTia. Crep-
Ba OBLIN PACCMOTPEHBI MPOCTPAHCTBA MOCTOSHHON TaycCOBOM KpuBU3HLI. [IpocTpancTBo mosio-

JKATEJIbHON MOCTOAHHON KPUBU3HBI — chbepa, OTpHUIATENIbHON — ILIOCKOCTD JIoOaueBCcKOro.



Paccmorpum cdepy ¢ koopaunaramu (r,@), rje r — MUPOTA, @ — J0JTOTA, U PUMAHO-
0

2

win?r ) Ha cdepe pacecMaTpuBaeTcss TOJIBKO MEHTPAIBHBIH (€CTeCTBEHHO,

BOU METPUKON

AHAJUTHYECKUI) TOTeHIMAI V, T.e. 3aBUCSIIMHA TOJBKO OoT 7 (K He 3aBucsiuii or ). [ox
JeCTBHEM TAKOTO IOTEHIMAJA IO IMOBEPXHOCTH JIBUKETCS JacTUIA. Ké IBMKeHHe OMUCHIBa-
or ypasHenus: Ditepa-Jlarpanka s garpamkuana L = 172 + Tsin®r ¢? — V(r). Banaua
Beprpana 060061maercst Tak: Kakue MOryT ObITh moTeHmma bl V(1) Ha cdepe, mox aeiicrBuem
KOTOPBIX 9aCTHUIA OIKCHIBAIA OBl 3AMKHYTYIO TPAEKTOPHUIO. 3a1a49a c(hOPMYJIHPOBAHa HE CTPO-
ro, T.K. JOIOJHUTEIBHO IIPEAIOIaraeTcsl emé HeCKOIbKO YCJIOBHM, B T.9. PACCMATPUBALTCS HE
Bcsd cpepa, a TOJIbKO e€ 10J10BuHa 0e3 IKBATOPA.

OrBer oueHb TOXOXK HA TJIOCKUi ciaydait. Beeaém Bmecto r Gosiee yao0HYIO KOOPANHATY
0 = ctgr. Torna Ha cdepe cyIECTBYIOT TOJIBKO JBa IIOTEHNINAAIA, TPUBOIANINX K 3aMKHY THIM
TPaeKTOPHSIM: aHAJIOI 3aKOHA BCEMUPHOrO TAroTeHus Vi = Af + B u aHaJIOr IpPY:KHHHOTO
B3anMmoseiicTeua I'yka Vo = A0~2 + B, rie A, B — HeKoTOpble KOHCTAHTBI C OIpeieeHHBIMI
3HakaMi. Kak u Ha MUIOCKOCTH TPAeKTOPHH JBHKEHHsI OYIyT KOHHIECKUMH CeYeHusIMU (mepe-
cedenne chepbl ¢ KOHYCOM BTOPOTO TOPSIKA, Y KOTOPHIX COBMAIAIOT IMEHTPHI), Gosiee TOro B
EPBOM CJIy9ae MEeHTPOM MpuTszKeHust OymeT hoKyc, a BO BTOpoM 1eHTp (moapobuee cM. [37]).

Ha cdepy Takxke obobimaerca Bropoit 3akon Kemiepa ¢ nekoropoit moaudukamnuei, a Tax-

ke Tpernii 3akon Kemepa [15], [37] (cm. Takzke yrBep:xkaennst 11—13 B §3.2.).

Sameuanue 0.0.2. Bcee s1u pesyabrars (3a1aua Beprpana u 3akoubl Keriepa) nepeHocstcs
co cepnr S? Ha mrockocts Jlobadesckoro L2, pu 3TOM BCe TpUTOHOMETpUUecKue (PyHKIUH

HYZKHO 3aMEHHUTDH Ha COOTBETCTBYIOIIHNE FI/IHep6OJH/ILIeCKI/I€.

[Tepsoe pemenne Ob10 mano JapOy [8] B 1877 romy, oo 06110 HEGOrATO HOIAPOOHOCTSIMH.
JaJsiee 3ajaya HEOAHOKpPATHO nepeoTKpbiBasiach. B 1902, 1903 JIubman nosydua pe3yabrar
g S% u L? u ucenesosan dpopmy Tpaekropuii[17, 18]. B 1979 r. 3a1a4a 6blaa pemena B S™
[1. Xurrcom [13], a B 1980 B S® Cnassrosckum [28]. B 1982 r. mostyueno oGobuenune Ha S™ n
L™ Nkenoit m Karasmoii [14], a B 1992-1994 rr Ko3moBbiM 1 XapuHBIM TOJIY 9€HbI 0600TIEeHUST
na S? u L? ¢ ucciejosanuem Beex 3akonos Kerepa [37, 38].

Criery oM yeJI0KHEHHEM SIBJISETCS MePeX0ji OT TTOBEPXHOCTEH MOCTOAHHONW TayCCOBO
KPHBHU3HBI K MOBEPXHOCTAM BPANICHAA. PacCMOTPHIM TOBEPXHOCTD Bpamenud S = (a,b) x ST —

R3 ¢ koopauaaTamu (u, ¢ mod 27), rae u € (a,b) U METPUKON BpalleHust

a%l(“) 0

G —
0 a%2 (“)

(0.0.1)

[Iycrs Ha 910it nOBepxHOCTH 3ajaH norexnuas V(u), KOTOpbl 3aBucur TOJbKO o1 u. [loj

JieficTBHeM TaKOro IIOTEHINAJIA [0 [IOBEPXHOCTU HPOUCXOJUT JBUKEHHE HYaCTUIBl COIJIACHO
. 1 2 1 :

ypaBHenusaM Diinepa-Jlarpanzka juia narpanzxuana L = Laf, (u)i? + a3, (u)p* — V(u). Baza-

ga Beprpana 06001aercst cJemyommM 00pa3oM: KaKUM MOKeT GbITh noreHuat V (u), 9robbl



Jr0bast orpaHndeHHasi opbuTa OblIa 3aMKHYTa (K CYIIEeCTBOBaJAa XOTs Obl OJHA TaKas HEKPY-

rosas). [Torenuasbl ¢ TaKIM CBORCTBOM HA30BEM GEPTPAHOBCKHMHU.

3ameuanwme 0.0.3. B 3aja4e HessBHBIM 00pa30M IIPEJIIIOIAraeTCs elle Psijl TEXHUIeCKUX YCJI0-
BUii, B T.9. MOJOXKHTEIBHOCTH DYHKIHA a11(u), Gge (1), aHATUTHIHOCTH (B paboTax HEKOTOPHIX
aBTOPOB) Beex (GUrypupyomux B ycaoBun (byHKIHA, OTCYTCTBHE SKBATOPOB, T.e. by (u) #
0 Vu € (a,b) (em. mompobuee [56]). OTcyTcTBHE KBATOPOB SIBJISICTCS BasKHBIM YCJIOBHEM; B
CJlyuae Ke X HAJUYus BCE JQHHBIE PA3JIMIHBIMU MATEMATUKAME JIOKA3ATEIbCTBA HE PAbOTa-
10T B OKPECTHOCTSAX 3KBATOPOB. BojIee TOrO CyIMEeCTBYIOT NOTEHITHABI, TOXKICCTBEHHO PABHBIE
KOHCTAHTE, KOTOPBIE 3aJIAI0T Ie0Ie3NUECKNe Ha TOBEPXHOCTH [5], MpUUéM TakKnX mMOBEPXHOCTE
BpAIlleHNsl, HA3BIBAEMbBIX MOBEPXHOCTsIMEH TaHHepH (BCe reojie3mdecKue KOTOPHIX 3aMKHYTHI)
CYIIECTBEHHO GOJIbIIE UeM OepTPAHOBCKUX. YCIIEIIHOE pelieHne Ipo0JeMbl BOZMOMKHOTO Ha-
JIMYUsS SKBATOPOB, IPU YCJOBUM 3aMKHYTOCTH BCEX HEOCOOBIX OPOUT, ¢ MOMOIILIO MPHHIHIA

Momneprion n kraccudukamun [5] nosepxuocreii Tanuepn npe/oxkeno B crarbe [39].

[TepBoe pertenne st MOBEPXHOCTEH BpalleHus yaajgoch noay4aurb Japby B 1877r. 8],
IpaBJda OH He IIpeacTaBUJI ITOJTHOT'O OIINCaHUA C ABHBIM BHJI0OM METPHK BCEX TaKUX IHHOBEPXHO-
creii. VI3 ero yrBepzKaeHuit ciaeayer CJIeAyIomee: nomerwyuas V. AeAAemces uckomoum mozda u

moavko mozda, kozda 6 Koopdunamaz (V, @) mempuka nogeprnocmu S umeem 6ud

AdV? dp?

ds? =
ST EAVE_BVICOR  AVI_BViC

nJIm

2(=V - K»(A/(-V - K)-BV+C)?  A/(-V —-K)—- BV +C’

2de A, B,C, K — deticmeumenvtvie KOHCMAHMbL, (I — PAUUOHANOHGA NOAOHCUMEALHAS. KOH-

CTAHTHI HE MOTYT OBITH ITPOM3BOJBHBIMHU, OHU JIOJIZKHBI YJIOBIETBOPSITEH JABYM YCIOBHIM (CM.
[56]).

B 1992 Ilepauk obodmmit Teopemy Beprpana pias OTO Ha moBepXHOCTH ¢ METPUKOM
upocrpancrsa-spemenu |23]. Uccaenosanue ¢ yaérom OTO npomoskuim ucnanus B 2008-
2010 rr. [1, 2, 3].

B 2007 Canronpere [24] moayqaun dopmyanposky Teopembl Beprpana m/ist aHAIMTHYECKOT
oBepXHOCTH Bpamenud S B R? B “HaTypanbubix” KoopauHaTax (v, @), T.e. B TAKAX, B KOTOPBIX

MeTpHKa Ha S mMeeT BUT
1 0

0 f*(v)

[IepBas gacTb ero TeopeMbl 06006mIaeT pe3yabTaT beprpana Ha TOBEPXHOCTH HOCTOAHHON KpH-

(0.0.2)

BU3HBI (6€3 5KBATOPOB, BIOKeHHBIE B R3), Bropas 4acTh yTBEPKIACT, 4TO HA BCEX OCTATBLHBIX
[IOBEPXHOCTSX BpallleHus OEPTPAHOBCKOI'O MOTEHINAJa MOZKeT ObITh He DoJjiee OJHOTO, YKA3aHO

H€O6XO,ZLI/IMOG ycjaoBue AJid 3TOro.



Teopema 1. (Canmonpeme M.) Ilycmb dana anaiumuueckas noGePIHOCMG 6PAUEHUA S ¢

koopdunamamu (v, p) u mempukotd (0.0.2). Tozda

e Ha S cywecmeyem posto 2 6epmparo8crux nOMERUUGAG MOo20a U MOAbKO Mmo2da, Ko20a

f(v) ydosaemesopaem f"f — f? = —B%, 2de B> 0 — payuonarvras Koncmarnma.

e Ha ocmanvroix S cyuiecmeyern He boaee 00Ho20 6epmpaﬁoec16020 nomexnuyuana, nNpumom

044 €20 cyuLecmsosarus Heobrodumo, wmobsv, [ 0aa Hexomopol pavuorasvrot B > 0

ydoememeop;ma 54 _ 5(_f//f + f/2)ﬁ2 _ 5ff”f/2+ 4f//2f2 _ 3f///f/f2 + 4f/4 — 0'

3ameuanme 0.0.4. B opurnnajbHOl crarbe HESBHO IPEIIIONIAraJoCh OTCYTCTBUE Y HOBEPX-
HOCTH YKBATOPOB, TAKZKe 101 OePTPAHOBCKUM TIOHUMAJICSA HE 3aMBIKAOITHIT, a CHJIBHO 3aMbIKa-
oI HOTeHIHa (CM. Jjajree), KpoMe TOro ObLI YCTAHOBJIEH SBHBIN BUJI MOTEHIIHAJIOB B HEKO-
TophIX (GepTpaHoBCKHUX, cM. 3aM. 1.1.2) koopaunaTax. Yciaosue Ha MeTpuky 3% — 5(—f"f +
f2)B2 = 5Ff 24 Af2f2 — 3" f'f2 + 4f" = 0 MoxKeT GBITH NPEICTABICHO B JAPYTOM BHJIE

(em. mogpobHee Teopemy 9).

DTa TeopeMma MOKA3BIBAET, YTO Ha MOBEPXHOCTAX BPAIIEHUS CYIIECTBYIOT CephE3HBbIE OT-
JIMYIHUS OT €BKJIUJIOBOM TLJI0CKOCTH, cdepbl U TI0cKocTH JlobaueBCcKOro, T.K. 3/eCh HalIyTCs
MOBEPXHOCTH TOJIBKO ¢ OJJHUM GEpTPAHOBCKUM MOTEHIMAIoM (aHasor norennuaia ['yka).

K nmamnoit amnamMmyeckoii cucTeMe IBUKEHHUs O JIBYMEPHON MOBEPXHOCTHU BPAIIEHUS IO
JIeHiCTBUEM TEHTPATBLHOTO MOTEHITHAIA TPUMEHUM TaKKe TAMUJIBTOHOB 101x01. Cucrema mmve-
eT JIBe CTeMeH! CBOOOJIBI M J[BA, MEPBBIX HE3ABUCUMBIX KOMMYTHDYIOIUX HHTEIPAJIA SHEPTHH 1
KHHeTH4YecKoro MomenTa. [loxoxkue cucTeMbl aKTUBHO H3YYAIOTCA B MOCJIEHEE BPeMs TOIIOJI0-
THYCCKUME METOJIaMH, Pa3BUTHIMU B paborax [32], [47]-[41], [20]. Cpean nomobHbIX muHAME-
YECKUX CUcTeM OepTpaHOoBCKas HpPeJCTaBsieT 0COObI MHTEepeC, T.K. OHa He SABJISETCS BIIOJIHE
uHTerpupyemMoii o JInyBuIII0, OTHAKO KaXK/Ibli €€ peryaspubiii cioit JIuyBumang npeacrapiis-
eT co0oit 6o Top, JIMOO MUIUHID, TUO0 APy NUIHHIPOB, €€ H309HEPreTHIeCKHIe IIOBEPXHOCTH
He SIBJISIOTCS KOMIIAKTHBIME, Bee e€ Topbl JInyBriLis pesonancubl. [Toyuennoe B patore 30|
0b6001eHne TeopeMbl JInyBUJLIS JIJIsi CUCTEM € OJIHUM HEIOJHbIM (pa30BbIM HOTOKOM 1103BOJISIET
YBEPEHHO MPUMEHATDH pa3pa0OTaHHBIE METObI OMMCAHNS BIIOJTHE HHTEIPUPYEMBbIX 10 JImyBu,I-
JTI0O TAMUJIBTOHOBBIX CHCTEM K cucrteme Beprpana.
lleas muccepraiumn

Juccepramuonnast paboTa mpecaeayeT CaeayIoNue meu:

1. Ob6ob6menune TeopeMbl beprpana Ha abcTaKTHbIE MHOIOOOPa3us BPAINECHHUS C MCEBIOPH-

MaHOBOI MeTpukoii. IIpoBenenne Kiaccudukamnun mosepxuocreit beprpana.

2. AHann3 peaJin3yeMOCTH IICeBIOPUMAHOBHIX IOBEpXHOCTeH Beprpana, 0bo0IeHne Kpure-

pus CanTompeTe u mepBoro 3akona Kemiaepa Ha HHX.

3. Omnucanue cjaoenus JInyBusis 6epTPaHOBCKUX CHCTEM C IICEBIOPUMAHOBONW METPHUKOI,

nmocTpoeHne OndypKAITOHHBIX JTHATPAMM.



MeToanl nccjaeaoBaHIg

B aucceprarun ucnob3yoTesd MeTo bl auddepeHuaibHoil reoMeTpun, TONOJOTUNA | TE€O-
permdeckoit Mexanuku. [Ipu wccsieoBanuu TOMOJIOTUU CJaoeHHSA JIMyBUILIA OepTpPaHOBCKOM
CHCTEMBI HCIHOJB3YIOTCS METOJbl TEOPHH TOHMOJOTHYEeCKOil KJacCubUKAIUT UHTETPHPYEMBIX
I'aMWJIBTOHOBbBIX CUCTEM C JIBYMd CTCIICHAMU CBO60,ZLbI.
Hayuynaga moBU3HaA

Pesynbrarsl auccepranuu gBIAI0OTCA HOBBIMHU, IIOJYYEHBl aBTOPOM CAMOCTOSATEJHLHO U 3a-

KJIIOYAIOTCI B CHEIYIONIEM:

1. Haiimensl Bce p-3ambikatornue bYHKIHH 000OITEHHOTO ceMeiicTBa auddepeHTnaTbHbIX

ypasuenuii beprpana.

2. O6obmiena TeopeMa Beprpana Ha abcTpaKTHBIE TOBEPXHOCTH BpAIlleHHUsT Oe3 SKBATOPOB,
¢ nceslopuManoBoit merpukoit. [Tposejena kiaccudukanus Bcex nosepxuocreit beprpa-

Ha.

3. YcraHoBjieH (DaKT peam3yeMoCTH oBepXxHocTell bepTpana ¢ 1mceB1opuMaHoBOil MeTpu-

koit B R3, 0606mmen kpurepuii Cantonpere u nepseiii 3axon Kerepa.

4. Jlnga cucrem beprpana ¢ 1CeBJOPUMAHOBON MeTPUKOIl 1OCTPOeHbl OUdYypKaIMOHHbIE
JinarpaMMbl OTOOParKeHUS MOMEHTA, OIMHUCAHbI mepecTpoiiku ciaoes JIuyBuisg, cBa3an-

HBbIe KaK C OCOOBIMH TOYKAMMA OTO6pa}KeHI/IH MOMEHTa, TaK U C peryjJadpHbIMUA.

Anpobanusa muccepraiuu

Pesynbrarsl guccepTaluy TOKIAIBIBAINCH HA CIEAYIONIUX HAYIHBIX KOH(DEPEHIIHIX:

e MexKIyHapoaHas Kondepenius ‘BopoHexkckast 3uMHsist MareMaTudeckad mkosa um. C.1

Kpeiina.” (Boponex, 25-30 saBapst 2012 r.);

o XX MexXIYHApO/IHAs KOH(EPeHIUs CTYICHTOB, aCIHPAHTOB U MOJIOABIX yUEHBIX “JIoMo-

nHocoB” (Mocksa, 8-13 anpesst 2013 r.);

o XXI MexjayHapogHasg KoHdepeHIus CTYJIeHTOB, aCIUPAHTOB U MOJOJABIX Y4éHBbIX “/lo-

monocos” (Mocksa, 7-11 ampess 2014 r.).

Pesynbrarsl iuccepTanui JOKIAIBIBAIUCH U OOCY2KIAJIUCH Ha 3aCeIaHUAX CJICIYIONINX HaYy -

HBIX CEMHUHaPOB:

e Ha cemuHape ‘CoBpeMeHHBIE MeOMeTpPHYecKHe MeToAbl” o1 PyKoBoacTBoM akazd. A.T.
®omenko, npod. A.B.Boiacunosa, npod. A.C.Mumenko, npod. A.A.OmemkoBa, 1011,
E.A Kyupssuesoit, gon. V.M. Hukonosa. (neogunokparuo: 2008-2014 rr.);

e Ha ceMunape “l'eoMerpus B 1es0M” 110oJ, pyKoBojgcTBoM 1pod. M.X. Caburosa B 2012 1



e na cemmuape «Oberseminar Differentialgeometrie» moa pyxosoacrsom mpod. I'. Kuumepa
(coBmecTHbIit cemunap Pypckoro yauBepcurera B Boxyme n TexHHUecKOro yHUBEpCHTETA

B Hoprmynsme, lepmanust, 2010 r.).

ITy6aukanun

OcHOBHBIE De3yJIbTaThl THCCEpTAINN OyOJNKOBaHbI B 8 paborax [56-63|, cnmcok KOTOpHIX
NPUBEJIEH B KOHIIE JINCCEPTAIINH.

CrpykTypa u 06bém

Jnccepramus cOCTOUT U3 BBeJAeHWA W UeThipeX IaB. TekcT amccepTtamun m3Joxked Ha 107
cTpaHunax u cogep:xkut 1 tabsuiy u 27 pucyukoB. CucoK JuTepaTyphl coaepKuT 63 HanMe-
HOBaHUSI.

Bo BBegeHnn 1101poOGHO H3/IaraeTcd UCTOPUS PAacCMaTPUBAEMbIX BOIIPOCOB; 000CHOBBIBACT-
¢ AKTYaJIbHOCTDH Pe3YJIbTAaTOB U UX Hay4YHAasd HOBU3HA; ONMHUCHLIBAETCA CTPYKTYpPa JTUCCEPTAIIIT
U OCHOBHbIE PE3YJIbTATDI.

B mepsoit raaBe npuBojisTcs 0a30Bble ONPE/IEJCHES U PACCMATPUBAIOTCA KJIACCHICCKHE
npuMmepsl cucteM bepTpana Ha JI0CKOCTH U ToJIycdepe; Hapsily ¢ KJIaCCUIeCKUME ITPUMepaMu
pasbupaeTcs IpuMep ¢ TPOU3BOJILHBIM IEHTPAILHBIM TVIAJIKIM I10JIEM Ha KPYTOBOM IIHIAHIDE,
JIJIT KOTOPOT'O TOKA3BIBAETCS HE3aMBIKAeMOCTh. Tak:xKe 371ech (DOPMYIUPYETCs OMOPHBIN 115
JIAJIBHEHTIIUX TJIaB Pe3yJibTaT, Kacaroluiicsd CBOWCTB MEePUOANTHOCTH pelnieHuil 006001IeHHOT0
cemeiicTBa quddepennuaabubX ypaBuenuii beprpana.

Bo BTOpoOit rimase gopMmysupyercsa ob6obmenne KJjaaccuueckoir TeopeMbl beprpana Ha 1o-
BEPXHOCTH BPAIEHUsl C MCEeBIOPUMAHONR METPHUKON, B KOTOPOl YKa3bIBAIOTCA BCce HHIACDUHUT-
Hble METPpUKHM 0e3 9KBATOPOB, JOILYCKAIOIMe CYIIeCTBOBAHUE HA HOBEPXHOCTH HEHTPAJIHLHOIO
3aMBIKAIONIEr0 MOTEHINAIA, & TaKyKe MPUBOJATCH CaMU IMOTEHIHaJbl. J[jisg 1okasare/becTBa
0000ITIeHNs yCTaHABIUBACTCS PsAJT B3AUMOCBsI3eil MezK 1y opOUTaMy Ha MOBEPXHOCTU BPaIeHUA
1 aHAJTUTHYIECKHUMU CBoOMcTBaMU 3(PpPeKTUBHOTO NMoTeHrasa. [IpuBoaurcs moinas Kjiaccudu-
Kallfsl MoBepxXHOCTell BepTpana ¢ TOYHOCTHIO J0 M30OMETpHH M Ipeobpa3oBaHusa momoOus. B
KOHIIE TJIABbl yCTAHABJIMBACTCH SBHBIH BUJ[ 3aBUCUMOCTH 11eproja 1’ 3aMKHYTHIX TPaeKTOPUil
OT MEePBOTO WHTErpaJja SHEPTUH JIJId HEKOTOPBIX MHOTO0Opa3uit beprpana. /Ins mosepxunocTeit
Beprpana mocrosunoit rayccoBoit KpuBU3HLI aHAJIOTHYIHBIN pe3ysbTaT ObL1 Hosyden B.B. Kos-
J0BBIM [37].

TpeTnbda riraBa 1ocssieHa BO MHOI'OM CBOMCTBaM noBepxHocreit beprpana, Koropble MOXK-
HO Olpe/Ie/IeHHBIM 00pa30M peajin30BaTh Kak MosepxHocTH Bpamenus B R u R3. JTokazano,
YTO BCEe MOBepXHOCTU beprpaHa ¢ NceBIOPpHUMAHOBON METPHKON 0e3 9KBATOPOB peasu3yloTcsd
B R3. JIng Beex Takux moBepxHOCTeH 0600mIen n3sectHbiii kpurepuii Cantonpere. Takske ms
HEKOTOPbIX U3 HUX CPOPMYJIMPOBAH aHAJIOr 11epBOIo 3akoHa Keruiepa.

B uerBepToii r1aBe cuctembl beprpana paccMaTpuBalOTCHd KaK FAMIJIBTOHOBBI CHCTEMbI
1 U3ydaeTcd ux cjoeHue JIMyBU/LIA HEePBBIX UHTEI'PAJIOB SHEPIUH U KUHETHIECKOIO MOMEHTA.
1 KaXK10ff TOBEPXHOCTH BPAIEHUs ¢ TCeBIOPUMAHOBOM METPUKOHN M 3aMBIKAIOIIAM HOTEH-

IajaoM Ha Heil mocTpoensl Ouddypkanuonnbie auarpamMmmbl. Ha obpase dazoBoro npocrpan-



CTBa IIpu OTO6pa}KeHI/H/I MOMEHTa BblIJACJICHbl 30HbI, OTBeYalOIIUe pPa3JIMYHbIM BUAaM CJI0O€B
J_II/I}/'BI/IJIJIH7 KOTOPpbIE€ COOTBETCTBYIOT Ppa3JIMYHBIM THUIIaM ,Z[BI/I}KGHI/H?I, JJId KazKJ0T'0 CJI104d yCTaB-
HOBJIEHO, TIOJIHBI Jii (basoBbie moToKm sgrad F, sgrad K; onncaHbl BOSHUKAIOIINE IIePeCTPONKT
cioeB JIuyBu/LIA TIPU TIEpexoe U3 OHON 30HBI B APYTYIO.
BiaaromapuocTtn

Aprop BeIpakaer riaybokywo Omarogapuocts A.T. @omenko u E.A. Kyapasresoii 3a mo-
CTAHOBKY 3a/1a4 M IIOCTOSHHYIO IOMOIb Ha Bcex 3Tamax paborel. ABrop Omaromapen I.X.
Caburopy, A.J. Maaeix u A.B. llleneruioBy 3a moJie3nbie oOcy:kaeHus. ABTop Gaaromapen
A.C. Mumenko, A.A. OmewmkoBy, JI.A. @egoceeBy 3a ydacTue B JUCKYCCUSIX U TOJE3HBIE CO-

BEThI.



I'maBa 1

IloBepxHocTtu 1 merpuku beprpana

1.1 OcHoOBHBIE OoIIpeaeJeHns N IIPUMEPbI

1.1.1 bBa3sosBbie onpeaeaeHNs

Huccepranys MOCBAIEHa UCCIEOBAHUIO TBYX MEeXaHUYeCKUX CUCTEM: JBHXKEHUE IO TTOBepX-
HOCTH BpAIlleHHs C PUMAHOBON M TICEBIOPUMAHOBON MeTPUKAMH COOTBETCTBeHHO. Omnuinem
1O/IpOOHEE BBIIIEYIIOMSHYThIE CUCTEMbI C TOUKHU 3PEeHUs JiarpaHzkeBa (popMajin3Ma.

Byjem paccMoTpuBaTh abeTpakTHbIE JByMepHble MHOrooOpas3us Bpamienus S = (a,b) x S!

¢ koopauaaramu (u,  mod 27) ¥ PUMAHOBON METPUKOI:
ds® = a3, (u)du’® + a3, (u)dye®. (1.1.1)

Oyukun ap;(u), ass(u) rmagkue C°(a,b) U CTPOro MOJOKHUTETBHBIE, TAE @ U b TPOGEraioT
JIIOOBIE 3HAYEHUs] OT —O0O0 JO 400, T.e. yJIOoBJaeTBOpsiiorT —oo < a < b < oo. B ciyuae, ec-
J¥ TOBEPXHOCTL S MOXKHO BJOXKHATH B R® Kak IOBePXHOCTH BpPAIIEHWS C OCHIO BPAIEHWS,
coBuagaoteit ¢ OZ, asy OYIET UMETh CMBICJ PACCTOAHUA OT TOYKH Ha IIOBEPXHOCTH JO OCH
BpAIICHUS.

Hapsity ¢ S Gynem Takze paccMarpusarh Mmuoroobpasus S’ 2 (a,b) x S ¢ koopaunaramu

(u, o mod 27) U HCeBIOPHMAHOBOI METPHKOIi:
ds* = af, (u)du® — a3y (u)dyp?, (1.1.2)

re byrkmmn a1 (u), age(u) Takxke rmagkue C°(a,b) U CTPOro MOMOKUTENbHBIE, @ U b TAKKe
YIOBJIETBOPSIOT —00 < a < b < oo.

B jasibHeiileM HEKOTOPBIE YTBEPXKIeHHA OYyT cpasy (hOPMYIUPOBATHCA KAK JJIsi PUMAa-
HOBA CJIyYas TaK W JJIS ICEBIOPUMAaHOBA, MMO3TOMY I e AnHo0bpa3nsa (popmys1 Oy1eM UCIo b

30BaTh IOKAa3aTelb &.

Omnpenenenne 1.1.1. Koncranra é pasua 1 1ys nosepxaoctu S ¢ Merpukoit (1.1.1), u paBua

—1 nag noepxuoctu S’ ¢ nugedburnTHON MeTpuKoii (1.1.2).
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Y nosepxuocreii S n S’ KoopauHATHBIE JHHAK {1 = CONSt} SB/AAIOTCS HAPAJJIE/IAMI, & JIH-
uun { = const} mepuamanamu. ['pannnamu S (coorBercTBeHHO S') ABJISIOTCS ABE IPAHUTHELE

napatenn {u = a} u {u = b}.

Omnpenenenne 1.1.2. Hazosém napamieas {ug} x S* axsamopom, ecin ahy(ug) = 0.
HazoBéM rpamuvnyio mapaurenb {u = ug} askeamopom, ecian ahy(u)/an(u) — 0, a0(u) —
const # 0 Ipu u — Ug; AGCOAOMOM, €CTH A9 (U) — OO TIPH U — Ug; NOAIOCOM, €CITH Aga(u) — 0
IIpu U — Ug.

TTostioc Ha30BEM Konuueckum, ecu aky(u)/a3,(u) — 1/c upu u — ug, tae ¢ > 1 jas pumanosa
cayuast (0 < ¢ < 1 jgist nceBOpUMaHOBaA CJIydasi) — BellleCTBeHHAsI KOHCTAHTa; COOTBETCTBEHHO

yempanumvim, ecam 0 < € — Eaby(u)?/aty(u) — 0 npu u — u.

TpeboaHue K HOIIOCY OBITH KOHUYECKUM UM YCTPAHUMBIM aBTOMATHYECKH 03HAYACT, U4TO
II0BEPXHOCTb B OKPECTHOCTH II0JTI0CA pealu3yeTcs Kak II0BepXHOCTL Bpamienus B R (coor-
BercTBenno B R3). PaccmoTpuM, Hampumep, Kpyropoit konyc {(z,y,z) : 22 +y* = 22,2 > 0}
B eBKJIMJOBOM IpocTpancTse R® (MeTpuka WHIyHUPYeTCs ¢ 00bEMJIONIEro HPOCTPAHCTBA).
Torma rpanuIia, cOOTBETCTBYIONAsA {2z = 00} sBisierca abcoarorom, a rpannna {z = 0} aBis-
eTcs KOHMYeCKUM TI0JIIocoM. [Ipyroit npumep jpoctasisier npokosoras nosycdepa {(z,y, 2) :
?’+y* 422 =1,-1 < 2 < 0} BR3. [Ina noxycdepsl rpannna {z = —1} gaBisercsa yCTpaHAMBIM
LOJII0OCOM, & Ipanuna z = 0 dBJIseTcs SKBATOPOM.

[Tyctb Ha nosepxuOCcTH S (cooTBeTCTBEHHO S’) 33/]aH TAKZKe MeHTPATLHBI NJIaKNil TOTeH-

nuan, T.e. dbynaxuuda V(u) € C®(a,b). Ilox aeiicreueM V' 1o I0BEPXHOCTH JBUZKETCH 4aCTHUIA.

BaKoH IBUZKEHHST ONMpPEIeTsIeTCs YpaBHeHHsIMI Dilnepa-Jlarpamka ‘?9{]’ jt%—fj’ JUTST JTArPAHKH-
ana L = 1a?, (u)u® + £3a3,(u)$® — V(u). Boimmmen 5Tu ypaBHeHHS BU/KCHNS:
a2l + aah 07 — Eagah,p? + V' =0, (1.1.3)
d, .o .
—(8a3yp) = 0. (1.1.4)

dt

,HaHHbIe YpaBHE€HHUA UMEIOT JiBa IIE€PBLIX MHTEI'DaJIa SHEPIUU U KUHETHUYIECKOI'O MOMEHTA..

B = Jay ()i + E5a () +V(u), (1.1.5)
K = 2asy(u). (1.1.6)

[Tocneanee JerKo MPOBEPUTH TPAMBIM JubdEepeHIIMPOBAHIEM IO BPEMEHHU.

Omnpenenenne 1.1.3. Hazosém mpaexmopueti pemenue 7(t) = (u(t), ¢(t)) ypasuenuit asu-
xkenns (1.1.3), (1.1.4), ApyruMu cJoBaMu, 3aBECHMOCThH KOODIMHAT TOUYKK 0T Bpemenn. O6pa3s
oTobpazkenus 7(t) OyaeM HazpIBATL 0pbumoti. Anasoruano, orobpazkenue (u(t), o(t),a?, (u(t))-
u(t), Eady(u(t)) - 4(t)) — Pasosas mpaexmopusa, a ero 06pa3 B KOKacaTeabHOM paccaoennn TS

— pasosasn opbuma.
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Beanuuust p, = OL/0u = af,(u)u,p, := OL/0p = Ea3,(u)¢ ABAAIOTCS NMILYIBCAMHU.
Heocobyto opbuty ecTecTBEHHO 337aBaTh C MOMOIIbIO 3aBUCUMOCTH KOOPJMHATHI U OT (0, T.€.
MOXKHO CYHTATh opbuty dyHKIHed u(p).

13 ypaBuenuii TpaeKTOPHH MOYKHO JIETKO IOJYYUTDH ypaBHEHHE OPOUTHI.

VrBepxkaeuue 1. Heocobue opoumv, {u = u(p)} npu deuscenuu no S nod deticmeuem V

zadaromes odnonapamempuueckum (napamemp K ) cemeticmeom ypasrenui

v ()2l et Vi) g
7 P Nan(u)  an(u) aty (u) K? af(u)
JTOKABATEIBLCTBO. Ucksmoduum Bpemst u3 ypasuenust (1.1.3) ¢ nomomnipio (1.1.4) u upugem
K ypaBHeHUsIM Ha DYHKIMIO u = u(p), 33JA01My0 OPOUTH.

Coraacro (1.1.6) ¢ = érK(u). Hanee i = ug,$ = é%. Bropas npoussoanast
22 22

d d .. dy d Au;Ky:(uf;@K_ngKaéQ(u)) K

azy(u) azy(w) azy(u)’

“ dt(u> dp (i) dt dcp( a3, (u)
Ocrasoch MoACTaBHTH TOJyYeHHBIE BBIDaKeHus s @, U, i B ypasaenne (1.1.3). O

Sameuanue 1.1.1. Cemeiicrso ypasaenuii (1.1.7) X0OpoIo TeM, 9T0 KazKj10€ ypaBHEHHe NMeeT
CBOUM HMHTEIPAJIOM SHEPIHUIO JIBUZKEHUS:
2 2
= alj—(“)u’?K? + éﬁ(— + V(). (1.1.8)
2a3,(u) 7 2a3,(u)

[Iposepsiercst Henocpeacreenno auddepennupoBanneM 1o yriay ¢ (Beipaxkenne (1.1.8) rakxe
nosnydaercs u3 (1.1.5) 3amenoii t va ¢). [Ipu pabore ¢ opburamu GbiBaeT y106Hee TOJIb30BATHCSI
unrerpasioMm E, == E/K 2. B paspHeifmeM Oy/eT ITOKa3aHO, YTO /I8 3aMBIKAIONIETO MOTEHIIN-
ajla Ha MOBEPXHOCTH 0e3 9KBATOPOB Mo hopMe orpaHudeHHol opburhl (o dbynkuun u(yp))
OJIHO3HAYHO BOCCTAHABJIMBAIOTC dHeprusd F n kunerudeckuit Moment K TOYKM, JIBUTAOIIIET-
cs TI0 3TO# opbuTe; B MPOTHBOIOJJIOKHOCTH 3TOMY, 110 (pOpMe OrpaHMYEHHON reo/Ie3udecKoit

snavennga B n K OJHO3HAYHO BOCCTaHOBUTH HEJIB34, BOCCTAHABJINBACTCA JIMIITHL COOTHOIIIEHUE

E
ek

DT1oT 3dpdPeKT MOKHO XOPOIIOo NPOMLTIOCTPUPOBaTh Ha IIockocTn R2. B caydae oTcyTeTBus

T.e. K.

[MOTEHIMAJIA JIBUZKEHHAE TPOUCXOIUT MO I'e0Ie3UYeCKUM, T.€. 110 HPAMbIM, IIPU TOM HO MIPSAMO
MOKHO JIBUTAThCA C JI000 CKOPOCTHIO, (hopma opdbUTHI TaKk m ocraHeTcs npsamoii. Fean ke
€CTh TeHTPAJBHBII 3aMBIKAIONINI TOTeHNHa, HarpuMep 3emuts nputdarusaer VC3 mo 3akony
BCEMUPHOTO TATOTEHUs, TOTIA TOSBJIIETCS PA3HUIA: PU JBUXKEHUU C TePBOH KOCMUYECKOM

CKOPOCTHIO popma opObuThl OYAET OKPY2KHOCTHIO, a IPU JBUZKEHHHU CO BTOPOH — 1mapadoJioi.

Bameuanue 1.1.2. Ectb KoopauuaTsl, B KOTOpbIX dopmyisl (1.1.7), (1.1.8) 3ameTHO ympo-

watorcs. Onu onpejesistiorcs u3 ycjaosus: koaddunuent npu u? B ypasuenun (1.1.7) pasen

ajy(u)  2abh,(u)
O’ e. ai(u) o a2222(u)

= 0. MaTerpupys HAXOMUM, 9TO B 3TUX KOOpAMHATAX (0, ) BHIIOTHAETCS
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a3, (0) = Cayy(0), tne C — xoncranta. CymecrByIOT OHM HOTOMY, YTO UX MOXKHO IIDEIbIBUThH
aproit dopmytoii. TIpu nepexoge or (u, ) K (6, ) KOMIOHEHTHI METPUKH (COOTBETCTBEHHO
TICeBIOPUMAHOBOIl MeTPHKH) mpeobpasyiores Tak: aty(u)uf = a3,(0), a3y(u) = a3,(6). Ha-
nucas coornomrenue az,(0) = Cagy(0) noayuum ay(u)uf = Cajy(u). Tax 0, = #%‘Q)(U),
ai1(u)du
£V Ca3,(u)
B koopaunarax (0, ) (mazosem ux Geprpanosckumu) npu C' = 1 ypasuenus (1.1.7) u (1.1.8)

unrerpupyem 6 = [ . Bamena u — 6(u) monoronuas, T.K. ¢/, # 0.

BBITVIAOAT TaK:

1 K2\
0 =—— 0) +é——~ 1.1.
= (VO ), (1)
9/2K2 K2
E=-*% V) +é———+ . 1.1.1
(V) —
B ckobkax cront adpdekruBnbrii norenrmans W =V + i

29
BeprpanoBckue KOOPAMHATHI OMpeIeIeHbl HEOJHO3HAYHO, MOYKHO M3MEeHATh KOHCTAHTY (),

0oJ1ee TOTO MOXKHO MEHITH KOHCTaHTY HUHTEI'PUPOBAaHULI.

CrTouT OTMETUTH, 9TO HECMOTPST HA BHEITHIOW CXOXKEeCTh (POPMYJI, OTBEUYAIONINX ypaBHe-
HUSM JIBUKEeHUs, YDaBHEHUAM OPOUT, epBBIM HHTerpajaM, 3MQeKTHBHOMY MOTEHIIHATY B
DPUMAaHOBOM W TICEBJIOPUMAHOBOM CJIyYasX UMeeTcs MHOTO (GpyHIaMeHTAJIbHBIX oTau4uit. [lo-
BEPXHOCTH, JIOIYCKAIOIIHEe CYIeCTBOBAHNE 3aMBIKAIONIUX MOTEHITNAJIOB, UMEIOT MHOT'O OTJIH-
9uii, IpUYeM B ICEBIOPUMAHOBOM CJIydae moBepxHocTeil Gyaer menbire (cm. puc. 2.1, 2.2),
TaKzKe B IICeBJOPHMAHOBOM Cjlydae II0BepXHOCTH Beprpama Bcerja peanusyrorca B RS (cwm.
TeopeMy 8), B orimdue or puMaHoBa. Cepbé3Hble OTIHYNS 3aKIIOUEHB U B TOHOJIOTHH (Ha3o-

BOTO TTPOCTPAHCTBA.

3ameuanme 1.1.3. B yrBep:xkaenun 1, 3amedanugax 1.1.1 u 1.1.2 u Bcloay jgajee B HaCTOsIIEH
pabore moa opouroii {# = 0(p)} moHnMaercsa “IOKaTHHO 3aMaHHAS OpOUTA, T.e. 33a/JaHHAS B
Buzie “nokasnbroro rpaduka’ {6 = 0(¢) | ¢1 < ¢ < w2} €S = (a,b) x S, rae —c0 < ¢y <
w3 < +oo u 0(p) — (ommoznaunast) dyukius na narepsaie (@1, ) C R. Orvernm, aro ecin
b0 1 = —00, Yy = +00 u dyHKIHA §(p) He ABITETCs 2T-TEPUOTUIHON, TUGO Yy — 1 >
27, TO OpOUTa TepeceKaeT HeKOTOPBIH MepuauaH OoJjiee 4eM B OJIHOM TOUKe, MOITOMY OHA He
ABJISIETCs TPAPUKOM HUKAKO# ojHo3Ha4uHOM dyukunu 0(p). B nporusaom ciydae, r.e. eciu
b0 1 = —00, Yy = +00 u dyHKIHA O(p) aBageTcs 2T-MePHOANIHOI, 100 Yy — 1 < 27,
TO opbuTa sgBsIeTCs rpaduKoM ofHO3HAYHON dyHKINN §(p), 3a1aHHOI Ha BCeil OKPYZKHOCTH

S! wnm Ha HEeKOTOPOM ee HMHTepBaJle.
aJiee ompeaesuM BUJbI TPACKTOPHUil U OpOUT, ¢ KOTOPBIMHU OyjieM padOTaTh.

Omnpenenenne 1.1.4. Kpyeosas opbuta — opburta, KOTOpas COBIAIAET C KAKOW-HUOYAb ma-
pamnensio {ug} x S'. CooTBeTCTBYIONIYIO €fi TPACKTOPUIO TOXKE HA30BEM Kpy2060(i.

Opbuta (COOTBETCTBYIONIAs €if TPAEKTOPUsl) 3aMKHYMa, ecau DYHKIWs 7(t) mepuouIHa.
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Opbura (TpaekTopust) 02paHu4eHHaA, €CJM OHA JIEZKUT B HEKOTOPOM KOMIIAKTE [U7, Ug| X
St C (a,b) x SL.
Opbuta (TpaekTopusi) ocobas, ecid OHA JIeKUT Ha Mepuauane, T.e. ¢(t) = const. g

TaKHUX Op6I/IT 1 TOJIBKO JJId HUX HHTeIrpaJ KUHETUIeCKOI'0 MOMeEHTa K PaBEH HYJIIO.

KommenTapuii 1.1. 3amernm, 9T0 HEOrPAHUYEHHOCTH TPAEKTOPHH (OPOUTHI) O3HAYAET, YTO
OHA BBIXOJAUT Ha Kpail moBepxHocTr. OCOOEHHOCTh OPOUTHI O3HAYAET IAJICHHUE JBUXKYIIErOCHd
TeJs1a Ha MPHTATHBAIOMIAIT EHTD, B caydae MI0cKocTH R? majieHne MporCXouT Mo PaIHaIbHOI

IPAMOTL.

Sameuanue 1.1.4. ITapasrens {ug} X S! gBngerca Kpyrosoit opbmToil ¢ sHeprueit Ky n

KHHETUIECKUM MOMEHTOM K TOT/Ia W TOJbKO TOIJA, KOIJA IIPOU3BoaHAsS 9D DHEKTUBHOTO HO-
_ ~ K§ _

renrpaaa Wiu) = V(u) + €5a7,(w) DABHA HYJIIO B TOUKE Ug 1 W(ug) = Eo (cMm. npejyioxkenue

2.1).

Onpenenenne 1.1.5. KpyroBag opbuta u = uy ¢ KHHETHIECKHM MOMEHTOM Ky CuabHo

2
yemotinusa, ecin sfpexmusnut nomenyuar Wiu) =V (u) + € 207 (w) MMECT B TOUKE g HCBbI-

K,
2a%2

POXKAEHHBIA JIOKAJBHBIIT MUHUMY M.
3aMKHyTasg opbuUTa ¢ KHHETHIECKIM MOMEHTOM K 0pbumasvho ycmotMuea, eCiu OTBEJAl0-
mas eff hazoBad TPaeKTOPHsS OPOUTATHLHO YCTOWIWBA /)Tl OTPAHUYEHHUST CUCTEMBI HA MHOYKe-

CTBO YPOBHSI KHHETHIECKOIO MOMEHTa, cojepzariero sty rpaekropuio {K = Kj}.

OueHb BaKHBIM MOMEHTOM B 3alavde BepraHa ABJIAETCA Tp€6OBaHI/Ie K IIOTEeHOUaJIy —

KaKOfl MMEHHO THII TIOTEHIIHAIA HAM HYZKeH, T.e. B KaKOM KJiacce byHKImit uimercs V (u).

Omnpenenenne 1.1.6. [eHTpasibHBIi (T.€. 3aBUCSIIHI TOJBKO OT KOOPJAUHATHI 1) MTOTEHIHAI

V' Ha30BEM 3ambiKaOUUM, €CIIH
(3) cymecTByeT Heocobas orpaHHYEHHAs] HEKPYroBas opbuta v B S
(V) Besikast Heocobast orpaHndeHHasi opouTa B S 3aMKHYyTA.

3ameuanue 1.1.5. 3amerum, 9TO BMECTO YCIOBUS 3aMKHYTOCTH OPOUT TPH YCIOBUHU, UTO
HavaJdbHAsg CKOPOCTHh MEHBIIIe HEKOTOPOTO mpejena, chOPMYJIUPOBAHO YCIOBHE 3aMKHYTOCTH
OorpaHmYeHHBIX OPOUT. Tak:Ke K yCJIOBHIO 3aMKHYTOCTH OPOUT JOOABUIOCH €TIE CYIIeCTBOBAHUE
OJTHO# 3aMKHYTON HEKPYTOBOW. DTO YCJIOBUE CylIecTBeHHO. [IpuBenéM mpumep moTeHIuasa,
JJTsl KOTOPOT'O BBITIOJIHEHO (TIpaB/ia TOJIbKO (DOPMAIBHO) BTOPOE YCJIOBHE, OHAKO y HET0 BOOO-
Ie HeT OrPaHUYeHHBIX OpOUT. JI/I 3TOr0 paccMOTPUM OOLIKHOBEHHBIH muanaap 22 +y? = 1 B
R? ¢ morenmmasnom V (z,y, z) = z. Jlerko BUeTh, 9T0 B 9TOM cjlydae He OyIeT orpaHAYeHHbIX,

a 3HAYUT U 3aMKHYTBIX Op6I/IT.
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O606mas TeopeMmy Beprpana Ha TOBEPXHOCTH BPAIleHUS pa3HbIe aBTOPHI TO-PasHoMy (op-
MYJHUPOBaJIN 3a/Ja4y, B 4aCTHOCTHU HCKaJIN IMOTEHIINAJI B PAa3HBIX beHKL[I/IOHaJIbeIX KJIaCCaX.
Teopembl 4, 5 u 6 cchopMyTupoOBaHbl U JOKa3aHbl B paborax [56], [59] ayist 3ambIkatormero mo-
Tennuaga. OIHAKO BO MHOIHX PadOTaX MCIOJIB30BAIUCH APyTHe THIBI MOTeHInaa0B. Hampu-
Mep B paborax Beprpana, /lapOy n CanTonpere HEIBHO IPEIIIOIATIAICH CHIBHO 3aMbIKAIOIIU T
norennuan (cm. onpegenenue 1.1.10), a y Ilepamka crabo 3ambikatormuii. MoKHO ¢TpOUTH
00o0Ienne TeopeMbl Beprpana g JAPYTrUX THIIOB ITOTEHIIMAJIOB, HO KaK MOYXKHO yOeJIUuThCH
JLIsT TIOBEPXHOCTelH 6e3 9KBATOPOB BCE 9TH MOTEHIUAJBI CYTh OJHO U TO Ke.

Crenyrommue 4 THUIA MOTEHIIUAIOB HOCIT JOKAJIBHBIH XapaKkTep, 3TO CBA3aHO C T€M, UTO B pa-
6orax, B KOTOpHIX 0606Imasack reopema Beprpana, HEKOTOpoe BbIpazKeHue (IIepUuojL JBHZKEHHSI

1o opbuTe) packianbBagoch B psaa Teilsiopa B HEKOTOPOil OKPECTHOCTH.
Onpepenenne 1.1.7. [lorennuan V(u) aokasvno samovikarouyut, ecin
()l cymecTByer cuabHO yeToftumBas kKpyroBas opouta {up} x S B S;

(V)¢ s Beskoit cuiibHO yeToltunmpoil Kpyrosoit opoursel {ug} x S B S cymecrsyer € > 0,
TaKOe UTO BCsKas Heocobas OrpaHmueHHas OpOUTa, IMEJUKOM JIeKAIAs B KOJIbIE [ty —
g, up+¢| xS u umeroras yposenb KUHETUUECKOro MoMenTa B unrepsaie (Ky—e, Ko+¢),
ABJISETCS 3AMKHYTOM, rjie Ko — 3HAUeHne KHHEeTHIECKOrO MOMEHTA Ha COOTBETCTBY IO

KPYTI'OBOH TPaeKTOPUH.

TpeboBanue cyniecTBoBanus XoTs Obl OJHOI CUJABHO YCTOWYMBON KPYTrOBOil OPOUTHI BBIIIOJI-
HYET Ty K€ POJib, 9TO M TPeOOBaHUs CYIECTBOBaHUS XOTs Obl OJHOW OrpAaHUYEHHON OPONTHI
JJTsl 3aMBIKAOIIEro moTeHmaia (3aM. 1.1.5), 6e3 Hero MOKeT He CyIeCTBOBATH CUIBHO YCTOT-
YUBBIX K 0 0 0 v)loe

PYTOBBIX OpPOMT (J1a ¥ BOOOIIE OrpaHUYEHHBIX OPOHMT) U (POPMAIBLHO YCJIOBHE

OyIeT BBITIOJHEHO.

Omnpenenenne 1.1.8. Hazorém norentman V(r) noayiokaivio 3amMukaousum, eCanm BbITIOJ-

wennt yeaosus (3), (V)°° u cnenyiomee ycaosue:

(V)s71°¢ nrobast neocobast orpanmtaennast opbuta B kKosibne U = [a’, V'] x St ¢ yposnem xunernue-
cKoro MomeHTa K siBIdercs 3aMkHyTOiL, rae o = inf r|,, ' := supr|,, v — orpannuennas

opbura u3 (3), K — 3HaUeHHe KHHETHICCKOTO MOMEHTA Ha Heil.

[Tpu nokazarenbcTBe Teopem 5, 6 B pabote |56| paccmaTpuBasics MpeebHbIH HePexo/] MpH
CTPEMJIEHUU HEKDPYTOBBIX OPOUT K KPYroBO# € = &, MOSTOMY €CTECTBEHHO MPeIIOI0KNTh,
YTO MOXKHO IJ100aJIbHOE TpebOBaHUe 3aMKHYTOCTH OI'PAHUYCHHBIX OPOUT 3aMEHUTH Ha KaKHe-

HUOYIb JIOKAJIbHBIE, UYTO U CJe/aHo B onpeaenennsax 1.1.7, 1.1.8.

Omnpenenenne 1.1.9. 3amkuyTtas opbura u(p) opbumarvro yemoluuea, ecim OTBeYaroNast
eif dbasosag tpaexropus (u(t), ¢(t), pu(t), p,(t)) Oymer opbUTATIBHO yCTORYNBA, €CIH PACCMOT-
PeTh OrpAaHAYEHHEe CHCTEMbl Ha MHOMKECTBO YPOBHS KHHETHIECKOro MOMeHTA {(u, ¥, Dy, Py)

P, = const}, conepzxaimee 3Ty $ha30Byi0 TPAECKTOPHIO.
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Omnpenenenne 1.1.10. Ilorennuan V(r) Oymem Ha3bIBATH CUABHO (COOTBETCTBEHHO €AGOO)
samvikaroujum, e Boimoaaeno (V)¢ (cooTBeTcTReHHO ero aHaaor A/ BCSKOH OpOMTANbHO
VCTOWYIMBON KPYTOBO OPOUTHI) U CJIEYIONIee YCJIOBHe:

mobast OKpyxHOCTH {u} X S gBngerca cwibHO yCTOHUMBOI (COOTBETCTBEHHO OPOUTATBLHO

YCTOWYMBOI) KPYyroBOit OpOUTOil.

3ameuanme 1.1.6. Hecioxxuo yoeanThest, 4To J11000i 3aMBIKAIOIINI HEHTPAIbHbBINA TTOTEHIN-
an V(r) gBisieTcst HOTYIOKATBHO 3aMBIKAIOIIAM, & JIIO00H CHIBHO 3aMBIKAIOIIHHA — JOKATBHO

7 ¢J1a00 3aMBIKAIOIIAM.

[TockoJIbKy Ha TTOBEPXHOCTSX BpallleHus 0e3 IKBATOPOB BCE D TUIOB MOTEHIIMAJIOB COBIA-

naroT [56], TO MOXKHO BBECTH CJIe/IyIOIee ONpe/Ie/eHue.

Omnpenenenne 1.1.11. Hasosem nosepxuoctsb Bparenust S (uiu S’) 6e3 sxkBaTopoB Heprpa-
HOBCKOI1, €CJT Ha Hell CyIIecTBYeT 3aMBIKAIONNIl MOTeHIna V| KOTOPBIH Ha30BeM OepTpaHoB-

ckuM. A ynopsigodennyio napy (S, V') HazoeMm 6epTPaHOBCKOI.

PaccmorpuM B KadecTBe npuMepa 0OBIYHYIO €BKJINIOBY MJIOCKOCTD Sy € BBIKOJIOTHIM TI€H-
TPOM, HOJSPHBIME KoopaunaTamu (r, @ mod 27) u eBKau10BoM MeTpuxoit ds? = dr? + r2dp?.
[Tosepxuocth Sy aABasercs nosepxnoctbio Bpamenus (0,00) x S'. Kpaii mrockoctu, orse-
YAIOUil BEIKOJIOTOMY HMEHTPY SABJISETCS YCTPAHUMBIM IOJIOCOM, & MPOTUBOIOJIOKHBIN Kpai,
OTBEYAIOIINH YPOBHIO 1 = 00 sBJsgercs abcomiorom. Ilyers na Sy meiicTByeT 3aKOH BCEMUPHO-
ro rsarorenus, T.e. sasan norennuan V(r) = —4 (A > 0). B srom ciyuae ypasuenue opout

(1.1.7) npumer Buj (kak muddepennuanibaoe ypasaerne Ha QyHKIHO 7(p))

Pemmrenns 3Toro ypaBHeHUs BBHITJISAIAT TaK 7 = y» TAe p — ¢dOoKaJIBHBIN ITapamMeTp, €

R L A—
1+e cos(p+po
— IKCIEHTPUCATET OPOUTHI, (g — KOHCTAHTA HHTEIPUPOBAHUSA (YTOJ HOBOPOTA OPOUTHI BOKPYT
upuTsaruBaoiiero nearpa). [pu e < 1 moaydarorcs orpaHudeHHbIe OPOUTHI, KOTOPbIe OyiyT

SJUTATICAMHU, TIPH € > | TMoJIy4YaioTcs HeorpaHnydeHnbie OpoOuThl — mapabosibl u rutepoosist. [1o-
A

TeHIHUaT — % ABJlfeTcs 3aMBIKAIONINM, T.K. CyIMecTByeT XOTd Obl OJHa 3aMKHyTas HeKPYToBas
opbuTa, a TaKyKe BCe OTPAHUYEHHbIe OPOUTHI (& 9TO IIUICH) OYAYT 3aMKHYTHI. KaxKaas Kpy-
rosasi opbura Oy/1eT CUJIBHO YCTOWINBOI.
Beprpanosckne koopaunatst (6, ¢) ceszans ¢ nomspusivn (1, ) coornomennem § = 1. B
OepTPAHOBCKHX KOODIMHATAX YIPOINAETCs He TONbLKO B ypasuenus (1.1.7), kotopoe B HHX
npuauMaet Bug 0" +6 = 2, Ho u aBHBL B opbut (byuknun 6(p)): 6 = p~! (14-e cos(p+¢o)).
Jpyrum npuMepoM 3aMbIKalolero lorennuaia ciayKut 3akon Lyka V(r) = Ar?(A > 0).
B sTom cayuae Bce HeocoObie opOUTHI OY/IyT JLIUIICAME, a HEOTPAHUIEHHBIX HEOCOOBIX OPOUT
HE CYIIECTBYET.
UccaenoBanue mosepxuocteil beprpana Ha4HéM ¢ OMHCAHUSA HECKOJIBKUX MPOCTHIX MPH-

MepoB. Cpelli TOBEPXHOCTEH BpAIleHHsT ¢ 3aMbIKAIOIMIMMHI MOTEHIINAIAMI HanbOoJIee TPOCThIM
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IIPUMEPOM, Ha KOTOPOM BU/IHBI BCe 00IHe CBOHCTBA OePTPAHOBCKOI CUCTEMBI, SBJISIETCS 0OBIY-
HbBIIl KPyTroBOii Konyc. Kiro merpuka sBjisiercd MJI0CKOH eBKJINIOBON M OH MOJTHOCTBIO OTPaZKa-
eT cJjydail IJI0CKOTO JIBUKEHUs B MEeHTPAJIBbHOM I0JIe, IIPO KOTOPOe U3BeCTHO HeMaJsio. Takxke
OIPOMHOE 3Ha4YeHue JJId UCCIe0BaHUs 3aMKHYTHIX TPAaeKTOPUH Ha IMOBEPXHOCTAX BpallleHUd
uraer Hajmdme SKBaropos (mapajsteneil u = ug : ayy(upg) = 0). Huaunap B 9roM cmbicae
MEeJTMKOM COCTOWT M3 MapaJsijeneii-9KBaTopoB N sABJsgeTcs Hanbosee IIOXUM KaH/IHIaTOM B TO-

BepxHocT Beprpana. OcTtaHOBHMCS Ha 9THX IPHMEpax IOMoapoOHee.

1.1.2 IIwunauuap, KoHyC, cdepa

PaccMoTpuM B eBK/II0BOM npocTpancTie R? ¢ ekapToBbiMu KoopaunaTamu (T, Y, 2) KPyro-
poit muunap Cp, 3ajaHubll cooTHOmeHuaMH 22 + 42 = 1, a < z < b, T1e a,b KOHCTAHTHI U3
R U {—o00} U {o0}. Ilonoxkenne Toukn Ha MUIHHAPE 330a8TCs Koopauaatamu (2, mod 27).
NuaynnpoBaHaas ¢ 00beMIIONEro TPOCTPAHCTBA MeTPUKA Ha HEM IpuMeT Bug ds? = dz?+dp?.
B nammx ob6o3nadenngax (1.1.1) a;; = agy = 1, 0TKyIa XOPOIIO BHIHO, YTO KayK1asi TapasLiesb

UIHH/PA ABJIAETCS SKBATOPOM (B CMbICIe ompeeaenus 1.1.4).
YrBepxkaenune 2. Ha yuasundpe Cy e cyuwecmsyem 3aMukaoue20 nomeuuaia.

JTOKABATEJIBLCTBO. [lycTh Ha muinHIpe CyniecTByeT 3aMblKaomunii morennnas V(z), mox
JeficTBIeM KOTOPOTO MO IUJINHJIPY JBUZKeTCs Y9acTUIa. 1orna ypaBHeHNs JIBAKCHHEA COIACHO

(1.1.3), (1.1.4) BBITISIAAT TAK:
zZ= _V/(Z)a
p=0.

[MokazkeM, 4TO €C/iu CyIIeCTBYET XOTs Obl OJIHO 3aMKHYTOE HEKPYTOBOE DEIEHUE, TO TaKKe
CYIIEeCTBYeT OTPAHUYEHHOE HEBBIPOXKIEHHOE HE3AMKHYTOE PelleHne, W TeM CAMbIM IPUBEIEM
YTBEPKJEHHE K MPOTHBOPEUHIO.

Buj ypaBHeHHUT TOKA3bIBAET, UTO ABUKEHHUE BJIOJIb KOOPAUHAT 2z U 0 TPOUCXOIAT HE3ABUCHMO
JIPYT OT JIpyra, MO3TOMY 3aMKHYTOCTH OPOMTHI 03HAYAET HEKOTOPYH0 COIJIACOBAHHOCTH HTHX
JIBUKCHUIT; UIest COCTOUT B TOM, YTO MOYKHO JBUYKEHUE BIOJbL NMAPAICTH 9yTh-4yTh YCKO-
PUTDH WK 3aMEJJIUTh, YTOOBI T€ OPOUTHI, KOTOPbIe ObLIN 3aMKHYTBI, PA3OMKHYJIUCH OBI.

B cuy 3aMbIKaeMOCTH MOTEHIMAIA CYIECTBYET XOTsI OBl OJHA HEKPYTOBas 3aMKHYTasl Tpa-
ekropust 71(t) = (z1(t), p1(t)), Torma cornmacHo oupejeneHuto Hafigércs obmmit nepuos T
y byukumit zq(t), ¢1(t). Uarerpupopanne BTOporo ypapHeHHsl HaéT ¢ = cit + ¢ (3Hade-
HUsl, OTJIMYAOIIAecs: Ha 27, 3aJIal0T OJHY U TY Ke KOODIMHATY). PaccMOTpUM TPaeKTOPHIO
73(t) = (21(t), p2(t)) (em. puc 1.1), Te po(t) = v2¢1t + ¢ (YCKOpHM JIBHZKEHHe BIOIb ().
[Mepuogbt y 21(t) u ps(t) Tenepb HECOM3MEPUMBI, OTOMY y FTUX (DYHKIUN HET 00IIEro nepu-
0/1a, & 3HAYUT TPAEKTODH 75(t) He3aMKHYTa (XOTS JIEJKUT B TEX K€ I'DAHUINAX, 9T0 H 71 (t)).
[Monyuaerca y moreniuana V (z) ecTh OrpaHUYeHHBIE HE3AMKHYThIe TpaeKTopuu. [

Konyc sBjIsieTcst MOBEPXHOCTBIO O€3 9KBATOPOB W HA HEM B OTJIMYHMH OT IMJIAHIPA CYIIe-

CTBYeT JBa 3aMBIKAIOMNX IMOTeHIHaJa. PaccMoTpuM abCTpakTHBIA KOHYC, T.€. MOBEPXHOCTH
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Mo

Puc. 1.1: Ucxomanas r(t) u pactanyras ra(t) opOUTHL.

C =~ (0,00) x S* ¢ koopmuHaramu (u, e mod 27) U METPUKOf
ds®* = du® + pPuPdy?,
e KOHCTauTa 1 > 0 | yroJi NpH BepIinHe NoJydaeTcs 27/

Vreepxkaeuune 3. Ha mexr xonycazx, 206 KOHCMANMA [ — UPPAUUOHAALHAA, HE CYULLCTEYEM
UEHMPAAOLHOLET 3aMbKa0wus nomenyuaros V(u). Ha mex konycaz, 20e p € Q, cywecmeyem
POGHO 060 3AMBIKAIOULUT NOMEHUUAAL: ANaN02 Hblomonoeckozo Vi(u) = Au~'+ B, 2de A < 0,
u ananoe 2ykoecrozo Va(u) = Au® + B, 2de A > 0. Opbumuv sadannvie xax dymruus u(p)

umerom o0dun u mom sce nepuod Py = w/ 1 das eyrosckozo u Py = 27/ daa HLIWOMOHOBCKO20.

yTBep}K,ZLeHI/Ie ABJIAEeTCA 9aCTHBIM CJIy4dYa€eM TE€OPEMbBL 4.
p

KommenTapuii 1.2.  OnuiteM reoMeTpruiecKuil CMBICJ PANMOHATBHON KOHCTAHTHI [ = £
Y opbuthl u(p) KOHCTAHTA [i OMpPeIeNsieT KOJTUIECTBO BUTKOB BOKPYT MOBEPXHOCTH, KOTOPOE
JOJIZKHA CIIeJIaTh JacTUIa, Opexke 4eM Tpaekrtopus 3amkuércs. I'padur opbursr u(y) Ha
wiockocTu (u, p) Oymer npeicTaBiaaTh u3 cebs cunycouay ¢ nepuomom Py (Py amst cayuas
I'YKOBCKOTO ToTeHuana). I'paduk ¢ pocToM ¢ KoaebmeTcs Mexkay MakcuMyMoM (max u(yp)) u
MuHEMYMOM (min u(y)). DTo 03HaYAET, 9TO 3a p (It TYKOBCKOTO 3a 2p) KOJeOAHH 3HAYCHHE
KOOD/IMHATDI (0 YBEJMYUTCH HA 2¢7 U YACTHUIA B CBOEM JBHzKeHHH 110 Kouycy C' coBepmut ¢
000POTOB BOKPYT MOBEPXHOCTH.

[eomeTpudecknit cMbICJT KOHCTAHTHI 4 /IJI IOBEPXHOCTH COCTOUT B cjeayoneM. PaceMoT-
PUM KOHCTPYKIIWIO: pa3pexkeM KoHyc C' mo obpasytomieit u pa3BepHeM. [losyauM HeKOTODBIi
CEKTOD Ha eBKJIHMJIOBON IUIOCKOCTH. 3aMETHM, 4TO YroJ Upu BepiiuHe (paBHbIH 27[L) MOXKeT
OBITL T OOJIBIIE 27, B 3TOM CIydae KOHyC He BiaoknTca B R? xak mosepxmocTh Bpamenud. /a-
Jlee PACCMOTPUM HOBEpPXHOCTH C', SBIISIONLYIOCS OJHOBPEMEHHO PA3BETBJICHHBIM HAKPBITHEM
koHyca C' 1 pa3BeTBJIEHHBIM HAKPBITHEM €BKJIUI0BON TJIOCKOCTH, T/Ie KOJIHIeCTBO JTUCTOB JIIO-

O0ro U3 HAKPBHITHH MIHEMAIBHO BO3MO:KHOE. [ToBepxHOCTh C' MOXKHO MTOCTPOUTH CJIEIY IOITUM
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obpazom. Bynem HakaabpIBaTh HA JIOCKOCTH CEKTOPA, MOJIYY€HHBIE PA3BOPOTOM pa3pe3aHHO-
ro 1Mo oOpas3ylomnieil KOHyca, KaxKJIblil CJAeIYIONNi MOBOpauYnBasd Tak, YTOOLI Oeper KayK0ro
CJIEJIYIONIEr0 CEKTOPa COBIAJI C MPOTHBOIOJOXKHBIM OGeperom IpeIblayinero. TakuMm obpaszoMm
HOJIYINM pasBeTBiIeHHOe HakpbiTHe C' — R2 \ {0} mag mpokoaoToil miaockocThIO0. [Tpu sTOM,
ec/IM KOHYC OblI “panuoHasien”, T.e. yrosl Py BepliuHe ObLI COM3MEPHUM ¢ 27 (MHBIME CJIOBa-
vu, g € Q, obozHawuM 1 = 75’), TO 4epe3 ¢ uaros nocrpoennss C' Geper 0UePesHOro CEKTOpa
COBLAJET ¢ BEPEroM IEpPBOrO CEKTOPA; B 9TOM CJIydae IPEKpaTuM Lpouece nocrpoenns C u
nakpbitae C' — R2 \ {0} Gyner p—maucTHbIM. B mporuBHOM ciydae Gepera pasHbIX CEKTOPOB
HUKOTIa He COBINAIYT U HAKPBITHE OYIET OECKOHEUHOJIUCTHBIM.

Takum 06pa3oM, H0BepXHOCTH C' HAKPHIBACT HCXOMHBIA KOHYC ¢—J/IHCTHO, €CJIH [i PAILUO-
HAJILHO W PABHO g, 0eCKOHETHOIMCTHO B TPOTUBHOM CjIydae. HakpbITHe CTPOUTCS €CTEeCTBEH-
HBIM 0BPA30M: €r0 JIMCTAME OYIyT CEKTOPA, U3 KOTOPIX COCTABJICHA [OBEPXHOCTL C'; KAYK b
TAKOIl CEKTOP — pa3sBepTKa KOHYCA, MOYTOMY MOXKHO OIpenesuTh orobpakenue C' — C, 1e-
peBOJIsiIiee B TOUYKY ¢ KOODAMHATAME (T, ) HA KOHYCe BCEe TOYKH IIOBEPXHOCTH C', umeromue
Te K€ KOOPJMHATHI Ha TOM CEKTOpe, KOTOPOMY HpuHajjiexkar. Harigamauo 310 MoxkeT ObITh
[IPEJICTaBICHO CJIeYIOMUM 00pa3zoM. Bo3bMeM cekTopa, MmoiydeHHble pa3BOpauYnBaHUEM Pas3-
Pe3aHHOro Mo 00pa3yIolleil KOHyca, M PACIONOXKHM HX HaJl Pa3BepTKOil KoHyca “Ipyr Ha/l
JpyroM” — @ IK3EMILISIPOB, €CJIH (i PAIMOHAJIBHO, CIETHOE MHOXKECTBO B IIPOTUBHOM CJIyUae;
MPOTUBOTIO/IOKHBIE KA JIEZKAIUX IPYT HA APYTOM CEKTOPOB CUUTAIOTCS CKICEHHBIMEU. T0q-
KH 9THX CEKTOPOB — 910 TouKH mosepxuocti C, orobpaxenne C' — C' 3a/1aeTCs eCTeCTBEHHOM
NPOEKIAECH.

Chyuait 1 = 1 cooTBeTCTBYeT MPOKOJIOTOMN TLIOCKOCTH.

Cdepa umeer Bcero 0JuH 3KBATOP U B 3TOM CMBICJIE ABJISETC IOMPAHUYHBIM CIy9aeM MerK-
1y KOHycoM u muausapoM. Pacemorpum cdepy S? ¢ koopaunatamu (v, ), e v — MEPOTa,
¢ — moarota, u ¢ Merpukoit ds? = dv? + sin? v dyp?. Ilycrs Ha cdepe JeficTByeT IOTeHIHAT
V = 0. Torga TpaeKTOPHN NPH JABUKEHIHU HOJ JIeHCTBIEM TAKOT'O MOTEHIMIIa OY/LyT Te01e3n-
YEeCKUMU — 6OJIBH_[I/IMI/I KpyramMu. PaCCMOTpI/IM TOJIBKO T€ TeoJe3nIeCKue, KOTOPphbIe OTINYal0TCA
OT MEPHUIMAHOB, OHH 3a/aI0TCs COOTHOImeHueM: ctgy = A - sin . IloBepxnocTn BpallieHus c

3aMKHYTBIMH Te0JIe3NIeCKUMHI MOIpOGHO onucanbl B [5]. CrnpaBeymsa cieyomnas TeopemMa

Teopema 2 (A. Becce). Paccmompum cepy S? \ {N, S} = (a,b) x S' edunuunozo paduyca
C 6uKOAOMBLMU TOM0CAMY, ¢ Koopdunamamu (v, mod 27) u mempuroti epawenua ds® =
@, (V) + iy (v)di?.

Bee zeodesuneckue na S?, omauumie om mepuiuaros, 3amMEnymoL moz0a U moavko moada,
Koeda mempuka npusodumcs nexkomopuim dugipeomoppusmom (a,b) — (0,7),v — v = v(v),
K eudy ,

ds? = E + h(cos 17)] di + sin? pdy?, (1.1.11)

2de § - payuonaavho, a h: (—1,1) — (—g, g) — HewémmHaa GyHruUA.
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Takue 1moBepxHOCTH HA3bIBAIOTCS MOBEPXHOCTAMU Tannepu. JMHBI BceX Teoe3ndecKux
0bIIero moIoXKeHus (He 9KBATOp M He MEPH/MaH) OJMHAKOBBI W PABHBI 2T, IJIMHA IKBATOPA

27, JUIMHA MepHIaHa 2%71

1.2 (O6001menHoe ceMeiicTBO ypaBHEHMIT

s obobiienus TeopeMbl bepTpana Ha IIOBEPXHOCTH BpalleHusd HeOOXOIUMO YCTAHOBUTH IIe-
PUOINYHOCTD pernenuii ypasuenust opour (1.1.7), uto u memaercst B Teopeme 3. st Toro,
9100bI CHOPMYTUPOBATH TeopeMy 3 HeOOXO0 MO IIpeBapuTebHO epedopMyInpoBaTh COOT-
BETCTRYIOIUE CBOMCTBA OPOUT M MTOTEHIIHAJIOB.

Hazosém obobuwentvim cemeticmeom ypasnenuti Bepmpana onHonmapaMerpudeckoe (HEHY-

JeBoit mapamerp K) cemeiictBo quddepeHiuanbHbX ypaBHeHnit
—P(2) (1.2.1)

ma uarepsase (a,b) C R, rne ¥(z) u p(z) — dpynxmuu xracca C™, onpeneaennbe Ha HHTEP-

Bajie (a,b).

Ounpenenenne 1.2.1. Oyuxmuio ¥ = V(z) na unrepsase (a,b) HA30BEM samvikarowed s

byuknun p = p(z) (nm p-zamwikarowed), ecin

(3) cymecrByer 3madenne mapamerpa K = K, € R\{0}, npu KoTopom coorsercTByIOIIECE

YpaBHEHHE UMEET OTPAHUYEHHOE HEMOCTOSHHOE perrenne 2 = Z(¢);

(V) Bce orpaHWYeHHBIE HEMOCTOSIHHBIE pelieHust 2 = z(p) YPABHEHUS CO BCEBO3MOZKHBIME
3HAYEHUSIMU napaMerpa K gBIIOTCS MePUOINIeCKUMU (DYHKITUSIMEA ¢ MIOTAPHO COU3Me-

PUMBIMH T1€PUOIAMU.

Hazosém dbyuknmio ¥ = U(z) na unrepsaie (a,b) aokaivho samvrarowet nas GyHKIAT

p = p(2) (mm aokarvro p-zamvikaroulets), ecan

(F)l°¢ cymecTByer 3mauenue mapamerpa K = K Takoe, YTO COOTBETCTBYIOIIee ypaBHEHHe

HMeeT HEeBBIPOXKIEHHOE YCTOWYNBOE MOJIOKEHHe paBHOBecHs 2o € (a, b);

loc maitayTes €,6 >

(V)¢ e seakoit mapst (Ko, 29) € (R\{0}) X (a, ), ynosnersopsiomei (3)
0, TaKue 4TO BCEe OIPAHUYEHHBIE HEIIOCTOSHHbIE pentennst () ypaBHEHUIl, OTBEIAIOIINX
K € (Ky—0, Ky+4), c 0b1acThIo 3Hauenuii u3 -0KpecTHOCTH 2g, T.e. z2(RY) C [20—¢, 20+

g], aBagoTcs nepuogndecKuMu (BYHKIUIMA € HOMAPHO COM3MEPUMBIME TTEPHOAMU.

Hazosém dynknuio ¥ = U(z) na uarepsaie (a,b) noiyiokaisvno samvikarouseti 1yst GyHK-
mmn p = p(z) (M noaysokasvho p-aamvikaroweti), eciu Bumomrens yeiosus (3), (V)€ u

cJieJIyroniee ycJaoBHe:
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(V)s71°¢ Bce orpanmuennbie pemrenusi z(p) ypasuenus upn K = Kj, taxue uro 2(R') C Z(R?),
ABIAIOTCS TTePHOITIeCKUME (DYHKIUAMEI ¢ HOTAPHO COM3MEPHMBIMHU TeprogaMu, rae K

u Z = Z(p) — COOTBETCTBYIOIIHE 3HaYeHus napamerpa K u pemenue u3 ycaosus (3).

Hazosém dyrkuuio W(z) cuavro (COOTBETCTBEHHO €Aa60) p-3amuvikatouied, ecan nobast
Touka zg € (a,b) ABIsETCS HEBBLIPOXKICHHBIM YCTOHIHBLIM (COOTBETCTBEHHO YCTOHIUBBIM)
II0JIOZKEHHEM DAaBHOBECHsl ypaBHEHUsl IpH HeKoTopoM K = Kj, 3aBHCAIEM OT 25, & TAKIKe
soinosmeno yeaosue (V)°° (coorsercrsenno ero anasor s seskoit mapsi (Ko, z0) € (R\{0}) x

(a,b), Takoii 4TO zg — YCTOHUIMBOE MOJIOKEHWe paBHOBecust ypasHenus npu K = Kj).

Teopema 3. [Tycmo 3adano cemeticmeo ypasuenut Bepmpana (1.2.1) na (a,b).

FEeau U asasemcesa nosysokaavHo p-3amoikarouels (Uit p-3amMulkaouet, il cuibHo UAl
cAab0 P-3aMBKAIOWET), MO OHA ABAAECA AOKAADHO P-3AMBIKAOULET.

Ecau na unmepsane (a,b) dynryus p ne umeem nyaed, mo 6ce KAGCCH 3AMBIKAOULULT,
NOAYAOKAADHO 3AMBIKAIOULUT, NOKANOHO 3AMBKAOULUL, CUADHO 3AMBKAIOULUL U CAGD0 3aMbi-
karouwur oas p pynryud ¥ cosnadarom.

Ecau na unmepsane (a,b) dynruua p ne umeem nwyaetl, mo cyuecmeyem ne bonee 068Yx 3a-
MBKAIOWUT PYHKYULE ¢ TOUHOCTBIO 0 NOAOHCUMEALHOT MYADTUNAUKATNUCHOT] KOHCTIANTbL

U IMU PYHKYUL ONPEIEAAIOMCA YCAOBUAMU:

(a) ecau p'|ap = const > 0, mo cywecmeyom posno dee (¢ MOUHOCMBIO 00 NOAOIHCU-
meavroti mysvmuniukamuehot Konemanmo) p-samoikarowue dynryuu U na (a,b), a
umernno Wi (z) = A;/p" U(2),i = 1,2, 20a A; # 0 — npoussosshas MyALTIUNAUKGMUG-
naAa woncmanma, makas wmo A;p'(z) > 0; 6osee M0o20 MUHUMAALHBILT TOAOHCUMEALHDIT

nepuod A106020 02PAHUNEHHO20 HENOCTNOAKHO020 pewenus paser D; = 21 /(iN/p');

4

; . —0)*4D

(b) ecau pliap) A6asemcA payuonaronot dyrryuet euda p(z) = %, 20e D = const #
0, p = const > 0, ¢ = const € (a,b), mo cywecmeyem edurcmeennas (¢ MOYHOCMBIO
00 NOAOIHCUMENHOT MYALTNUNAUKATNUESHOT KOHCTMAHNBL) P-3GMbKAOUAA GYHKUUA HA

. — _ _A _

(a,b) : U (z) = WUy(z) = oo 20e AF 0 — MYALIMUNAUKGMUGHAA KONCINANING, MAKAA
ymo A((z — ¢)* + D) > 0; boaee moz0 munumasvrvili nososcumesvroll nepuod 1106020

02PAHUNEHHO20 HENOCTOANHO20 pewenus pasern P; = Tu);

(c) ecau p(z) He umeem HU 00HO20 U3 YKABAHHLLL 6bLLE 6UC08, MO HE CYULECMEYEM p-

samoikarowur Gyrkuud na (a,b).

B cayuaazx (a) u (b) wascdan moura z € (a,b) ABAAEMCA HEBVPONHCOEHHBIM TNONONCEHUEM PAG-
nosecus ypasrenua npu K = K; == £/ A;/p?(2), i =1,2 6 cayuae (a) u K = +p ﬁ
(6 cayuae (b)), a npu dpyeux snavernuaxr napamempa K ne AGAACMNMCA NOAOHCEHUEM PABHOGE-

CUA.

[Ipexkae veM joka3aTh TeopeMy chopMmyupyeM psji jemM. s Havaga 3aMeTuM, 9TO

moboe ypasHenme u3 cemeiictBa Beprpama (1.2.1) mveer un 2, = —U'(2), toe U(z) =
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v ;
J(p(z) — Ig))dz, 4TO TO3BOJIAET PA3IJIANETh NEePBLIi MHTErpaJ

E:=(2")/2+U(z), (1.2.2)

KOTOPBI# ABJIAETCA aHAJOrOM HMHTerpaja uepruu. [lepBblil mHTErpas MO3BOJALET MOHU3UTDH

MOPSJIOK KayKJI0T0 yPaBHEHUs CHCTeMbl Beprpana:
2% = R(2) + CW(2) + 2E = 2E — 2Uc(2),

rne R(z) := =2 [ p(z)dz, C := K?/2, W(z) := [U(z)dz, Uc(z) := — (R(z) + CW(z)) /2.
ﬂeMMbl 1.2.1-1.2.3 onucwiBatoT 06Hme cBoiicTBa pemennii auddepeHInaIbHOrO ypaBHeHud
Buna 2, = —U'(z), rae U(z) — rnajxas Gynxmus na uatepsaie (a,b), K KOTOPoMy, 09eBUTHO,

OTHOCSITCS W ypaBHeHHs cucreMbl Beprpana (1.2.1).

Jlemma 1.2.1. ITyemo dynxyua 2(p) Acasemes pewenuem ypasrenus 2, , = —U'(z) u nyemo

2'(po) = 0. Toeda epagur dynryuu z = 2(p) cummempuyern omHocumesvho npamot {@ =

wo}, m.e. z(¢) = Z(p) = z(¢o — (¢ — ¥o))-

JIOKABATETBCTBO. [lpsmoft noacranoskoit B ypasuenne z, = —U'(z) nposepsercs,
9T0 Z((p) ABIAETCH €ro pemreHneM. A T.K. HadajJbHBIE YCIOBUS COBHAZAIOT, 2(yg) = Z(pp) u

2'(po) = Z' (o), TO COBIAAIOT U PEIICHUSI.

Jlemma 1.2.2. ITycmov sadanve koucmanme, ', b, E' maxue, wmo a < a’ <b <bu E € R.

Tozda caedyroujue Ycaro8ua sK6UBAAEHMHDL:

a) cywecmeyem ozpanuyennoe pewenue z(p) ypasnenus 2!, = —U'(2) ¢ yposnem snepeuu
o
FE (1.2.2), maxoe wmo o’ = inf 2(R'), ' = sup z(R');

() U() = UW) = B w Ul < B

Ecau z € {d',b'} u swnoaneno yeaosue (a), mo coomnowenus U'(Z) # 0 u z € z(R') pasno-

CUSADHDL.

JJOKABATEJIBCTBO. IlycTh BHITIOMHEHO Kakoe-HUGYIbL 07O U3 yeiaoswit (a) u (b). Torma
cyIecTByer nosoxkenne (Touka) zo € (a',b'), rakas aro U(zg) < E'. @ukcupyem 1060it ypo-
Beub E € (U(z), E']. Tlyctw z(p) — stokanbHoe perenne auddepeHnagbHOr0 ypaBHeH s
2}, = —U'(z), Taxoe 4o z(0) = 2, 2'(0) = V/2E — 2U(z). Toraa ypoBeHb SHeprum Ha pe-
mernn z(p) pasern E. Ilycts (21,22) C (a,b) — MakcuMaIbHBII HHTEPBAJI 10 BKIIOUEHMUIO,
cofepzKaluii TOUKy zp, Ha Koropom U(z) < E. Torma pemenue z(p) MoxKeT ObITH HpO,ZLOJI—
JKeHO Ha MHTEpBAJ (1, ¢2) (¢ momoribio naTerpata sueprun(1.2.2)), tae ¢; = f \/W
i = 1,2. Orcrooga cjemyer, 9To NPH BBIIOJHEHHH Kakoro-am6o w3 ycaosuii (a) u (b) uaTep-
Basl (a',0') COMEPKUT MAKCHMAJIBHBIA [0 BKJIKOYEHUIO WHTEPBAJI, COJAEPKAIIUNA TOUKY Zg, HA
kotopom U(z) < E'. Buauut, (z1,22) C (a/,b) (B cuny E < E).

22



[Tokaxkem, 4ro nocrpoennoe perienue z(p) orpanudeno u z(R') C [z, 29], Te. 21 =
inf 2(RY) u 2o = supz(R!) (orciona cueayer pasrocuabHOCTHL yesosuit (a) u (b)). Eciu
P = —00 U g = 00, TO TpebyeMoe YTBEPKJIEHHE OUYEBUIHO, TaK KAK MOCTPOCHHOE Dere-
ane onpeneneno Ha BeeM RY m 2(R') = (21, 23) (pemenne menepnommano). Ocranca cydai,
Koz Jiuis Hekoroporo ¢ € {1,2} Beinosneno |@;| < oo. 3aech B cuity (21, 29) C [a/, V] C (a,b)
perenne MOZKeT ObITH IIPOIOIZKEHO B TOUKY ¢;, Toraa z(;) = 2z;, U(z;) = Eu 2/(¢;) = 0. Ecin
Y1 = —00 H g < 00, TO B cuty Jemmbl 1.2.1 pemenne orpanmaeno u z(R') = z((—o0, o) =
(21, 22| (3HAYUT pellleHNe HEMEPUOAUTHO). AHATOTHIHO JJIs CIAyYas @1 > —00 U 3 = +00. B
caydae e p; > —00 U p — 2 < +o00 pemenne nepuognuano u z(RY) = z([¢y, pa]) = [21, 23],

o . z
IpudeM MHUHUMAJIbHBINA MOJOKHUTE/IbHBIN nepuoy Oyjger paen ¢ = 2 le2 #U(). Taknm
- z

0bpaszoM, pelienue Beerja orpanudeno u sbinojusercs z(RY) C [z, zo).

JokazxeM, ato jyiga oboro i € {1,2} pasrocunbubt yenosus U'(z;) # 0 u z; € 2(RY). Bes
orpanudenus oburaoctu i = 2. Ilycrs U'(z3) = 0, T.e. ToUKa 2 — MOJOXKEHHE DABHOBECHS.
Torma ecmm 25 € 2(R') (T.e. o < 00), TO 06a pemenns z(p) n 23(¢) = 2o YAOBIETBOPAIOT
OJIHUM U Te€M Ke HadaJIbHbIM YCJIoBUsIM Z((9) = 29, 2'(¢ — 2) = 0, a OTOMY COBIIQJIAIOT, 4TO
npoTHBopeunt z1 < zp. Ilycrs renepn U'(z2) # 0. Torma Ul () < E — c(z — 2) ana
HEKOTOporo ¢ > 0, oTKya @2 < (22 — 2)4/2/c < 00, a notomy z; € z(R'). O

Jlemma 1.2.3. llycmv a < a' <V <buU(d) =U(l) = E', U],y < E', Eg :==min U, .

Tozda caedyrowgue Ycao8us IKEUSANCHMHDL:

/ " __ /
0 -
(a) dan mobozo E € (Ey, E'] aroboe ozpanunentoe pewenue zp(p) ypasnenua 2, U'(z)

¢ yposnem anepeuu E (1.2.2), maxoe wmo zg(0) € (d',b") nepuoduuno;

(b) cywecmeyem ompesox: [c1, co] C (a', V'), maxoti wmo U’ ..\ <0, U’
0.

= 07 U/’(Cg,b/] >

c1,¢2]

IIpu 6vinosneruy SMUT YeA08Ul MUHUMANLHBT NOAOHCUMEAbHOL nepuod pewerus Zp(p)

22(8) dz
B(E) = 2/ | (1.2.3)
a(B) 2FE —2U(2)

pasen

ede snavenun z; = z1(E) € [d',c1) u 20 = 29(E) € (c2,V] onpedeaenv ycaosuamu U(z) =
0,

U(z) = E. Qynuxyua & = (E) nenpepwsna na nosyunmepsane (Eg, E']. Ecau U"(cy)
mo
lim ®(E) = oo. (1.2.4)

E—Ey

JOKA3ATENBLCTBO. Ilycrs Bommonneno yeiosue (b). Torma U'(z) # 0 u U'(z) # 0,
a sHauut, 10 jemme 1.2.2 obpas z(R!') pemenust z(p) gBjsercs oTpe3KoOM, OTKYy/a pelleHue
nepuouaro. Orcioga n u3 gemmvbr 1.2.2 cienyer nyHKT (a).

[Iyctb BbimosiHeno ycsosue (a). Torma muoxkectBo A = {z € (d/,0)|U'(z) = 0} uemy-

cro, k. ' < b u U(d') = U(V). llyers E* := sup U], BBegeM MHOXKecTBO B = {2z €
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[ V] |U(z) < E*}, ¢y :=inf B, ¢y := sup B. Torga
U/|[a’,c1) < 0, U/‘ 02 b/ > O, E(] S U‘[Cl,CQ] S U(C]_) == U(CQ) = E* < El. (125)

[Iycrs U([e, c2)) # E*. Bepho, uro ¢; < ¢y u Haiijgercs uarepsan (27, z5) C (¢1, ¢), Takoit 4ro
Ul(ze ey < E7, U(27) = U(23) = E* 1 ouu U3 KOHIOB 2] 9TOrO MHTEPBAJIA NPUHAJIEKAT A
(T.e. Bormosteno U'(z)) = 0). Ilycrs Temeps 2* () — orpannveHHoe PEIenne ¢ YPOBHEM SHePIuu
E*, orBeuaiomee nnrepsaiy (27, z5) cormacuo jgemme 1.2.2. T.K. 9T0 perrenne orpanuveno, To
OHO ABJIFETCA TIEPUOJMICCKUM B CHTy yeaosus (a), otkyma 2*(RY) = [27, 23]. Orcioma U'(z}) #
0 corsacuo semme 1.2.2. IMoayuennoe nporuopeune mokassisaetr, 910 Ul o] = E* = Fy, T.e.
BhITIOJTHEHO yeaosue (b).

Yreepxkaenue (1.2.3) 6p110 mokazano B temMe 1.2.2; nokaxkeM (1.2.4). Ilycrs U”(¢y) = 0.
Torna Vz € [¢; — €, ¢1] BBITOTHSIETCST EO <U(z) < Ey + c(er — 2)? ang HEeKOTOPO# KOHCTAHTHI
¢ > 0. Orcrona nonyaaem $(F) > o ((E Fo)/e)1/3 m — +oomupu E — Ey, By < E <
E'.O

Jlemma 1.2.4. Ilyemo V(2), p(z) — e2aadkue pynruuu na (a,b).

(a) ITyemwv p(zo) # 0 daa nekomopozo zy € (a,b). Iycmo zy — HesvporcIentoe yemotiuusoe
noaoscerue pasnosecus obobusennozo ypasrenus Bepmpana (1.2.1) npu K = Koy > 0,
m.e. KZ = % u p'(z0) — \11((2;0)) U'(29) > 0. Iycmo napa (29, Ko) ydosasemesopaem ycao-
suto (V)¢ uz onpedeaenun 1.2.1.

Tozda cywecmsyrom €y, f > 0, makue wmo dynruuu ¥ u p Ha (29 — o, 20 + €0| ydos.ae-

meopArim CoOomHoOuweHUAM

3V = 4(V')?, Uy —V'p = 3>V, (1.2.6)

(b) ITycmv coommowenus (1.2.6) ewnosnenv, na npomescymxe I C (a,b) norosrcumenvrotd
daunne. Ilycmo nekomopas mouka zg € I A6AAMCA NOAOIHCEHUEM PABHOGECU 0600ULEH-
nozo ypasuenus Bepmpana na (a,b) npu K = Ko # 0, u 2y € ] Toeda 8 NPOMEICYMEKE
I swnoaneno moscdecmea W(z) = Ay(z — )7 u p(z) = g2 1D Zz(z )3 ,edei € {1,2}, A,
D, ¢ — nexomopwie Koncmanmol, makue wmo D =0 npui=1, z—( #0, (z—()A; > 0,
(z = O+ D)Ay > 0 npu wmobom z € I. IIpu smom mobas mouxa z € I asaaem-
CA HEBVPOHCOEHHBIM YCMOTHUBHM TOAONHCEHUEM PABHOBECUA 0000UEHH020 YPAGHEHUA

v
p((;) ; BCE 02PAHUMEHHDBIE HENOCTOAHHBIE pewerus 2z = ()

Bepmpana npu K = +
0600wern020 ypasrenus Bepmpana wa I npu npouseosvHulr HEHYAEBHLL 3HAYERUAT NG~

pamempa K ABAATONMCA nepuo@u%ecnu./\/zu C MUHUMAABHBIM NOAOHCUIT EADHDIM nepuo&o./vt
o =27/p5.
JTOKABATEILCTBO. Illaz 1. Beenem oGosnavenns C' = %, Cy =
z) = [p(z)dz — 0.5C [ ¥(z)dz

Touka 2y € (a,b) sIBIsIETCST HEBBIPOKIACHHBIM YCTORUIHUBBIM TOJOKEHHEM DABHOBECHsI YDaBHe-

E[) . UCO(Z[))

K2>

mus z;, = —Ugp(z) npu C' = Gy Toraa u Toabko torga, koraa Ug (20) = 0 u U, (20) > 0.
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[osromy —2Ug, (20) = R'(20) +CoW'(20) = —2p(20) +Klg\lf(z0) = 0 (BBuay ycaosus p(zp) # 0
soinosneno W(zg) # 0); muddepenmupyem emé paz —2Uf (20) = R’(20) + CoW" (%) =
—20/(20) + 2525 W' (2) < 0.

Bribepem magbie £,0 > 0, yIOBIETBOPAIOIINAE YCIOBHIO (‘v’)loC n3 onpejenennd 1.2.1 aasa

napbi (20, Ko), 910 Ug|jzg—czo1e) 1 Eoeo < Bl npu K = /2/C € [Ky — 6, Ko + 6], tae
BBesIennl obosnatenns B, o = min{Uc(20 — ), Uc(20 + €)}, Eoec = minUc|izy—c z4e)- s

aroboit napsl (K, C'), Takoit 4To
K - 2/0 S [KO - (5, KQ + (5]7 E € (EO,E,C7 Eé,C’]’ (127)

PACCMOTPUM OTPaHIYeHHOe pelenue zp c(p) ypapuenus 2, = —U;(z) ¢ ypostem snepruu E
(1.2.2), taxoe uro zp o(R') C [20 — ¢, 20 +€]. Ono cymecrByer B cuiy semmbt 1.2.2 u gpisercs
nepuogmaeckuM B cuny yeaosus (V)°° uz onpenenenust 1.2.1.

Boinumem munumassusiii nepuon $(E, C) permenns zg ¢ (3amernM, 910 KoucTantsl £, C' o1-

HO3HAYHO OMPEJIESSIOT PellleHrHe ¢ TOYHOCTBIO JI0 CJIBUTA) CONTACHO JeMMe 1.2.3:

z2(E,C) d>

(1.2.8)

2E,0) = 2/z1(E,C) VR(z)+CW(z) + 2F’

rJle KHTerPUPOBAHIE IIPOBOJUTCS IO OTPE3KY MKy JABYMS HYJISMH 2 U Zy 3HaMeHaTess (mo-
9TOMY, COIJIACHO JieMMe 1.2.2; 21 M 2o ABJSIOTCS MHUHUMYMOM ¥ MAKCHMYMOM II€PHOIXIECKOTO
pemenus 2pc = zpc(p) ypasuenus z;, = —Ugq(2)).

Ncnonb3ys 1o, aro 21 = 21(F, C) u 29 = 2z3(E, C') 3aHyIsI0T 3HAMEHATE]IH TTOBIHTEIPATb-
Hoit ipobu 1.2.8, Berpasum koHcTanTel C, F gepes 21, 29!
R(z) — R(z) R(z1)W(z2) — R(z2)W (21)
W(Z1) — W(ZQ)’ W(Zl) — W(ZQ)

C(z1,29) := 2E (21, 29) := : (1.2.9)

e COOTHOIIEHUST BBITIONHSAIOTCS Ha MHOKecTBe {(21,22) 1 20 — € < 21 < 29 < 2o + €}.
Hoonpeaesum 311 BHIpasKeHUsT HA MHOZKeCTBe map (21, 22) COBNATAIONINX YUCET 1€y OIHMH
. _ () _ opla1) e R'(z1)
coornommennsmMu C(z1, 21) = — WG = 2G6 2E(z1,21) == —R(z1) + W’(z1)W(Z1)' B utrore
dbyukun C(21, 22), F(21, 22) onpejiesensl 1 HenpepblBHBL Ha {(21,22) 1 20— < 21 < 29 < 29+

e}, n.x. W'(z9) = ¥(29) # 0. [Tosrygaem, 910 npu H0CTATOTHO MaJIOM £y > () COOTBETCTBYOIIHE

3HadYeHud napamerpa K = m 06obIeHHOro ypapaenus Beprpana (11 BCEBO3MOXKHBIX

nap TOYeK 21,2 € |20 — €0, 20 + €0]) OyAYT NpHHATIEKATH J-OKPECTHOCTH YHCJIA /m =

Clo = Kj. Orciona caepyer, 9ro Jyisi JIOOBIX 21,29 € [29 — €, 20 + €p), Takux 410 27 <
29, mapa (E,C) = (E(z, 22), C(z1, 22)) ynosaersopser (1.2.7) (r.e. mpunamzexur o61acTu

onpenesennst byukun ®(E, C)), n ans moboii Takoii maper dbopmyna (1.2.8) mpumer Bu:

dz

B(E(z1, 2), C(z129)) = 2 / BB Ever LEEn et (1.2.10)

Hlaz 2. llonoxum tenepb z; = ¢ — h, 29 = c+ h, 2 = ¢+ ht, tne ¢ € (29 — €0, 20 + €0),

0 < h << 1. PacknagbiBaem npanee ¢pyuknuun W m R B 31X Toukax B psabl Teitaopa mo
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creneHsM mepemMeHHol h u nogacrasiss ux B (1.2.10) ¢ yuerom (1.2.9), moaygaem B mpesese

upu h — 0:
L ®(Ble—hc+h) Cle—he+h) \/ 21V (c) 1
h—0 27 —\ R(W"(c) = W'(c)R"(c)  Blc)

Otciona moaydaeM cJIeyiolnee COOTHOIIEHUE B HHTePBaJIe (Zo —&,20 + 8):
R'(c)W'(c) — R'(c)W"(c) = 2B%*(c)W'(c). (1.2.11)

[Togcrapnss manee B mociaennee coornomenne W' = W u R’ = —2p, nosydaem COOTHOIIEHHE
Uy — Wp= %V B unrepsase (z — €, 2o + €), T.e. Bropoe coornomienue u3 (1.2.6).

Tak kak dyukius (1.2.6) HenpepbIBHA B ¢Boeil obsacTu onpenesnenns { (21, z2) : 20 — &9 <
21 < 2y < Zg+€p} U Bee €8 3HAYCHHA TIONAPHO COM3MepHMBl BB yeopus (V)¢ u3 onpepee-
Hust 1.2.1, TO OHA MTOCTOSIHHA ¥ pABHA CBOEMY MpeJebHOMY 3Hadenuto 27/ 3(zy). B wacTHOCTH,
dbyukmua 5(c) mocrosana Ha uaTEpBase (29 — €, 20 + €).

Hlae 3. Yrober nosy4nts nepsoe coornomenue u3 (1.2.6), pasiaoxkum uurerpas (1.2.10) mo

cremensM h m paceMoTpuM Kodddunment npu h2:

m (%(wal o leiv) +

R/W/// _ R///W/ (R/W/// _ R///W/
4537 \ 4

o T +W”)). (1.2.12)

13 pasencts (1.2.11) u 8 = const moayvaem:

. , 232
R/Wl/l o R///W/ — QBZW//; RZUW/ o lew _ %((WU)Q - 2w/W///)' (1213)
Ncnosbays coornomenus (1.2.13) npeoGpasyem koadpdurment (1.2.12) npu h? B pazioxenun
uaTerpasa (1.2.10) u moJayduM, 9TO OH 3aBUCHT TOJBKO OT 3HadYeHuii pynkunu W n ee mpouns-

BOJIHBIX B TOUYKE C U DaBeH WH(W”)z — 3W'W"]. IlpupaBHuBas €ro K HyJIO U UCIOIb3Ys

W' = U, mosygaeM CIpaBe I TABOCTD CJIeAYIONEro COOTHONTEHUsT B WHTepBaJe (zo —&,20 + 6):
3T = 4(V')2, (1.2.14)

T.e. mokazano neppoe coorrorrenune u3 (1.2.6) 1 TeM caMbIM IepBasi IaCTh JTEMMBI.

Illaz 4. JlokazaTeabCTBO BTOPOH YaCTH JIEMMBI IPeaCTaBJIsgeT cob0il aKKypaTHOe HWHTe-
rpupoBanue ypaprenuii (1.2.6), moaydenubix B neppoii wactu. T.k. Touka zo € [ saBiasgercs
noJiozKeHneM pasuoBecus, T0 V(zy) # 0. Boimumrem Bece roragkue pemenns (1.2.14) B mpome-
xyTKe I, Takue aro W(zg) # 0: 910 pemenns W;(z) = A;(z—C)V " i=1,2,tne 4; #0u & I
— KOHCTaHThI. JIpyrux riaJIkux perenuii Het, mockosibKy HadasibHbie yeaosust (V(zg), ¥'(zg))
YKa3aHHBIX BbIIIe permennii o6pasyor see muoxkecrso R?\ ({0} x R), npuuem npusegenubie
pellleHns He UMEIOT HyJlell (IPUTOM He TOJBKO Ha paccMaTpuBaeMoii obactu I, HO u Ha Beeil
npsmoit R), a moroMy siBistiorcst petiienusivu iuddepennuaabHoro ypasaenns W = %(\I/’)Q/\I/

BTOPOTO TOPSIJIKA, Pa3pelieHHOro OTHOCUTEILHO cTapIieil mpon3BoaHoi. Hakomer, nHaxoaum
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p(z) u3 Broporo ypasuenusi (1.2.6) ¢ yaerom [ = const > 0 u sBHOrO BuJa HaiinenHoit V(2):
pi(z) = B*(z2 — C+ D(z — ¢)™%) /%, i = 1,2, koucranra D rakas, uro D = 0 upu i = 1,

D # —(z—¢)* nis npoussosbroro z € I. 13 pasencrsa Up (20) = 0 u Cp = 2/K§ > 0 umeem
l o \I’(Z())
Co ~ p(zo0)
ua . TIpoBepka Toro, uro mis Jioboil ykasauuoii napbl dyukuuit (U, p;), i = 1,2 dyukuus

> (0, OTKy/a 3HaK KOHCTAHTHI A; OJHO3ZHAYHO OIMpPEIeIsieTcs 0 3HaKy GYHKIHH )

U, sBIIsieTcst p~3aMBIKAIOIIEH U CHIBHO py-3aMblKatorieit Ha [, npudem & = 27/, upoBourcs
HEeIIOCPEeICTBEHHO. [

Terreps ¢ momomipio JemMm 1.2.1-1.2.4 1oKaxkeM Teopemy 3.

JIOKA3ATEJIBCTBO TEOPEMBI 3 Ilycth dbyukmnusa U saBiaseTcs MOJTYJIOKATILHO p-3aMbIKa-
omeil Ha (a,b). TTokaxkem, 4To TOrga OHa OymeT JOKaJbHO p-3ambikatorieil Ha (a,b). ITycrs
z(p) — orpanmuenHoe perenne 000OIEHHOTO ypaBHeHNs1 Beprpana co 3HaYeHneM mapaMeTpa
K = Ky u yposaem sueprun E’ (1.2.2); oHo cymectByer BBUY yciaoBus (J) u3 omnpemesie-
aust 1.2.1. O6osuaunm Cy = 2/KF, o/ = inf z(R'), b := supz(R'), Ey := min Ug, | -
Torga [a',b'] C (a,b). Ecin zpc,(p) — orpanndennoe pemenne ypasuenus upu K = K ¢
yposueM sueprun E € (Ey, E'], takoe 410 25 ,(0) € (a/,V'), T0o B cuay jgemmsr 1.2.2 ume-

s7loc y3 ompenenenns 1.2.1 permenne 2g ¢, (9)

eM zpc,(RY) C [d,V], a B cuny yenosua (V)
MEePUOUIHO. 3HAUUT, BHINOTHEHO ycaosue (a) uz jemmvbl 1.2.3 mpu U = Ug,, a motomy, co-
riacHo jslemme 1.2.3, Boinosineno yeaosue (b) sroro yreepakaenus npu U = Ug,. Oka3biBaercs,
COOTBETCTBYIONHI OTPE30K [c1, Co] C (a’,b) siBiIsiercst TOUKOii, TPUTOM HEBBIPOZKIEHHBIM JIO-
KaJabHbIM MuHuMyMoM dynkimuu Ug,. B camom gene, u3 (1.2.4), yesiopus (V)571°¢ onpeesenus
1.2.1 crexyet, uto U (c1) > 0 (T.K. B cay1ae Uf, (c1) = 0 MHOKecTBO 3HAYCHHE DYHKIMH TIe-
puoga ® cogepxkut unTepsas Beuay (1.2.4), a 3HAYAT HE COCTOUT U3 MOMAPHO COM3ZMEPUMBIX
quces, 9o nporuopeant yesosuio (V)S71°¢ onpenenenns 1.2.1). T.x. oTpe3ok [c, ¢o] Ha cavom
JieJie SIBJISIeTCsl TOYKOI HeBBIPOKIEHHOT'O JIOKAIbHOT0 MuHHMyMa (yHKIuu Ug,, TO BBIIOTHEHO

loc

yesosue (3)°° onpegenenus 1.2.1. TTostomy dbyukius ¥ sBJIsieTcs: JJOKAIBHO p-3aMbIKAIOIEH

ua (a,b).

Henocpeacrsenno u3 onpejgesnenus 1.2.1 ciaemyer, uro ecjim W sBJsieTcst p-3aMblKaloIei
W CHJIBHO WK CJ1a60 p-3aMBIKAIOINIEH, TO OHA aBTOMATHYECKH ABJSETCS JOKATBHO p-3aMbl-
KaIOIIeH.

[Iych Teneps dyuxmus VU gBisercs JOKAJIbHO p-3aMbliKatomeit na (a,b), u GyHkims p He
umeer nyJeit va (a, b). [ycrs 2o € (a, b) — HEBBIPOKIEHHOE YCTOTYUBOE IOJOKEHHE DABHOBECHSI
ypasHenus ipu Hekoropom K = K > 0 (koropoe cymecrsyer B cuiy yeiosus (3)1° onpete-
senns 1.2.1). Tak kax soimosneno yciosue (V)6 ro npu C' = 2/K? u Cy = 2/ K2 byukinun U,
p YIOBJIETBODAIOT cucTeMe ypasuenuii (1.2.6) B HeKoTOpOit OKpecTHOCTH (20 —€, 20+€) C (a,b)
TOUKH Zo (corymacHo jemme 1.2.4). BygeM TOHEMHOTY YBeJIHYHBATH MHOKECTBO, Ha KOTOPOM
Bornosasiores coornomenus (1.2.6). Tlycrs (ag, by) C (a,b) — MaKCHMAIBHBL 0 BKJIIOYCHHIO
MHTEPBAJL, COAEPIKAIIMIT TOUKY 2o, HA KOTOPOM BBITIOJHEHbI AudDdEPeHIIaTbHBIE COOTHOTIEHH ST

(1.2.6). B cuny rmagaxoctu dyukmuit W, p, coornomenust (1.2.6) BBIIOJHAIOTCS HA TPOMEZKYTKeE
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I := [ag, by] N (a,b). Orcrona u u3 semmvbr 1.2.4 ciegyer, 9T0 B HEKOTOPOil OKPECTHOCTH ITPOME-
KyTtka I B (a,b) BepHa onHa u3 dopmya ags napsl (U, p), ykazanabix B jgemme 1.2.4. Orcona
I = (ag,by) = (a,b), Tak KaK B IPOTUBHOM CJIydae WHTepBal (ag,by) HemMakcumaseH. Takum
obpasom, Ha BceM muTepsaie (a,b) Bepua omma u3 dbopmysn mig mapsl (V, p), yKa3aHHBIX B
jgeMMe 1.2.4; corsiacHo 3T0# ke Jemme U gBiisieTcs p-3aMbIKAIONIed 1 CUIbHO pP-3aMBbIKAIOIIEH.
Orcrona ¥ aBsieTcst NoJIyJI0KAIbHO P-3aMBIKAIONICH 1 €J1a00 p-3aMbIKAIONIECH.

B 3aBepiieHnn 10Ka3aTENIbCTBA OTMETHM, UTO €CJIu p(z) sABJIseTcd JUHEeHHOH BO3PACTAO-
meit #a (a,b) dyHKIHEH, TO UMEIOT MECTO 00€ BO3MOMKHDBIEC pH-3aMBIKAIONINE CHJIOBBIE (DYHK-
mm V;(z2) = Ai(z — C)lfiz, i = 1,2, mpu4yeM COOTBETCTBYIOIIME YTJIOBBIE IEPUOILI PaB-
uot &; = 27/08; = 2w /(iv/p). Ecim p(z) mumeer Bug po(z) npu D # 0, 10 BO3MOXKHAsS p-
3aMblIKaiomas GyHKIus poBHO ojHa: 310 Wy(2) = A(z — ()73, npuuem ® = 27/(. Ecan p(z2)
He PUHA/JIEXKUT HU OJHOMY U3 JBYX YKA3aHHBIX BUJIOB, TO He OYIET CyIIeCTBOBATH HU OIHOI

p-3aMbIKatoreil cuaopoit byrkmun V. [J

28



I'1aBa 2

IloBepxHocTtu beprpana

B sToit rmaBe MBI onuieM Bce JIByMepHBIE MHOTOODPA3Wsl ¢ PUMAHOBOW MeTPUKOfl BpalleHus,
a TakyKe C IICeBJIOPUMAHOBOIl METPUKOW BpalleHus, 0e3 5KBaTOPOB, Ha KOTOPBIX CYIIECTBY-
eT 3aMBIKAIOIINI TMOTEHIIA, TPUBOASINNA K 3aMKHYThIM opbutaMm. Takum obpazom, Oyaer
0bo01IeHa Kaaccuyeckas 3a1a4a Beprpana Ha noBepxHoCcTH BparmieHnd. OCHOBHBIM BCIIOMOTa-
TeJIbHBIM CPEJICTBOM CTAHYT TeOMeTpHYeCKHe XapaKTePUCTUKU OPOUT. YCTAHOBJIEHHAS CBSI3b
(mpemgioxkenust 2.1 - 2.5) Mexkay cBoiicTBaMu 3bGhEKTHBHOIO MOTEHINANA H TeOMeTpHedi op-
OUT MO3BOIAT JOKa3aTh HEOOXOJIUMOCTD B IEHTPAJIbHONU TeopeMe 6. YCTaHOBJICHHBIH ABHDLIN
B opout (2.2.18)-(2.2.20) KaK 3aBHCHMOCTH HEYTJIOBOH KOOpAMHATHI  OT yrioBoil ¢, T.e.
dbyuknum 0(p), NO3BOIAT J0KA3ATH IOCTATOYHOCTD B TeOpeMe 6, YCTAHOBUTH BeJTHYNHY MUHU-
MaJTBHOTO MOJIOKUTETBHOTO YIVIOBOTO Tepruoga P KaxKmaoil mepuomaumdeckoil OpOUTHI, a TaKzKe
HE3aBUCUMOCTH MUHUMAJIbHOI'O BPEMEHHOTO Iepuoja 1 cooTBeTcTByIOmuX Tpaekropuii 7(t)
OT MHTerpaJjia KNHeTHYeCKOr0 MOMeHTa K W ABHBIM BHJ 3aBUCUMOCTH OT WHTerpaJia MOJHO
sueprun E. B caeayromux riaBax Bbipazkenus (2.2.18)-(2.2.20) GyayT HCMOTB30BAHBL s
JIOKA3aTeJbCTBA TOTO, UTO OPOUTHl B HEKOTOPBIX CAYUYASX SABISIOTCS KOHUIECKUMU CeUeHHsI-
mu (yrBepzk/aeHue 15), a TakzKe MPH MOCTPOCHUN PACIIUPEHHBIX Oi(yPKAIMOHHBIX JHAIPAMM

(mpentoxkenus 4.1-4.4).

2.1 O606menne Teopembl bepTpana Ha MOBEPXHOCTH Bpa-

ieHn s

[Tosryuennast B npeablylineii rjiaBe TeopeMa 3 0 cBOHCTBaxX pernieHuil 0000IeHHOro ceMeiicTBa
quddepeHInaIbHbBIX ypaBHennit beprpana 1mo3Bo/geT BLIBECTH U3 ceOsI HANPAMYIO TEOPEMbI
4, 5, 6. O6obmenue 3a7a4n beprpana Ha MOBEPXHOCTU BPAIICHHA ¢ PUMAHOBOH METPHUKOI
naroT Teopembl 4, 5. OHEH OmHMCHIBaeT Bce JBYMepHBIE TOBEPXHOCTH S ¢ PUMAHOBOU MeTpH-
KOif, HA KOTOPBIX CYNIECTBYIOT 3aMbIKaolue moreHnuanib Vo (cM. ompenenenune 1.1.6), npn
9TOM OHM YKA3bIBAIOT TAKKe KOJUIECTBO ITUX MOTEHIUAJIOB ¢ TOYHOCTBHIO JI0 /IUNTUBHON U

HOJIO>KUTEJTHHON MyJIbTI/IHJH/IKaTI/IBHOﬁ KOHCTAHT.
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Teopema 4 (Denocees I.A.). ITycmo dana eaadkasn deymepnas noseprnocms S, duddeo-
mopras (a,b) x S, enaborcennan pumanosoti mempuroti ds® = dv? + f2(v)de? (m.e. ab-
cmpaxmuas noseprrnocmy epausenus). Hycmo dynkuyus f(v) ydosaemeopsaem mootcdecmey

f'f— f? ==, 2de ¢ > 0 payuonasvho, m.e. f(v) umeem odun u3 caedyrowus 6udos:

+((v —1g), ¢=0,
f)=C(flv—a):= \/% sin(y/c(v —vg)), ¢>0, (2.1.1)
j:\/% sh(v/—c(v —wp)), ¢<0,

2de ¢ — noaosuna ckasapnotl Kpususnsvl, Pumana 2moti nospernocmu; 6 0aHHOM CAYUAE KPU-
6U3HA NocmoAnHa; 2mC — NoANbIT Y204 6 KOHUMECKOT MOUKe NOGEPTHOCTIU, NOCTOAHHAA V) —
sewecmeennas nocmosnas. Ilyemo, danee, gynkyus f'(v) ne umeem nyased na unmepsane
(a,b). Tozda 6 Kaacce UeHMPANLHHLET NOMEHUUGAOE HA S CYULLCMBYIOM DOBHO 064 (¢ MOYHO-
cmvto 00 addumueHOT U NOAOHCUMENLHOT MYALMUNAUKAMUSHOT KOHCIMAHM,) 3aMOKAOULUL
nomenyuana Vi(v), Vo(v) ¢ konemanmamu Bepmpana By = (, P = 2¢ (em. Kommernmaput 2.1

Hustce).

KommenrTapuii 2.1. Koncranta § > 0 HasbsiBaeTcss KoHcTaHTOi Beprpana, ecinm mobas
HEeocoDas HEKPYroBas orpaHuyeHHas opouTa gBJjgercsd rpadUKOM MepuoanydecKoil hyHKIun
v = v(p), MUHIMAJbHBIA MOJOXKHUTEIHHbIN TTeproj KOTopoil paBer 2 /. B s1om caydae op-
Guta “3azkaTa’ MeXKIy JBYMs HAPALIETAME (amo- U MepUIIeHTPAMHE ), YaCTHIA “OCIIILTHPYeT”
MEeKJIy HEMHU H TTPOXOJIUT Y Th MEZKIY COCETHUMH aloNeHTPOM U MEePHUIIEHTPOM 3a Bpemst 7/ 3,

T.€. 3a HMOJIyIIePHUO/I.

Teopema 5 (Pegocees [I.A.). [Tycmo dana eaadkas deymepras noseprrocms S, duddeomop-
naa (a,b) x S, enaborcennan pumanosoti mempuxoti ds®> = dv® + f2(v)dp?. Mycmo dynryua
f(v) ne ydosaemesopaem moocdecmey f" f— f'? = —(? nu daa xarozo payuonarvrozo ¢ > 0, u
nyems dynryus f(v) He umeem kpumuueckux mouek Ha (a,b). Tozda cywecmesyem ne Goaee
001020 3AMBKAIOUWEL20 UEHMPAALHOR0 NOMEHUUAAL (¢ MOYHOCTBIO 0 ad0umueHot u Nnoso-
HCUMEABHOT MYALMUNAUKGMUSHOT Konemanm). Ilpu smom nomenyuan poeno odun mozoa
U MoAvKo moezda, koeda cyuecmeyem 2aadkas Pynryua 0 = 0(v) 6es nyaed na (a,b), maras

umo 0'(v) > 0 u pumanosa mempura 6 Koopdunamaz (6, p) umeem cud

d6? .\ dip?
(02 +c—t0-2)2 " 12(0% 1 c— t6-2)’

ds® = (2.1.2)
20€ [L — NONOHCUMENDHAA PAUUOHAALHAAL TOCTNOAHHGA, T — HEHYALEAA NOCTNOAHKGA, & C — NPO-
uzeonvhan. J1oboti samvkarouuti nomenyuan umeem sud V(v) = A0~2(v)+B daa nexomopuix
nocmoannwz A, B, 2de A(0*(v)+1t) > 0. Imomy samuixaowemy nomenyuay coomeememey-

em xoncmanma Bepmpana B = 2/u (em. wommenmapuii 2.1 sviwe).
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Omnpenenenne 2.1.1. (cum. onpenenenne 1.1.11) PumanoBo 2-meproe MHOrooOpasue Bpalie-
HUs 0€3 9KBATOPOB, Ha, KOTOPOM CYIIIECTBYET IEHTPAJILHBINH 3aMbIKAIONIHI ITOTEHITUAJ, HA30BEM
HoBepxXHOCTHI0 Beprpana. CorsacHo TeopeMam 4 U 5, 3T0 — pPUMaHOBBI 2-MepHbIE MHOr00Gpa-

314, ONUCAHHBIE B TeopeMax 4 u 5.

Samevanme 2.1.1. [lagum orer Ha caenyoomuii Bonpoc A.C. Mumenko “B Teopemax 5 u 6

VTBEPIKIAETCs, YTO €C/IM pUMaHOBa (IICEBIOPUMAHOBA) METPHKA HA HEKOM JIBYMepHOIl moBepx-

d6? + dp
02+c—t0—2)2 ' p2(624c—t6—2)?

IIOBEPXHOCTH CYIIECTBYIOT 3aMBIKAIOIHE IMOTEHIUAJbI, a& KaKUM 06pa30M MOZKHO IIPOBEpUTD,

HOCTH BpPAIIEHU IPUBOAUTCA K Buy ds® = ( TO HA COOTBETCTBY IOIEHT
970 MeTpuKa (nHaedUHITHAS METPUKA) TIPUBOAUTCS K yKazanHoMy Buay?”. Bes orpanndenust
OOIITHOCTH MOXKHO TOBOPUTH O PUMAaHOBOI MeTpuke BpamieHus. IlycTs 3ajaHa TpOU3BOIbHAS
merpuka Bpamenns fi(u)?du? + fo(u)?de?, tne ¢ = ¢ mod 27, fi(u) > 0, fo(u) > 0. Iepeii-
JIeM K HaTypaJbHbIM KoopauaaraM (v, ¢) ¢ (em. 3.1.1) momorpio 3aMenbl v = v(u) TaKoil, 9To

dv/du = fi(u). B koopauHaTax (v, ) MeTpUKa BpalleHHs] UMeeT BUL
ds® = dv* + f(v)?de?, (2.1.3)

rne f(v(u)) = fao(u). Tepeitnem k napamerpy © = O(v) Takomy, uro dO/dv = 1/f?*(v). B
koopauHaTax (O, ) Merpuka Bpamenus umeer sui f1(v(0))dO? + f2(v(O))dp?. 3amernm
TaKkzKe, 9TO 114 000 MeTpuku Bpamenus fi(u)?du® + fo(u)?dp?, mapamerp v(u) onpenenen
¢ TOYHOCTBIO 10 caBura v(u) — v(u) + vg, TJAe vy - TPOU3BOJIbHAS MOCTOSHHAS, & MAPAMETP

O(v) — ¢ TOYHOCTHIO [0 CIBUTA
@(U) — @(U) — @07 (214)

rae ©g - mobasg KOHCTAHTA.
Ananornynpiii napamerp © MOKHO BBECTH W It MeTPUKH Bpamienus (2.1.2) u3 Teopembl
5 (re. mra ds* = d0*/(0* + ¢ — t072)* + dp?/(1* (6% + ¢ — t67%)),rne > 0 — panuoHaAND-
Hasl [OCTOSHHAS, ¢, — BEIeCTBEHHbIe MocTogHubIe). /i Takux Merpuk umeeM 1/f(v(0)) =
V0?2 + ¢ — t0-2, mosTomy
O — Oy = 1% (2.1.5)

JIJIST HEKOTOPOI BeIIeCTBEHHON MOCTOSTHHON O.
13 (2.1.4) u (2.1.5) HETPYAHO BBIBOAUTCS PABHOCHIBHOCTD CJIEAYIONMX JABYX YCJIOBHIA:
(a) merpuka (2.1.3) HekoTopoii 3amenoit § = 0(v) npusomurcs K Bugy (2.1.8) /st HEKOTOPBIX
koHcranT 0 < p € Q, ¢ € R, t € R (1.e. K BUy, yKa3saHHOMY B Teopeme ),
(b) dyukius F(O) :=1/f(v(0)) asasiercs ananmuruyaeckoit ynknueit (6ostee Toro, KBaapar-

HBIM KODHEM U3 DAIlHOHATBHON (DYHKIINH) BH/IA

F(0) = /(0 — 69)?/ut + ¢ — tp1(© — B) > (2.1.6)

JJTsl HEKOTOPBIX BEIECTBEHHBIX KOHCTAHT 1 > 0, ¢, t, Op. Ormernm, aro u3 dopmyss (2.1.6)

crenyer, uto dbyukmua F?(0) apagerca qmubo Muorownenom crenenu 2 (mpu t = 0), 6o
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pannonanbHoil dbyukimeii Buga P(Q(0))/Q(0©), rue P u () — MHOrOwIeHb cTenenn 2, () ecTh
kBajpar Jgureiinoit Gyukimun u P(0) # 0 (npu t # 0).

Yeaosue (b) paBHOCHIBHO CJIEIYIONIEMY YCIOBHIO:
(¢) dyukmus F(O) := 1/f(v(0)) anamurnuna u umeer Bux (2.1.6), rae KOHCTAHTHL [ >
0,¢,t, Op OJHO3BHAYHO BHIPAYKAIOTCH YePe3 aHAJIMTHUIECKOe 1pojoskenne dyukinuu F(O) cie-

JIYIOIIIUM 00pa30oM:
1/p= lim |F(©)/6],
O—o0

Oy — 310 JWbo nomoc byukmun F(O) B cayuae, korga F?(O) He gBIgeTCH MHOTOWICHOM,
Jaubo Touka MuHEMyYMa dyHknuu F(©) B mpoTUBHOM Ciydae,

¢ = lim (F2(©)/p2 — (© — ©9)2/u"),

O—o0

t=— @11)%()(@ — @O)QFQ(@)//LG

B cuiy pasrocusibHocTr yeaosuil (a) u (¢), ycaoBue (¢) CiyzKUT OTBETOM Ha yIIOMSIHYThI

Boite Bonpoc A.C.Murmenxko.

Bameuanne 2.1.2. Eciu (a,b) x S' asisercs nosepxnocroio Beprpana, To eé Sl-mommo-
BEPXHOCTD, T.e. moBepxHocTh (¢, d) X S, re a < ¢ < t < b, TakKe ABJIAETCS TOBEPXHOCTDHIO
Beprpana. CooTBeTCTBEHHO HA30BEM MOBEPXHOCTH BepTpaHa MaKcumaabHotll, ecd OHA He

apisgercd S’ —I0II0BePXHOCTBIO HUKAKOi cBA3HOI HoBepxHOCcTH Beprpana.

3ameuanme 2.1.3. IloBepxuoctu Beprpana omnpenensiorcd b mapameTpaMu: ¢,t — JIelCcTBH-
TEJBHBIE TOCTOSHABIE (f 3/16Ch 3TO HE BpeMsl BJIOJIb TPAGKTOPHIl, a MapaMeTp, XapaKTepu3yo-
Ui HOBEPXHOCTB), i — PAINMOHAILHAS IIOJ0KUTE/bHAS TOCTOSHHAS, (,b — 1eACTBUTE/IbHBIE
IOCTOSIHHBIE, OTBEYAION[IE TPAHUIAM HOBEpXHOCTH S, G 1= 11}1_r>1(11 0(v),b = 11)1311) 6(v). Buadenuio
napamerpa t = ) COOTBETCTBYIOT MOBEPXHOCTH 13 Teopembl 4, Merpuka ds? = dv? + f2(v)dp?

KOTOPHIX B GepTpaHoBcKuX Koopaunarax (6, ) (cm. 3am. 1.1.2) nupumer pug ds® = %

#;j_c). BHAMEHHS TAPAMETPOB G, b, ¢, ¢, (1 He MOTYT OBITH IPOU3BOILHBIME, OHI CBSI3AHBL APYT
C JIDYIOM HEKOTOPBIMH OrpaHuuyeHusiMu. Hampumep, ecjium paccMoTperh 3Havdenus = 1,t =
0,c = —1, To unTepBaa (a, I;) He Moxker ObiTh TakuMm (0,00), T.K. npu 6 = 0.5, BeIpaKe-
HHE 75— U3 MeTpuKH (2.1.2) Gyer oTpUIATEIbHBIM, 4 3HAMHT HAPYIUIACTCH HOJIOKHTE IbHA
oupeenenocTs. Mrepsai (@, b) coCTONT U3 3HaMCHNil, IPHHNMACMBIX IEPEMEHHOI ; B ¢BOIO
04epejib, 3HAYEHUs], KOTOPbIE MOXKeT IPUHUMATH 0, OLPEJEII0OTC CASLYIONUMU yCAOBUAMU:
a3,(0) > 0,ah,(0) # 0, u nia onpenenénnocru (He orpannumbas obmuocru) 6 > 0. Coery-
0N CIHUCOK HEePednc/geT MHOXKEeCTBA 3HAYEHHI, KOTOPbIE MOXKeT NPUHUMATDb 6, Ipu BCex

3HaUYEeHUIX MapameTpoB [, C, T.

1. B cayuae t = 0,¢ > 0 (Vu € Q=0) KoOpauHATA § MOMKET MPUHUMATH 3HAYEHUS W3

unTepsasa (0, 00).
2. Benyuae t =0,¢ < 0 (Vu € Qsg) kKoopaunata 6 MOXKeT TpUHAIEKATD (1/—C, 00).
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3. Cayuaii t > 0 (Vu € Qo). Unurepsan usmenenus 0 cuenyromuii (0a,00), tae Oy =

—ct+V 2 +4t
— 5 -

4. Cayuwait t < 0,¢ < 0,c¢®+4t > 0 (Vu € Q). MuoxkecTBo U3MeHenud  cocTOUT U3 JABYX

[ —c—+/c2+4t 92 _ —c+V 244t
2 ’ - ’

untepsasios (0,6;) u (6, 00), Tae 0; = 5

5. Tlpu ocraBrmxcsa 3HAYEHUSX TAPAMETPOB ¢, t, [ BO3MOXKHAsA 00J1acTh W3Menenus: 6 co-

4

cront u3 caemyionux unrepsanos (0, v —t) u (v/—t, 00).

Takum obpazom orpaHudeHue Ha a, 13, ¢, t, i popMyIupyeTcs Tak: NP KaxKIOM (PUKCHPOBAH-
HOM 3HAaYeHUU TPoiiku (c,t, u) uarepsas (a, l;) JIOJIZKEH OBITH MOJAMHOYKECTBOM COOTBETCTBYIO-
IIEro JIOMYCTHMOTO MHOZKeCTBa (CM. CIHCOK Bbime win tabauiy 2.1).

Ecau narepsas (a, l;) COBIIAJIAET CO BCEM JOIYTHMBIM MHOYKECTBOM (B Ciydae, KOTJIa J0-
IIyCTUMOE MHOYKECTBO COCTOUT M3 JIBYX MHTEPBAJIOB, BHIOUPAETCs KAKOH-HUOY/ b OJIMH U3 HUX ),
TO COOTBETCTBYIOIIAs IIOBEPXHOCTH beprpana saBisgerca MakcuMaIbHOR. Kak moKa3bIBaeT Bbl-

IIEIPUBEJIEHHBIH CIIMCOK, JIOIYCTHMbIE HHTEPBaJbl (G, D) 3aBUCAT OT ¢, T 1 He 3aBUCIT OT /L.

B crarbe [56], B KoTOpO# cOpMyInpoBaHbl U JOKa3aHBl Teopembl 3, 4, 5 Obl1a TOCTaB-
JleHa 3ajada — 0000muTh TeopeMy bBepTpaHa Ha MOBEPXHOCTH BpAIleHHHA ¢ WHIePUHUTHON
MEeTPHKO, T.€. OMICATH BCE COOTBETCTBYIOITUE IBYMEPHbIE IOBEPXHOCTH BpAIlleHUs ¢ UHIAeMU-
HUATHOM METPUKOH, JOIYCKAIOIIMe HAJIUYKle IEeHTPAJIbHBIX [VIQJIKUX [TOTEHIINAJIOB, IPUBOJISIINX

K 3aMKHYTHIM TpaekTopuam. Hyzknoe obobIIenue naet reopeMa 6.

Teopema 6. Paccmompum deymepryio nosepznocms S’ ~ (a,b) x S* ¢ xoopdunamamu (u, @
mod 27) u ¢ ncesdopumanosoti mempuroti epawernus (1.1.2) marotd, wmo ayy(u) # 0 das
06020 u € (a,b). Toada

. A M M L i 3am i
1. Ha mex nosepxnocmar S', ncesdopumarosa mempura Komopur HeKOmopot 3amenotli

u=u(f), ¢ = ¢ npusodumca x 6udy:

L
G = (2.1.7)
1
0 =

0AA HEKOMOPHIT GEULECTNEEHHBLL NOCMOAHHWE ¢ U f1, makur uwmo i € Qg (cm. 3am.
2.1.4), cyuecmeyem posHo 06a ¢ mounocmbio 00 a00UMUEHOT U NOAOHCUMENLHOT MYAD-

MUNAUKAMUBHOT KOHCMANM 2400KUT 3ambikatouur nomenyuanra Vi(0) = Alf] + B
(A<0), Va(0) =%+ B (A>0), 2de A, B € R.

2. Ha mex noseprnocmazr S', ncesdopumanosa mempura Komopur nexomopoli 3amenot
u=u(f), p = v npusodumcs ¥ 6udy:
__ 1 0
2 _1H—2)2
G = [ et X (2.1.8)
0 u2(024c—t6—2)
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OAA HEKOMOPUL GEULLCMBEHHHLT NOCTOARKYET C, T, (1, makuz wmo t # 0, p € Qso (cm.
gam. 2.1.4), cyuecmeyem posro 00uH ¢ MOYHOCMBI d0 A00UMUEHOT U NOAOHCUMEALHOT

MYALTMUNAUKAMUESHOT, KOHCTAHM, 2400Kul 3ambikarowud nomenyuanr Vo(0) = é% + B,

2de A,BeR, A(0* +1) > 0.

3. Ha ocmansonux noseprrocmar S’ 2aadk020 3aMulkaou,e20 nOMEHUUGAL HE CYULECTNEY-

em.

Omnpenenenne 2.1.2. (cm. oupejenenune 1.1.11) TlceBgopumanoBo 2-mepHoe MHOroo6pasue
BpalleHus 0€3 dKBATOPOB, HA KOTOPOM CYIIECTBYET HMEHTPAJIbHBIN 3aMbBIKAIOIINI MOTEHITHA,
Ha30BeM MoBepxHOCThI0 Beprpana. CoracHo Teopeme 6, 3TO — NCEBAOPUMAHOBBI 2-MeEPHbBIE

MHOI'000pa3usi, OMMCAaHHbIe B TeopeMe 6.

Sameuanne 2.1.4. [Tosepxunocru Beprpana S’ ¢ iceBropuMaHOBOil METPUKON BpAIEHHS TAaK-
JKe OIpeJIeaoTed 5 mapaMeTpaMu ¢, t, (i, a, b. DTH mAPAMETPHL KAK I B PHMAHOBOM caydae He
MOTYT HPUHAMATH TPOM3BOJILHBIE 3HAYCHHUS, HA HUX HAJOXKEHBI orpanndenne suga Vo € (a, l;)
aZ,(0) > 0, ahy(0) # 0, 6 > 0. Takum 06pasom nurepsan (@, b) KOIKEH GHITH TOIMHOKECTBOM
JOIMYCTHMOTO MHOKeCTBa (cM. Tabauity 2.1), IpH 5TOM €CJiM OH COBHNATAET C JOMYCTUMBIM
MHOKECTBOM (€r0 CBSI3HOI KOMIOHEHTOM, eCc/u WX JBe), TO COOTBETCTBYIOINIAs MOBEPXHOCTh

Beprpana Ha3piBaeTCd MaKCUMAJIbHOM.

Tabnuna 2.1: BosMmozkubre noaoxKure/bHbIE 3HaYeHud 0.

Buavenwue (c,t) Honyctumple 3nadenus 6 | lonycrumble 3Havenus
B PUMAaHOBOM CJIydae B ICEBIOPUMAHOBOM CJIyYae
c>0,t=0 (0, 00) %]
c<0,t=0 (v/—c,0) (0,v/—=¢)
t>0 (09, 0) (0, 6)
t<0,c<0,c*+4t >0 (0, 61) win (65, 00) (01, v/—t) wm (v/—t,05)
t<0,c>0,c2+4t>0 | (0,v/—t) wm (v/—t,00) %}
w2 + 4t < 0

Sameuanue 2.1.5. Tlorennuan V = A|f| + B sBigercss aHajioroMm HOTEHIMAIA IPABATAIN-
ounoro B3ammojieiicreusg HuioTona, a V' = é% + B anaJioroM NpyKUHHOTO B3aWMOJIEHCTBUS

['yka.

KomMmenTapuii 2.2. Kax B puMaHOBOM TaK U B IICEBIOPUMAHOBOM CJIy4adgX IOBEPXHOCTH
Beprpana 3amaeTca naTepKoil mapaMerpos (c, t, i1, a,b) € R? x Qso X R? ¢ HeKOTOpBIMHA Orpa-

HUYeHNSAMU, VKa3aHHBIMEU B 3aMedanugx 2.1.3, 2.1.4. [TapameTps! ¢,t cuiabHell BCero BIUSIOT
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Ha (HOpMY TOBEPXHOCTH, TapaMeTp [, KaK MOKHO BUAETH u3 3amedanus 2.1.3, yxke ciabee (0
TOM KaK ft BJAUseT Ha (GOPMY MOBEPXHOCTH CM. TIOpOOHee KOMMeHTapuii 1.2), a mapameTps a, b
[IOKA3BIBAIOT JIUIIb KAKOH KYCOK HOBEPXHOCTH MBI OepeM. /lasiee 3a ucK/JIo4eHueM CrenuaabHo
OTOBOPEHHBIX CJIYYaeB pedb UIET 0 MAKCHMAJIbLHBIX MOBEPXHOCTAX beprpana.

Hanpumep, B pumanosom ciyuae upu p = 1,¢t = 0,c = 1 umeem 1npokoJsioryio mnosiycdepy,
npu 4 = 1,t = 0,¢c = 0 uMeeM TPOKOJOTYIO MJAOCKOCTH, ipu (1 = 1,t = 0,c < 0 mmeem
IPOKOJIOTYIO IIOCKOCTH JloGadgeBckoro [56].

s cemeiicTBa mosepxHocTeil Beprpana S’ ¢ mceBIOPUMAHOBON METPUKOM HAPUCYEM ILIIOC-
KOCTb U3MEHEHUs TapaMeTpoB ¢,t W ONHIIEeM MaKCUMAaJIbHbIE TOBEPXHOCTH, COOTBETCTBYIO-
IUe pasaudHbIM 3HAYEHHSIM ITHX ITapaMeTpoB (ITapaMerphl Ke ,u,d,I; MeHee CYIIEeCTBEHHO
Bausior Ha Qopmy mosepxuoctu). s yaobersa Ha miockoctu R? ¢ koopaunatamu (c,t)
BBIJICTIHM HECKOJIbKO MHOXKecTB: [; = {(c,t) : t = 0,¢ < 0}, Q; = {(¢,t) : t > 0},
Qo :={(c,t) : ¢ < 0,t <0,c* + 4t > 0} (cm. pue. 2.1).

[Tpu 3uavenuun napamerpos (c,t) u3 objaacT [ HA COOTBETCTBYIONIEH MAKCUMAJIBHON 110~
BepxHocT S’ cylecrByer corsiacHo Teopeme 6 JBa 3aMbIKAIONUX HoTeHnuana Vi = Af + B,
rie A orpumnarenbnas, B — mpoussoabHad; Vo = A072 4+ B, rne A nonoxuTenbnad, B — mpo-
U3BOJIbHAA KOHCTAHTHI. ['panndnas napaJuiesasb § = 0 corytacHo onpenesenuto 1.1.2 apiserca
3KBATOPOM, I1apasuiesb § = y/—c abcoroToM.

[pu 3nauenun napamerpos (c,t) u3 obaacru ) HA COOTBETCTBYIONIEH MaKCUMA/ILHOI 1O~
BEpPXHOCTH CYMIECTBYET TOJLKO OJWH THI 3aMbIKafolnero noteanuaaa V = A2+ B, tne A > 0.
['panmunag nmapasiaeab ¢ = 0 cornacHo onpeaeneHuio 1.1.2 aBjsieTcs MOJIOCOM, a TapaslIeb
6 = 65 — abcoJIIOTOM.

B cayuae (¢, t) € Qp umeem jBe 00s1acTi, B KOTOPHIX MOXKeT BapbupoBarbes 0: (01, v/ —t) u

(v/—t,05), tie 0, = 1/ @, Oy = %m, 4YTO COOTBETCTBYET JBYM MAKCHMAJIbHBLIM
MOBEPXHOCTSM. 37eCh CYMIEeCTBYeT TOJIbKO OJINH 3aMBIKAIONIU MOTEeHIIAAT 9% + B, rue A(6* +
t) > 0. Cpanmunble napajnens § = /—t aBagerca 3KBaTopoM, Hapaaiend 0 = 0, u 0 = 0,
ABJISIOTCS aDCOJIIOTAMMU.

JlBe Makcumasbubie osepxHocTn Sy &~ (01, v/—t) x St u Sy ~ (v/—t,0y) x St moxno
IJ1aJIKO CKJICHTD 110 9KBATOPY, T.e. 106aBUTH OAHY Hapasielb ) = v/—t u moayuurs obbeiu-
menne Syp ~ S) U ({v/—t} x SY) U Sy = (61,0,) x S, koTropoe MOKHO paccMaTpUBaTh Kak
rJIaIKkoe MHOTOOOpa3ue Bpaiienus. [loBepxuocts Sio SBJISIETCS MOBEPXHOCTHIO C OJIHUM JKBa-
TOPOM, & ITOTOMY He sIBJISIeTCS MOBePXHOCThIO Beprpana (cM. onpejenenne 2.1.2), xors arobast
ee cpa3Had S'-MOMIOBEPXHOCTD (T.e. sBdIoladgca 00beMHeHHeM Iapasiieieil HCX0HOl), He
cofiepzKalas I9KBATOP, VKe sdBJIseTcs MOBepXHOCThI0 BepTpaHa.

[Tpu gpyrux 3HaYeHUsX MapaMerpos (¢, t) mosepxuocTu Beprpana ¢ merpukoii (2.1.8) He
CYIIECTBYET, YTO CYIIECTBEHHO OT/IMYaeT PUMAHOB W TICEBIOPUMAHOB Caydan. B pUMaHOBOM
cJlydae pu JI0OBIX 3HAYEHHSIX TapaMeTpoB (¢, 1) CynecTBOBaIN COOTBETCTBYIOIIIE TTOBEPXHO-

cru Beprpana (cMm. pucyHok 2.2).

35



al al

a2

- ===~ === - = ~+

Puc. 2.1: [L1ockocTs mapaMeTpos ¢, t u eé pa3duenue Ha 30HBI [q, (11, {9, 0OTBeYaOIe PA3INI-

HbIM THIAM 110BepXHOcTell beprpana ¢ 1ceBjiopuMaHoOBOil METPUKOM.

Ha pucynke 2.2 Boimesnenst caenytornine 3086 Touka (0,0), aya iy = {(¢,t) : ¢ > 0, = 0},
aya ly = {(c,t) : ¢ < 0,t = 0}, xpuBag l3 = {(c,t) : ¢ < 0,¢* + 4t = 0}, obaacrp
0 = {(¢,t) : t > 0}, obmacts Qy = {(c,t) : Z+ 4t > 0,¢ < 0,t < 0}, obmacts Q3 =
{(e,t) : 2+ 4t <0} U{(c,t) : >+ 4t >0,t <0,c>0}.

B pumanoBoM cirydae ecTh “HyJI€BOi MPUMED — 3TO IMJIOCKOCTD , KOTOPas ONpPE/Ie/ISeTCs 3Hade-
HugME nmapamerpop c =t =0, u=1,a = O,I; = 00, Ha Hell cymiecTByeT nmoTeHnuaa HpioTona
n notennwan ['yka, mpuBojgdIIne K 3aMKHYTBIM TPAeKTOPUIM, TBUZKEHUE MO TeficTBHEM KO-

TOPBIX U3YUEHO JIydie Beero (¢M. moapobree mocse onpejgesenns 1.1.11).
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I
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-
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|
|
|
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I

Puc. 2.2: ILnockocTs mapamMeTpos ¢, t u eé pa3dueHne Ha 30HHI [1, [o, [3, ()1, (29, 13, oTBeuaronue

PA3JIMYHLIM THIIAM IIOBEePXHOCTeH bepTpaHa ¢ pUMaHOBO# MeTPUKOII.

3ameuanne 2.1.6. Kak yxKe oTMedasioch B HadaJle paszesa TeopeMy 6 MOXKHO BBIBECTH U3

TeopeMbl 3. B caMoM Jieie Hy»KHO BEPHYThC K ypaBHeHusM opouT (1.1.9) B 6epTpaHOBCKUX KO-
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2 /
V 0) 2a22 (6) >

opJHATaX (OHU MAPAMETPU30BAHBI KHHETHYECKUM MOMeHTOM K ): 6’”

/\

OTH ypaBHEHUsI ABJISIOTCs OO0OIIEHHBIM CeMEHCTBOM yPaBHEHHI BepraH ), F;Le 3a z(cp)
/
1 _ a5(0)
Gepercs 0(p), 3a p(z) Gepercs — <2a%2(0)) = 2i4g)» COOTBETCTBEHHO 32 R(z ) 9), 3a U(z)

Gepercs —V'(0), coorBercTBenHO 33 W (2) 6€peTCH =V (0): 25, + p(z) = W\P( ) 3ameTnm
TaKKe, 9TO B BUJY TOTO, 9TO ahy(0) # 0 u p = %, nostydaeM, 4to p(z) He numeer HyJel. 3Ha-
YUT, BBIMOJHSIIOTCS YCJIOBHST TeOPeMbl 3 M, IPUMeHssl ee, ToaydaeM st cucrembl (1.2.1) Bee
napet byukmumit (p(z), W(z)), Takux aro dyukus V(z) gapiasgercs p-3aMmbikaionieil. Bospparia-
SCh Tenepb K 0, asg(f), V() moaydaem omucanue Bcex 3aMBIKAIONTHX MOTEHIHAIOB V (0) s
Kax10it nosepxnoctu S’ ¢ ncesopuManoBoii Merpukoit ds® = ptaj,(0)d0? — a2y (0)dp?. Onua-
KO jmaJiee Oyaer gaHo Gojiee TeOMETPHUIECKOE JOKA3aTeIbCTBO TEOPeMbl 6, KOTOpOe MOBTODSET
MHOTHE 3TAIlbl JI0Ka3aTeIbCTBA TEOPEMBI 3, HO TaKKe UMeeT U OTJIUYUSL.

CrouT OTMETHTH, UTO 3aMKHYTOCTbH OPOUT 0(yp) O3HAUAET COM3MEPUMOCTh UX MHUHHMA/Ib-
HBIX HEPHOJOB € T, YTO SIBJSIETCS YACTHBIM CJIy4aeM IIONAPHONH COM3MEPUMOCTH IIEPHO/IOB
HeKpyroBeix opout. Ha camom mesie u3 TeopeMbl 3 MOKHO BBIBECTH 0OJiee CHIIbHOE yTBEDZK /e
HIe, OMMCHIBAIOIIEe BCe TIOBEPXHOCTH BPAIeHNsi 6e3 SKBATOPOB, AOTYCKAIOIIIe HATHIHE MOTEeH-
[IMAJIOB, IPUBO/ISIINX K OPOUTAM, SIBJSIOMNMCS I'PahUKAMEI OCTOSHHBIX WM HEPHOHIECKHX
dbyuknuit 0(p) ¢ momapHo consmMepuMbIME (U B TeHCTBUTEILHOCTH PABHBIMA) MUHAMAJIbHBIMH

IOJIOZKUTEJIbHBIMHU II€PUOJaMU.

2.2 C(CsoiictBa opbut n 3(p(peKTUBHOTrO MOTEHITNAIA

[Tycrs npoucxoaut jasukenue no nosepxuoctu S’ = (a,b) x S ¢ unmedunnrnoit Merpukoit
(1.1.2) mox meiicTBHEM IEHTPAIBHOrO TaaaKoro norernuaa V(u) u u(y) — opbura ¢ KuHerude-
ckuM MoMeHTOM K. D¢ DeKTUBHBIM MOTEHIINAJ OIpee/sieT BHEITHUN BHI OPOUT U ITOMOTaeT

B J10Ka3aTeJbCTBE MHOT'UX UX CBOMCTB.

Omnpenenenne 2.2.1. [Ing ABmKeHus ¢ KHHETHYECKHM MOMEHTOM /K oIpeje/inM I'DAHUIIBI
opbursr u; = inf u(R') — nepuyenmp, uy := supu(R') — anouyenmp, a Takke sfdermuehnii

nomenyuan Wu) =V (u) — 7- (B pumanoBoM caydae V(u) + 2(15—2@))
22

_ K
2a3,(u

Ocoboe 3HaYeHNE IpPU U3YUYEHHH OPOUT B MEHTPAJIBLHOM IO MMEIOT KPYTOBbIe OPOUTHI.
Creyrotee yTBepzKieHHe aéT KPUTEPHH TOTO, 4TO opOuTa u = ug (apasuresb) Gyger Kpy-

rOBOIl JyIsT MaHHOTO moTeHmata V (u). A UMEHHO cIpaBe/THBO

Ipennoxkenne 2.1. Iapasseav {up} X S asasemea wpyeosoti opbumoti npu nexomopom

K (m.e. u = vy — pewenue ypasrenus (1.1.7)) moeda u moavko moeda, xozda sgnV'(uy) =

—sgn ahy ().

JOKABATEIBLCTBO. Inst kpyrosoii opburst ' = 0,u” = 0, cormacuo (1.1.7) 3ro BIe-
aér —K2aby(ug) = V'(up)ads(ug). YaureiBas, 9ro BCromy as > 0 m K? > 0, moayuaem
Tpebyemoe coBmajenne 3uakoB. O6paTHo mpu sgn aj,(uy) = —sgn V'(ug) pacemorpum K =
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,/—%ES“O). Torna u = uy = const — 6yner pemrernem ypabHenus (1.1.7) npu BoIOpaHHOM
K. O

3ameuaHme 2.2.1. VcjoBue co 3HaKaMU MOYKHO Iepenucarh B TepMuHax 3PPeKTUBHOTO Mo~
TennuaJja. [lapamrens u = ug sBJISETCS KPYTOBO#l OpOUTON ¢ KMHETHYECKHM MOMEHTOM K
TOTJA W TOJIBKO TOTJA KOTJA Uy — KpUTHYecKas Touka dbdexrusnoro moreniuana W(u) =
V(u)—#;(u). D70 BepHO, T.K. TOUKA Uy KpuTmaeckas aiasa W(u) < W (ug) = 0, re. —K?ahy(ug)

V' (ug)ads(up), Jajiee MOBTOPSIOTCs PACCyKACHUS J0Ka3aTe/ IbCTBa npeiozKenus 2.1.

Ucnomw3ys npennoxkenue 2.1 JIerko MOKa3aTh, YTO MPH OTCYTCTBUU KPYTOBO# OPOWTHI He
Oy/JerT HM OJHOI 3aMKHYTOf, JlazKe OrpaHUYeHHON opOuThl. Bojiee TOYHO, ec/iu CyIIecTByeT
orpaHnvyeHHas opOuTa ¢ KWHETHYECKUM MOMEHTOM K, TOT/a CyIecTByeT U KpyroBas opOuTa
C TeM 2Ke KWHeTUIECKIM MOMEHTOM.

OpOuTHl IpH IBHZKCHHE B IEHTPAJLHOM IOJIe B OpocTpaHcTBe R 06/1a1a10T OCHIO CHM-
merpuu (ec onu orpanndensl). [ToxokuM cBOCTBOM 00/1a1A10T OPOUTH M HA OBEPXHOCTSX

BpAIleHUA.

IIpengioxkenune 2.2. I[Tycmv v = u(p) — opbuma (pewenue ypasnenus 1.1.7) ¢ wpumuse-
ckoti moukoti (wo,u(po)), m.e. v (po) = 0. Tozda epadur dynryuu u(p) na naockocmu R? ¢

dexapmosvimu koopduramamu. (U, ) CUMMEMPUYEH OMHOCUMEALHO NPAMOT © = Pp.

JTOKABATEJILCTBO. JloKa3aTeJbCTBO NPOBEAEM B OEPTPAHOBCKUX KoopiuHaTax (6, ¢)
(cm. 3am. 1.1.2). Cuvnierpust osragaer 0(p) = 0(¢) := 0(po — (@ — o). psvas nogcTanoBKa
OKA3BIBACT, 9TO (DYHKIHS é(go) yroBeTBopseT ypasHenuto (1.1.9) opbursr 0, = —W’ (G)N, rie
W — scbdbexTupnpiit morenuas. A HOCKOIbKY HadaJbHbIE YCI0BUS coBHAIAOT 0(po) = 6(ypp)
u 0 (po) = 0'(¢o), To pemenns A(p) u 0(p) coBuanaor. [

Orcrona ciaegyer, 970 KPUTHIECKHE TOYKU SIBIASIOTCS JOKATHHBIMI IKCTpeMyMamHu, bosee
TOrO OHE SBJSIOTCS TAaKzKe IIO0AJbHBIMU IKCTpeMyMaMi, T.e y dbynknun u = u(p) BoobIme
HET JIOKAIbHBIX MAKCHMYMOB ¥ MHHAMYMOB H CEJJIOBBIX TOUYEK.

Nurerpasst apuzxenust F, K TeCHO CBsS3aHbl ¢ MAKCHMAJIBHO 1 MUHUMAJIBHO Y/IAJEHHBIME

OT MPUTATHBAIOIIETO EHTPA TOYKAMHU ([epH- U ALOIEHTPHI) OpOUTHI u((p).
IIpennoxenne 2.3. [lycmv a < a' <V <b. Tozda

(a) Ecau cywecmesyem ozpanuuennoe pewenue u(p) ypasnenus (1.1.7) ¢ onepeued E, xune-

muueckum momermom K, nepuyenmpom o', anouyenmpom b'. To Yug € (a',b") W(ug) <

Eu
W(a)=W(QU)=EFE. (2.2.1)
(b) Bepro obpamuoe. ITycmo dan nexomopozo K swinoaneno V(a') — Q(IQK—E;,) = V() —
22
#ﬁb’) = FE, a makoce Yug € (a', V) Wuy) < E. Toeda cywecmeyem ozpanuseroe

pewenue u(p) ypasnenua (1.1.7) ¢ snepeuet E, kunemuueckum momenmom K, nepu-

yenmpom a' u anoyenmpom b'.
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(¢) Ecau 3adano pewenue u(p) ypasnernus (1.1.7) ¢ nepuyenmpom o', anoyenmpom b', snep-
eueti E v ug € {a’,0'}. Toeda ug € u(RY) < W' (ug) # 0.

DddexTuBHbI MOTEHIMAT HA IPOTAKEHUH BCEH OPOUTHI He IIPEBOCXOUT SHEPIUU, U CPAB-
HUBAETCs ¢ Hell TOJIbKO B KpaifHux Toukax (mepu- u anonenrpax). [lepunentp (amonenrp) a’
JOCTHrAETCS TOL/A M TOJBKO TOTJA, KOT/Ia IIPOU3BO/IHAs 3(DMDEKTUBHOIO MOTEHIUATA B HEM He
HOJTb.

JOKABATEJIBLCTBO. (a) Cornacuo (1.1.8) E = W(u) + 2“5452(2) K?uf?,
IOJI0ZKHTEIbHOCTH BTOporo caraemoro) caeayer Wi(u)|y ,; < E. Ilycrs gocruraerca amno-

orcoga (B cuiy

nenTp b’ mpn ¢ = py. Toraa B cuyty ero MakcuManbHOCTH U, (p2) = 0, orcooma B cuy (1.1.8)
E =W (') +0. Illycts Teneps anorentp b’ He mocturaercs, T.e. u(y) cTpeMurces K b’ ¢ pocTom
, IPAYEM ITO CTpeMJIeHHe MOHTOHHOe B cuiIy mpemtoxenus 2.2. Torma v — 0= W — E
(1.1.8), a B cury raagkocru W(u) — W(V'), umeem B npegene W (') = E.

(b) Pacemorpum mponsBosibHOe uy € (@', V'), Toraa mo TeopemMe 0 CyIIECTBOBAHUN W €/HH-
crBennoctu pemennss O/LY cymectsyer pernenne u(p) ypasuenns (1.1.8) ¢ m.y. u(0) = wy,
510 pemenne Oyner ¢ sHeprueil E. lanee 5To pemenne MOKHO IPOJOJIZKATDL HA, BECh MHTEPBAIL
(V).

(¢) Ecam mepunentp b mocTuraercst B HEKOTOPOM g, TO JUIs Takoil opouthr u(pg) = b’
u v (o) = 0, 3amernm, aro ecau W/(V') = 0, To u = b — mOCTOSIHHOE pellleHre ypaBHEHHUSI
(1.1.7), a 970 HIPOTHBOPEUYHUT TEOPEME O eMHCTBEHHOCTH PeIleHus, T.K. depe3 (g, ') mpoxoasT
HCXOMHOE U MOCTOAHHOE PEHIeHNUs.

Ecou ke nepunentp b’ He jocTuraercs, To npu crpemyiennn v K b’ BepHo, aro u’, u” crpemsarcs
K HYJIIO, caefoBaTeabHo 3 ypabHenus (1.1.7) npoussoguas W'(u) — 0 mpu w — V', a 3Haqut

u pasua 0. [

A W

ul u2

Puc. 2.3: DddekruBnplii morennuans opbu-

THI, SBJSIONIENCcS IpadUKOM HEePUOIUIECKOM

bynxmn u(p). Puc. 2.4: Opbura, apasiomasacsa rpaduKoM I1e-

puogngeckoil dyHKIHn u(p).
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W(u)

m
i/ll
Y

Puc. 2.5: DddextuBnbiit moreHmuag opbu-

TBI, sBJIdONIelica rpaduKOM HeIepuomde-

ckoit byHKIHH u(P).
Puc. 2.6: OpbOwura, sBasomascs rpadpuKoM

HenepuouIecKoi hyHkun u(yp).

11 IpOU3BOJIBHON OBUTHI ¢ MEPUIEHTPOM U] W ANOIEHTPOM Uy (3Heprueii E) adbdex-
TuBHBIH noreHmman W(u) wa orpeske (ug,us) mmeer Bux smbl W(u) < E. Ilpeioxenne
2.3 yTBEpXKIaeT, 9T0 B cIydae, Korga rpaduxk W (u) nepecekaer ypoBenb E B TOUYKaX Uj, Uy
tpancsepcanbio (W' (uy) # 0, W (ug) # 0), To opbura jocTuraer mapaiend u = Uy, U = Uy |
ABJIsieTcs TpadUKOM MEePHOANIecKOil yHKIHA u((p), KOTeOIETCS MEXKIY ABYMS YKA3AHHBIMU
napaJsuiesisimu. Ha puc. 2.3 rpaduk sdpdexkruBnoro norennuasia st OpoOUTHI, SBJILAIONIEHCS
rpadukom nepuogmdeckoil dyukmun u(p), a Ha puc. 2.4 obuwuii BuJ OpOUTHI, SBASIONIEHCS
rpadukom nepuogudeckoit dyukimu u(p). Ha puc. 2.5 npegcrasien rpadux W (u), KoTopsiit
nepecekaeT YpoBeHb F B TOUKe 1] TPAHCBEPCAJBLHO, a B TOUKE Uy KacaeTcd ypoBHdA E. Coor-
BETCTBYIOIIAs opOuTa m300pazKeHa Ha puc. 2.6, OHA JOCTUTAET CBOENO MHHUMYMA Ui, HO He
JIOCTUTAET Uy DECKOHEYHO NPUOJINZKASCH K HEMY.

[Morennmabras sma (rpaduk W (u)), naxe B caydae 3aMKHYTOH OPOUTHI, MOKET UMETh MHO-
YKECTBO OCOOEHHOCTEH, B T.4. HECKOJIHLKO JIOKAJIbHBIX MUHIMYMOB, IIOCKHE YIacTKU 1 JI1p. OKa-
3BIBAETCS, UTO B CJYUIAE 3aMBIKAIONIEro MoTeHnuaaa V (u) smMa mMeeT TOJIbKO OUeHD CIIeIHalb-
HBIIl BUJT — y HEE MHOXKECTBO TJIOOAJBHBIX MHUHMUMYMOB 00Opa30BaHO TOYKOH. B ciemyromem
YTBEPKICHUH CBOWCTBO 3aMBIKAEMOCTH OCJabJIeHO 10 mepruogndHocTn (6e3 TpeGoBaHus Mmo-
HAPHOIT COM3MEPUMOCTH EPHOJIOB), OITOMY BMECTO OJHOTOYETHOIO MHOZKECTBA JIOKAJIbHBIX

MHHUMYMOB B (hOPMYTUPOBKE (QUTYPUPYET OTPE3OK [c1, Ca).

IIpengioxkenue 2.4. Ilyems npu wexomopvr K u E na (a',0) C (a,b) dynruyua W(u) =

V(u) — a2y C1P020 Menvwie B u W(d)=W({)=E. Ilyemv Ey = [mlbn] W. Tozda caedy-
22 CL', /

0UUE YCAOBUA IKEUBAACHITIHDI
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1. Jhobas opbuma, ¢ ypoenem anepeuu E' € (Ey, E], xunemuueckum momermom K u na-

warvrvim yeaosuem u(0) € (a', ') bydem asaramucs epagdurom nepuoduveckol Gynkyuy

u(p).

2. Cywecmeyem [c1, o] : W', ) <0, W[, =0, W[ >0.

c1,¢2] ca,b’

JIOKABATEJIBLCTBO. 2 = 1. Yposeub E’ nepecekaer rpacduk W(u) B aByx roukax (ui, E'),
(ug, E'). Tlo upemioxkeHuto 2.3 CyIeCTBYeT OIPAHHYEHHOE PellleHHe ¢ MEePUIIEHTPOM U1 W aro-
IEHTPOM Usg, TIpudeM 00a ouu mocruraiorcs (T.K. W (uy) < 0, W (uy) > 0 ) — 910 pentenne u
Oyner Hamieii opourToil ¢ sHeprueit £’. [lepuoauaHocTh ciaenyer u3 npeiioxenus 2.2.

1 = 2. Eciu byuknus W (u) e nmeeT B, YKA3AHHBINA B YCJIOBHH, TO CYMIECTBYIOT U1, Uy €
[, V] raxue, uro B := W(u) = W(ua) < E, W[,

W'(uy) = 0. Torga mo npeayozxkennio 2.3 cyiecTByer opouTa ¢ sneprueii £/, mepuieHTpoM us u

/
) < L', u 6e3 orpanndenus OONIHOCTH
HEJIOCTUKUMBIM AIIOTIEHTPOM U1, 60JIee TOro OHa He Oy/IeT ABIATHCA TPahUKOM MePUOIUIeCKO

dyukmun u(p). [Iporusopeune. [

3ameuanue 2.2.2. Ec/in yCUIUTD TEPBBIH IMYHKT, TOTPpeOOBAB HE MEPUOJIUTHOCTDH (DYHKIIUIA,
rpaduKaMu KOTOPBIX SIBJISIIOTCS OPOUTHI, & 3AMKHYTOCTb OPOUT (MK XOTsI ObI MOMAPHYIO COM3-
MEDHMOCTH IIEPHOJIOB YKA3aHHBIX HEIOCTOAHHbBIX (hyHKIHii), TO y 3chdexkTuBHOrO MoTeHInAA
He Oynaer jHa, a OyaeT HeBbIPOXKJEHHBI TI00aJbHBI MUHUMYM, T.e. Jug : W’ ‘[a’,uo) < 0,
W (uo) =0, W'(uo) # 0, W[, ,y > 0. OBpaTHoe, Booblie roopst, HeBepHo.

st Toro, 9robbl yOeIUThCs B 3TOM TepeiiIéM K 6epTPAHOBCKHM KOODJANHATAM (3aMedaHue
1.1.2). B camom seste, ycts W onmeer JHO, T.€. OTPE30K [c1, Co] KAK B IIyHKTE 2 HPEIJIOKEHUS
2.4. Paccmorpum yposenb sueprun E' € (Ey, E) u opbury {6 = 0(¢)} ¢ rakoii sneprueii
u takuM 3DdEeKTUBHBIM moTeHIagsoM. Torga oHa 3aMKHyTa u moayneprod dbyakmn 0(p)

COU3MEPUM C T, T.€.

02

Kdo

= pm, (2.2.2)
V2(E —-W(9))
01

/
re [ — palfoHaTbHAs MOJOKATEIbHAS KOHCTaHTa. B cuty (1.1.8), a takxe ah, # 0 JjeBas
4acTh HenpepbiBHO 3aBucur ot 01,0, korma 01 € (a’,0y),02 € (0p,V'). A npasast yacrb 1upo-
Heraer JUCKPETHOE MHOXKECTBO 3HAauUeHUil n3 MHOxKecTBa (), Takoe BO3MOXKHO TOJIBKO, €C/IH
JieBad U IpaBad 9acTh NOCTOAHHBL. C IPYyroif CTOpOHBI HAMCAHHLIE HHTErpas paclajgaeTcsd B

CYMMY Tpex

c1 co 25}
/ Kdf N / Kdb N / Kdo
; V2(E = W) V2(E = W) V20E -W)
1 C1 c2
Kpaitane aBa mMOM0XKUTENBHBI. A TEHTPAJILHBIN paBeH %, T.K.VV\[C1 o] = Ey. Tlpn
— 0 bl
crpemiienun B’ k Ey neHTpasbHbIl mHTErpast (a4 3HAYUT M BCS CyMMa) CTPEMUTCS K 0O, 9TO

IPOTUBOPEYUT IMOCTOSHCTBY MOJIYIIEPUOIA.
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Hepbipoxk ieHHOCTH MUHEMYMA O JOKA3BIBACTCS aHAJOIHYHO, 8 KMEHHO CIIPaBEIJINBA OIeH-

Ka

92 90
/ Kdo S / Kdo
JaE—we) -~ aE-waey
rie Oy € [6h,0;]. Hamee B cuny npemnoxkenus 2.3 E = W (6,) = W(0s), a 3HauuT uuaTerpa
OIECHUBACTCSI

0o

Kdb K 0o — 0, K 0o — 6,
; V2E -W(0) ~ V2max/W(0,) - W(B) V2/W(b)—W(b)

[TocsieiHee PABEHCTBO BBITIOJHEHO B CHILY TOTO, 9TO fy — MunuMy™m W (#). A B cuy Toro, 4ro
W (0;) — W (o) = W'(00)(61 — o) + W"(0o) LS (01 — 6p)%) w W(By) = W"(6,) = 0
HOJIY9AeTCs, YTO HOCIeIHAS JIPOOh €CTh OTHOIIEHIE (byHKLLHH%(@O —01) xk byuknuu o(fy—0,),

U OHO CTpeMuTcst K 00, korga 01 — 6y, aro nporusopeunt (2.2.2). CBOHCTBO JOKA3aHO.

Cdopmynunpyem Tenepsb camoe CHIBHOE CBORCTBO 3aMbIKAOIIETO MOTEHITHAIA, KOTOPoe Oy-

JIeT MCIIOJIB30BAThCs IIPU 000OIIEHUN TeopeMbl bepTpaHa Ha IMOBEPXHOCTH BpPAIeHUS.

IIpennoxenne 2.5. [Tycmo V(0) — samvikarowyud nomenyuaa na S’ = (a,b) x S' 6es axeamo-
pos (6c100y aby # 0) ¢ 3amrnymot nekpyzo6ot opbumot é(gp) ITyems o',V coomeememeerno
nePU- U anoOUEHMPvL OPOUMbL é(gp) Toz0a Y6, < 0y € [d/, V] cywecmeyem samrxnyman opbuma

¢ nepuyenmpom 01 u anovernmpom Os.

JJOKABATEJIBCTBO. Eciim 66 Takoe perienne cymecrBoaio, 1o B cury (1.1.10)

V@ruli—=V@w5é%5

TR —E. (2.2.3)

Otrcriona HaxoauM (pelasi Kak CHCTeMY ypaBHeHUil orHocuTesibHO F u K), 9T0 KUHeTHYe-
ckuit MOMeHT u sHeprusi y (He obsizaresnbno 3amknyroit!) opburst {0 = 6(¢)}, rae 0(p) —

nepuoamnvecKad beHKL[I/IH, BBICHUTBIBAIOTCA Yepe3 IMepu U allONEHTPbI TaK:

V() = V(61)

2 _ _ V(02) = V(0h)
K _zm_m_szl)_R(%), (2.2.4)
~ V(01)azy(01) — V(0a)asy(fa) — V(01)R(62) — V(02)R(6:)
P R0 -l RO)-REB) (225)

rae bynkuus R(0) = — BBeJIeHA IS YI00CTBA BHIUMCJICHHI.

_1
a3, (0)

Buauutr, Hama opbura (ecjau OHa CyIIeCTBYer) JH0JKHA ObITh MMeHHO ¢ Takumu F, K.
Paccmorpum ypasrenne (1.1.7) ¢ ykasanubivu E u K u #aganbpaeiM yeaosuem 0(0) = 6.
[IpoBepuM KOPPEKTHOCTH HOCTPOEHHOIO PeIleHns, T.e. YTO OHO JIEHCTBUTE/IHHO CYIIECTBYET I
dbaykryupyer mexy 6; u 6. Eciu 661 abdexkTuBHbIN OTEHTIHAT HCKOMOTO pernenus W (0) =

V(0) + KTQR(H) mvest 01 BuJ sMbl, T.e. W(0)) = W(by) = E,W(0) < E V0 € (0,,6,), 10
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COTJIACHO TIPeJIOXKEHnIo 2.3 cymecTBoBaia Ob Tpebyemast opbura. B kpasx 61, 0y ciroxuocTeit
HUKaKHUX HeT, T.K. 10 HocTpoennio (B cuiy (2.2.4), (2.2.5)) seimonneno W(6,) = E = W (0,).

IlepBas caoxkHOCTh. MoxkeT okaszaTbcs, 4T0 dbdeKTuBHbIH noTernuan W =V + KTQR
OyIeT BCIOLY NMPEeBOCXOIUThL F, T.e. W|(91792) > E. Torma cornacHo npeajioxKeHuo 2.3 perreHue
BoOOwIEe He cymecTByer B (01, 05). TlokazkeM OT HPOTHUBHOIO, 4TO TAKOIO ObITH HE MOXKET.
O603uaunM 3a F 1 K — 9HEPrHIO 1 KHHETHICKHT MOMEHT OpOUTHI é(gp) I'pacuk acppexTus-
Horo norentuana W (0) s nexonuol op6utst 0(p) cocrout u3 yopisaomeii [/, ] u Bo3pac-
taromieil [c, b'] gacTeit, pa3neséHHBIX TT0GATBHBIM HEBBIPOKICHHBIM MHUHUMYMOM 6 = ¢. D10
BBIHYZK/TaeT HAC PACCMATPUBATEH CJIYUAM.

Cayuaii mepsblii: 1 B yObIBatoIeil yactu, a 0y B Bo3pacraromieit. Torma mis 3bdeKTuBHOIO
noTeHImata nexonHoi opoute  Bemoanero W (6;) < 0,W'(Ay) > 0 (omHo 3 HepaBeHCTB
obs3aTesIbHO cTporoe, T.K. W obparmaercs B HOJIb TOJBKO B TOUKe ¢), T.e. V'(61)+ %R’(Ql) <
0,V'(6y) + %R/(Qg) > 0. A ©x. sqPpexrnpubii norennuan nosoit opourer Wi, 5, > E, 10
W'(61) > 0, W(6,) < 0, ato osmauaer V'(6;) + B2R'(6;) > 0,V'(6,) + L R'(6) < 0. Orciona
nosygaercd npotusopedne K2 > K? > K2

Citygait Bropoit: 6e3 orpanudenus oomnoctu 01, 5 B 30He yobiBanus. Pyuxnusa R MOHOTOH-
HASL, T.K. ahy # 0 = R’ # 0. Buaunt dbynxmus (K2 — K?)R(f) Toxke MOHOTOHHAsS. YCTAHOBHM
xapakrep Monoronxocru. B cuiy (2.2.3)

V() + K72R(91) — V(6) + K;R(@). (2.2.6)

B 1o ke Bpems 0,0y B 30He yOBIBaHUS 3P(OEKTHBHOTO MOTEHITHAJIA, W ucxonuoit OpoOuUTHI,
saaunr W (6;) > W(6,). Yro maér

Vi(6y) + KTQR(Gl) > V(0y) + KTQR(GQ). (2.2.7)
Cosmentas (2.2.6), (2.2.7) nomxyanwm
@([{2 — K?) > @(i{? — K?).

Yro ¢ yuétom monoronnocti (K2 — K?)R(#) maér nam, uro (K2 — K?)R(f) cTporo Bospactaer.
Hanee B cuny rtoro, uro W(b,) = W(bs) = E, Wy 4y > E MOKHO 3aK/ITIOTATD, UTO
y rpaduka 3¢ dexkruBHoro norennuansa W cymecrByer riobanabHBIN MakcuMmym, T.e. 30y €

(01,65) : W (6y) = 0 u mpasee W yGrisaer. 13 Toro, aro W () < W (a') = W (V) saxmouaem

2 2

K K
V(Qo) + TR(QO) < V(b/) + TR(b/) (2,2_8)
Uro ¢ yuérom monoronnoctn R: R(V)(K? — K?) > R(6y)(K? — K?) maér

2

V(0) + K;R(eo) > V) + o R(H). (2.2.9)
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Takum obpasom B Touke b’ 3ddexkrupnbiii norennuan W Gosbiie, yem B Touke Oy. nauur
cymecrByer Touka 03: 03 > 0y, W(6y) = W(63) = Ey, VO € (6y,63) W(0) < Ey. Cornacuo
IpPEeJIOKEHUIO 2.3 CYIIeCTBYeT OpOUTA C IEepHIeHTPOM 6y, amoreHTpoM O3, sueprueit Ey u
kunerndeckum Momentom K. Ho W/(6y) = 0, 3mauuT ona He JOCTHTAaeT CBOErO AMOIEHTPA,
YTO MIPOTUBOPEYUT 3aMKHYTOCTH BCEX OI'PAHUYEHHBIX OPOUT.

Bropag caoxkHocTb. MoxkeTr oka3zaThesd, 4To W’(91,92) < E, npu4éM B HEKOTOPBIX TOYKAX
W nocturaer E, Ho He Bo Bcex. Torma MexK 1y ABYMs COCETHUMH TAKUMI TOYKAMU, UJIH MEZKTY
Takoi TOUKOi fy U omHUM U3 Kpaés (6e3 orpaHudeHusi OOUTHOCTH @) MOTEHIUAT WMeeT BHU]L
ampl, T.e. W(0y) = W () = E, V0 € (0y,6,) W(0) < E. Ilo npeanoxkennio 2.3 CyIecTByeT
opbura mexay 0y u 0. Ho .x. W (0y) = 0, o opbura He mocruraer 3uadenus 0y, 3HAIUT
HE3aMKHYTa, 9TO MPOTHBOPEUNT 3aAMKHYTOCTH BCEX OIPAHWYEHHBIX OPOUT.

Tperbsa caoxkuoctb. Ciyuan, korga W # E ua [01,605] u ectb Touka 0y rakas, 4ro
W(6y) > E pazbupaercst aHAJTOTHIHO TIEPBOi CJIOKHOCTH.

IMocnenusasa caoxkHocTb. Moxker okazarbes, 4TO IPPEKTUBHBINA TOTEHIIUA BCIOY HA
[01, 0] mocTosnen, re. W, o, = const. [lokazxem, aro Takoro 6s1rb He Mozker. City4ai, koria
norennuan W > E ua (01, 63), nipu 5T0M He MOCTOsSIHEH W He BCiojy Ooubine F, pazbupaercs
AHAJOITYIHO IMEePBOH CJIOKHOCTH.

B cuity Toro, uro W umeer 30HbI yOblBAHIsL [a’, ¢] u Bo3pacranus [c, V'] HyzkHO paceMoTpersb
JIBa CJIydasl.

Cayuaii nepsblii: 01 JeKUT B 30He yObIBaHWSA, a Oy JIEXKUT B 30HE BO3pacTranns. Torma
¢ € [01,6,] mw W'(c) = 0 xkax u W'(c) = 0; uT0 03HauaeT V’(c)+K72R’(c) =0="V'(c) +%R’(c).
Orcrona craenyer, uro K = KuW =W. Ho y W Her OTpe3KOB MOCTOSHCTBA.

Chyqait Bropoit: 6e3 orpanundenus obmHOCTH 01,09 stezkar B 30HE yObiBanus. Ecau W =

const Ha [0y, 03], To W' =0 na [0, 05], aT0 o3navaer V' + KTzR’ = 0. Orcroga caepyer

- K2 K? K? R -
! V' + R - " R+_R=""AK?_K?. 2.2.1
W[Mﬂ V+2R 2R+2R 2( ) ( 0)

[TocTponm MOCIEI0BATEILHOCTL OPOUT, Y KOTOPBIX IOy HePHOI, HEOTAHUYEHHO BO3DACTACT.
[Tycth (01, 022] — MakcuMaTbHBIH U3 0Tpe3koB Buja [0y, z|, Ha Koropeix W = const. OueBnno
z < ¢, rk mage W () =0=W'(c) > K =K = W =W, a W(c) < W(6,). Pacemor-
PEM TOCIETOBATEIBHOCT {T;} € (fa2,¢), MOHOTOHHO cTpeMmsanuxcs K 0y, s xkaxkmoro x;
paccmorpuM 3¢ exTuBHbiil noTertuan W;, coorBercTByONmil OpOUTaM ; ¢ TePUIEHTPOM 61,
ATONEHTPOM T; M KHHETHIECKUM MOMeHTOM K; (310 MOXKHO caesath B Bumy (2.2.5), (2.2.4)).

Bepuo, uro Wiy, .\ # const, Tx. unaue Wj(61) = W'(61) = K; = K = W; = W na
(a',b') = W nocrosinen Ha [0y, 2;], 9T0 IPOTHBOPEUYUT YCIOBHIO T; > fay. Co BceMu oCTANb-
HBIMH CJIOKHOCTSMHU MBI yMeeM O0OpOThCs, mo3romy W, umeer BuJ IOT€HIMAILHONW AMbBI U, B
cuny 3ambikaemoctn V., W, yowiBaer Ha [01, ¢;], Bo3pacraer Ha [¢;, z;], nie ¢; — e IMHCTBEHHBII
HEBBIPOXK IeHHbIHT MuauMyM W; Ha [0, ;).

Hu ofus MEHHMYM ¢; He MOZKET [MONACTb B OTPE30K [0y, Oas), T.X. muave W(¢;) = 0 = W' (¢),

OoTKyaa caeayer pasenctBo W; m W, 9T0 Kak MBI y:Ke BUeTH, HeBO3MOxKHO. [lomymepnon
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Op6HTHﬁ7iNHDKHO OLCHUTD TaK

7

/ \/_\/WK od / \/_\/WK .o — .

/ K;df _ K;(622 — 6h)
V2 Wi(01) — Wi(Ba2) 24/ Wi(01) — Wi(a2)

(2.2.11)

Omenka ciegyer u3 Toro, 9To [0y, ] mpomekyTOK yObIBaHust Kaxkaoit u3 dyuxmumii W;. Te-

mepb BUIHO, UTO KOrja x; — Oo wmcsmrenb crpemutces K K (6 — 61), a 3HAMeHaTes b K

\/5\/ W(61) — W (by2) = 0. T.e. monynepron HeOrpaHUIEHHO BO3PACTAET, & JOJKEH OBITH pa-
BEeH [T COTJIACHO PACCYZKJICHUAM, aHAJIOI'MYHbIM 3amMedanuio 2.2.2. [

YeraHoBUB HEOOXOIMMBIE CBsI3U MexKay cBoiicTBamu addextusroro norennmana W(0) u
cBoiictBamu opbuT 6(y), a Takzke OIHO CBOJCTBO 3aMblKaromero morenrmana V (0) (mpemo-
Kenne 2.5), 1oKaxkeM Teopemy 6.

JIOKA3ATEJILCTBO TEOPEMBI 6. HyKHOo moka3aThb HEOOXOIUMOCTH, T.€. TOBEPXHOCTH
¢ 6epTPAaHOBCKUMH TOTEHIIMAIAME MOTYT WMeTh TOJBKO YKA3aHHYI0) B TEOPEME METPHKY, a
CcaM¥ TIOTEHIIMAJIBI MOTYT OBITh TOJBKO TAKUME, KaK YKa3aHO B Teopeme. A Takyke HYXKHO
BBIITOJTHUTH TPOBEPKY, YTO €CJIM OBEPXHOCTH UMeeT YKa3aHHYI0 MeTPUKY W Ha Heil JeficTByeT
VKa3aHHBII MOTEHIINAT, TO BCe OTPDAHUYEHHBIE OPOUTHI OYIyT 3aMKHYTHI U Oy/IeT CYIIEeCTBOBATH
HEKPYTOBast OTPaHUYIEHHAsT OPOUTA.

Heobxogumocts. [Iposeém 10ka3aTelbcTBO B GePTPAHOBCKHX KOODIMHATAX (CM. 3aMe-
ganue 1.1.2). [Tycrh Ha moBepxXHOCTH 33 1aH 3aMbikatonmit moreniuan V (6). Torma cymectByer
3aMKHyTas opbura ¢ mepurieHTpoM o’ u amomeHTpom b'. Mbl 3HaeM (mpejjoxkenue 2.5), 910
MezKLy JIOObIMU JByMst napasuiessyu 61,0y u3z (a’,b) MoxkHO BBIOpATbH 3aMKHYTYI0 OpOUTY,
KoTopasd Oyqer dbuykryupoBarb Mexkjay HuMu. [lockosbky Jiobasg opbuTa J0MKHA OBITH 3a-

MKHYTO#, TO €€ mepuoj 1’ go/izKeH ObITh COM3MEPUM € 27. SalUIIeM 9TO YCJIOBHE:

do

_2/\/K2E V(9)) +

=2mp, e Q. (2.2.12)

a2 (9)

B cuny Toro, 4To JieBas 4acTb U3MEHSETCS HENPEPBIBHO IPU U3MEHEeHHH 1, 0o, a mpaBas Iuc-

01402 +02

KpeTHO 110 MuHOkecTBY TQ ciemyer, aro = const. Beibepem Touky z = u OyJieM yCTpeMm-

aath 01, 02 k x. Beegém oboznavenus: R(0) = — 0p=x—h, =2 —|— h, 8 = x + ht, tne

1
a%2(9)’
t Geraer mo orpesky [—1,1], a h — 0.

meem
V() = V(e —h)=V(z) = V'(x)h + Vuz("") 0 Vm6( )13 + ngf) ht - V;( I8 4 o(h),
V() =V(z+h) =V(x)+ V' (2)h+ WQ("”) h? + V”;(@ h? + Vi;f) ht+ V;(!@ h® + o(h®),



R(@l) — R([L’ . h) — R( ) R/( ) R”2(37) R”;j(x) h3 + RZEIC) h4 o R;('SL') h5 + O(h5),
R(6:) = R(x + h) = R(z) + R'(x)h + <”’) 2+ Rmﬁ(x)h?’ + RZL(;") B+ RU( 235 4 o).

Pazs10:kuM mOBIHTErPATBLHOE BhIDaKeHHe B DA/l (TOUHee B CyMMY KOHETHOTO YHCJIA CJIa-

raembix) Teitiopa u npounrerpupyem. 3amerum df = d(x + ht) = hdt. Vtak nosymepuos

paBeH:

/ V'V (0) — V(61)do
J VV(B)R(0:) = V(0)R(0) + V(O)R(0:) — V(O)R(0:) + ROV (62) — ROV ()

+h V" (z) 12 3
PR =~ BV W B )
I'ne
R/V/// _ V/R/// R///V// _ R//V/// vivR/ _ V/Riv
l(x) + 3(V//R/ _ R//V/) + (6(V//R/ — R//V/> -+ 12(V//R/ — R//V/>( + )) + 0( )

HaJsibueitimnue npeodpa3oBannsd NPUBOIAT HAC K:

1 1
r 2V / dt b 2V RV" —V'R" / tdt n
2 - V//R/ _ R//V/ \/th V//R/ _ R//V/ 6(V//R/ _ V/R//) m
-1 -1
h2 v p///V// o puvm Viv R —V! Riv
+ — \/ V//R/ R”V’ / \/th (W - V'R — R'V! - Z(V”R' — R”V’)) +

1

1 t2dt (R/V/// _ V/R///>2 ViuR/ _ V/Riv
5 m (V//R/ _ R//V/)Z B V"R — R"V!
-1

) +o(h?) (2.2.14)

1
C ygeroMm 3 L — ur, a Takxke f \/7 = T 3aKJI04aeM, 4TO

2V
tdt
Jagee Bropoe ciaraemoe pasao 0, T.K. —f1 N 0
IT 2dt _ w.
PUpAaBHUBAEM TPEThE CJaraeMoe K HYJIIO C YIeTOM f N i
-1
V/// R///V// o R//V/// Vz'v R/ _ V/ Rz’v R/V/// _ V/ R/// 2 Viv R/ _ V/ Riv
( ) = 0. (2.2.16)

7 - V"R — R'V! - 2<v1/R/ _ R//V/) + 4(V”R’ _ R//V/)Q - 4(V”R' _ R”V’)
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13 mocaennero ypaBHeHust MOKHO MOJIyIHTh HEOOXOAMMOE YCJIOBHE HA 3aMBIKAIOIIUA ITOTEH-
. !’
ma, ecan msdasutbest ot R, R’ R" R™. Jlns sroro nepenumem (2.2.15) B BHze % =
" " . .
V'R — R"V'. llpoauddepennupyeM aBa pas3a Q#LQ =V"R — R"V', % =V"R — R*V' +

V" R"—R"V". IloacTaBuM U3 TpeX MOJTyYeHHBIX cooTHOmenunit R, R” R" B (2.2.16), npuiem

K

V"V =4V, (2.2.17)
Orcrona waxomuress V(0) = (ef—éz)Q + ¢c3 mm V(0) = 10 + ¢o. Tne ¢4, ¢2,¢3 — KOHCTAHTHI
unTerpuposanus. A 3uas V' ¢ momomnipio ypasuenns (2.2.15) maxomures R(0) = %%)2 +c4+

cs(0 + co) 72, THe ¢y, ¢4, €5 — AEHCTBUTEIBHBIE KOHCTAHTHI.
IIpoBepka. [Iposepum, 4T0o HaiijieHHbIE MOTEHIMAJIBI 3aMbIKatomme. st 3Toro pemmm

ypasuenue (1.1.8), nocunras dbyukumo 0(p).

Comwne 0
Tlas nosepxuoctu G = | (°F¢) ) n norennmana V = A0 + B umeem:
N (G
A 2(F — B)u?K? KL o+ @
0 = e (—1 + \/1 + Ve — o sin . . (2.2.18)
1
o 0
g nopepxuoctu G = <(92+C)2 ) ) n moTeHnuana V = é% + B nmeeM:
0
E—-B ¢ E—-B ¢\*° 24 . 2(p+¢o)
92:2——[{2—5—1—\/(2—}(2—5) — g Sin . (2.2.19)
[ [ . [
_ (92+c—1t9—2)2 0 _ A }
s mopepxaoctn G = 1 u norennuana V = 5 + B nmeem:
0 T )
E-B ¢ E-B ¢\’ 2A 2(¢ + o)
2 .
0 _W_ﬁ_’_\/(W_E) +t—“2K2SIIl P . (2220)
BujHO, 9T0 BO BCeX TPEX ciydasix orpanudeHubie opbutel {# = 0(¢)} GyayT 3aMKHYTHL.

Ha npumepe mociaeanero ciaydasi MosSCHUM TOJApoOHee Kak OBLT MOJyYeH sABHBIN BUJ OPOUTHI
(2.2.20).

Coryacuo (1.1.8) st a2,(0) = m n V(0) = 2
2 2 4 772 2 92
a1y (0) 0,0 K U GV (G TRl —2 A
= K“0 V(0) = 0 0 — 10 — + B. (2.2.21
2a3,(0) + 2a3,(0) +V(0) 2 + 2 (0" +c )+ 02 + ( )

Bpra)KeHI/Ie TPUBUAJILHO HpeO6pa3yeTCHZ
2A 2F — 2B
2012 -2 2
,u@ _(t_MQ 2)9 +<M2— F,2—0>—0.
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Nurerpupyem 1o nosynepuoy

df
J e
() e (e ) o

llocste ymMHOXKeHUST IUCTUTENS W 3HAMEHATE s TTOJBIHTErPAJbHON Tpobu Ha 20 momydnm

/ d6? _ Pt o
\/ - 2K2 (252;(223—C> 2 — p4 "

ﬂaﬂbHeﬁHH/Ie Hp€O6pa3OBaHI/Ie IpUBOAAT K:
2 E-B c
d(@ _<#2K2_§)> _2¢+¢0
E—-B c 2 2 E—-B c 2 B H .
- 2K2 <M2K2_5> _(8 _(N2K2_§)>

Unterpupyem u mosyuaem TpebyeMoe:

g2 _ (E=B _ ¢
arcsin (“QKQ 3) 9? + %o
(t 24 ) (E—B _ £>2 ©
2 K2 MQKZ 2

g

3ameuanme 2.2.3. /[oka3arejbCTBO NPUBEJIO HAC HE K IMCEBIOPUMAHOBON METPHKE KaK B

dbopmyuposke Teopemst (2.1.8), a K HCEBAOPUMAHOBON MeTpHUKE

d6? dp?
ds’ = 0+c2)2 2 T (9+C2 ;0 -2 .
(@52 4 c5(0+ )2 + ) Fesld+e) + e
Hy:xnas Mmerpuka moJsyqaercs mocJjie 3aMeHbl 6 + ¢ = ,ué, t = —%, Cc = (4.

2.3 Teomerpus nosepxHocTeii beprpaHa

[eomeTpus moBepxuocTeit beprpana ¢ puManoBoit MeTpuKoii S U MCeBIOPUMAHOBONU METPUKOIt
S’ cymecrsenno saBucur oT Tpex mapamerpos (c,t, i) € R? x Q. Korua napamerp t pa-
BEH HYJII0, Mbl UMeeM (COrJIACHO TeopeMam 4, 6) MOBEPXHOCTH C JABYMST THIAMH 3aMbIKAIOTIHX
MOTEHITHAIOB — apasor rpasutanuonnoro Vi(0) = Alf] + B (A < 0) u aHajgor ocuuasTop-
Horo Vo(f) = 4 + B (A(6* + t) > 0). Ilpu ¢ = 0 COOTBETCTBYIONHE MOBEPXHOCTH S HMEIOT
HOCTOSIHHY IO T'ayCCOBY KPUBHU3HY 1 JONMyCKaloT 00600menue 3akonos Kerutepa |37] (B cayuae pe-
ammsyemoct B R?), Bekropa Jlamnaca-Pyure-/Terna [1], [25]. TIpu ¢ # 0 cymecTByer TOJIbKO

OJUH THII 3aMBIKAIONEr0 HOTeHIHANA — aHAJIOL OcHULIATOpHOro Va(6) = 4+ B (A(6*+t) < 0)
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I CHCTEMa TaKzKe Joiyckaer obobmenue Bekropa Jlamnaca-Pynre-Jlenua [1]. Ocranosumcs na
reoMeTpun nosepxuocteit beprpana mogpoduee.

PanuonasbHbIi mapaMeTp [ = § BJIMsIeT KaK Ha (OPMY MOBEPXHOCTH (B MEHbIIEl cTeneHH,
qeM ¢ U t), Tak 1 Ha (opmy opbut (c, t Ha dhopMy opOuT coBceM He BausiorT). IloBepxnocTs S,
[PU HEKOTOPOM [l = [l HOJIYIAETCs U3 MOBEPXHOCTHU S1 pu (= 1 Tak 2Ke Kak “parnnoHa/bHbIH”
koHyC B komMmenTapun 1.2. Hampumep, eciu B3sTh cepy €IUHHIHOTO PAIUYCa, TO MOXKHO
paspesarb eé o MepHUaMaHaM Ha p OJMHAKOBBIX JOJIEK, 3aTe€M B3dB ¢ TaKUX JOJeK MOXKHO
W30THYTH UX U CKJIEHTH 0 MEPUINAHAM TaK, UTO BTOPAas JT0JIbKa CKIEHBAETCS ¢ IEPBOii, TPeThs
CKJICMBAETCS CO BTOPOIA, ..., MOCTE/IHSAS C MePBOii, BCI 3aMKHYTasd MENOYKa JaéT TOBEPXHOCTH
S, koropas Oyzner nmerb Buj Beperena [43]. [loepxHocTs S, ¢-TUCTHO HAKPBIBAET IOJIBKY, &
UCXOMHAs S7 — P-JIMCTHO.

dsuprit Bug 3aBucumoctu 0(p), npeacrapiennsiii popmyramu (2.2.18), (2.2.19), (2.2.20),
MO3BOJISIET OIUCATH TeOMETPHIO OPOUT (yKasaHHbIe (DOPMYJIbI CIIPABE/TUBbI KK JIJIST PUMAHOBA
TaK W Jisl [ICeBJIOPUMAHOBA CJIydasi). 3aBHCUMOCTH (DOPMBI OPOHTHI OT f = § Ha TOBEPXHO-
CTSIX C AHAJIOTOM HBIOTOHOBCKOTO TIOTEHIINAJIA U C AHAJOTOM I'yKOBCKOTO OTJIHYaeTcs. B ciaydae
IPABUTAIIMOHHOTO MOTEHIHaIa coryacHo (opmyre (2.2.18) opbura Gymer mepuoganvno Hryk-
TYHPOBATH MeYKJy CBOUMH TEePHU- U AlOIEHTPOM, MOBTOPsIA NOBeleHrne cuHycouabl. [Ipm sTom
38 P BUTKOB BOKPYT IOBEPXHOCTH OPOUTA COBEPIINT POBHO ¢ KOJeOaHWIT OT MEPUIIEHTPA JIO
aroreHTpa 1 00PaTHO, a B CJIydae OCIULISITOPHOIO TTIOTeHIHaIa cormacHo dhopmymam (2.2.19),
(2.2.20) manera copepruT 2¢ Kosebanuii 3a p BUTKOB. COOTBETCTBEHHO MUHHMAJILHBII MO~
JIOXKHUTETbHBIH TTepuo, opouThl (Kak dbyHkImu 0(p)) B mepBom ciydae paseH ®; = 2w, a BO
BTOpPOM Py = L.

Hanpuwmep, ayst eBrin1oBoil wiockoctu (= 1,¢ =t = 0) npu auzxkennu Bokpyr Cosnia
3a OJIMH ODOPOT IJIAHETa COBEPITAET POBHO OIHO KOJieDaHWe MKy CBOUME TEPUTETHEM U
amoresimeM. B ciaydae Ke TYKOBCKOTO MOTEHITHAJA TJIaHETA JBUTAETCS O JUIAICY, B TEHTPe
(a He B dokyce) koroporo Haxogutcst CoHIE, TOITOMY ILIAHETAa COBEPIIUT 2 KoJebaHus 3a

oJiH 0O6OPOT.

Nrak muoxkectBo nap (S, V) Beprpana (Kak B pUMaHOBOM TaK U B IICEBIOPUMAHOBOM CJIy-
qasx) IAPAMETPH3YETCs CeMepKol Besmann (¢, t, 1, d, b, A, B), rae tpoiika (¢, t, i) € R? x Qs
onpeessier ¢opmy nosepxuoctu S, mapa (a, l;) € R? onpejesgeT MUPHHY HOBEPXHOCTH, T.e.
eé rpaHuuHbe TapaJsutesd, napa (A, B) ompemesser 3aMbIKAIONIAN TOTEHIIHAT, TeHCTBYIOIHIT
Ha S. Ecim nosepxHocTb S He MMeeT 9KBATOPOB, TO KaK yzKe oTmedasoch |56] Bce b tunos
noteHnuatos (cm. onpeaesenust 1.1.6-1.1.10) skBuBasenTHbl. 10 Kacaercst moBepxHOCTEN, OT-
BEYAIONUX PA3IHYHBIM 3HAUCHUSIM MITEPKU napaMeTpos (¢, t, i, @, 13), TO KJIacCH(DUKAIUIO UX
€ TOYHOCTBIO JI0 M30METPHH, Ipeodpa3oBaHus Mog100us gaeT TeopeMa 7. CuepBa JaauM cJie-

JIyIoIee OIpeiesIeHue.

Omnpenenenne 2.3.1. [Ise nopepxnocTn ppamenus S; u Sy (coorsercrsenno S u Sy) Sl-
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USOMEMPUYHDL, WK 20PUSOHMANDHO UBOMEMPUYHBL, ecau cyiiecTByeT nauddeomopdusm h :
S1 — Sy, cOXpaHSIONMA MeTPUKY (IICeBIOPUMAHOBY METPHKY) M MEPEBOASAIINA Mapasiean B
apaJsLIesn.

[Be moBepxHOCTH Bparenus S; u Sy (COOTBETCTBEHHO S| U Sh) p-usomempuyms, Wid eep-
MUKAALHO U3OMEMPUYHLL, ecau cymecTByer auddeomopdusm h @ S — Sy, coxpaHsommii
MeTpHKY (IICeBIOPUMAHOBY METPHUKY) U TE€PEBOSIINH MEPUINAHBI B MePH/IHAHBL.

JIBe moBepxHOCTH BpalleHus Sy 1 S ¢ METPUKAMHU (1, go (COOTBeTCTBEHHO S| 1 S € MCeBo-
PUMAHOBBIMH METPHKAMH §1, Go) S'-n0dobHb, WM 20pu30onmasbio nododms, €CIN CyMEeCTBYeT
mudpdeomopdusm h : S; — Sy, mepeBoAANmINi Mapasiead B HapasIeln TaK, 9TO MEeTPUKH

CBA3AHBI COOTHOMeHHeM h*gy = k%g, a8 HEKOTOpPOil KOHCTaHTE k.

IIycTh Set 0,6 — HOBEPXHOCTH Beprpana, mapaMeTpu30BaHHas KOHCTAHTAMU ¢, T, (1, a, b, T.e.
MOBEPXHOCTH ¢ Koopauuatamu (6, ), tiae 6 € (a,b), u merpukoii (2.1.2) (nceBaopuMaHOBOIt

MerTpukoit (2.1.8)).

Teopema 7. /lasa nosepxnocmet Bepmpana ¢ pumanosot (ncesdopumanosoti) mempurod

CNPABEINUBDL CAedY0UUe YMBEPHCICHUA:

1. Jse noseprrocmu S1 = Se i pnarbn U 92 = Seoto ymiasbs ST -USOMEMPUHGL 0200 U
moAvKo moeda, Kozda coenadatom ece napamemput (c1,t1, pi1, a1, b)) = (o, to, fio, as, by).
Ase noseprrocmu S1 = Sey 4y prarpr U 92 = Seotopinasbs P-USOMEMPUUHDL 6 OKPECTVHO-
CMU CEOUT MEPUIUAHO8 Mo20a Ut MoAvKo moada, kozda (cy,ty,a1,b1) = (ca,ts,az, bs),

m.e. wacmo {(0,0) : 0 < @ < ©1} C Sey ity pnarpr BEPTMUKAABHO USOMEMPULHA HACTIU
{(‘97 90) 10 < p < ;%901} - SC2,t2,u2,a2,b2'

2. Jee no6eprnocmu Se, 1y jn.ar by U Sesto pzanbs S -10000Hb, M0200 U MOAVKO Mo20a, Ko2da

cyuecmeyem k > 0: t; = ks, c1 = k%ca, a1 = kag, by = kby, 111 = pis.

[Ipu 3Havenun mapamerpos (c,t) m3 obmactu Q3 = {(c,t) : >+ 4t < 0} N{(c,t) : t <
0,¢ > 0,¢% + 4t > 0} ana pumanosa ciayuas u s = {(c,t) : > + 4t > 0,t < 0,¢ < 0} gz
ncepgopuManoBa (cM. puc. 2.2, 2.1) umeroTcs JaBe MakcHMalibHble ToBepxHOCTH Beprpana, u,
KaK IOKA3bIBaeT TeopeMa 7, OHH He U30MeTPHIHBL IPYT APYIY W He MOIOOHHI.

JIBe monmoBepxHOCTH BepTpana omIHON MaKCHMAIbLHON MOBEPXHOCTH TaKZKe HE MOIYT OBITH HI
U30METPpUYIHbBIMU, HU HOZLO6HBIMI/I.

KaK yXKe YIIOMHUHAJIOCH BBIIIIE, FeOMeTpI/I“IeCKI/Iﬁ CMBICJT U = § PaCKpPBIBaJICA B YaCTHOCTHU B
TOM, 4TO OKPECTHOCTb MEPHIMAHa MOBEPXHOCTH S, HAKPbIBaJla HEKOTOPYIO HOBEPXHOCTD-
TOJIBbKY ¢-JUCTHO, & OKPECTHOCTh MepHAnaHa IOBEPXHOCTH S.;1 HAKPbIBAJIa Ty K€ CAMYIO
II0BEPXHOCTb-J[0JIBKY P-JIECTHO; OITOMY JIOKAJIBHO (B OKPECTHOCTH MEPUIHAHOB) Sct, U Se 1
M30MEeTPUIHBI, 9TO U MOATBEPKIAET TeopeMa 7.

JIBe noBepxuocTu beprpana 1mo00HBI, €CJIM Y HUX COBIIAIAeT PAIMOHAJBHBIN IapaMeTp [, a
To4KH (C1,t1) 1 (¢, t) B maockoctu Oct Jezkar Ha 0JHOI nmapaboJie; KaK CJiejlyeT U3 TeopeMbl 7

BCe MoBepxXHOCTH Beprpana (¢ OHUM U TeM Ke ji U HOAXOANINME MPAHUIIAMHE ), OTBEYAIOTHE
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TOYKaM KPHBOii, pazessioneii 30Hbl (o 1 (3 (B pUMAHOBOM CJiydae, CM. pHC. 2.2) mOJ00HbI,
T.K. 3Ta KpUBad — BeTBbL Mapabosibl ¢ +4t = 0. Crout ormerurs, uro jayun { (¢, t) : t = 0,¢ > 0}
u {(c,t) : t = 0,c < 0} yno6HO B 9TOIl TeopeMe CIUTATH BBHIPOKIEHHBIM CJIydaeM mapaboJibl,
T.K. OHI (POPMAJIBHO YIOBJIETBOPSIOT TPeOOBAHUAM TEOPEMBI, IIPH STOM IIOBEPXHOCTH, COOT-
BETCTBYIONME IEPBOMY JIydy HE MOJO00HBI IIOBEPXHOCTAM, COOTBETCTBYIOIIAM BTOPOMY JIy4y.
Hanpumep, B pumasoBoM ciaydae npu ¢ = 1, u = 1 (mepBbiit Jiyd) nMeeM MPOKOJOTYIO MO-
aycedepy, a npu ¢ = —1, 4 = 1 (BTOpPO# JIyd) MMeeM IPOKOJOTYIO MIOCKOCTh JIo6adeBKoro,
KOTOpBIe He W30MEeTPUIHBI U He mo00Hbl. Cirydait ¢ = t = 0 (BO3MOXKEH TOJIBKO B PHMAHOBOM
cllyuae) BJISeTCsT 000COOJIEHHBIM M COOTBETCTBYIONINE MOBEPXHOCTH Beprpana He mog00HBI
HUKAKUM JIPYTUM.

JIOKABATEJILCTBO. Ecany ykazaHHBIX TOBEPXHOCTEH COBIIAIAIOT BCE 3HAUECHUS TTapaMeT-
POB, TO B KadecTBe S'-H30MeTpUH JJOCTATOYHO PACCMOTPETh TOXKeCTBeHHOe colocTaB/eHue h,
epeBoJIsIee TOUKY T MEePBOil MOBEPXHOCTH ¢ KoopauHatamu (0, ¢) B Touky h(x) BTOpOI TMO-
BEPXHOCTH C TEMH K€ KOOPJAMHATAMHU.

O6parho, ecyiun cymecryer Tpebyemast S'-uzomerpus h: (01, 01) € S1 — (02, ¢2) € Sy; TO B
CHJLY TOTO, 4TO HapaJlle/ld HepexodT B Iapaslie/d, BbIIOJHACTCA PaBeHCTBO KOMIIOHEHT a3,
1 1

METPUKU, T.€. BEPHO — = —57. HOCHe Hee PaBEHCTBO BBINIOJIHAETCA HE B
p ? p p2(0%+c1—t16] 2) p2(02+ca—t20, 2) ! p

OJIHOM TOYKe, a HAa uHTepBaJse, Korjua 07 upoberaer unrepsau (ag,by), 0o = h(0;) upoberaer
1

————————5 0050

13 (03 +ca—t265 %) 2(01),

onpe/eéHHOi Ha wHTEpBase (a,b;). Tak KaK MepuIMaH H30METPUIHO NEPEXOJAUT B MEPHIH-

HHTEPBAJ (g, by); MOKHO CYHTATDH TMPABYIO YaCTh CJOKHON yHKITHET

an, 1o (p1/p2)(d6h)* = (db3)?, T.e. 0y = +(u1/p2)%0; + const. OTciona cieayer paBeHCTBO
ApaMETPOB ¢, T, ji U TOXKICCTBEHHOCTD (DYHKIME 05 (6] ), a 3HAYUT U PABEHCTBO MAPAMETPOB
u b.

B ciayuae @-m30MeTpum OKPECTHOCTEH MepHIMAHOB, €CJIM BBIIOJHEHO (ci,t1,a1,b1) =
= (g, t9, az, bg), TO B KauecTBe TPeGYeMOro 0TOOpazKeHUsT MOYKHO B34Th cieaytotiee h : (01, p1) €
S1 — (04, %gol) € Sy, Hokaxem obparnoe. [Iycrs cymectsyer quddeomopdusm h : {—e; <
1 < €1} CS1 = {—e2 < pa < g9} C Sy, mepeBoASANMA MEPUANAHBI B MEPU/HAHBI

u Takoi, uro h*g, = ¢;. Ho B 3TOM ciiydae Ha HyJIeBOM MepUJHAHE JO0JKHO ObITH BbI-
dei (p2) dy3 / £1 €3
IIOJTHEHO — = — U = £ZL) oTKyda clIefyer ——m———p =
e 00— de i) b0k ey OTRVAR CHACAYET ra e, ~100, %)

82
2
13(03+ca—t205°)

+(p182)%01/(261)? + const. OTciofia CIeAYIOT paBeHCTBa ¢; = Co,ty = to, ji1/€1 = flo/o 1

. Kaxk u B ciayuae S'-usomerpun (cM. BBIIE), OTCIOJ@ HOAyYaeM, 4TO Oy =

TOXKIeCTBEHHOCTh (byHKIMHU O9(61), a 3HAYMT U a1 = ag, by = b.

Bo BTOPOM yTBEDKICHUH TEOPEMBI TPOBEPHM, UTO eCau HAGOpbl wucen (cq,ty, fiy, a1, br)
u (Ca,ta, f12, a2, ba) YIOBIETBOPSIOT YCJOBUIO TEOPEMBI, TO COOTBETCTBYIOIINE UM IIOBEPXHOCTH
S —nonobusr. Bepro, uto 1, = e u cymectsyer k > 0: ¢; = k%cy, t; = ks, a1 = kag, by =
kbs. Pacemorpum orobpazkenue h: S; — Sp, Koropoe TouKy x € S; ¢ KoopauHatamu (01, @)

mepeBoauT B TOUKY h(x) € Sy ¢ koopauuatamu (0y = 01 /k, ). Merpuka BTOpoil HOBEpXHOCTH
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B TouKe h(x) pasua

d02(61) d?
h* — 2 » —
92 = 02(01) tea—126, 2(01))2 + 112 (02(01)+ca—t205 2 (61))
_ d95(61) 1 dy? _
(63(01)+ 116, °(00)k=1)2 ' p2(03(01)+k—t165 (61)k 1)
k2do? k2dy? 9 dn? dp? 2
= =k L 2 = k“¢g;.
(9%+017t19;2)2 + M2(9%+01*t19172) (0%+017t10;2)2 + u2(0%+c17t19;2) il

TaxkumM obpasoMm h sBjageTcd npeobpasoBanneM S!'-momobusa. JTokaskem obparnoe. IlyeTs cy-
mecTByoT KoHCcTanTa k > 0 u muddeomopdusm h : S; — Sy, mepeBongmuii mapaJjiean B
mapaJie T u Takoit, uto h*g, = k?¢g;. Ho mo noxazammomy cymecTtsyeT muddgeomopdusm
h:S — S = Sey /K2 41 /K a1k, by ks TEPEBOIANINI TTapa/lle/ld B Iapa/lleld U TaKo#, 9To
}E*gl = k%¢;. Snaunt, S, u gl apasgiorea St-nmzoMeTpudnbIMA. B cuay 1.1 nmeem Sy = 5’1, 9TO

1 TpebOBAJIOC.

OJ

Ha cerogngmniauii feHb yCTaHOBJIEHO HEMAJIO CBOUCTB JIBUKEHHS MO MOBEPXHOCTSAM bBep-
TpaHa ¢ PUMAHOBON METPUKONW M MOCTOSIHHOI TaycCOBOii KPUBH3HON (T.e. eBKJIMIOBOM IMIOC-
koctH, cdepe n maockoctu JlobaueBCKOIo, KOTOPBIM COOTBETCBYIOT 3HAYEHUs apaMeTpOB
t = 0,u = 1) moxn geiicteuem norennuanos Heorona n I'yka (1 UX aHajaoros), B TOM 9HCTE
MOCYATAHBI MEPUOJIBI IBUKEHHH O 3aMKHYTBIM OpOWTaM, /IS 3TUX MEPUO/IOB YCTAHOBJIEHBI
3akoHBl Kemepa u ux anasoru. Hampumep, B ciyuae niaockoctu JIo6adeBCKOTO BepeH ciery-

fomuit daxr (em. |37]).

Vreepxkaenue 4 (Koznos B.B.). Iycmo 3adana noseprnocms Cp ¢ xoopdunamamu (6, p)
u mempuroti (2.1.2), 2de ¢ = —1, . = 1. Ilyemo na Cp, deticmeyem aranoe Hb0OMOHOBCK020
nomenyuana Vi usu ananoe 2yrosckoeo Vo (em. 3am. 2.1.5). Tozda nepuod dsuscenus T wa-
cmuyw, no opbume (m.e. nepuod MpaeKkmopu) 3a6Ucum MOALKO 0Mm uHmezpaaa snepeuy F,

U HE 3a8UCUIN, 0T UHTNEZPAAA KUHETNUYECKO020 MOMEHTA, npu%e./vt 3A6UCUMOCTD UMeEem Ul

2 E | B2 E?
T:—ﬁ (¢ cayuae Vo), T = %\/—Z— ﬁ—l/ ﬁ—l (6 cayuae V7).
(2.3.1)

OxasbiBaercs (Kak caejgyer u3 paborst [opiona [11]), B cayuae, ecam B HeKoTopoit 0buia-
¢t (Ha30BOro MPOCTPAHCTBA MPOU3BOJILHON aBTOHOMHOM TaMUJIBTOHOBON CUCTEMBI Bee (hazo-
BbIe OPOUTHI 3aMKHYTHI, TO MEPUOL JBUKEHUS 110 3aMKHYTON TPAEKTOPUN 3aBUCUT TOJIBKO OT
unterpasa FE. B ciaydae ¢ miockocthio JlobadeBCKOro siBHBIH BHJI TaKO# 3aBUCUMOCTH JaéT
yTBep:xKAeHue 4. /Ina mopepxuocTeit beprpana, cCOOTBETCTBYIONIUX 3HAUCHUSIM MapaMeTpoB U3

obnactu {c? + 4t > 0}, aBublil BUJ JaéT cjeyoliee yTBepK/IeHIe.

Vreepxkaenue 5. I[lycmo sadana cucmema Bepmpana (S,V), 2de S — noseprnocmo Bep-

mpana ¢ pumaroeoti mempuroli (ncesdopumanosoti mempuroti), coomeememeyowas Mowke
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obaacmu 3navenus napamempos {(c,t, u = %’) cA 44t >0t £0)} V= 9% ~ AHAN02 2YKOG-

cxozo nomenyuara. Tozda nepuod T deusicenus no samrnymot mpaexmopuu 7(t) He 3a6ucum
OM UHMEZPANG KUHEUYECK020 Momenma K u svuucasemea no gopmyae

A A
™ VA+c + VA - , (2.3.2)

C2VA VEWB+c)+24  \JE(c— VE) +24

2de A\ = ¢ + 4t.

3ameuanme 2.3.1. [lnockocTs JlobadyeBckoro spiigercd MOBepXHOCTbIO bepTpana u eil co-
OTBETCTBYIOT 3HaueHUs mapamerpos o = 1,t = 0,¢ = —1. Yerpemum B dopmyse (2.3.2) ¢

K HYJI0, 8 ¢ K MUHYC eJIUHHUIE NOJydnM 3HadeHume mepuona HAa C KAk B yTBepxKaeHun 4

(VA =|c| = —c=1):

™

V2A —2F

AnaJsiorngmnoe BblIpazK€eHue IIpu CTpeMJICHHUN t KHYJIIO IIOJIydaeTCd W JAJid HCEeBAOPHUMaHOBA

ciydasi. 3HAUEHHE MEepUOa MOCYUTAHO I TOUeK (¢, t), KOTOPBIE JIeXKAT BBIIIE TapadoJIbl
2+ 4t = 0, yerpemuM ¢ + 4t K Hy/110, 9T0OBI HOHATH, YTO IPOUCXOAUT Ha HapaboJie, T.e. ueMy

pasen nepuos T Ha nosepxHocTu Beprpana, napamerpuzosanuoit (c,t, ) : ¢ + 4t = 0:

Ec+4A
T=mq| ——= |-
2V Ec+ 2A
Borpoc nojicuéra gBHOTO BUJIA 3aBUCUMOCTHU IE€PUO/Ia OT IHEPIrUM Yy OrPAHUYEHHON OPOUTHI HA
nosepxnocTu Beprpana, napamerpusosanuoil napamerpamu (c,t, p1) Takumu, ato ¢ + 4t < 0
(TOBKO sl PUMAHOBA CIydas, T.K. JJisl CeBIOPUMAHOBA MOBEPXHOCTEH ¢ TAKUMH 3HAde-
HUSIMH [APAMETPOB He CYIIECTBYET, YTO BUIHO u3 Tabuunbl 2.1 wiw pucynka 2.1), ocraérest

OTKPbITBIM.

JTOKABATEJIBLCTBO. CorsiacHo ypasHeHsiM Diljiepa-Jlarpanzxka BCoiy BAOJb 7(t) BBIIOJ-
HeHo a3,(0)¢ = K. Tlpeacrasum B dopme ya00HO# it MHTErpupoBanus as,(0)dy = Kdt.
[Ipounrerpupyem MexKjay JABYMs COCEJHUMU SKCTPEMYMaME OJHOI OpOUTHI, T.e. MEXK/y alo-
[EHTPOM H MEPULEHTPOM, HOIYUUTCS [OJOBHHA BpeMeHH 1), HeoBXOAMMOrO It TOTO, YTOGbI
opbuta cosepiiunia oJHO KoJsiebanue. [Ipu arom, npexje 4eM 3aMKHYThCs OpOUTA COBEPUIUT ¢

KosteGannit, mosromy mepuox T = ¢ - 1.

T

/2
/ a3,(0 o p)dp = K. (2.3.3)
0

YpasHaenue (2.2.20) naer sBHBI Bug opbuThl Kak rpaduka GyHknun 0(p) cpasy u 1 puMa-

HOBa W I MCEBIOPUMAHOBA ciaydaes: 0 = o + 3 sin(zf + 2%); rie
E c E \? 2A
= _ = S — t— ——. 2.3.4
a M2K2 2’ ﬁ \/<u2K2 2) + ,u2K2 ( )
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A yron g 6e3 orpanmuenns obumpocTn pasen —7 (urobbl npu m3Mmenennn @ or 0 go /2 =

(um)/2 Benuuuna 6% MeHsjach OT CBOEro MUHUMYMa « — (3 JI0 CBOEro Makcumyma o + (3,
ecll g # —%, TO IPaHUIbL B IIePBOM HHTerpaje HaJo U3MeHuTh ¢ 0 u ®/2 na apyrue, XoTsl

3Ha4YeHue HHTerpaJia He H3M€HHTCH)

Wurerpan ¢ yuérom ® = um, o = 2‘0 — 5 upeobpasyercs
®/2 ®/2
i 2 / dy 2 / de
- 2002 _ -2 - 2 20 =w I S -
K J p (02 +c—t0-2)0b(p) Kpu a+ﬁsm(ﬂ ) +c orpen(E=)
1 d(%p - 3) / (oo + Bsin@)dp
=K | ot Bsing + e m pK ) (a+ Bsing)? 4+ c(a+ Bsing) —t

INE]
w\:!

(2.3.5)

3nak BoIpakenus 02 +c—t0~2 paBeH &, T.e. 3ABUCAT OT PEMAHOBOCTH CJIydasd, 3HAK KHHETHIe-
cKOro MoMeHTa K MOKeT OBITH KaK ITOJTOXKHUTEIbHBIM TaK ¥ OTPHIATEIbHBIM — B JIIDOOM CJIydae

OTpHUIIATE/IbHOE 3HaUeHNe MMeproa 1 HuYeMy He IPOTUBOPEUUT, a O3HAUYAeT JIBHUKEHHE B 00-
2dT

patHyto cropony. CraHgapTHas 3aMeHa T = tg ,dp = > MPUBOJANT HAC OT MHTETPUPOBAHUA

TPUTOHOMETPUYIECKUX (PYHKIHI K ;Lpo6H0—pauH0Haﬂbe1M

28T ) 2dr
_ / 1—}—7-2 1472 _
pK ) (a+ ff; + c(a + ff;) —t

2(a+ ar? + 207)dr B
/LK/ (a+ar?+287)2 + (ca — t)(1 + 72)2 + 28er(1 + 72)

1
1 / 2(a + ar? + 207)dr

pK ) ma? 4 ca —t) + T3(4Ba + 2Bc) + T2(458% + 202 + 2car — 2t)+
21

+7(4af + 26¢) + o’ 4 ca — t. (2.3.6)

B snamenaresie cTtonT BO3BpATHBINH MHOTOYJIEH YeTBEPTOIT CTEIEHH, UTO MO3BOJISIET TPOCTO pa3-
JIOXKATHh 3HaMeHaTe/b Ha MHOXKATeTH. [[poMeKyTodHOE BhIpakKeHHe /IS WHTerpaja mpuMeT

BU;

20(1% + %7’ + 1)dr

7 / (2.3.7)
HE ) (a2 + ac—1)(r* + %T +1)(r2 + flagtetvAr 4 )
g yrupornienus: BelpazkKeHuit 0y1eM UCIO0Ib30BaTh COKpPAICHHST
2004 c+ VA 20+ ¢ — VA
br=0—FT—"— b-=F—FT—"—"F (2.3.8)

o?+ca—t a?+ca—t
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C y4éToM BBEJIEHBIX COKPAIIEHUI HHTErPAJ MPEICTABISIETCA B BHJIE

| /l(a\/z ac + 2t)dr +/(a\/_+ac—2t)d

T = = (239
MK\/Z(Q2+ca—t> . T2+ﬁ+7'—|—1 . T2+,8_7'—|—1 ( )
: (
= oV A — ac+ 21 + oz\/Z—Fozc—ZtI). 2.3.10
uK\/Z(a2+coa—t) ( M+ " ( )
C nomompio dopmyast (B ciryuae dac —b* > 0) [ 2 = - ——arcty 2‘“‘”*22 HAXOIHUM
1 1
dT 2 27_ + 6+
I = 2 1 = 5 arctg 5 =
ST + BT+ 4—p2 VA=BE|
2+ By —2+ By
= ctg———— — arclg——— | . 2.3.11
— »3+< i e (2.3.11)
[ToctemHEE YIIpPOTIaeTCcs ¢ MOMOIIBIO arctg x — arctgy = arctg f:cyy
4
2 \/4—52 2
AnasornyuHoe BeIparKeHUe MoJTydaeTcs st Io:
s
Iy = ——. (2.3.13)
4—p%
Takum obpazom nepuos paBeH:
7 s oz\/Z—i—occ—Zt_{_a\/Z—ozc—l—Qt B
nEKVA(? + ca —t) L L
7 aV A+ ac—2t . aVvVA — ac+ 2t B
HEVA \ (02 4 ca — 1)\ — PESAE T (02 4 ca — 1), 1 — 0ot Yap
. ™ \/Z +c n \/Z —cC
pKVA \/(04 + \/32+c)2 e \/(oz _ \/3270>2 — B2
(2.3.14)

2t 2
B nocrennem mepexose mepBas IpoOb COKpATH/IACH Ha & — 7o, a Bropasd Ha a + A
Benomunast rerepb dopmyiast (2.3.4) u ¢Ba3p T = ¢+ T moydaeM OKOHYATETBHO YTBEPKICHUE

TEOPEMHBI.

OJ
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YrBepKjieHue 5, MO3BOJIAET CBA3ATH HEPUOJL JBUKEHUS 110 3aMKHYTOH TPAEeKTOPUH C O/I-
HUM U3 TIePBbIX HHTErpasoB (MOJHOI sHepruedl F) COOTHOIEHNEM, COAEPIKAIINM JUIIb DaJii-
KaJIbl BTOpO# crenenu. Vcmoyb3yd TaKyio HECJIOKHYIO CBA3b MOYKHO ITOCTPOUTH KOOPJUHATY
neiicrust [(E) B gactu $ha3zoBoro mpocrpancTsa cucrembl (cM. 3amedanue 4.2.3). Jlnsa Heorpa-
HUYEHHBIX TPACKTOPUil (BBIXOASIMX Ha Kpail HOBEPXHOCTH) OOJIbIIOE 3HAYEHUE UIDAeT KOHEeY-
HOCTH BpeMeHH, TpebyeMOoTo /i BBIX0/1a Ha IPAHUILY, T.K. 3TO HAIPIMYIO CBA3AHO C TOJHOTON

COOTBETCTBYIONTHX (ha30BBIX MOTOKOB (cM. yTBepzKIeHus 18, 19).
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I'taBa 3

AbcTpaKkTHBIEe MHOrOOOpas3nga beprpana n

1oBepxHocTu beprpana B Rg, R%

Muorue nccaemoBaTen 3a1adn bepTpaHa HAYMHAINA CBOM PAOOTHI ¢ IMOCTPOCHHUSA MOBEPXHO-
cTeil B eBKAHIOBOM mpocTpaHcTse R, mHmymupoBanns oobeMiiomeil MeTpuky Ha anx. Og-
HaKO, MHOI'He IIOBePXHOCTH BepTpana He/b3sd BJIOKUTL B R? Tak, 4To6bl UX MeTpHKa II0JIY-
JaJgach HHIYIHPOBaHUEM OOBEMIIIONIEH eBKINWIOBOM, HAIIpUMEp, B TeopeMme 5 pedb HIET 00
abcTpakTHBIX MHOr00Gpasusx spaiiennd S & (a,b) x S1. Hexoropbie u3 HUX MOXKHO HEJTUKOM
BJIOKHUTH B R, HEKOTOPBIE TOJNBKO JOKAJIhHO, YacTh HE BKJAIBIBACTCS JayKe JTOKATIBHO, T.€.
Vay, by € (a,b) : a < a; < by < b He cymecTByeT Bioxenud nosca (ay,by) x St B R? (c yue-
TOM MeTpuKu). Tem He MeHee JIJIs PeaTu3yeMblX KaK MOBEPXHOCTH BPAIIECHHsT MHOTOOOpa3uii

Beprpana mojiy4enbl KpacuBble Pe3y/IbTaThl.

3.1 DbeprpaHOoBCcKUe NOBEPXHOCTU 1 HATYyPaJIbHbI€ KOOP/IU-

HAaThI

[Tycth 3amano mpocrpanctso R? ¢ kKoopammatamu (x,y,z) W eBKJIUIOBOH MeTpHKOi ds® =
dx? + dy? + dz*. TloBepxXHOCTD BpallleHns YI00HO IPEJICTABAATH KaK MHOXKECTBO, 3aMeTaeMoe
BpamenueM npoduIbHON KPUBOH (OHA ¥Ke MepUAMaH) BOKDPYT OCH Bpamienus. PaccMoTpum
rIaJKyio peryaspiyio Kpusyio v(v) = (f(v), g(v)) B maockoct XOZ, rjae v — HATYpATbHBII
napaMmeTp, npoberaromuii 3uadenus oT a g0 b. Torna npu Bpamenun Bokpyr ocu OZ Kpubas
3ameraer nosepxuoctb S & (a,b) x S, pamuyc Bekrop J11060# TOYKH KOTOPOil MMeeT BUL
r(v,p) = (f(v)cos, f(v)sing, g(v)); Takum 06pa30M HA TOBEPXHOCTH 3aaHbI KOOD/HHATHI

(v, mod 27m). B sTux KOOpAMHATAX MHIAYIIHPOBAHHAS METPUKA IPUMET BHJ

10
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T.x. T, (v,0) - Th(v,0) = f%(v) + ¢*(v) = 1 B cusly HATYPAJIBLHOCTH NapaMerpa v, U OCTaJjlb-
HbIe KOMIIOHEHTB METPHIECKOr0 TeH30Da BRITHCASIOTCS TPHBHATBHO T/ (v, @) - 10, (v, ¢) = 0,
(v, @) -1, (v, ) = f*(v). Pyrkmusa f(v) mMeer HpocToil reoMerprdeckuii cMbic: f(v) paBHO
PACCTOSIHAIO OT TOYKH (v, ) Ha MOBEPXHOCTH S 10 OCH BpAIIEHHUSI.

BozbméM Takoit BujI METPUKH JIJIsI OLIPEJIEJIEHUS HATYPAJbHBIX KOOPJIUHAT.

Omnpenenenne 3.1.1. [Iia muoroobpasua S = (a,b) x S' ¢ merpukoit ppamenus ds®> =
a2, (v)dv? + a3, (v)dp? Gyuem nasbiBarh KoopauHarhl (v, mod 27) HAMYPaALHBLMU, €CAN B

HEX a11(v) = 1, T.e. MeTPHKa HA caMOM Jeje BHrisauT Tak (3.1.1).

HazBanme MOTHMBHpPOBAHO KaK pa3 TeM, UTO KOOPAWHATA v SIBASETCS HATYPAJbHBIM TTapa-
MeTpOM JIJIs1 KOODJAMHATHON KPHBOii (0 = const (oHa ke nNpodubHast KDHBasi, OHA 7K€ MepPUIH-
au). Herpyaao ybeanThest, 910 abeTpakTHBIX MHOrooOpasnii ¢ merpukoit (3.1.1) Gosbire, gem
II0OCTPOEHHBIX BHIIIE IoBepxHOCTel B R3 ¢ Toit :xe MeTpukoit. Bee mocTpoeHHbBIE I0BEPXHOCTH
MOYKHO PACCMAaTPUBATh KaK MHOroo6pasus ¢ Merpukoil (3.1.1), HO He Bce Takue MHOrOOOpa-
3us peanusyiorca B R3 Kak HOBePXHOCTH BpAIleHHs. DTO CBA3AHO C TeM, 9TO HE BCELMA MO
3ajiannoll pynxunu f(v) MoxuOo mogobpars dynknuwo g(v) Takywo, uro fZ(v) + ¢?(v) = 1,

TO4YHEe MO2KHO C(bOpMyJH/IpOBaTI) 9TO B BHUJ€E CJIECAYIOIIEro yTIBEP2KACHUD.

YrBepxkaenue 6. [Toseprnocms S ~ (a,b) x S* ¢ woopdunamamu (v, @) u mempuroti (3.1.1)

PEANUSYEMCA KaK noseprrocmy epawenus ¢ RS mozda u moavko moeda, xoeda Yv € (a,b)

[f'(w)] <1,

Jlna mamocTpamun paccMoTpuM cdepy, MeTpuKa Ha Heil B HATYpPaJbHBIX KOOPIAMHATAX
BoIraamuT ds® = dv? + sin? v dp?. Cornacno xpurepmio |sin’v| < 1 u, meifcTBuTenbHO, cdepa
peamusyercs B R, JleranbHoe onmmcanne peaam3yeMoCcTa cM. [57].

BeprpanoBckrne KOOpAMHATHI CUYMTAIOTCH 110 HATypaJbHBIM COrJIacHO 3amedanuio 1.1.2:
0 = foQd—(”v), rie C' — HeKOTOpasi HeHyJeBas KOHCTaHTa (Bbilie Gpasiach paBHoil 1 wiam -1).
é HECJIOXKHO YOeIuThbCsd, 9TO HATYPAJIbHBIE BBICUUTHIBA-
I0TCsL 0 GepTPaHOBCKUM cortacHo dopumyte v = [ C’”W.
PALMOHAJILHON (DYHKIMU CYUTACTCA B KBaJApaTypax U 3aBUCUMOCTD MEXKIAY U U 6§ BBILJISIMT

Ucnonb3ys ussecTHslil daxT vy =

WNuTerpas or apodHO-

Tak (C TOYHOCTHIO IO KOHCTAHT): B CJAy4Yae eBKJIUIOBOI miockocTu f = %, rae (v, @) — 1o-
JIIpHBIEe KOODJWHATHI HA TJIOCKOCTH; B ciaydae cdepsl = ctgv, rae v — mmpoTa Ha cdepe; B
caydae 1maockocTu Jlobadesckoro § = cth v. Bosee noxpoduo a1 Beex nmosepxunocteit Beprpa-
HA 3aBHCHMOCTD CM. [56].

Bepnemcs tenepb K peajin3yeMOCTH TOBepXHOCTel beprpana ¢ uneUHATHON METPUKOIA.
Paccmorpum npoctpanctso R3 ¢ koopaunatamu (z,y, z) U ICeBJIOPUMAHOBON MeTpuKoi ds? =
—dx?* — dy? +dz*. PacemorpuM ragkyio peryaapryio kpusyio v(0) = (f(0), g(0)) B miockocTr

XOZ. llpu Bpamenuu BoKpyr ocu OZ KpuBas 3aMeTaeT MOBEPXHOCTL BpalneHusa S, paguyc
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BEKTOD TOUYKH (0, ) 330a8TCs CIaeAYIONIM 00pa3OM:

z(0, ) f(0)cosy
r(0,0) = [ y(0.9) | = | f(O)sine | . (3.1.2)
z(6, ¢) 9(0)

[lceBnopumanosa meTpuka Ha S’ mpuMeT BUI;

(—f’2(9) +92%0) 0 > | (513)

0 —f*(9)

Omnpenenenne 3.1.2. Koopuunarst (v, ), B koropwix ¢2(v) — f?(v) = 1, T.e. ncesgopuma-

nosa merpuka (3.1.3) npumer sug ds? = dv? — f?(v)dp?, HazoBeM HAMYPAALHOLMU.

B ICeBAOPUMaHOBOM CJly4dae, B OTJIMYHE OT pHUMaHOBAQ, IIOJHOCTLIO PDEAJIU3YIOTCA BCE IIO-

BepxnocTn beprpana. HroObl yCTAHOBUTH 3TO BOCHOJIB3YEMCS CJICAYIONINM KPUTEPHEM.

Jlemma 3.1.1. osepznocms S' = (a,b) x S' ¢ neesdopumanosoti mempuroti (2.1.8) pearu-

3yemcs 6 Rg KAk NOBEPTHOCD 8PAULLHUSL M020a U MOABKO Mo20a, k0204 Ha (a, b) EBNOAHERO:
P07 +c—t072) < (0 +t67°)2. (3.1.4)

JIOKABATEJILCTBO. B camowm jiesie B ciiydae pean3yeMOCTH

_f2 — 1 2 f12 — 1
p2(0% + ¢ —t0-2)’ (02 +c—th-2)%
HeobxoauMocTh ciieiyeT u3 HenoYKd PaBeHCTB:
2(0+t67?) (0 +t673)2 (0 +t073)2

~2ff =~

= f2f/2_

— fl2 —
T

1202+ c— t0-2) 1202 + ¢ — t0-2)3

1 (000
(02 +c—t6-2)2 p2(0?+c—th2)3

Boipazkenue ¢ Bcerja HeOTpUIATENLHO, 0TCIOAa cieayer yeaopue (3.1.4). Ecau uurarn sty

12

=" =)+ 1=

MEMOYKY PABEHCTB C KOHIA MOJIYIAeTCs JOCTATOYHOCTD, a UMEHHO MYCTh BBHIMOTHEHO (3.1.4).

Torga pacemorpum f(6), g(0) rakue, uro:

1 1 (6 + t0-3)2
2 _ — —
P =—rwre—wr I /\/(e2+c—t92)2 200+ c— 192"

[Toctpoum moBepxHOCTH S’ Kak OMKCAHO Tepej JIeMMOil, y Heé Oyaer Tpebyemast MeTpUKa
(2.1.8). O

Teopema 8. IIpu A1060Mm donycmumom 3HAYEHUY NAPAMEMPOS C, T, 11 noseprHocmb Bepmpana

S" yeaurom peasusyemes ¢ RS wax noseprrocmuv epawenus S'.
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JIOKABATEJILCTBO. TeopeMa sBJIsi€TCs MPSAMBIM CJjiejicTBHEM jieMMbl 3.1.1, T.K. jieBasi 4acTb

HepaseHcTBa (3.1.4) Bcerga oTpuiaTesbHa, a MpaBas MOJOKHTETbHA. [

CaMoe M3BeCTHOE OIMCaHHe MMOBEPXHOCTe BepTpaHa B puMaHOBOM CIydae B HATYPAJIbHBIX
koopauHaTtax gan Canronpere [24], xorsa on paboran B npoctpancTse R?, ero pesyabrar Kak
U ero JIOKa3aTesbCTBO CIIPAB/EIUBbLI U sl aOCTPAKTHBIX (He 00s13aTeJIbHO BJIOKEHHBIX B R3)
MmHoroobpasnit Beprpana. Ero Teopema 1 gaét HeoOGxoanMoe yCIOBHe CYIIIECTBOBAHUS CUJIBHO
3aMBIKAIOIIEro0 MOTEHIHAIA Ha TTOBepXHOCTH ¢ MeTpuKkoii (3.1.1) B Buje auddepeHuaibHbX
ypaBHeHui Ha MeTpuky (byHKIMO f(v)) IPU JOTOJIHATETHHOM TPEINOJIO0KEHHH OTCYTCTBHSI
skBaTopoB (f'(v) # 0). Teopemsr 9, 10 0606IIAIOT ITOT PE3YJIBTAT C CHJIBHO 3aMBIKAIOTITHX
MOTEHIHAIOB HA 3aMbIKAOIIIE, JIOKAJTbHO-3aMBIKAIOIINE, TTOIYI0KATBHO-3aMBIKAIOIIHE, CJIa00

3aMBbIKaIOIIMe MOTEHIUaJIbI, a TaKzKe Ha IICEeBAOPUMaHOB C.}Iyqaﬁ.

Teopema 9. ITycmv S ~ (a,b) x S* — wmmnozoobpasue c xoopounamamu (v, mod 27) u
pumanoeoti mempuxot ds* = dv?+ f2(v)de?, 2de f(v) — eaadkan dynryus na (a,b) u f'(v) #0

na (a,b). Toeda, ecau dynryus f(v) ydosaemeopaem ypasreruto
BY=5(=f"f+ [ = 5f" [+ A2 f2 = 3" f +4f" =0, (3.1.5)

das Heompuyameavhol deticmeumensvhol 3, Mo Ha IMoM MHO2000PA3UY CYUECTNEYIOM KOOD-

durnamu (0, mod 27), maxue, wmo 0 = 0(v), 6 xomopvx mempuka umeem eud (2.1.2):

d9? dy?

ds* =
° (0% + ¢ — t0=2)2 i (0?2 + ¢ —th=2)’

(3.1.6)

2de i, c,t — nexomopwie seuwecmeennve Koncmanmas, (1 > 0. IIpu smom i € {%, %} Bonee
mozo, ecau ff" — f2 = const, mo f'f — f? = —f—;, ona i € {1,2}, t = 0,p =
ff" — f? +# const, mo t # 0,y # %

Obpammno, 0rsa 6cakozo mHuoz00bpasus Bepmpara 6e3 sK6amopos, m.e. pumaHosas MHo20-

%; ECAU

obpasus ¢ mempukot (3.1.6), Pynruyus f(v), noayuennas npu zanucu mempuru (3.1.6) 6

Hamypasonuz koopdunamaz, m.e. f(v), onpedeaénnan yeaosuamu f2(v(0)) = m,

V'(0) = (6% + ¢ — t072)7, ydosaemesopaem ypasnenuro (3.1.5) das xomcmanmol 3 = % npu
t #£ 0, dasa 410607 Koncmarnmos 5 € {i, % npu t = 0.

3ameuanmue 3.1.1. [ToBepxHocTs S OyeT GepTPAHOBCKOM TOT/Ia M TOJBKO TOTIA, KOTIAA [ HTH
p OYIyT pAIOHATBHBIME, OHAKO SKBUBAJIEHTHOCTD yeiaosmil (3.1.5), (3.1.6) cnpaBeminBa u
IIPU UPPAITMOHATBLHBIX 3HAYCHUAX [3, [L.

HanomuuMm, 9ro nosepxuocru Beprpana 6biBaioT ABYX BHJIOB: HA IEPBBIX CYIIECTBYIOT JIBa
THUMA 3aMbIKAIONIAX TOTEHIMAJIOB, YeMy COOTBETCTBYET 3HaueHne napamerpa t = 0, Ha BTODPBIX
TOJILKO OJIMH THII 3aMBIKAIOIIEro MOTEHIINANA, 9eMY COOTBETCTBYET 3HadeHne napamerpa t # 0.
B marypasbublx KoopamHartax yeiaome t = ( 3ammcbiBaercst B Buje auddepeHuaIbHoro

ypaBHenust Ha HyHKIHO f(v): f T0MKHA YIOBJIETBOPATL OJHOMY U3 CJEAYIONIAX YpPABHEHMUIT
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ffl—f2=-=-p5 ff'—f?= —%2. BaMernm TakxKe, 9TO ecau [ yJAOBJIETBOPSAET OJHOMY W3
[epevYHCIeHHBIX YPaBHEHNUIT, TO OHA YIOBJIETBOpsIeT U ypaBHeHuto (3.1.5), a cOOTBETCTBYOIIASI
MOBEPXHOCTD SBJIETCS MOBEPXHOCTHIO MOCTOSHHON TayccOBOil KPUBU3HB K = —fTH.

OTMeTnM TakzKe, 9T0 B GepTPaHOBCKUX KoopauHaTax auddepennuaibioe ypapaenue (3.1.5)
upunumaer Buj 1+ 5np — 3nden + 4ng = 0, rue Gyuxuus n(O) = % COOTBETCTBYET
sorapudmudeckoil nponssoanoit byukmun f(v), av'(0) = f2(v(0)). Bosee Toro, Brmucanuoe
ypaBHeHHe 00JIa/laeT JByMs CHMMETPHSIMHU, B T.9. Takoil: ecau dyHkius 7(0) gpiasgercs ero

pemrenueM, 10 u dbyrknug 7(0) = n(u?O)/p? TakKe SABAAETCA €O PEIIEHHEM.

Teopema 10. ITycmv S’ ~ (a,b) x S' ~ mnoz006pasue ¢ woopdunamamu (v, mod 27) u
ncecdopumarocoti mempuroti ds* = dv? — f2(v)dyp?, 2de f(v) — enadrkasn dynruyus na (a,b) u

f'(v) # 0 na (a,b). Tozda, ecau gynryus f(v) ydosaemeopaem ypasHeruto

54 + 5(_f//f + fIQ)BQ . 5f//ff/2 +4f”2f2 . 3f///f/f2 +4f/4 _ 0, (317)

oas neompuuyamervnot deticmeumenvnots 3, mo 1a smom MHo2000pa3uL CYWecmeyom Kkoop-
durnamot (0, mod 27m), makue, wmo 0 = 0(v), 6 KOMOPLLT NCEBAOPUMAHOBE MEMPUKAE UMEETM,
6ud (2.1.8):
46> dip?

@ +c—10272 2P 1c—107)
2de |1, ¢, t — nexkomopuie seujecmeentvie Konemanmo, > 0. Ipu smom pu € {%, %} Boaee
mozo, ecau ff" — f? = const, mo f"f — f? = ?—;, ons i € {1,2}, t = 0,pu =
ff"— f?# const, mot+#0,p+# %

Obpammno, daa ecarxozo muozoobpasus Bepmpana 6es skeamopos, m.e. ncesdopumanosa

ds® = (3.1.8)

%; ECAU

MH02000pasus ¢ undepunumnot mempurot (3.1.8), dynrkyus f(v), noayuennas npu 3anucu
undepunumuot mempuru (3.1.8) 6 namypasvnwx koopdunamaz, m.e. f(v), onpedeaénnan

yeaosuamu — f2(v(0)) V'(0) = —(6? +c—1t072)"1, ydosaemesopaem ypasnenuo

_ 1
= P
(8.1.7) daa konemarmos B 1= % npu t # 0, das 060t Konemanmu 3 € {i, %} npu t = 0.

Sameuanue 3.1.2. 3amernum, uro ypasuenue (3.1.7) moayvaercs u3 ypasuenns (3.1.5) no-
cranoBkoit BMecTo f(v) BeIpakenust if(v), rae ¢ — MHEMas enuHUna. 1o ¥Ke CIpaBeInBO I
Juist MeTpuk: Merpuka (3.1.1) nepexogur B unjgedunutHyio Merpuky (3.1.3) npu onmucannoii

IIOJ/ICTAaHOBKE.

Sameuanue 3.1.3. Popmyust (3.1.5), (3.1.7) gar0r BO3MOKHOCTH KOHCTPYKTHBHO IPOBEPHUTD,

SIBJISIETCSI JIN TIOBEPXHOCTH OePTPAHOBCKOIl nan Her (cM. onpenenenns 2.1.1, 2.1.2 u 3amedanne
2.1.1). JTnst aroro npeobpasyem ypasuenue 31+5(f" f— f2)32 =5 f" ff2+Af" f2—3f" f' f2+
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41" =0 (equnas popma samucu aia (3.1.5), (3.1.7)), paspeuius ero oTHOCUTEILHO [3:

8=\ [-5ets " — 1)+ OGT — PP+ BIFGPT T 2= a5, 7 7,
(3.1.9)

8=\ [-5e " = 2) = OG — 27+ AP~ T 2= 66, £ ),
(3.1.10)

Takum 06pa3om mMest pUMAHOBY (IICEBIOPUMAHOBY) METPUKY B HATYDPATBHBIX KOODIMHATAX
ds? = dv?+ £ f?(v)dp?, nyxuo seraucauts byuxuuu S (f, f/ " ), B(f, f's f7, f) u ecim
XOTe OBl OIHA W3 HAX TOXKICCTBEHHO PABHA IIOJOKUTEJLHON pAIMOHAIBHON MOCTOAHHOM, TO
TIOBEPXHOCTD SBJISETCS] GEPTPAHOBCKOI (CTOUT OTMETHTh, UYTO YKA3AHHBI AJITOPUTM He YUH-

TBIBAET IKBATOPBI).

B kadecTBe WLIIOCTpAIMH TEOPEMBL 9 PACCMOTPUM HPOKOJOTYIO eBKIHIOBY ILIOCKOCTD,
IPOKOIOTYI0 mosaycdepy S2, HpOKOIOTYIO II0cKOCThL JloGauesckoro L?. Merpuka Ha 1a0C-
KOCTHU B HaTYPaJIbHBIX KOOPpAWHATaX (ﬂﬂﬂ TIJIOCKOCTU — 39TO HOﬂHpHBIe) nMeeT BHU/ dS2 =
dv? + v2de?, bynkuua f(v) = v, KpuBu3Ha MIocKocTH pabHa Hyao (f” = 0), cOOTBETCTBEHHO
f"f — f* = —1 (coorBeTcTBYeT 3HaueHHIO MapaMeTpos t = 0, ¢ = 0, u = 1). Merpuka Ha 110-

aycdepe B HATYpaJbHBIX KOODIUHATAX (151 TOJIychephl — 3TO JI0Jr0Ta U IMUPOTA) UMEET BH/T

7sinv)
sinv /7

ds? = dv? +sin? vdp?, bynxmus f(v) = sinv, kpuBu3Ha NoTyCchepH paBHa eIuHAIE (—
coorsercTBenno f”f — f2 = —1 (coorsercTByeT 3HaYeHMIO Napamerpos t = 0, c =1, u = 1).
Merpuka Ha L? B HATYpPaJbHBIX KOOpAMHATAX mMeeT BHA ds® = dv? + sh?wvdp?, byHkims
f(v) = shv, kpususna L? paBna MuHyc ejuHuie (—EE—Z), coorsercrsenno f’f — f? = —1
(cooTBercTBYeT 3HaYeHHIO mapamMeTpos t = 0, ¢ = —1, = 1). Vkazanubie GyHKIUT (a TakKe
HOJIY9AIONIMECS N3 HUX U + Co, é sin(civ + ¢3), é sh(civ + ¢3)) ABJISIOTCST BCeMU PereHusi My
ypasaenud f”f — f? = —1.

JokazarenbecTBo TeopeMm 9 n 10 equHOOOPA3HBI U JOCJOBHO IOBTOPSIOT APYT ApyTa, IO-
9TOMY HPHUBEJAEM TOAPOOHO JI0KA3ATEIHCTBO TEOPEMbl 9, KOTOPOE OCHOBAHO Ha CJie Ly IOIei

JIEMMeE.

Jlemma 3.1.2. ITyemov 6 ycaosuaz npamol meopemo, pynxuusa f = f(v) ydosaemsopaem
ypasnenuto (3.1.5). Toeda cywecmeyrom eduncmeennvie kKoncmarwma (b > 0 u dynryua 0(v)

mawue, 4mo

1 1 1
() =— . fA(v(9) = ,
R O M T R
2de Koncmawmo ¢, t eewecmeennvie. IlIpu smom p € {%, %} Boaee mozo, ecau f"f — f? =
const (wmo coomeemcmeyem noseprrocmu ¢ deyma nomenyuaramu), mo ff’ — f? = —f—j

ona i € {1,2}, t =0, = %; ecau ff" — f # const (mmozoobpasue emopozo muna), mo
t#0,u= %
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Jna nokazaresbeTBO JieMMbl 3.1.2 jiokazxkeMm Jiemmy 3.1.3 00 3KBUBaJIGHTHOCTH YCJIOBUIT
(3.1.5) u (3.1.6) Ha MeTpHKY, B KOTOPOii OHO (ycJ0BHE HA METPHKY) TepedOopMyInpOBaHO B
SKBUBAJCHTHOCTH ypasHennit (3.1.5) u (3.1.11). DKBUBATEHTHOCTD ypaBHEHU HY?KHO IOHH-

. o) — B2
Marh Tak: ecau f(v) — permenue ypapuenus (3.1.5), To dyuxmus f(v()), tae §'(v) = 200
sBJisieTcst perenneM ypasuenusi (3.1.11); obparno, ecou g(0) := f(v(6)), rue 6(v) oupenesnena

9yTh BbIIIe, sIBIAETCs perenneM ypasHenus (3.1.11), To f(v) — pemtenue ypabuenus (3.1.5).

Jlemma 3.1.3. Pacemompum konemanmy > 0 u dynxyuro f(v) > 0 ne coomsememsyro-
WY10 NoGePTHOCMU nep6o2o muna (cm. sam. 3.1.1), m.e. f"'f — f? # —%2, f'f— f?+# -5
1" f—f"* # 0 nu 6 xaxoti mouxe v € (a,b). ITycmwv ecmuv samena O(v), onpedesénnan ycarosuem
0'(v) = m, u v(0) — obpamnas 3amena, 2de | = % >0,1=1,2.

Tozda dudpdepenyuarvhoe ypasrernue mpemovezo nopadka (3.1.5) na f(v) sxeusarenmmo cy-
uecmeosanuto delicmeumenvho kKonemanwm ¢ 7 0, ca, das xomopwux pynxuyus f(v(0)) ydo-

saemeopaem JuddepenyuarvbHoMy YPaBHERUIO NEPE020 NOPAJKa

2 7))
" Pw0)

JIOKABATEJIBCTBO. Kaxkaplil mmar B qoKa3aTeabcTBe JeMMBI 3.1.3 mpeacraBiaser u3 ceds

(0 +co)™? W+@) (3.1.11)

9KBUBAJICHTHBII EPEX0/| MEXK/1y YPABHEHHSIMMU.
IMTar 1. /s yupomenns ypasuennss (3.1.5) Bcaen 3a Canrtonpere BeféM (byHKIHO

h(v) := f(v)f"(v) — f?(v). Torma ypasuenue (3.1.5) nepenuuercst B BUIE

B4 5h(v) % — 3f(v)f (v)N (v) + 4h*(v) = 0. (3.1.12)

ITar 2. /Ina paborsl ¢ KoopuHaToil € BBe1EM (DYHKITUIO 77(9) KOTOpAasl sIBIIeTCS B HEKO-

TOPOM cMbic/Ie anaorom h(v). Ilycrs n(0) = ng) L “((:((99)))) = ff 6}6312(12( ) Jerxo yOeIUThCS, 9TO
BbIIIOJIHEHO! 9
5 7799( (v))

) = Bril0(w), m(0) = T P o

[TocTaHOBKA MOy Y€HHBIX COOTHOINEHH{T BMeCTe ¢ onpejesnenneM 1) B ypaBaernue (3.1.12) mos-
BOJISIET MEPEIUCATh ero, 3aMeHuB v Ha 0:
1+ 5my(6) — 3nyy(0)n(6) + 4 (6) = 0. (3.1.13)
ITTar 3. Tomuoxkum ypasaenue (3.1.13) Ha ﬁ Takoe npeobpa3oBanue BISIETCS K-
BUBAJICHTHBIM IIEPEX00M B caydae 1)/ # —+, 0. A mocaesnee suimonneno, .. f(v) > 0, f'(v) #
0, a 3aaqgut 7(0(v)) # 0, TaKzKe MO YCJIOBHIO JeMMbI h 7 —’%2, 0, aro ozmauaer i # 0, — ;.
Oyuxmusa 7' (6) + % rJajkad U CoXpaHsgeT 3HaK Ha 00JacTH ompejesennd. Bseaém obo-
snadenne € = sgn(n'(0) + 1). C yuéToM e aHHbIX 3aMedanuii 1 BBEISHIONO 0003HAMCHU

Oy YUM

=

1
O + Damn” = (o + 1) (07 + D)4 + (' + )
(0 + 1)

77) — 0. (3.1.14)
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ITar 4. Unarerpuposanue mo 6 gaér
— =0, (3.1.15)

e ¢ — JefiCTBUTeIbHASI KOHCTAHTA, U BBITIOJHEHO 1) # 0 1 ¢y # 0 (COrTacHo yCJIOBUSAM JIEMMBbI
/
n' # —1).
ITar 5. Ilocienunit mar goKa3piBaer, 9To B caydae 7' # —1 ypasnenue (3.1.15) sxBuBa-

JICHTHO yPaBHCHUIO
1

4
TJie C1,Cy — HEKOTOPBIE KOHCTAHTHI, yaoBaeTBopsiomue ¢; 7% 0,60 + co # 0 B uaTEpBaEe M3Me-
HeHNnHA 97 n 7é 07 77/ 7é 07 T]/ 7é _17 T]/ 7& _%7 |Cl| = %7 C()(g + 02) <0.
0
[Ipsamoit mogcranoBkoii mposepsiercs (3.1.16) = (3.1.15). [list Toro, 4Tobbl MOKa3aTh 06-

n(0) = c1(0+ ca) > — ~(0 + c2), (3.1.16)

paTHYI0 MMILIHKAIMIO yMHOKUM 00e dactu (3.1.15) wa 7 u npoxuddepennupyem o 6:

3 !/
i/ A—, (3.1.17)

2
2

o+ §

[IpowrTerpupyeM moc/jieHee ypaBHeHue ¢ yaétoMm ¢g 7 0
3 1,1
—— '+ =77 =0+ ey, (3.1.18)
Co 4
Co — KOHCTaHTa uHTerpupoBanus. [locjiejinee ypaBHeHUE UHTEIPUPYETCH U JAET

0(0) = c1(0+ 2) " — }1(9—1—62) tos. (3.1.19)

CooTHOIICHNST HA KOHCTAHTBI OYeBHIHbL. []

B nokazaresberse jseMmbl 3.1.2 €MHCTBEHHOCTD JIEIKO HPOBEPSAETCs, & JJIst TOrO, 4TO0bI
IPOBEPHUTH CYIECTBOBaHUE pasbepém Tpu ciydasi.

JIOKABATEJIBCTBO JIEMMBI 3.1.2

Cayuait 1. Ilycrs soimosneno ff” — f2 # —’%2, ff" — f? # —p% Torma mo Jgemme
3.1.3 dbyukuusa f(v(h)) ynosrersopsier ypasuenuio (3.1.11), tae ¢; # 0. Ilpounrerpupyem
ypasuenue (3.1.11) no 0. Torga neBast gacTb

/ 1 d%f(”(e))de 11

P2 fAe(0) §M462f72(v>+c4'

[IpaBag yacTb paBHa

1 1 1
/ (01(9 + CQ)_3 — 1(0 -+ CQ)) dQ = —561(9 + CQ)_2 — g(@ + 62)2 + Cs.
T.K. 9 onpejgesjeHa ¢ TOYHOCTBIO JO KOHCTaHTBI BbIIIOJHECHO

9 B 1
P0) = ey
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riae t = —4ey, ¢ = —8(c5 — ¢y), pp = %

Cayuaii 2. Paccmorpum ciryuaii moBepxHocTu nepporo tuta, t.e. h' = 0, mosromy 1’ = 0,

ypasuenue (3.1.5) B dopme (3.1.13) maxomum ' = —1, = —i. Ecm nf = —a, tne a = 1
L f(v(o ! (v(6
W §, TO DU [i i= ﬁa umeem 7 = (af3)? df‘g(i(é);) = a];zj((v((e)))) = —af + const. Amagoruano

MEePBOMY CJYYal0 WHTETPUPYEM TI0 6§ moIydanm

2 _ CY52 . 1
f((0)) = (02 +¢) (0% +c)

49TO U TPeDOBAIOCH.

OcranpHble cjiydan pa3dupaiorcs aHaJorudHo. [

JIOKABATEJIBCTBO TEOPEMBI 9 UT0OB TPOBEPUTH YTBEP:KIEHHE TPIMOR TeOpeMbl MO/I-
CTaBMM MOJTydeHHBIH B 1emMe 3.1.2 Bug maa bynkmun f2(v) B MeTpuky ds? = dv? + f2(v)dp?.

[Toryanm
dao* N dp?
(02 +c—t0-2)2  p2(02+c—th2)

O6parHoe yTBepXK/JIEHHE CJIeIYyeT U3 TOrOo, 4TO Jjis puMmanoBoid Merpuku (3.1.6) mpm ¢ #

ds® =

0,8 = % dyukmua f(v(0)) ynosaerBopser auddepennmanpaomy ypasaennio (3.1.11), a mo-
tomy dynknusa f(v) ynosrersopsier (3.1.5). Tlpu ¢ = 0 byukmus f(v(0)) ymosiaerBopsier

52

nuddepennuanbiomy ypasaenuio (3.1.11) npu ¢; = ¢ = 0. Otkyna ff" — f? = — WM

— (%, nosromy f(v) ymosnersopser (3.1.5). OJ

3.2 CsoiicrBa nopepxsocreii u opéur B R R3

IIpo pumanossl nosepxnocrn bBeprpana Sc ,,, orBedaomue 3nadennio ¢ = 0, ©3BeCTHO MHOTOE,
T.K. 9TH HOBEPXHOCTH MMEIOT MaKCHMAJIbHO IPOCTOi B — KPYTOBOH KOHYC (HJIH ILIOCKOCTH ),
nosrycdepa, miockoctsb Jlobadesckoro. IIpo moBepxHocTn, orBedaroriue ¢t # 0, HOYTH HAIETO
He U3BECTHO, B T.4. ABJAIOTC JIH OHU airedpandecKuMu, WA dBJISIOTCS T TOBepXHOCTH Bep-
TpaHa TaKKe JPYyI'MMU U3BECTHBIMU HOBEPXHOCTSMU BpallleHus Kak napbl bouune ujiun “rpyiiu”
Tannepu.

Ucnonb3ys dakT peaninszyeMocTn Beex moBepxHocreit Beprpana ¢ nceBaopuMaHoBOil MeT-
PUKOIi (TeopeMa 8) MOKHO KOPPEKTHO ¢HopMyIupoBaTh hakT aareGpandHOCTH MOBEPXHOCTH
Beprpana. B pumanoBoM cydae Bce MOBEPXHOCTH, OTBeYAIOINTNe 3HAYCHUAM TapaMeTpoB ¢t = 0
up=1(umc=1t=0u000My [t), ABIAOTCS AJrebpandecKuMu, TO yKe CIPaBe/JInBO U

JJId IICeBJAOPUMaHOBa CJIyvdad.

Vreepxkaenue 7. [loseprrnocmo Bepmpana ¢ neesdopumanosoti mempukot (2.1.7) npu p =
1, peasuzosanias xax noGePTHOCMYL 6pauLeHus 6 RS, Acaaemca nodnoseprHocmvio ar2ebpau-

Yeckot noeeprHocmu.
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JTOKABATEJIBLCTBO. Mcenoan3yst reopemy 10 3anminem nceBgiopuMaHoBy Merpuky (2.1.7)
B HATYpaJbHBIX KoopauHaTax (v, ). Torma ona npumer suj ds® = dv? — f2(v)dy?, rae bynk-
uug f(v), KoTopad CTOMT B MeTpuKe, yiaoBjeTsopder ypasaenuio: f”(v)f(v) — f?(v) = (2,
rae f = 1/u. YpaBHeHue JIETKO MHTErPUPYETCs U MPUBOJIUT K siBHOMY By dbyHkuuu f(v):
flv) = ich (c18(v 4+ vg)), vAe ¢1,V9 — KOHCTAHTBI HHTErPUPOBaHusi. Takum 00pa3soM HOBEPX-
nocth Beprpana npu t = 0 m 4 = 1 npeacrasaser u3 cebs 9acTh OJHOMOIOCTHOTO TUTIEPOOJIO-
una {22 +y? — 22 = ¢}, KoTophlil AB/IdeTca ajredbpaundeckoil HopepxHocTbio. [

[Topepxnoctu BoHHe onpefeadioTca Kak JBYMepHBIE IIoBepxHocTH B R? ¢ momompio cpej-
Heil KpUBU3HBI H, HOSTOMY CpPaBHHBATH ¢ HUME OyIeM TOJIHKO PUMAHOBBEI MHOrooGpasus Bep-

Tpana, peannsyemoie B R3,

Onpenenenne 3.2.1. [lapa puMaHOBBIX MOBEpXHOCTElH S, Sy Ha3bIiBaeTcs napoit Bonne, ec-
JIL cyIecTByer u3omerpust h : S7 — Sy, COXpaHSIONAs CPEIHIO KPUBU3HY. [0BEPXHOCTD,

BXOJIAIIAs B KaKylO-HUOYAb napy BonHe, Ha3bIBaeTCs MOBEPXHOCTHIO BomHe.

Bameuanne 3.2.1. [Tosepxnoctu Bonne, ecrecrsenno, piaoxkensl B R3, B oramame oT mosepx-
nocteit Beprpana m TanHepn, KOTOpbIe MOTYT HOJTHOCTLIO BKIaALBaThed B R, wacTnano mim
BooOIIe He BKAaJbiBaThed. 1loBepxnocth Beprpama peanusyerca B R kKak moBepxHOCTDL Bpa-

IMIeHWs] TPY TeX 3HadeHusx ¢, t, u u 0 € (a,b), npu KOTOPBIX
P2 (0% +c—t072) > (0 +t02)2. (3.2.1)
[Ipo moBepxHOCTH BOHHE M3BECTHO CJIeAYIONIEE.
VYreepxkaenne 8. [[ycmv S — deymepras noseprrocmo 6 R3.

1. Ecau S nosepzrocmo cemeticmea Bowne, mo undyyuposannaa ¢ R® na S mempura

ABAACTNCA MEMPUKOTE BPAULEHUA.
2. Cpedu Komnaxmmwuz noseprrocmeti kaacca 2aadkocmu C? u poda p = 0 nem nap Bonne.

3. (I'P. 2Kykos) Ecau noseprrocms spawenus S ¢ mempurot (1.1.1) u xoopdunamamu
(u, o mod 27) He umeem OMOUAUYECKUT MOUEK U ee CPEOHAS KPUBUSHA HENOCTNOAHHA
(H'(u) # 0 Yu), mo nosepzrocms S asasemes noseprrnocmoto Bowne mozda u moavko
mozda, koz0a

axn(v) (H*(v) — K(v)) = coH.(v). (3.2.2)

3deco H, K — cpedhas u 2ayccosa KpususHs, cOOMBEMCEMEEHRHO, Co — KOHCMAHMA, U —

HaMYPasorull napamemp npodusvrol kKpueol (mepuduana).

Cdepa S? ¢ meTpuxoii Bpallienus — I0BepXHOCTh TaHHEePH, €I BCe Teoie3ntuecKue Ha Hei
3aMKHYTHI (CM. Teopemy 2). Jlonyckaercst Hasmane ocobenHocTel B mosocax cdepbr (moapoo-

Hee ¢M. B [5]), MOITOMY MX MOXKHO BBIKOJIOTH M PACCMAaTPUBATH MOBEPXHOCTH TaHHepH Kak
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nosepxuoctb S & (a,b) x S' ¢ merpukoii (1.1.1). ITepedenb Bcex MeTpUK BpalleHus IOBEPX-
nocreit Tanuepu jgaér Teopema 2.

[ToBepxnoctn Beprpama me mMeOT 9KBATOPOB (TOUEK g : ahy(ug) = 0), a moBepxHo-
ctu Tamuepu Bcerja MMeEIOT POBHO OAWH KBaTOp. IlodTOMy TobaibHO 9TH JBa KJacca He
nepecekatores. exomubie nmopepxnocru Tannepu (romeomopdusie cdepe, 6€3 BbIKAIbIBAHUSI
[OJIIOCOB) KOMIIAKTHBIE, & CPEIH TaKHX IMOBEPXHOCTEH He MOXKeT OBITh MOBEPXHOCTH BoHHE
o yrBepzkienuio 8. B nporuBomnosiokuocts nmapam bonne, noBepxunoctu beprpana u Tanme-
pH MOryT BoOOmIe He BKIaapiBaThed B R?. Ommako mape mapamerpos (c,t) € Q3 (cM. puc.
2.2) COOTBETCTBYIOT Cpa3y JBe MaKCHMaJbHble TOBepXHOCTH Beprpana S; ~ (0, \‘*/—_t) x St
u Sy &~ (v/—t,00) x S (cm. Tabs. 2.1), KOTOPbIE MOKHO LIAJIKO CKJICHTDH 110 HEJOCTAIONEMY
skBaTopy {v/—t} x S!, T.e. cymecrsyer riaaxas nosepxuocth Sio ~ (0,00) x S ¢ Merpukoit
(2.1.2) Takag, uro eé nognosepxuoctu (0, v/—t) x St u (/—t,00) x St cyTh MakcuMasIbHbIE HO-
BEPXHOCTHU Beprpama ¢ OHIM U TeM Ke 3HAUYCHHeM MapaMeTpoB (¢, t, (1), TPH STOM BBIIOJTHEHO
coOTHOMIEHHE ahy(v/—t) = 0, T.e. Sip OyaeT uMeThb JBa HOIIOCA W OAWH 3KBaTOp. Hampumep,
upu ¢ > 0,t = 0,u = 1 (310 coorBeTcTBYeT Jy4uy i, KOTODBI SIBJsIeTCs TpaHUIEdl 0b1acTH
23 Ha puc. 2.2) MakCHMAaJbHBIE TOBEPXHOCTH BepTpaHa sIBISIOTCS TPOKJIOTBIME B IIOJIOCAX
nosrycdepaMu, KOTOpble MOXKHO CKJIEUTH 110 9KBATOPY B cdepy 0e3 MOTI0CoB.

YerpaHuB HpEnsiTCTBAE B BHUJIE 9KBATOPA, MOXKHO CPABHUTH HOBEPXHOCTH Beprpana ¢ 1o-

BepxXHOCTAMHU TaHHepu.

YrBepxkaenue 9. Ha zaadkoti noseprrocmu Sia, NOAYHGEMOT NPU ONUCAGHHOM GbLULE CKAE-
UBAHUY JBYT MAKCUMAALHUT noseprrocmet Bepmpana S1,Ss, 3adannvz napoti napamempos

(¢, t) us obaacmu Q3 (puc. 2.2), 6ce 2eodesuneckue 3aMEHYMbL, 30 UCKAIOUEHUEM MEPUOUGHOS.

JTOKABATEJIBCTBO. YpaBHEHHs reoJe3ndecKuX B KoopauHaTax (6, ) uMeT Bu

: 200 +t073) ., 1 an o
- 3 = 2.
d 7 ¢
dt = = K. 2.4
dt <u2(92 +c— t92)> Ve 12(62 + ¢ — t0-2) (3.2.4)

13 ypasHaenust (3.2.4) MOYKHO BBIPDA3UTH ¢ U MOJCTABUTH B ypaBHeHue (3.2.3), MOJyIUTCS ypaB-

HeHWe, 33/Iai01ee KPUBYIO (COOTBETCTBYIONIYIO reoje3ndeckoii) B Buje dbyukmun 6 = 0(p):
0" 4+ 60+t = 0. (3.2.5)

[Ipounrerpupyem ypasuenue (3.2.5) aBa pasza:

_ E
0%+ 0> +c—th7% = R (3.2.6)
1 K c t . 9+ ¥
P =(=——=)[1+,/1+ sin 2 3.2.7
(/FK? 2 (%%_5)2 [ ( )

U3 parmmoHaabHOCTH [ CaelyeT 3aMKHYTOCTDb reoie3ndeckoit. [
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Takum obpa3oM yKa3aHHbIE B YTBEPZKJIEHUN MOBEPXHOCTU DeprpaHa ¢ 3KBaTOpaMu SBJIs-
I0TCS TOBEepXHOCTAMU Tanuepu.
Menee TpuBHAJIbHBIM SIBJISETCS BOIPOC O JIOKAJTBHOM MepecedeHnH KJIacCOB, T.e. MOTYT JIH

CYIIIECTBOBATH ODIIUE KYCKW Y TMOBEPXHOCTEH U3 Pa3HBIX KJIACCOB.

Omnpenenenne 3.2.2. /[pa Kjacca NOBEPXHOCTeH BpalieHns (W3 TPeX MepeunCAeHHbBIX) J0-
S1 & by)xS? it di 2

KAJIbHO IIEPECEKAIOTCsI, €CJIU CYIIECTBYIOT HOBEXHOCTD S & (a1, b1 )X S* ¢ merpukoit diag(ai; (u),
2 ~ 1 o i (=2 2

a35(1)) M3 mepBOro KJaacca u MOBEPXHOCTH Sy & (ag,be) X S ¢ Merpukoit diag(ay, (u), as,(u))

U3 BIOPOIO, a TakxKe 4ucia ay, by, ab, by, rakue, uro a; < aj < b < by,ay < afy < by, < b,

U raajgKas u30MeTpus h, mepesojsinas mojocy nepsoii mosepxunoctu S x (af, b)) B mosocy

sropoii S' x (ah, bh).

Jpyrumu cioBaMu, JBa KJIacca JOKATHHO MEePEeCeKaloTCsl, eCIu KycodeK (B BHJE MOsCa)
KaKOH-TO TMOBEPXHOCTH W3 IEPBOT0 KJIACCa COBMAIAeT € KYCOUYKOM IOBEPXHOCTH W3 BTOPOTO

KJacca. B ciemyommeM YTBepsKIeHIT TTOBEPXHOCTH TTPeII0NaraloTes BIOKEeHHBIMI B R3.

YrBepxkaenue 10. Kaace nosepxrocmet Bepmpana u xaace noseprrnocmeti Bowne ¢ neno-

cmoannott (Yo H'(v) # 0) cpedneli kpususdnoli A0KGADHO HE NEPECEKAIOMCA.

JLOKA3ATEJIBCTBO. lng moka3aTebCcTBa YTBEPK/IeHUS JOCTATOYHO YOETUThCs, UYTO HU
Ha KakKoil 00JIaCcTH TOBepXHOCTH BepTpaHa He BBITIOJHAETCS COOTHOIIeHue (3.2.2), ompees-
01ee MMOBEpXHOCTHL DoHHEe, ¢ 3TOM 1esbio /g MoBepxHOCTH DBeprpana mocuuraeMm asg, H, K,
nojcraBuM ux B dbopmyny (3.2.2) u ybeaumcst, 9To paBeHCTBO (3.2.2) HAPYITHTCS.

[To merpuke (2.1.2) BJIOXKEHHO¥ B R? moBepxuOoCcTH BeprpaHa mocunTaeM eé CpeTHION o

rayccoBy KpUBH3HBI. MITaK, KOMIIOHEHTHI METPHYECKOrO Ten3opa F = a3, = m, F =0,
G =

1
m. FayCCOBa KpUBU3Ha BbIYUCJIACTCHA 110 CbOpMyﬂe

K= _ 1 (3 Gy )
VEG \VEG)’
9TO B UTOIe JIaeT

K =c—6t02 — 3t~ + 262075, (3.2.8)

Jlna nojicdera cpejiHeit KpUBU3HBI BHIYUCUM CHavaJja TJIABHYIO KPUBU3HY A; KaK KPUBHU3HY
npodunbHOK KpuBoii (Mepunana), 3areM mojieuM Ha Hee K u Haiiem \o. CpeHsis KpUBU3HA

OyaeT ux cpegHuM apudmeTndeckuM. Mveem

M = /(0% + ¢ — t072) — (0 +t073)2,

(02 4+ c—t072) — (0 +t073)% + c — 61072 — 3tch~* + 2t26~°
V(02 + ¢ — t0-2) — (0 + t0-3)2 '

Ocrasoch Beraucauts H). Jlis aroro 3amernm, 9TO HATYPATIBHBII mapamerp v cBsa3aH ¢ 0

dé
u2(024c—t6—2)

2
o = 1

coOTHOMEHHEM U = [ . Nmeem

/

1
H;ZHg-Q;ZH(;-U—:Hg-ﬂ2(02+c—t0—2).
[%
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Beraucsienns nokaspiBaor, 4ro mocse nogcranosku K, H, H, az B dopmyry (3.2.2), paBen-
CTBO HE BBITIOJTHIETCH JlayKe JIOKaJIhHO. [

CoorHotenne (3.2.2) 3aaeT HOBEPXHOCTH BOHHE U ellle HEKOTOPBIE MOBEPXHOCTH BPAIIIe-
HUSA ¢ OMOMJIMYECKUMHU TOYKAMHU; KaK MBI MOKA3aJd TOJHKO 4YTO, HH Te€, HU JAPYyTrue He OyIyT
nosepxHocrsimu beprpana.

Kaxk nokassiBaer coorHotenue (3.2.8) st puMaHOBBIX oBepxHOCTEH Beprpana npu t = 0
rayccopa KpHBH3HA IOBEPXHOCTH paBHa Mapamerpy c. Hampumep, npu mOJOXKUTEIbHBIX € U
1 =1 umeem noJiycdepy, IprudeM ee paauyc paBeH % CoriacHo TeopeMe 7 Bce 1moJiycdepsl,
3aJIAHHBIE PA3IUYHBIMU 3HAUYCHHSIMHU MapaMeTpa ¢, HOJOOHBI APYT APYTY, YTO COOTBETCTBYET
OXKHUJIAHUSM, TIPU STOM KOHCTAHTA k, CBA3BIBAIOINIAS ¢ M Cy, ABAAETCS KOIMPUITUEHTOM 11010~

ond.

J1;1a moBepxHocTeit Beprpana B R3, cooTBeTCTBYIONMX 3HAYEHAAM mapaMeTpos t = 0, 1 =
1, moapobHO onmMCcaHbl MHOTHE JIeTAJH ABUXKEHHSA, B T.9. c(DOPMYJIUPOBAHBI aHAJIOTH 3aKOHOB
Kemnepa. ChopmynupyeMm 3T aHAJIOTH s MOaychephl, s IOCKOCTH JI0badeBCKOro oHu
GOPMYTHPYIOTCS AHAJIOTHIHO C COOTBETCTBYIONIEH 3aMEHOH BCEX CHHYCOB Ha TUIepOOInIecKne

cunycsol. /Lng nepsoro 3akona Kermiepa nonajodourcs onpeaenenue 3.2.3.

Omnpenenenne 3.2.3. Paccmorpum B R? ¢ fexaproBbiMu koopaunatamu (z,y, z) noaycdepy
S ={2> +y? + 22 = r?, 2 < 0} u 3aMKHyTOe CcedeHHe Y Ha Hell KOHYCOM BTODOIO MOPHJIKA
¢ BepIIMHON B Havyase kKoopawHaT. Torna Kpusas 7y 0bJIajiaeT ONTHYECKUIM CBOWCTBOM, T.€. HA
nojiycdepe cymecTBylor e Touku Fy, Fy takue, uro jitob0#t Jiyd, BblnylieHHbI u3 Fi nocie
oTpazKeHHUsl OT 7y Hpoijer vepe3 Fy (yd pacmpocrpansiercs: 1o reojgesuvecknm). Hazosem

touku Fy u Fy dorycamu .

Vreepxkaenue 11 (Ilepsoriii 3akon Kerutepa mis cdepsr [18]). ITyemo sadana noaycpepa Cg
¢ koopdunamamu (0,p) u mempukot (2.1.2). Ilyemv wa chepe dedicmseyem ananoe Hv0OmMo-
HO6CK020 nomenyuana Vi usu ananroz 2ykosckozo V. Tozda wacmuuya 6ydem deuzamwves no
KOHUMECKOMY CeMeHuto, 20e KOHYC AGAACMCA Keadpukoll u e20 yenmp cosnadaem ¢ UeHmpom
cihepo. Kax u 6 naockocmu ma noasycepe anasoz 2pasumaontnozo nomenyuara 0aém -
AUNC € NPUMALUSAIOULUM UEHTPOM 6 POKYCE, 4 6 CAYHAE OCUUAAAMOPHO20 NPUMALUEAIOULUT

uenmp bydem 6 uenmpe Keadpuru.

Y0661 06001mHUTH Bropoii 3akoH Kersiepa Ha nosycdepy HeoOXOAMMO BBECTH MOHATHE Me-
Hu dacTunbl. CoeJIMHUM TOYKY, B KOTOPOH HAaXOJUTCS YaCTHIA, C IOJIOCOM IoJychepsl ¢
IMOMOIIBI0 MEPHUIHAHA, TOTAA IPU IBUKEHUN JACTUILI 110 IIOBEPXHOCTH AyTra OOJIBIIONO Kpyra,
COEJMHSIONIAs TOYKY C HOJIOCOM, 3aMeTaeT HeKOTOPYIO 1iomais S(t). st ykasanHoit wio-
maau Bropoit 3akon Kemepa we Boinosnnsercs, T.e. §(t) # 0. ComocTaBuM KazKI0fl YacTHIe
(v, ) eé Tenn, T.e. TOUKy (2v, ), rie (v, @) — cdeprndeckne KOOPAMHATHI, KOTOPHIe CBS3aHbBI C

OepTaHOBCKUMU CJeayionuM obpasoM: 6 = ctgr, o = .
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VrBepxkaenue 12 (Bropoii 3akon Kemiepa st cohepst [37]). Hycmo sadana noaycgepa Cg
¢ Koopdunamamu (0, @) u mempurot (2.1.2). ITycmo na Cs deticmsyem anaroe HolOMOH06-
cx020 nomenyuanra Vi usu ananoz 2ykosckozo V. Tozda naowadu, samemaemvie 30 pacHbie
UHMEPEAABL EPEMEHU MEPUOUAHOM, COCOUHANOUUM MEHD JSUNCYULLTICA YACTIUULL C NOAOCOM

noaychepos, pacHb.

CrouT 3aMeTUTh, YTO He JJIs KaxKI0H TOYKU HoJIycdephl ompeie/ieHa eé TeHb (711 TOUeK
JICZKaIlIuXx B6JII/I3I/I IKBaTOpa yABO€HHasAd IIMUPOTA BbIXOAUT 3a LIPEACJ/IbI 9KBATOPa, T.€. 11OBEPX-
HOCTH), XOTSl €CJIM CYNTATh TeHb abCTPAKTHOW TOYKOM, mpuHajexarnei meaoii cdepe (r.e.
JaCTHIA JBUTAETCS 110 Tosrycdepe, a eé TeHb 1o MOJIHOM cdepe), TO Torga 3aKoH 060061aeTcst

0e3 orpaHHYeHUH.

Vreepxkaenue 13 (Tperuit 3akon Kennepa miist cdhepsr [37]). ITyemo sadana noaycgepa Cs ¢
koopdunamamu (0, p) u mempuroti (2.1.2). Ilyecmv na Cg deticmeyem ana.noe HbIOMOHOBCK020
nomenyuana Vi. Toeda nepuod dsusicenua T wacmuyw, no opbume (m.e. nepuod mpaekmopui)
3A68UCUM MOALKO O CYMMbL V1 + Vo, 20€ V1, Vs — NEPU U ANOUEHMPYL 8 CPHePUHECKUL K00PIU-

wamaxr, m.e. NpPocmo wupomst NePpuUu- U anoUueHmMpoe6.

K coxasienunio, 0000IuTH 3T 3aKOHbI HA MMOBEPXHOCTH Beprpana, oTBedalolue HeHyJIe-
BOMY 3HAYEHUIO mapamerpa t, He yaaercda. OaHAKO MOXKHO 0OOOIUTH WX HA CJIy4ail TCeB0-
PUMAHOBBIX IIOBEPXHOCTEH, OTBEYAIOMNX 3HaYeHuAM HapamerpoB t = 0, u = 1, HO cHavaJja

chOpMYIUPYEM OJHO MPOCTOE YTBEPKICHHE.

Vreepxkaenue 14. I[Tycmo S (S') — pumanosa (ncesdopumarosa) noseprrnocmo Bepmpara,
peanusosannas ¢ R® (R3), a V — samwrarowud nomenyuan na net. Tozda opbummv 6ydym
CUMMEMPUHHDL OTMHOCUMENLHO NAOCKOCTEN, NPOTOOAUMUL YePe3 0Cb GPAULLHUA NOGEPTHOCTIU

U mouex IKCMmpemyYmoe.

OTO yTBepKIeHUEe SABISIETCS MPIMBIM CJAeJCTBUEM npeaoxkenus 2.2. Chaemyioriee yTBep-

XKenne 006001aeT nepsblit 3aKoH Keriepa Ha MOBEPXHOCTU € UHACMHUHUTHON METPUKOIL.

Yreepxkaeune 15. [ycmv S’ — noseprrocms Bepmpana ¢ ncesdopumanosoti mempukot

2 _ do? dp? 3 . .
ds® = @Eror T @ra Peaiusosanas 6 R3. Iycmo na neti deticmeyem ananoe nv0monos
ck020 nomenyuana Vi uiu ananroe 2ykoeckozo Vo. Tozda deusicenue no S’ nod deticmeuem Vi
(coomeememsenno V) bydem npoucrodums no KOHUMECKUM CEYEHUAM, 20€ KOHYC ABAACTNCA

HGCLdeKOfZ U €20 YeHP pacnoAoHCeH Ha 0CU 8PAULEHUA.

JIOKABATENBLCTBO. Touka ¢ koopaunatamu (0, @) JeKUT HA MOBEPXHOCTH (T,Y,Z2) =
(f(@)cosp, f(0)sinp,g(f)). Ilpu srom mas morennumana Vi cornacuo (2.2.18) 6 u ¢ cBs3ambl
coornomenuem 6 = a + bcos p. Boipasum B s1oM coornomenuu 6 u cos uepes (X,Y, 7).

Kocunyc Boipazkaercst Tak cos ¢ = X /v X? + Y2, 0 Beipazxkaercs tak 0 = \/—cﬁ (u3 g —
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2 __ 1 2 __ 1 2 __ _ [
e = @z I [* = — g, Haxogum ¢~ = m, WHTETPUPYEM § = gz W yCTAHABIHBACM

0=v—cf= \/—cﬁ). [Tocsie MOACTAHOBKH MOJTY YUTCSI

Z X
L At b,
,/X2+Y2 1/)(2_}_}/'2

a 9TO yKe ypaBHEHHe KBaJIPATHIHOIO KOHYyca ¢ BeprimHoi Ha ocu OZ.

V—c

_ X%2-Y? p2 Z?
Ananornano jpis morennuana Vo (cos2p = S 00 = —CW). O
[Mocaieanee yreepzxaenue cpOpMyJIHPOBAHO JJjid OPOUT, KOTOPbIE 3aMbIKAIOTCA 38, OJUH BU-
ToK (0 = 1).

[Ipu t # 0 HesdCHO ABASIOTCS JiM OPOUTH KOHMYECKHMH CeYEHHSIMH, HO OHHU COXPAHSIOT

HEKOTODBIE CBOfiCTBA djumhIca. Bo-nepBbix, obmuit Buy ypasaenus (2.2.19) 0% = i(l%—e cos 2¢p)
HAIIOMHHACT YPABHEHHE 3/IIATICA B MOJAPHBIX KOOpAUHATAX (B crydae R? ¢ MOASPHBIME KOOD-
JuHaTaMu (7, ) 6epTPAaHOBCKHE KOOPAMHATHI onpe/estorces Tak 0 = 1/r). Bo-sropsix, opbura
nMeeT 2 OCH CHUMMeTpHH.

B-Ttperbux, A71d opOUT MOYKHO BBECTH MOHSATHE dKCIeHTpucuTera. Ha mirockocTn kBajapu-
KU 33JIAI0TCS SKCIEHTPUCUTETOM C TOYHOCTBIO 0 TPeodpPa30BaHUs MOI00US, T.e. JIIOObIEe TBe
KBAJIDUKHU C OJMHAKOBBIM e mojo0Hbl. B ciyuae nosepxuoctn Beprpana (kak ¢ puMaHOBOI

TaK W C MCEBIOPUMAHOBON METPHKOI) HA30BEM SKCIIEHTPHUCATETOM ODOHTHI BEJHUHHY € =
t— 24
K2
W. Torga ecim B3ITH OPOUTY € TEM Ke IKCIEHTPUCUTETOM, HO JPYTUM

K2 2)
TO OJIHA HEPEBOJUTCS B JIPYIYIO ¢ HOMOILIbI0 yMHOXKeHust: Y1 (0, ) — Y2(0, 9) = v1(x x 6, ).

E-B c

K2 2

1+

B-uerBepThIX CrpaBeIuBo 0000MIEHHE CIE/ Y IOMEro TPOCTOTO CBOHCTBA KBAPUK HA, MTOC-
KOCTH: eCJIM MOBEPHYTh Ha MI0CKOCTH 3/utnic (rapabony) va 90 rpajycos (u garxKe CIBUHYTH),
TO TOYKH MEPECEYeHUs] ero ¢ UCXOMHBIM JLTHICOM (ecsiu ¢apura He ObL10, ux Gymer 4) GymyT
JIeZKATh HA OJTHOU OKPYYKHOCTH (JOCTATOYHO CJIOKUTH UX YPABHEHUS B IEKAPTOBBIX KOODINHA-
Tax). 3/1ech e POJIb IIOBOPOTA CEIPAET MOJCTAHOBKA ¢ — ¢ + §, KOTOPas AACT MOBEPHYTYIO
opbuty. OKa3pIBAETCs €€ mepecedenne ¢ NCXOMHON opOuToit OyIeT cocTOATh U3 4 TOUYeK, JieyKa-

IMAX HA OJIHON IapaJlIe/an.
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I'1aBa 4

'amMuabTOHOB 1TOIXO

B npegpiaymux riraBax K cucreMaMm bepTpana npumensiics Jarpamkes noaxoia. OpaHaKo cu-
cremMa Beprpana sBjseTcs B TO K€ BpeMs M TaMHJILTOHOBON CHCTEMOI € 4eTBIPEXMEPHBIM
dazoseim mpocrpancTsoM M*. Beprpanosckas cucTeMa HHTerpupyeMa, HojHas sHeprus F o
kuHeTndeckuit moment K — eé mepBbie mHTerpasibl. /ljis HEKOTOPBHIX GEPTPAHOBCKUX CUCTEM
(puMaHOB cory4ait, t = ) HOCTPOEH TakKe TPeTHii HepBblil HHTErpas, KOTOPHI ABIseTCsT 0606-
menneM BekTopa Jlammaca-Pynre-Jlenna [25] (3amerum, uro BekTop Jlammaca-Pynre-Jlenma
yasoch 0600IUTEL TakKe W Ha OCTajabHble ToBepxHOCTH Beprpana [1]), Takum obpazom, asst
TAKWX CHUCTEM HaliJIeH MaKCUMaJIbHBIN HAOOD mepBbix nHTerpaaos. Cucrema Beprpana odenn
[OXO07Ka HA HHTEerPUpPYeMble M0 JIMyBUILIIO raMHIBTOHOBbBI CHCTEMBI [33], HO TAKOBOI He sABJIsI-
eTCs B CUJIY HETOJTHOTHI (ha30BBIX MOTOKOB. OTHAKO OHA COXPAHsIET MHOTHE CBOWCTBA HHTETPU-
pyeMbIX 1o JInyBmamio cucreM, B T.9. & (pasosoe npoctpanctso M* ciaonTes Ha coBMecTHEIE
MOBEPXHOCTH ypOBHEil wHTerpasoB K um K, ¢BS3HbIE KOMIOHEHTHI KOTOPHIX JIHOO OKPYKHO-
cTH, b0 TOpHI, Jinbo nmuruHApbl. Cucrema beprpana OGorata pa3JTHuYHBIMUA OCOOEHHOCTSIMHU:
y Heé He Bcerjia MOJHBI (DAa30Bble MOTOKHU, y HeEé eCTh HEKOMITAKTHBIC CJIOW M HEKOMIAKTHBIE
nepecTpoiiku, y Heé Bce Topbl JInyBuiuisi pesonancunl. HecmoTpst Ha Bee 3T0 37eCh paboOTaAIOT
OOJIBIITUHCTBO METO/0B, pa3pabOTAHHBIX W MPUMEHSIEMBIX JIJI WHTerpupyembrx mo JlnyBu-
JTI0 TAMHIJIBTOHOBBIX CHCTEM C KOMIAKTHBIMU H309HEPreTHYIeCKUME MoBepxHocTsaMu [32]-[34],
[41]-[42], [45]-[53], [54]-

B namHoii T1aBe 6y1eT moApOOHO OMUCAHA TOTOJIOTHS cloeHus JInyBuIsa cucreMbl BepTpa-
HA, UCCJIEIOBAHA MOJTHOTA (ha30BBIX MMOTOKOB MEPBLIX WHTErpaioB K n K, a TakzKe BO3HUKAIO-
IIue nepecTpoiiku ¢jioeB mpu uaMenennun F u K, moctpoensl paciuimpennbie 6udypKaiuoHHbe

JuarpaMMBbl.

4.1 Cucrema BepTpaHa kak TaMUJIHTOHOBA CHCTEMA

Hpe,ZLCTaBJIeHI/IG CHUCTEeMbI BepraHa KaK TaMHJBTOHOBOU CHCTEMBI IIO3BOJHUT HAM IIPpUMEHHTD

K €€ UM3YYCHUIO HOBblE€ METOAbI U IIOJIYYUTb HOBbIC PE3yJ/ibTaTbI. HyCTb ¥ HaC 3adaHO IIPpOu3-
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BOJILHOE IJ1aJ[Koe MHOroobpasue spaimenus S = (a,b) x S' (coorsercrsenno S’) ¢ kKoopuua-
tamu (u, mod 27) m pumanoBoii merpukoit (1.1.1) (mceBmopumanosoii Merpukoit (1.1.2)).

[Iycts Ha S (Ha S’) meiicTByer meHTpaJbHbI riaakuii motennuan V (u). Torga rakas cucre-

Ma SBJIeTCS TaMUJIBTOHOBOU. COOTBETCTBYIOIIUNE UMITYILCHI UMEIOT BHIL P, ‘= % = a?,(u)1,
— OL _ 2.2 ; _ _ s N
Pp = 57 = Eax(u)p, rae L — narpanxuan, a ramusipTonnan H = s T T V(u).
JBuzkenne 3ajaeTcsa ypaBHeHUsIMH | aMUIbTOHA:
_ oH
T Opu’
_ OH
= o,
N (4.1.1)
Pu = —3.»
. _ _9H
by = g

HamoMmHuM, 94T0 BeJIMYMHA € BBEIEHA I € IMHOO0pa3us 3anuch GopMyJ B PUMAHOBOM H IICEB-
JOPUMAHOBOM ciiydasix (cum. onpejesenue 1.1.1), 1 COOTBETCTBEHHO PABHA €JIUHUIE B EPBOM
1 MuHyC eguHuIe Bo Bropom. Korna noepxuocrs S (wm S’) u norennuman V' 6eprpaHoBekue,
To ypaBHeHus (4.1.1) MOXKHO permuTh B GepTpaHOBCKHX KoojpuHarax (0, ) (cM. 3amedanue
1.1.2) u 3amucarp penterue B Buje dbyukiuu 7(t) = (0(t), p(t)), T.e. HaliTH TpaekTopuu (CM.
onpenenenue 1.1.3) na S (umm S'). Tlo rpaekropuu 7(t) BoccTaHaBIMBaeTCsT OPOUTA, a TAKIKE
dasosag tpaexropnus 7 (t) = (0(t), p(t), po(t), py(1))-

Bosbiyo momomnth B mHTerpupoBannu ypasaernuii (4.1.1) oKa3blBAIOT MEPBbIe HHTEIPAJIBI
HOJIHOU 3HepruM E ¥ KUHETHIEeCKOro MOMeHTa K, KOTOpBbIE SABJSIOTCS TAKOBBIMU HE TOJIb-
KO Jiis GepTpaHoBcKoil mapsl (S, V), HO W JJIs MPOU3BOJIBHON MOBEPXHOCTH BpalieHus S u

HEHTPAJLHOTO (HE 3aBHCSINEr0 OT YIJIOBOH KOODAMHATHI () HOTeHImaza V'

2 2

pu A p‘ﬂ
FE=H= VvV 4.1.2
22, (w) T2y W) (4.1.2)
K = p,. (4.1.3)

Tamuavmonosoti cucmemotc Bepmpana nazosem orpanndenue cucrempr (4.1.1) na nuba-
puanTHOe nopMuOXKectBO M?* = (T*S) \ {p, = 0}. Pazosoe npocrpancreo M* cucrembr
npejicTaBsier u3 cebs deThipexMepHoe MHOroobpaszue Bpamienust (a,b) x ST x R x (R!\ {0})
(KoKacaTeIbHOE paccioeHue K S, U3 KOTOPOro yaaJeHbl (a3oBble OPOUTHI, OTBEYAIOIIHE OCO-

6eiM opbuTaM). Ha M* onpenenenst koopaunats (u, ©, Pu, Py)-

Onpeaenenne 4.1.1. Cumnaexmuneckoe Mmaorooopasue M — 3T0 MHOrooOpasue ¢ 3aIaHHOit

Ha HeM HeBBIPOXKJIEHHOU 3aMKHYTOH 2-dopmoit w. PopMa w HABBIBAETCS CHMILIEKTUYIECKOMN.

JI1060€e cUMILTIEKTHYIeCKOe MHOT00Opa3ue sIBASeTCsd OPHEHTUPYEMBIM U Y€THOMEPHBIM.
®azoBoe mpocTpaHcTBO M* omHcaHHOI BBIIe TUHAMHYECKOH CHCTEMbBI — CHMILIEKTHIECKOe

MHOI'000pa3ue ¢ KAHOHUYECKON CUMILIEKTUYECKOU CTPYKTYPOil
w = du N\ dp, + dp A dp,. (4.1.4)
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Hannune cuMiaekTudeckoit CTPYKTYPbI IIO03BOJIACT KaHOHUYECCKU OIPEAC/INTL BEKTOD KOCOI'O

rpajuentTa oT cKajspHoii riajgkoit Gyukimun F na M* u ckobky ITyaccona [33)].

Omnpenenenne 4.1.2. g riajaxoit bynknuu F Ha cuMiLiekruaeckom Muorooopasuu (M2, w)
ONpeIeIéH BEKTOD kocozo epaduenma sgrad F'(u): koopauaarsl BekTopa sgrad F'(u) ompeens-
10Tcsa U3 coorHorenus w(v,sgrad F') = v(F'), Koropoe JOJZKHO ObITh BBIIOJHEHO IS TPOU3-
BOJILHOT'O BEKTOPHOTO 1oJisg v Ha M?". B J10KaIbHBIX KOOPIHHATAX

5 dFZ: —_—
(sgrad F)' = w15

(4.1.5)

e w¥ — Marpuna, obpaTHas K w;; — MATPHIIE CUMILIEKTHIeCKOH dbopmbl (4.1.4).

BekTop kocoro rpamuenta sgrad F' gBjsieTcs JBONCTBEHHBIM K KOBEKTOPY rpajueHTta dF

OTHOCHUTEJILHO HEBBIPOXKICHHONU (DOPMBI W.

Onpenenenune 4.1.3. Ckobkoit Ilyaccona ma muoroob6pasum M Ha3biBaeTcd OWIMHEHHOE
orobpaxenue {-,-}: C®(M) x C*®(M) — C*°(M), cTaBsimee B COOTBETCTBHE Tape TN TKHX
byuKIui rIagaKyo (QYHKIHIO, U yJI0BJIETBOPLIONEe TpaBuiaM KOCOil cuMmmerpun, fAxkodu u

JleitOauIa:

{f. {9, 0}} +{g.{h, [}} +{h.{f.g}} =0, (4.1.7)
{fg9.h} = fg, h} + g{f. h}. (4.1.8)

Mmuoroobpasue, Ha KOTOPOM BBeJeHa ckoOKa [lyaccona, Ha3bIBaeTCsS NyaccoHo8bM.

JIroboe CHMILIEKTHYECKOe MHOTOOOpa3ne sIBJSIeTCsT MyacCOHOBBIM (0GpaTHoe, BOOOIIe To-
BOpsI, HE BEpHO), T.K. Jjist JBYX Tiaakux dbyuknuii F, G cxobry [yaccona MOXKHO BBECTH
CTAEYIONIAM 0Opa30M
., OF 0G

Oxt Ozd”

{F,G} = w(sgrad F,sgrad G) < {F,G} = w

CkazkeM, uTo Ape riaaaxue Gynaxmun F, G na M* HaXoqaTcs B UH60A10UUY W KOMMYMAUDY-
tom, ecu {F,G} = 0. OynKkuus, paBHasg TOXKIECTBEHHO KOHCTAHTE, KOMMYTHDYeT ¢ JH000MH

JAPYroi.
B repmunax ckobku Ilyaccona ypasuenus [amunbrona (4.1.1) nepemnunrytcst B Buje:

uw={H,u},
¢ ={H, ¢},
pu - {H’pU}7 (4.1'9)
p<ﬂ = {H,p@}.
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Nurerpanbubie Kpusble cucrembl (4.1.9) npencrapisior u3 cebsi KPUBBIE BEKTOPHOIO IOJIST
sgrad H. ®ynkuua F wa M — mepsbiii uarerpan cucrembl (4.1.9), ecim OHa MOCTOSTHHA HA

HHTerpajbHBIX KpuBbIX ToJist sgrad H, uaro coorsercryer F' = {H, F'} = 0.

Omnpenenenne 4.1.4. Tamuasronosy cucremy (M2 w, H), onpeje/leHHy0 Ha CHUMILIEKTH-
geckoM MHoOroobpasun (M?" w), tme H — riaaixuii raMHJIbTOHHAH, HA30BEM GNOAHE UHME-
epupyemoti no JIuyeussro, eciim cyIecTByeT n MepPBbIX HHTErPAIoB fi, fo, ... f, mons sgrad H,

KOTOPpbI€ YAOBJIETBOPAIOT yCJIOBUAM:

o fi, fo, ..., fr DYHKIHOHAILHO HE3ABUCHMEL, T.e. TIOUTH BCioly Ha M?" ux rpajuenThl Ji-

HEHHO He3aBUCUMDIL,

e f1, fa,..., fn momapuo KommyTupyioT, T.€. {fi, fj} =0,

e (dazoBwle moToKHM moJieit sgrad fi, ... sgrad f,, TOJHBI, T.e. €CTECTBEHHBIH TapaMeTrp Ha

UHTETIPAJIbHBIX KPUBBIX MPOIOJIZKACTCH /10 OECKOHEYHOCTH B 00€ CTOPOHDI.

CoBmMecTHOI perygapHOil HOBepXHOCTBIO Ty, o ypoBH:A dyHKOuil fi, ..., f,, Ha30BEM 1O-
BePXHOCTD Ty, o = {x € M*" : fi(x) = a1,..., fo(x) = a,} Takywo, 9T0 B Kaxkg0ii TOUKe

x € Ty, .. q, Tpaanentsl grad fi, ... grad f,, muHeiliHO He3aBucuMbl. Pa3buenne daszosoro mpo-

n
crpancTsa M?" Ha cBA3HBIe KOMIIOHEHTBI COBMECTHBIX IIOBEPXHOCTEH YPOBHH MepBLIX HHTeIPa-
JIOB Ha30BeM coerueM JluyBuiig. s coBMecTHON MOBEPXHOCTH MEPBBIX HHTErPAIOB f1, ... fn

BIIOJIHE MHTErPUPYEMBIX [0 JIHYyBHILTIO CHCTEM BBIIOJIHSIETCs Teopema Jlmysus [33)].

Teopema 11 (Teopema Jlmysumna). Hycms (M, w, H = f1, fa, ..., fn) — 6noane unmezpupy-

emas no Jluysusrio eamusvmonosa cucmema. Toz2da cnpasediusvl caredyroujue yYmeepHcoeHus:

1. coemecmnasn peeysapras c6A3HaA NOGEPTHOCTVG Ty, 4 YPOSHA UHME2Par06 fi, ... [, un-
8aPUAHMHG omHocumesvho nomokos sgrad fi, ..., sgrad f,, u ecau ona Komnaxmma, mo

ougppeomoppra n-mepromy mopy T, womopwili nasveaemes mopom Jluyeuris;

2. caoenue Jluyeuara e nexomopot oxpecmmuocmu U mopa JTuysuana T, 4, duddeomopgh-

HO npamomy npouaseedenuro mopa T" wa duck D";

3. 6 okpecmmuocmu U =T" X D™ mootcHo 6secmu KOOPOUHAMDL S1, ..., Spy D1, ---Pn, HG36IBA-

EMDBLE MEPEMEHHBLMU deticmeue-y20a, 00AG0aI0UUE CEOTICMEAMU:
(a) Si,...,Sn — KOOpAuHamov wa D™, 1 mod 27, ..o, mod 27 — yesoevie koopduramol
na mope 1",
(b) w=1% ds; \dg;,
(c) nepementvie deticmeus s; ABAANOMCA PYHKUUAMYU O NEPEHLT UHMELPAA08 f1, ... [fn,

(d) eamusvmonos nomox sgrad H 6 nepemennuix deticmeue-y20a CnpaMAAEMES Ha KaHC-
dom mope Jluyeuars, wmo osnavaem, wmo ypasHenus I amusbmona npunumalom

6ud $; =0, @; = ¢;(S1, ..., Sp)-
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Baxkno 3aMeTHTh, 4TO B Cjydae HeKOMIAKTHOCTU cjiod Tg, ., oH nuddeomopden dak-
TopupocrpancTsy npocrpancrsa R no ZF (k < n), Ty, 4, ~ (S1)F x R*F,

BeprpaHoBckas raMUILTOHOBA CHCTeMa Ha IIPOKOJIOTOM eBK/nmoBoil miockoctn R?\{x} ¢
MOJIAPHBIME KOOpIUHATAMH (T, ), TToTeHmag oM ['yka npyzxRuanoro Banmogaeiicrsus V (r) =
r?, yerbipexmepnbiM (aszosbiM 1pocTpancTom M* a~ (0,00) x St x R?, ramujibronuasom
H = %2 + % + r? gBAgeTCS BIOJIHE HHTETPUPYEMOH 10 JIMYBHJLIIO ¢ KOMIAKTHBIMHA CJIOSAMA
JIuysusing (HecMOTps Ha HeKOMIAKTHOCTb M?), KazK/Iblil pery igpHblii ¢J10it Gy1eT 1By MepHbIM
TopoM. OIHAKO He Bce HepTPAHOBCKHE CUCTEMBI HHTEIPUPYEMBI 110 JIHyBHILIIO.

Pacemorpum top JImysumia T Hekoit marerpupyemoit cucrembl sgrad H. Torma mo Teopeme
JlnyBuuig noste sgrad H na Tope T npunumaer BUJ Q1 = Cq, ...0p, = Cp. 1Top JInyBujisg nasni-
BAIOT PE3OHAHCHBILM, €CJIU CYIIECTBYET HETPUBHAIbHAS TeJIOUNCIeHHAS JTUHEeTHAST KOMOWHAIH ST
BEJINYHNH Cq, ..., C,, PaBHas Hy/110. COOTBETCTBEHHO CHCTEMA HA3BIBAETCSA PE30OHAHCHOT, €CITH BCe

ee Topbl JImyBuiLIs pesoHaHcHBI. B cirydae cucteMbl ¢ IByMs CTeIIeHIMU CBOOOIBI YHCIIO p = Cf

C
HA3BIBAIOT YUCAOM 6pauLeHus uarerpupyemoii cucrembl sgrad H na tope JIuysuiig T'. Y 6ep-
TPAHOBCKOIl CUCTEMBI BCE OIpaHUYEHHbIE OPOUTHI OYAyT 3aMKHYTHI, &, CJEJ0BATEILHO, U BCE
TPaeKTOPHH JIeKallye Ha Topax Jlumysumniasa (ayia unrerpanos H u p,) 6yayT 3aMKHYTHI, TAKHM
obpasom, cucreMa Beprpana gapisgercd pe3oHaHCHOi. [l Hee WHcJI0 BpallleHHs Ha KaxKIOM
TOPE OJMHAKOBO U PABHO OJHOMY M3 CEMHU HaPaMeTpPOB, onpeeasionux napy beprpana (S, V),
PAIHOHAIBHOMY fi JJIsI aHAJIOra noTennuasa Heorona u § as amanora norennunasa ['yxa.
Jlns Gonee obmiell uHAMEYIECKOH TaMuabTOHOBOM cuctembr (S, V), tie S = (a,b) x S*
— JIByMepHasl TOBEPXHOCTH BpalleHus ¢ Merpukoil (1.1.1) (wim mceBmopuMaHOBOH MeTpH-
koit (1.1.2)), V — menrpanbubiii raagakuii morenmman #Ha S, ¢ (Ha3soBbIM CUMIUIEKTUIECKUM

npocrpancrsom (M?* w) (rae w onpenenena coornomennem (4.1.4)), ravuabronmanom H =
2

2
Py = pW ‘/ -
2a%1(u) —+ 82@%2(11,) + (U) PaCcCMOTPpHUM IIEPBbIE€ UHTEr'PaJIbl SQHEPTUN H v xuneTm4eckoro MoMeH

Ta p,. ClipaBeyIuBo cjefyomlee yTBepzK IeHue.

Vreepxkaenue 16. Hnumezpanw snepeuu (4.1.2) u kunemuueckozo momenma (4.1.3) dymx-

UUOHAADHO HE3ABUCUMDL TN. 6., HALOOAMCA 6 UHEOANOYUU U 8EKIMOPHOE NOAE sgradp@ NOAHO.

JTOKABATENILCTBO. Ilocunraem rpaguenter H u p, B KOOpAHHATAX (U, ©, Dy, Do)

I _a/11(“) 2 aahy(u) 2 /
B, = =ap - &dmpe TV 0
H =0 0
grad H = v . gradp, = (4.1.10)
H/ — 2pu O
Pu a3y (u)
o P
pr o a%;(;u) 1
Hasee ¢ momorpio coornonterns (4.1.5) Beraucanm sgrad H, sgrad p,,:
H, 0
! 1
sgrad H = —IZ{’L ., sgradp, = 0 (4.1.11)
0 0
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Teneps sterxo ysuaers, uro {H, p,} = (sgrad H) w;;(sgrad p,) = 0.
[Tosmora mons sgrad p, caeayer m3 TOTO, YTO €TO0 MHTErPAILHBIC JHHUH — 3TO OKPYKHOCTH
suza {*} x St x {x} x {x} ¢ M*.0J

YrBepxkaenuss 16 HETOCTATOUHO JJisi TOTO, ITOOBI TAMUIBTOHOBA cuctema (S, V) Obuia
BIIOJIHE HHTEerpupyema 1o Jlnysuiiio. Kak mokaseiBaior yreepxKkiaenus 18, 19, norok sgrad H
He Beerga moaoH. OmHAKO, HECMOTPS Ha 3TO, /I CBA3HBIX KOMIIAKTHBIX KOMIOHEHT COBMECT-
HOT'O PEryJspHOIO MHOYXKECTBa YPOBHSI HMHTErPAJIOB SHEPIUU U KUHETHUYIECKOI'O MOMEHTA BbI-

MOJIHATOTCA YTBEPXKIAEHUS TeopeMbl JImyBU/Is, T.e. clipaBeJI/IMBO YTBep:K IeHne 17.

VrBepxkaenue 17. Ilycmo S (S') — noseprnocmo ¢ xoopdunamamu (u,p) v pumanosod
mempurot (1.1.1) (ncesdopumarosoti mempurot (1.1.2)). Hycmov na wed deticmseyem uen-
mpasvholi nomenyuan V(u). Tozda das makoti 2aMusbmono60t cucmemv CEA3HAA KOMNO-

HEHMA COBMECTNHOTL peey./mpﬁoﬁ NoOGEPTHOCTNU YPOBHA UHINEZPAAOE IHEP2UU U KUHETRUYECKO20

_ 4_rd 2P _ _
momernma Tr i = {(0, 0, p0,0,) € M |2a%1(u) téoam T V(u) = E,p, = K} asaaemca aubo

Mopom, AUDO UUNUHOPOM.

JIOKA3BATEJIBCTBO. 3aMeTHM, 9TO COIVIACHO YTBEPYKIEHUIO 16 BBITTOTHSIIOTCS BCE YCIOBHUS
ompeaenenus 4.1.4, kpome MOJHOTH 1moToka sgrad H. DToro J0CTATOYHO I MPUMEHEHU
TeopeMbl 1 paborer [30], sBasiomeiicst 0600IIeHTEM KIACCHYECKON TeopeMbl JInyBUILIA.

Hanum fajnee albTepHATHBHOE TOKA3aTe/IbCTBO B CIydae, KOIJa CBA3HAd KOMIOHeHTa 1k k
KoMnakTHa. Paccmorpum sexTopHoe nose sgradp, Ha csasnoit komnonente T . Ilosepx-
HOCTb 1g j MHBapUaHTHA OTHOCHTEIBbHO IIoJid sgrad p,, T.K. U3 KOMMyTHUpoBaHud H,p, cJe-
ayet, 4to H,p, ABAAIOTCA IEePBBIMU MHTerpajlaMy He TOJIbKO I mosd sgrad H, o u g
nosid sgrad p,. Y noss sgrad p, He Oyjer ocoObIX TOYEK, T.K. €r0 UHTerpaJ/ibHble JIMHUU CYTh
okpyzKHOCTH {*} X ST X {*} x {*}. A smaunr siirepoa xapakrepucTuka (Kak CyMMa HHIEKCOB
0COOBIX TOUEK BEKTOPHOI'O TI0JisI) COBMECTHOW KOMIAKTHOMN MOBEPXHOCTH yPOBHs paBHa (), T.e.
3T0 TOp Win Oyrhlika Kieitna. Tak kak nmosepxnocTb T i peryigpHa, To BeKTOpbl sgrad H,
sgrad p, 06pasyioT Oazuc ee KacaTeqbHOTO HPOCTPaHCTBAa B KaxKaoi ee Touke. IlosTomy sTa
[IOBEPXHOCTH OPUEHTHUPYEMa, T.e. HE MOXKET dABJIAThCA OyThLIKOM Kieiina.

Jl1s1 6epTPaHOBCKOTO TIOTEHITHAIA MOYKHO, CIOIb3ys 3aMKHYTOCTh OIPAHUYIE€HHBIX OPOUT, MO-
CTPOUTH B ABHOM BHje romeoMopdmnsm Mexiay TopoMm un Ig . Ilyers Tg g KommakTHa n
(uw, @, pu,py) € Tp k. Torma cymecTByer Takas orpaHMYeHHAd, a 3HAYUT B CHJIY 3aMBbIKae-
MocTH GePTPAHOBCKOTO TIOTEHIHAA, 3aMKHyTast Tpaektopus ¥(t). [Ipu HekoTOpOM 3HaUeHUH
BpeMeHH ¢ = Ty TeJO NMPH ABUXKEHUHN IO 3TON TPAEKTOPUN MPOXOJAUT TOYKY ¢ KOOPAWHATAMHI
(u, ) ¥ UMeeT IHEPTUI0 U KUHETHIECKHIl MOMEHT paBHBIE COOTBETCTBeHHO F, K. DTa Tpaek-
TOpUs He sBJIsIeTcsT KPYroBoi, TaK Kak Ha (a30Boi opOuTe, OTBeYaloNmeil KPYyroBoi opoure,
sgrad H upouopuuonaJen sgrad p,,, 103TOMYy cojepzKalias ee HoBepXHOCTh 1p i He peryJ/isipHa.
Bce Hekpyrosble orpaHudeHHble OPOUTHI ¢ TAKMMU 2Ke 3HadeHuamu H, p, noaydaiorcd u3 Im -y
OBOPOTOM Ha HEKHii yros ¢g. [loaroMy KazKayro Takyto opouTy (TpaeKTOPUI0) MOXKHO 3a/aTh
VIJIOM (©og. T.K. TpaeKTOpusl 3aMKHYTa, TO KayKjiasi TOUKa Ha TpaeKTopuu 0(y) OTHO3HATHO 3a~

TA6TCst YyIIoM @ (TOYKa OJHO3HAYHO 337aéTCS MOMEHTOM BpeMeHH ¢, a ¢(t) — MOHOTOHHA).
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[TosroMy BCe TOYKH Ha COBMECTHOII KOMIIOHEHTE YDOBHSI HHTEIPaoB H, p, MOKHO B3aHMHO-
OJIHO3HAYHO 33/JaTh JIBYMS YIJIOBBIMH KOOPAMHATAME (L, ), U 3HATUT OHA SBJIAETCA TOPOM
St x St

AHAJOrMYHO ¢ TUIXHAPOM, KOTOPBIH IOIy4aeTcd B HEKOMIIAKTHOM ciy4dae.[]

Hanee cpean Beex cucrem (S,V) u (S, V) nBukenus 1o nosepxHoctu S ¢ pUMAHOBOI
merpukoii (1.1.1) nim S’ ¢ nceBnopumanoBoit merpukoii (1.1.2) nomx geficTBreM MeHTPaIbHOTO
norennuaaa V' oyjgem paccMaTpuBaTh TOJILKO OeprpanoBckue. TakxKke jajiee paccyzKaeHus Oy-
JYT TPOXOIUTH B GepTPAHOBCKUX KoopjamHaTax (3am. 1.1.2). Jlyist onpejesieHnst BCex CJydaesn
HOJTHOTH TOTOKA sgrad H 3aMeTHM, 94TO y OrpaHIYIeHHBIX opOuT moToK sgrad H Beerma moJIoH.
B ciydae ke HeOrpaHHYeHHBIX HY7KHO HOCYUTATDH, BHIXOAUT JIH OPOMTA HA TPAHUILY IIOBEpX-
HOCTH 33 KOHEYHOE BpeMsd WIH HeT. ECIM BBIXOAMT, 3HAYAT MapaMerp Ha COOTBETCTBYIOIIEHT

TPpaeKTOPUHU HE IIPOJOJIZKaeTCd 10 OECKOHEYHOCTH U IIOTOK HEIIOJIOH.

Omnpenenenne 4.1.5. Tlycrs 3ajana nosepxuocts Beprpana S = (a,b) x St ¢ 3ambikaomum
norennuasom V. Torga rpanuna 6 = a (wiu 0 = b) docmuzaemcs, eciu CyIecTByeT HEOCOHast
opbura {6 = 0(¢) | p1 < ¢ < Yo}, THe —00 < 1 < Yo < 00, YIUPAWIIAICS B IPAHUILY
0 = a, re. 0(p) — a upu @ — Py JJIsL HEKOTOPOIrO JEHCTBATEILHOIO g. ['panuna 6 = a
(mmm 0 = b) docmuzaemca ACUMNMOMUYECKY, WIIH SIBIISIETCA ACUMNMOMOT, €CJH CYIECTBYeT
Heocobag opbura 0 = 0(p), HAMATHIBAIONIALACI HA TPAHUYHYIO OKPYZKHOCTh 0 = a, T.e. p; €
{—00,+00} u 6(p) = a pu ¢ — ; aasa wexkoroporo i € {1,2}. I'panuna § = a (um 6 = b)
docmuzaemes (uau d0CMULAEMCA GCUMNMOTMUYECKY) 3G KOHEYHOE GPEMS, ECITH CYIIECTBYET
Heocobas Tpaekropus 7(t) = (0(t), p(t)) u geiicrBurenbroe ty Takue, uro 0(t) — a npu t — t.
['pannna 6 = a (nam 6 = b) énoane nedocmustcuma, €CJIM OHA He JTOCTUTAETCS W HEe JOCTHTALTCS

ACUMITOTUYCCKH.

Vreepxkaenue 18. [Tycmv 3adana napa Bepmpana (S, V'), 2de S — maxcumaivias pumanosa
noseprrocms Bepmpana, napamempusosarnas mpoiixot (¢, t, 1), ¢ bepmparosckumu K0opou-
namamu (0, mod 2m) u mempukot (2.1.2), V(0) — samwurarowsut nomenyuan na S. Toeda

CNPABEDAUBDL CACOYIOULUE TLONOHCEHUS.

1. B cayuwae t = 0,c = 0 u nomenyuaaa V1(0) = A0 (A < 0) epanuya 0 = 0 (abcoarom)
docmuzaemcs 3a beckonewnoe 8pems, ecemu Heocobumu opbumamuy ¢ yposuamu (E, K)
unmeezpanos maxuzx, wmo E > 0, npu ocmasvnux suavenusr (E, K) epanuya énosne
nedocmuotcuma. I'panuya 0 = oo (noaroc) enoane nedocmuotcuma. Ecau nomenyuan

Va(0) = 5% (A >0), mo obe eparuyn 0 = 0,0 = 0o 6noamne HedocmUNCUMbL.

2. B cayuae t = 0,¢ > 0 u nomenyuasa Vi(0) epanuya 0 = 0 (eparnuunwd sxeamop) do-
CMUZGEMCA 36 KOHEWHOE 8pema Heocobbmu opbumamu ¢ yposuamu (E, K) unmezpanos
maxuz, wmo 2E > cu®K?, npu dpyeux snavenuar (E, K) epanuya enoane nedocmuicu-
ma. T'panuya 0 = 0o (noaroc) enoane nedocmuscuma. Ecau nomenyuan Va(6), mo obe

eparuybt 0 = 0,0 = 00 enoare HedocmurcuMbl.
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3. B caynae t = 0,¢ < 0 u nomenyuaaa Vi(0) epanuuya 0 = /—c (abcorom) docmuza-
emca 36 6eckoneuHoe epema 6cemu neocobumu opbumamu ¢ yposwamu (E, K) unme-
epanos uz obaacmu {E > Ay/—ct U{E = Ay/—c,—A > ?K*/—c}, npu ocmanvrviz
snavenuar (B, K) epanuya enoane nedocmuotcuma. I'panuya 6 = oo (noaroc) enoame
nedocmuoicuma. s nomenyuana Va(0) epanuua 0 = \/—c docmuzaemcs 3a beckonen-
HOE 8pemsa 6cemu Heocobumu opbumamu ¢ yposuamu (E, K) unwmeeparos us obaacmu
{(E > AYU{E = 4,24 > 2K?P}, npu ocmanvnuz snavenuaz (E,K) epanuya

BNOAHE HEOCTNUINICUMG. FpaHuua 0 = 0o enoare nedocmuoicuma.

4. B cayuae t > 0 u nomenyuana Vo epanuya 0 = 0o (noatoc) enoane nedocmuscuma.

Ipanuya 0 = 60y (abcoarom) docmuzaemcsa 3a GeckoneuHoe 6pems GCeml HEOCOObLMU

A 2A >

opoumamu ¢ yposwamu (E, K) unwmezpanos uz obaacmu {E > %} U{F = RG]

K?}, npu ocmarvnux snavenusz (E, K) epanuya enoane nedocmuoicuma.

5. B cayuae snauenus napamempos (c,t) us obaacmu Qo Uly = {t < 0,¢ < 0,c¢ + 4t > 0}
(em. puc. 2.2) u nomenyuana Vo = 9% (A(6* +t) > 0) umeem dse noseprrnocmu. I'panu-
ya nepsoti noseprrocmu 0 = Oy (abcoatom) docmuzaemen 3a beckoneuroe pems 6cemu

HeocobvLmu, opbumamu ¢ yposuamu (E, K) unmezpanos us obaacmu {E > 4} U{E =
A 24 2
02 20310
ma. Ipanuya nepeoti noseprnocmu 6 = oo (noatoc) enoane nedocmusicuma. I'parnuya

> K2}, npu ocmanvhvs snavenuar (E, K) epanuya enoane nedocmudicu-

0 = 0 (noatoc) emopoli noseprrocmu QOCMUGEMEA 3G KOHEYHOE BDEMA BCEMU HEOCO-
6vmu opoumamu ¢ yposuamu (E, K) unmeeparos us obaacmu {2A < p? Kt} U {24 =
P K%t 2F > p?K?c}, npu ocmaavrior snauenuar (B, K) epanuya enoane nedocmu-
orcuma. Ipanuya 6 = 01 (abcomom) emopoti noseprrnocmu docmuzaemcs 3a 0eCKoOHe -
HoEe 8pemsa 6cemu Heocobumu opbumamu ¢ yposuamu (E, K) unmeeparos us obaacmu
{E > %}U{E = %, #ﬁ?ﬂ) > K?}, npu ocmanrvroiz snavenuasr (E, K) epanuya enoarne
HEAOCTNUHCUMA.

6. B cayuae snanenus napamempos (c,t) us obaacmu Q3 = {c* +4t < 0} U {c > 0,t <
0,¢% + 4t > 0} (em. puc. 2.2) u nomenyuana Vo = 2 (A(0* +t) > 0) umeem dee no-
seprrocmu. I'parnuya nepeoti u emopoti noseprnocmeti = /—t (epanuunwii sxeamop)
docmuzaemcs 3a KOHEwHoe 8pems 8cemu Heocobumu opbumamiy ¢ yposuamu (E, K) un-
mezpanos uz obaacmu {2(E — %) — 12 K2(2y/—=t+c) > 0)}, npu ocmasvnviz sHaMeHUAT
(E, K) epanuya enoane nedocmuscuma. I'parnuna 0 = oo (noatoc) nepeoti noseprrocmu
gnoane nedocmuotcuma. I'panuya 0 = 0 (noaroc) emopoti noseprrocmu docmuzaemcs
30 KOHEUHOE GPeMA 6CeMU HeocobvMmu opoumamu ¢ yposuamu (E, K) unmezparos us
obnacmu {p?K?*t > 2A} U {p?K% = 2A, > K?c = 2E}, npu 0cmasohvll 3HAUeHUAT

(B, K) epanuya énoane nedocmunrcuma.

YrBepxkaeuue 19. [Tycmo s3adara napa Bepmpana (S', V), ede S' — marcumarvran ncesdo-

pumarosa noseprrocms Bepmpana, napamempusosannas mpotkod (¢, t, i), ¢ bepmpanoscru-
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mu koopdunamamu (0, mod 2m) u ncesdopumanosoti mempurotd (2.1.8), V(0) — samwikaro-

wudi nomenyuan na S'. Toeda cnpasedausvl caedyouue nosoHCEHUA.

1. B cayuae t = 0,¢ < 0 u nomenyuana V1(0) = A0 (A < 0) eparnuya 0 = 0 (eparurmod
IKBAMOP) D0CULAEMCA 30 KOHEYHOE 8PEMA BCEMU HEOCOOLLMU OPOUMAMUY C YPOSHAMU
(E, K) unmezpanros makuz, wmo E > p*K*S, npu ocmanvror snaveruas (B, K) epa-
nuva enoane nedocmuoicuma. I'panuya 6 = \/—c (abcoaom) docmuzaemea sa beckonen-
noe epema scemu Heocobvmu opbumamu ¢ yposuamu (E, K) unwmeepanos us obaacmu

{E > Ay/—c}U{E = Ay/—c, K* > M{\/A}c}, npu ocmanvuur snavenuar (B, K) epanuya

6NOAHE HEJOCNUINCUMA.

2. B cayuae t = 0,¢ < 0 u nomenyuana Vao(0) = 4 (A > 0) (em. meopemy 6) zpanuya

0 = /—c docmuzaemca moavko 30 beCKOHEUHOe 6PeMA GCEMU HEOCODBLMU OPOUMAMU
V2A
YA}
ocmanrvnux snaveruar (F, K) epanuuya enoane nedocmuscuma. I'panuya 6 = 0 enoane

¢ yposnamu (E,K) unmeeparos us obracmu {E > A} U{E = 4 K >

HedoCTUNCUMG.

3. B cayuae t > 0 u nomenyuana Vo(0) = 24 (A > 0) epanuya 6 = 0 (nomoc) docmueaemes
30 KOHEUHOE 8peMA 8cemu Heocobumy opbumamy ¢ yposnamu (E, K) unmeeparos us
2 o 24 2 _ 24 Ac
obaacmu {K* > =2} U{K* = 25, E > 4£}, npu ocmaavhu snavenuar (B, K) epa-
nuya enoare nedocmusicuma. I'panuua 0 = Oy (abcoarom) docmuzaemesn 3a 6eckoney-
noe epema scemu Heocobvmu opbumamu ¢ yposuamu (E, K) unwmeepanos us obaacmu
A _ A 12 24
{E > @}U{E =i K* > W%th)}’ npu ocmarvror snavenusr (F, K) epanuya énoane
HEDOCTNUHCUMA.

4. B cayuae snavenua napamempos (c,t) uz obaacmu Qo := {(c,t) : t < 0,¢c < 0,¢* +
4t > 0} (em. puc. 2.1) umeem dse marcumarvhvie noseprrocmu. I'panuya 0 = /—t
(eparunnud sxeamop) nepeoti u 6mopot NoSEPTHOCMEN JOCMUNCUMG 34 KOHEWHOE 8Pe-
MA 8cemu, neocobumu opbumamu ¢ yposuamu (B, K) unmezparos us obaracmu {E >
\/i_—t + 12 K2 (=t + £)}, npu ocmanvrw snaveruaz (E, K) epanuya snoane redocmu-
orcuma. I'panuya 6 = 01 (abcoarom) nepsoti noseprnocmu docmuscuma 3a OeckoHe -
Hoe epemsa 6cemu Heocobumu opbumamu ¢ yposuamu (E, K) unwmeeparos us obaacmu
{E > 5YU{E =%, K? > 22 =1}, npu ocmanvnuz snavenuas (E, K) epawuya énoane

1 1 p2(01+1)
nedocmuotcuma. I'panuya 6 = 0y (abcoarom) emopoti noseprrocmu docmuscuma 3a bec-
KoHeuHoe 8pema 6eemu neocobuumu opbumamu ¢ yposuamu (E, K) unmeepasos us 06-
A _ A 12 24
aacmu {E > @}U{E =i K= > WE‘H)}’ npu ocmaavvix suaveruar (F, K) epanuya
BNOAHE HEJOCTNUHCUMA.
3ameuanue 4.1.1. YrBepxkaenus 18, 19 mMo3BOIMIOT BBIACTUTH TPH CAyYast B 3aBUCUMOCTH

OT IIOJTHOTBI IOTOKOB M KOMIIAKTHOCTH pPEryJjgdpHbIX CJI0€B I[I/IyBI/I.HI[H.

1. IloToku sgradH IIOJIHBI U peryJjdpHble CJIOM KOMIIaKTHBI JIJid CACAYIOINX PHMaHOBBIX

MaKCHMaJTbHBIX TOBepXHOCTel bepTpana m norenmuanon: t =c = 0,V5; t =0,¢c > 0, V5.
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Cpeiu 1ICeBAOPUMAHOBBIX TIOBEPXHOCTEN HET YAOBIETBOPAIONINX TPEOOBAHUSIM MOJTHOTHI

IIOTOKOB M KOMIIaKTHOCTH CJIOEB.

2. Iloroknu sgrad H oMHBI, HO CPEIM PETYAIPHBIX CJI0EB €CTh HEKOMIAKTHBIE IS CJIeIy0-
IAX PIMaHOBBIX MaKCHUMaJIbHbBIX ITOBepXHOCTEl Beprpana u norennuanos: t = ¢ = 0, Vy;
t=0,c<0,Vi;t=0,c<0,Va; t>0,Va; t <0,¢<0,c®+4t > 0,4 =0,b= 00, V.
[Toroku sgrad H TOJHBI, HO CpeJIM PEryJApPHBIX CJI0€B €CTh HEKOMIIAKTHBIE JIJId CJie-
lLyIOIL[HX MCeBAOPUMaHOBBIX MaKCHUMaJIbHBIX HOBerHOCTeﬁ BepraHa U IOTEeHIINaJIOB:
t=0,c<0,V.

3. lorokn sgrad H HemOTHBI BO BCEX OCTAJIBHBIX CJIYUYASIX.

3ameuanmue 4.1.2. B yreepxenusix 18, 19 paccmarpuBa/inch MaKCUMAJJIbHBIE TOBEPXHOCTH
Beprpana, T.e. Takme, KOTOphie He ABISIOTCS MOAMOBEPXHOCTHI0O HIKAKOI APYTOil MOBEPXHOCTH
Beprpana. I[Iycth pumanoBa noBepuocTh Beprpama Sy =~ (ay,b;) x S' me makcmMasibha u
ABJIACTCS TOAMOBEPXHOCTBIO MaKCHMAJIBHOI ToBepxHocTn Beprpana S = (a,b) x ST Tak, uto
a < a; < by <b. Torma o6e eé rpanunbl 0 = a; u 0 = by 1OCTUrAIOTCA 3a KOHEYHOE BpeMs. B
CaMOM JeJie Y MCXOJHON MOBEPXHOCTH S COTJIACHO MPEIJIOKEHUI0 2.5 CYIEeCTBYeT 3aMKHYTasI
TPaeKTOpHs C dHeprueit F, KHHETHIECKHM MOMEHTOM K, MEePUIEHTPOM a1 B AIOIEHTPOM by
u nepuogom 7. Torma Bpemsi JABUKeHUsT OT a; 10 by paBho t; < T (t1 = T/2q), nosromy
eCJIH PACCMOTPETh OPOUTY ¢ dHeprueil £ M KHHETHYECKAM MOMEHTOM K Ha MOBEPXHOCTH Sy,
TO TOJIHOE BpPeMsi, KOTOpOe norpedyercsi, 9To0bl 00paThCst OT OMHON I'PAHUIBI /10 JAPYTOil

KOHEYHO M PABHO t.

JOKABATEIBLCTBO. Ilpexme Beero copmynupyeM bakT TOCTHKUMOCTH TPAHHUIB B TeP-
vunax bynkuuit V(0) u a2, (0) u koncrant F, K. HeobXx0/uMbIM U J0CTATOYHBIM yCJIOBUEM

TOrO, 4TO JBUKEeHHe ¢ sHeprueil £, momenToM K BO3MOKHO B TOUKe (6, ©p) ABIAETCS

V(0) = B —V(0) - et

E—— > 0. 4.1.12
222,(00) = (4.1.12)

B camom gese coracuo (1.1.5) Beimommeno V(6y) = w, OTCIOJIA Cpa3y CJeayeT HeoOXo-
JIUMOCTD, JOCTATOYHOCTH CJIELyeT M3 TeOPEMbI CyIIeCTBOBAHUS pelleHus 3ajaun Kommm aud-
dbepennuansroro ypasuenns (1.1.5) ¢ naganbubiM yeaosueM 0(gg) = Oo.

CooTBeTcTBeHHO, ecyiu rpanuna f = a JOCTHraeTCst, TO B HEKOTOPOil ¢ OKPECTHOCTH BO3-
MOYKHO JIBHZKEHHE [0 HEKOTODOil Heocoboit opbutre, T.e. cymecrsyer opbuta {# = 0(p)} u
neiicrpuresnbHoe € > 0 takue, 4yto Y0y € (a,a + €) Jpg : (o) = By. OaHako sToro HemocTa-
TOUHO, UTOGH rpanmia f = a jocturanack, T.X. ecan V(a) = 0 opbuta {# = 0(¢)} Momer
HAMATBIBATHCSI Ha IPaHUIly (€ OECKOHEYHBIM YMCJIOM BUTKOB) TaK ee u He J0CTUrHyB. Heob-
XOJMMOE YCJIOBUE JOCTHKUMOCTH TPAHUIBI f = a, COBIAAAIONEE ¢ JOCTATOTHBIM YCIOBHEM
JOCTHZKUMOCTH HJIM ACUMIITOTHYECKON JOCTUKUMOCTH I'paHuipl § = a, hpopMyIupyeTcs Tak:
V(#) > 0 B HEKOTOPOH OKpecTHOCTH TpaHuibl § = a Buaa (a,a + ¢). Ho mus cucrem Beprpa-

Ha ACHMOTOTHYECKAS JOCTHKUMOCTD HEBO3MOXKHA B CHIy BHBIX (opmyn (2.2.18)—(2.2.20)
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JUtsi opouT B GEPTPAHOBCKUX KOODAMHATAX (CM. KOHeIl loKa3aresbeTBa Teopembl 6). [Tosromy
OKOHYATEIHHO HEOOXOIMMOE U JIOCTATOYHOE YCJIOBHE JTOCTHKUMOCTH TPAHUIbI = a st Gep-
TpamoBcKHX crucreM dbopMytupyercs Tak: V (A) > 0 B HeKOTOPOil OKPECTHOCTH TPAHHIEL f =
BUA (@, a+¢). s BBITOMHEHUS TTOCIETHET0 YCAOBHS (& 3HAYUT, U JIJTs TOCTHAKUMOCTH MPAHE-
st 6 = a) gocTarouno Toro, 4ro 6o 0 < V(a) < 400, mbo V(a) = 0u V'(a) > 0. 3aech Mbi
HCIIOJIB3YeM, 9TO Jijisi OepTPaHOBCKUX cHcTeM 3D@EKTHBHBIN MOTEHIINAT TMeeT MPOCTOH BHT
(em. (2.2.21)), mosroMy OH (BMECTe CO CBOMMHE IPOM3BOJHBIMU) €CTECTBEHHO MPOJI0JIZKACTCSI
(BO3MOZKHO, GECKOHETHOCTBIO) IO HENPEPHIBHOCTH B TPAHUYHbIC TOUYKH HHTepBasia (a,b).

[IpoBepKy ¢ MPOM3BOAHBIMH MOYKHO OIYCTHTH, €CJIH H3BECTHO, ITO BpPEMsl JBUKEHUS JI0
I'PAHUIIBI XOTs OBI 110 OJIHON TPAGKTOPHN KOHEYHO.

mest ycioBusi, KOTOPBIE MO3BOJISIOT ONPEIEIATH JJOCTUTACTCS JIH TPAHHUIA, OCTATIOCH TTPH-
BECTH YCJIOBUE JIJIsI ONIPEJIeJIEHUs] JTOCTUIAeTCs JIM TPAHUIA 338 KOHEYHOe BpeMs min 3a Oec-
KoHedHoe. JIJIs 9TOro J0CTATOYHO 3amucarh BpeMsl JIBUKEHHs [0 opbuTe ¢ sHeprueir E u
momentoMm K or mapasienn § = 61y g0 mapasuiesnn § = 6y (cormacuo (1.1.5) u (1.1.6)) u

YCTPeMJIATh OJIHY U3 Kpaituux mapasuteseii (011, 092) K rpanure:

022
0)do
T= a1 (0) . (4.1.13)

S VEUE—Lﬁﬁ)—éhg&

BamMeTuM, 94T0 o KOPHEM CTOMT Kak pa3 Bejudntna 2V (0), 1osromy ec/iu jiBUKEeHHe BO3MOXK-
HO, TO TOJKOpeHHOe BhipazkeHue B mHTerpase (4.1.13) HeoTpHIATE bHO.

Pacemorpum pumanoBy (€ = 1) MakcuMaibHY 0 6ePTPAHOBCKY 0 HOBEPXHOCTD S & (0, 00) X
St coorsererByromyo ¢ = t = 0 u norennuan Vi(f) = Af (A < 0). Ecam rpanuna 6 =
00 JIOCTUIAeTCsl, TO Torja cyiecrsyer opbura 0(p) ¢ Hekoropeivu E, K rakasi, uro V() B
KQMZ

2
—o00 npw 066X 3HadeHnaX E, K # 0 (4170 cOOTBETCTBYET HEOCOOOCTH OPOUTHI), 4TO O3HAUAET

62 crpemmTed K

OKPECTHOCTH 00 ToI0/KuTe bHa. Ho mpn # — oo dbynxims V(0) = E—Af—

(mo kpurepuio (4.1.12)), 9yTo JaHHAS] TPAHUIA HE JOCTUTAELTC.
Buano, uro npu 0 — 0 ¢dyHKIHI 17(9) — FE, a Takxe \7’(0) = —A > 0, re. rpanuna 6 = 0
jpocruraercd npu > 0 u ne gocruraercd npu E < 0. [Ipu E > 0 Bpemsa [BUZKEHUS MEXKITY

napasutenamu 011 u fae Berancasercs (cormacuo (4.1.13))

022

df
T = .
62,/2(E — Af) — K*202

011

[Ipu 6;; = 0 uarerpas B 0 pacxomurcs, T.e. rpanuna 6 = 0 gocturaercs 3a 6eCKOHETHOE BpeMs.
Paccmorpum Tenepb Ha TOH Ke 1MOBEPXHOCTH HOTeHIa Vo = 5% (A >0). Torna dyukuust
V() = E - 6% — #62. Mpu m06six 3avennsx F, K # 0 V(0) — —oo npu § — 0 u npu
0 — oo, moaToMy 00e rpanunsl 0 = 0 u § = 00 He JTOCTUTAIOTCS.
PaceMOTpUM PUMAHOBY MAKCHMAJIBHYIO GepPTPaHOBCKYIO MOBEPXHOCTH S =~ (0,00) x ST,

coorsercTByOmy0 ¢ > 0 1 morenmman Vi(f) = Af(A < 0). Oyuxmua V(0) = E — Af —
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K2u%c
2

OBITD TIOJIOKATEILHOM Tpu Tex 3HaveHnax £, K, npu xoropeix 2F > cu? K?; npu 2F = cp? K2,

#(92 +c¢). Ilpu 6 — 0 dyuxius 17(9) CTpeMUTCS K Beqndnne F — , KOTOpasi MOKeT
T.e. V(0) = 0, Bemosmeno V/(0) > 0. Buauut rpannma 6 = 0 gocturaercsa. Ho mpu 6 — oo
dyHKIUSA \7(9) — —oo 1pu J100bix 3uadenusx K # 0, F u rpanuia § = oo He JIOCTUTAETCS.

Bpemsi aBuzkeHus MexKAy mapasieasMu (11 u oo B 9TOM CJIydae BBIYHCISETCS 10 (hopMmylie

022

B d6

60 V2AE — A6 — K220 1 o)

[pu O3y — 017 = 0 mogaprHTErpaIbHAS (DYHKIHS HE TPEBOCXOIUT KOHCTAHTHI \/ﬁ, T.€.
c —K=“p“c

HHTerpaJj KoHedeH u rpanuna f = 0 J0CTUraeTcst 3a KOHEIHOE BPEMS.

Beimosneno takxe V' (0) = —A > 0, x0T 9TO yCJIOBHE MPOBEPSTH YiKe He 00s3aTeIbHO,
T.K. BpeMsl JIBHKCHHA MeXKIy KaKOW-HuOyIh Mapa/ienbio W TpaHuieil Koneuno. B cayuae
I'YKOBCKOIO HOTEHIHa a Vo = 9% (A > 0) bynxmus V(A) crpeMurcs K —00 B OKPECTHOCTH
00erX rpaHmI], NO3TOMY 00e TPAHUIILI He JOCTHTAIOTCA.

Mg MakcuMasIbHO#M noepxHocTH Beprpana (pumanosoit) S ~ (v/—c,00) x St orpeuaro-
mieli 3HaveHusiM napamerpos t = 0, ¢ < 0 (30Ha Iy Ha puc. 2.2), u norernuana V; = AG(A < 0)
byukuus V(0) = E — A — #(92 +¢). Ipu 6 — 0o V(#) — —oo 1pu moBLIX 3HAUCHN-
ax B, K # 0, mosromy rpannuna 6 = oo He gocruraercd. ['panuna 0 = \/—c gocturaercs opu
V(v/=c¢) = E—Ay/—c¢ > 0;ipu E = Ay/—c nepasencrso V'(y/—c) = —A— K?i2\/—¢ > 0 BbI-
nosngerca upu —A > p?K?\/—c. CooTBeTcTBYIONMI HHTErpal PACXOIUTCA B \/—C, IOITOMY
rpannua 0 = \/—c pocruraerca 3a GECKOHEUHOE BPEMS.

Ocraabhble caydan pa3OuparoTces anaaormdno. OCBETHM eIIe TONBKO CAydYail MaKCHMAahb-
Hoii puMaHoBoil morepxuoctu Beprpana S & (0,v/—t) x S, orsevatomeil 3HaueHUAM TIa-
pamerpoB (c,t) u3 obmactu Q3 (cM. pue. 2.2). Ha S zgeiicTByeT 3aMBIKAIONHA TOTEHIHAT
Vo(0) = AB~2 (A <0).

Nmeem ynxnmio V(0) = E— 4 — L2 (924 c—19~2). Torna V (/1) = E—-A— R 9/t +

02 ) vt 2
¢), u ipu robom 3Havernn K # 0 Mmoo nomobpars F takoe, aro V (v/—t) > 0, ciegoBarenb-

Ho, rpanuna 6 = v/—t pocruraercs nupu £ — \/% — “221{2 (2v/—t + ¢) > 0; B caydae paBeHCTBA
IPAHMIA TaKyKe JOCTUTAETCS, T.K. sgn{/({*/—t) = sgn2A. Jaee gia K2 < i—QAt BBINTOJTHSIETCS
V(0) — +oo upu 0 — 0. Buaunt, rpanuna 0 = 0 gocruraercs upu K2 < 3—@; upu K? = 3—%

orroseno V (0) = 2F — > K?(62 +¢), snauut rpammma = 0 B 3rom ciydae npi 2F = cpu? K2,

Bpems aBuxKeHusT MeKIAy MapasaeassMu #q1, 09 B 9TOM ciydae paBHO:

022

T do

(02 + ¢ — 16-2)\ /2B — ) — K22(62 + ¢ — 16-2)

011

IIpu 099 = v/—t unrerpan cxomurcd B v/ —t, T.K. upu 6 — +/—t noablHTErpajbHas (yHKIUS
1
(2\/jt+c)\/2(Ef\/%)fK2,u2(2\/jt+c)

CTPpEMUTCA K KOHCTaHTE , IPpU 9TOM IOJAKOPEHHOC BbIPazKCHHE
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OOJIbIIIE HYJIS, T.K. OHO PABHO 17(\4/ —t) > 0 (mbl mogobpasu nogxonsiee F), a 2¢/—t+c¢ > 0B

cuny (c,t) € Q3. lpn 617 = 0 waTEerpas cxoaures, T.K. ipu € — 0 mogbHTerpatbaast byHKIHsI
03

—ty/—2A+p2 K2t

B ciyuae makcuMabHBIX MOBepxHocTeil Beprpana ¢ nceBgopuMaHOBON METPUKON J0Ka-

9KBHBaJICHTHa

3aTEJIbCTBO MPOXOJUT IO TOH Ke cxXeme, IPH TOM 3HadYeHue MepeMeHHON & OepeTcsd paBHBIM
MHHYC €JIUHUIIE.
O

EBKm0Ba m10cKocTh R? ¢ 3aKOHOM BCEMHPHOTO TATOTEHHS H 3aKOHOM IIPHTSKeHns ['yKa
CJIY’KUT OTJIMYHBIM NPUMEPOM K yTBepzKaeHuio 18. EBK/IMI0BA IJIOCKOCTD, €C/id B Hell MpoKo-
JIOTH IPHTATHBAIOIIMI IEHTD, ABAAETCA MAKCUMAJIBHON NoBepXHOCTHIO Beprpana (0, 00) x ST,
OTBEYAIOIIEH CJIEIYIONUM 3HadeHusIM mapameTpoB t = ¢ = 0, u = 1. B caygae morennuana
T'yka, KOTOpBIi B HOASpHBIX KoopauHatax pasen Ar? (A > 0), Bce HeocoGbie opoHTHI OyyT
SJLTUIICAMH, TIO9TOMY HU OJHA W3 rpanun r = 0,7 = 0o He JocTHraeTcst (HU OIHA TPAEKTOPHSI
He YIUPAETCs B MPUTSATUBAIONIMA EHTD M HU OJIHA He YXOJUT Ha GECKOHEYHOCTH). B ciydae
ke morennuaaa HpioroHa Bce HeocoOble opOUTHI OYAYT JIHOO SJIUICAMH, JTHOO TapadoJIaMu,
Jinbo runepbosiaMu, 9TO 03HAYAET HEIOCTUKUMOCTH IpaHurbl 7 = 0, HO JOCTHKUMOCTH 32

HecKOHEeYHOe BpeMsi IDAHUIbl 7 = 00 (HampuMmep, runepbo.ioii).

4.2 budypkanmorable guarpaMmbl.

g 6eprpanosekoii cucremsr (S, V), rne S' — MakcuManbHas mOBepXHOCTH Beprpana ¢ mces-
JqopumanoBoii MeTpukoit (1.1.2), a V' 3ambIKatoIuii moTeHIMA] HA Hell, DACCMOTPUM JiBa TIep-
BBIX MHTerpaja sHepruu H u KHHETHIeCKOro MOMEHTa D,. /i yKa3saHHBIX HHTErpPaJOB pac-
eMoTpuM cioenne JImysniisa dpazoBoro mpocTpasHceTsa M* raMuibToROBOI crucTembl BepTpa-
Ha HAa COBMECTHBIe CJIOU ypoBHeil muTerpasnos H u p,. Tomonormdeckme cBoiicTBa ciroeHud
JlnyBuiist pazoBoro MpoCTPaHCTBA HHTEIPUPYEMOIT NaMUJIBTOHOBONH CUCTEMBbI CBSI3aHBI C 0CO-

OEHHOCTSIMU OTOOPaXKEeHUsT MOMEHTA.

Omnpenenenne 4.2.1. OT0612)a>KeHI/Ie Frp : M* — R? zajasaemoe npasuiom Fip (0, @, pe, Py)
2
= H) = pe o — 2o L V(6)) nasoseM 0mobpasicenuem Momenma.
(e H) = (Per 525 — gy +V(0)) P
Touky m € M* mazosem 0coboti ToUKOl oTOOpazkeHus MoMenTa, ecyin tk dFgp(r) < 2. Co-
orsercTBeHHO Tk dF) () HA30BEM panzom ocoboti mowky x. O6pa3 MHOKECTBA BCEX OCOOBIX

TOYEK P OTOOparKEHUH MOMEHTA HA30BeM Oudyprauuontot duazpammot.

[TocTponMm 6udypKanmoHHble JUArPaMMbl OTOOParKeHHsT MOMEHTA JIjIst cucTeM beprpana, a
takzke Ha mwiockoctn O K E m306pa3um paznudnbie 3006 Touek (K, F), BBIIISIONIe pa3Ind-
Hble THIBI IBUZKEHHH (KPyroBoe, HEKPYTOBOe OrDaHHYeHHOe, HEOIPAHIMYEHHOe ¢ OJHON CTOpPO-
HbI, HEOTPAHWYEHHOE C JIBYX CTOPOH) — HA30BEM BCIO 3Ty KOHCTDPYKIMIO pacimuperHoii 6udyp-

KaIMOHHO# muarpammoit. TakmM obpasoM KaxkIoit Touke Ha mwiockoctu (K, E) cooTBeTcTBYeT
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caoit cioenud JInyBuis. Mbl He paccMaTpuBaeM BbIPOZKJICHHOE JIBUZKEHUE, T.€. JBUZKEHUE 110
MepuJMaHaM @ = const, 94TO COOTBETCTBYET HYJEBOMY 3HAYEHUIO KHHETUYECKOTO MOMEHTA.
CootBercrBenno, Ha miockoctu OKE| riae Mbl 1300pa3suM paciIupeHHyIo OudypKaIuOHHYIO
IrarpaMmy, 6ymer BIKOJI0TO MHOXKecTBO K = (. 3amerum, uto cayyan K > 0u K < 0 cum-
MeTpudHbl, OudypKanuonHas guarpamMma cuMMerpudHa ornocuresibno OF, mostomy orpa-
nuuuMes nocrpoenuem 1pu K > 0. Jlnsa ypoGersa pazobbeM MuOKecTBO Y = Frp[M*) na

HECKOJBbKO IIOJMHOXKECTB.

Onpepenenne 4.2.2. Yy — 00pa3 MHOXKECTBA TOYEK (a3z0BOTO MPOCTPAHCTBA, B KOTOPHIX
rk dFKE = 2.

Y1 — obpa3 MHOXKecTBa 0CcOOBIX TOYeK paHra 1.

Yo — 0bpa3 MHOXKeCTBa 0COOBIX TOUeK panra 0.

Ip — obpa3 mHOXKecTBa TOUYeK (Pa3z0BOro MPOCTPAHCTBA, KOTOPHIE JieXKaT Ha (DA30BHIX TPAEK-

TOPUSAX, COOTBETCTBYIONINX OTPAHUYECHHBIM OPOUTAM.

Jlns cucrembl beprpana Boinosinsercst X = Yo L X4 L Ys. B camom sreste 2 = g U Xy U Yo
B By Toro, uro 0 < rkdF < 2. Jlanee gradp, # 0 BBuay (4.1.10), mosromy BepHO L) = .
s MuOKecTBa X BepHO 1k dF i = 1 < rk(grad p,, grad H) = 1 < Bekropa grad H, grad p,,

maneitno 3asucumbl. C yaerom (4.1.10) smHefinas 3aBUCHMOCTD O3HAYAET, ITO

abe(0) 9 abo(0) o / _ a5, (0) 2 /
9 Wa0) 3y 92 gy 202 4 yr(g) = 0
pe;ﬂa%(f))pe agg(e)p@ ( ) — ;%(ﬁ)g‘p ( ) (421)
at, (0) o=

31ech TpUMEHMIICS TOT PAKT, 4TO B MCIOJIB3YEeMBIX HAMHU GePTPAHOBCKHX KOOpAHHaTax a2 (f) =
a35(0) - pt. Vemosua (4.2.1) B TounOCTH 0O3HAYAIOT, UTO HaHuble K, F TOCTATAIOTCS HA KPYyTO-
Boit opGure {0} X S' u ToNbKO Ha Hell (COrIACHO ONPE/IEIeHIO UMILY/ILCA Py U HPE/IOKeHHIO
2.1), moaromy mpoobpas F' [;}3(21) COCTOUT U3 TOYEK (ha30BHIX TPACKTOPUil, COOTBETCTBYIOIINX
KpPYroBeiM opbutam. BepHo u o6paTHOe, Ha KPYTOBBIX OpOUTAX BBHITOJHAOTCS yetopust (4.2.1).
Takum 06pa3oM X COCTOUT TOJBKO U3 00pa3a ToueK (ha30BbIX TPACKTOPUM, COOTBETCTBYIOIIHX
KPYTOBBIM OpOuTaM, 1O3TOMY i1 M Yo = .

Hampumep, B caydae 3akoHa HbBIOTOHA TPaBHTAIIMOHHOTO IPHUTsKeHns B R? Bce HeBLI-
POXKIeHHbIe OPOUTHI MOYKHO Pa3/IeUTh HAa OrpaHUYeHHble W HeorpaHumdeHHble. OrpaHudeH-
Hble OyIyT BCerJa 3aMKHYTBI, T.K. OHM 3JLIHIICHI. DJLIANCAM OyIYT COOTBETCTBOBATDL 3HAUe-
wust (K, E) € Ip, OKpY:KHOCTSIM, KAK YACTHOMY CJIy4YalO 3/LIMICA, OYIyT COOTBETCTBOBATH
snavennst (K, E) € ¥, C Ig. [Tapaboaam u runepbosaM OyIyT COOTBETCTBOBATH 3HAYCHMUSI
(K, E) € ¥\Ip.

B obmiem ciaydae TakzKe MHOMXKECTBO [p COOTBETCTBYET TeM 3HAYEHUSM MHTEIPAJIOB dHEP-
THH ¥ MOMEHTA, KOTOpPbIe JOCTUTAIOTCS TOJBKO Ha OrpaHUYEeHHBIX opOuTax. K orpaHmdeHHbIM

OTHOCSITCS KPYTOBBIE, modTOMY X1 C [p BCera.
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Hoa xkazxoro cayyast (t =0,V = A0+ B; t =0,V, = 9% + B;t >0,V t <0,V3) npen-
CTABUM 110 JIBA PUCYHKA — OUQypKAIMOHHAS AuarpaMma BMecTe ¢ 00pa3oM Bcero ha3oBOro

IPOCTPAHCTBA U paciiupeHHas OudypKauoHHAd JuarPaMMa.

3ameuanme 4.2.1. [lockosbky KoHcTaHTa B HM HA YTO He BIUsET, B JaJbHelIIeM MBI OyaeM
cTpouTh OudypKaruoHHyo guarpamMy 6e3 weé. Ecam majiee Be3sne BMecTto F npeiacTtaBuTh

E — B, to nosy4darcs GpopMyJIbl U JIHArPAMMBI ¢ yaeToMm B.

IIpennoxkenne 4.1. Paccmompum maxcumarvryio noseprrocms Bepmpana S’, coomeem-
CMBYIOULYI0 3HA%EHUAM napamempos (¢, t, 1) us obaacmu ly (puc. 2.1), u nomenyuar V = Af
(A < 0). JIas makol 2amunsbmonosot cucmemuvi GuByprauuonHas Ouazpamma u noarsli o6pas
omobpascenus momenma (Ha naockocmu (K, E)) umerom eud (puc. 4.1). Touxa Ay umeem

koopdunamui ( /%,A\/—c) U He NPUHAOAEHCUM X, MHOHCECTNGO Y1 NPEeOCmaGALem U3
ceos xpusyro Ey(K) ={(K,FE): E = C“ZKQ — QH‘;‘ZQ, M{\/A}C < K < o0}.

Obaacmov Yy deaumea kpusvimu Eo( K), E3(K) na wemwpe sonw, (puc. 4.2) Ig, I, Iy, I,
2de B>(K) = {(K,E): E = %<0 < K < oo}, By(K) = {(K,E) : E = Ay=¢, /= <

2
K < oo}. IIpoobpas 410601 mouku ud Xy — 0kpyHcHocms, npoobpas awbot mouku ud Ig mop

(puc. 4.2). Hpoobpas kasrcdold mouku us I} yuaundp, coomsememeyroujue Gazosvie nomoky
noarwvt. IIpoobpas xasrcdoti mouku u3 Iy yusundp ¢ HENOAHBMYU PA30BBLMU NOMOKAMU, CDEMA
HA COOMBEMCMEBYNULUL MPAEKMOPUAL He NPodosdHcaemesa Hu do +00, nu do —oo. [Ipoobpas
A10601 mouxy u3 I3 — napa YuAUHIPOS ¢ HENOAHBLMU NOMOKAMU; BPEMA HA MPGEKMOPUAT
yuaundpa, aescauwsezo 6 {pg < 0}, ne npodosscaemes 0o +00, Ho npodoascaemcs do —oo,
o yuaundpa {pg > 0} naobopom. I'panuya son Iy u Ig codeporcumca s Iy, epanuya son Iy u
I codepotrcumcesn 6 Iy, epanuua 3on Iy u I3 codeporcumes 6 I3, eparnuua 3on Iy u I3 codepotcumes

6 I3, obusas epanunas mouka wemuipex 30 npunadsesxcum I3.

22 11 13

777777777777

Puc. 4.1: Budypkanuonnas quarpamMma u X B Puc. 4.2: Pacmupennas OudypKamuonHas

cayydae [y, V]. ararpamMma B caydae [y, Vi.

JOKABATEJIBLCTBO. Ilokaxkem, uro ¥ umeer Bum kak Ha puc. 4.1. Touka (K, E) € X,
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HA30BEM TaKUe 3HAYEHUs [IePBbIX WHTErPAJIOB JOINYCTUMbBIME, €CJIU CYIIECTBYeT OpbuTa ¢ co-
OTBETCTBYOIINME 3HAYCHUSIMU WHTerpasoB sHeprun F n momenta K. Cornacho (4.1.12) HeoO-
XOJIUMBIM U JIOCTATOYHBIM YCJIOBHEM TOTO, YTOOBI OBIIO BO3MOYKHO JBHZKEeHUE 10 S’ 1Mo Jeil-
creueM V' ¢ smeprueit E u momentom K aBasgerca cymecrpopanne 0y u3 unreppaia(0, /—c)

TAKOro, 4T0

~ K2
V(by) =FE—-V(6 —— > 0. 4.2.2
( 0) ( 0) + 2@%2(90) = ( )
[lomcraBum B yenosue (4.2.2) HAILYy TICeBIOPHMAHOBY METPUKY 3y = —m M 3aMbl-
kaforuit motenmman V(0) = A0 (A < 0): V(6) = E — Afy — KQQ“QC - K22292 Takum

obpazoM 3ajiata CBEJlaCh K HAXOMJICHHIO BCEX Hap (K > 0,F), mig KOTOPBIX CYIIECTBYeT

0o € (0,/=¢) : V(6o) > 0.

IIpoussonmas V'(0) = —A — K220 obparmaercss B HOJIb B TOUKE Oy = . Ecom

Kz
makcumyM byukinn V (rorb V') npuragzexur (0, /—¢), TO BOIPOC CYIIECTBOBAHUS 00, VI0-
saersopsonieit V (0y) > 0, sxsusanenren yeaosuio V(Omay) > 0. Ilycrh 0y — MHOKECTBO TOUEK
(K,E) € %, aaa xotopsix MaxcumyM dyukmun V(0) npuramtexnr narepsary (0,1/—c), a
0y = ¥\ oy — MEOKecTBO Touek (K, E) € X, n1s koropeix dbyrkmms V() e gocTHTaeT MaKcH-

myma Ha uarepsaie (0, v/—c). YeaoBue 0,4, = —K%Q € (0,v/—c) sxpuBanentno K > \;_ic.

Takum 06pazom, 9To0bl HAHTH 0 JOcTaTOIHO HalTH Bee napst (K, E), auist koropeix V/ (—%)

2172
> 0. Imeem 1% ( 2K2> E+ 2K2 — I; € — 2/L2K2 > 0, 9TO COOTBETCTBYET TOMY, UTO TIPHU

K>,/ F roukn (E, K) pacnosoxens Ha kpuBoil £y (K) u Bbiine Heé.

Uro6nI HAMITH 07 HYZKHO 3aMeTHTD, 4T0 eciu bynkmus V() re mvueer Makcnmyma Ha (0, /—¢),
Torga oHa Bo3pacTaer u cymecrsopanue 6y € (0,v/—c) : V(fy) > 0 SKBHBAJEHTHO YCIOBHIO
V(v/=¢) > 0. Uro gaér B urore E > Ay/—c¢ mst Togek npu K < \/; (Ha puc. 4.1 ypoeHb
E = A\/—c o6o3naden nyHKTHPOM).

O0bennHss Terepb HaliIeHHBIE 01 W 0 TOJIYYaeM 2.

[Tokazkem, uro ¥ 3amaércst kpuboil Fyi(K). Ilepsblit ctocob cOCTOMT B TOM, UTO KarKIast
KpyToBas opuOTa ¢ = ¢ nMeeT cBOIO YHUKAILHYIO K, MOITOMY MOYKHO U3 TIEPBOTO YPABHEHUS
cucremst (4.2.1) Boipazuts 0 wepe3 K u moacraBus B (4 L. 2) OJIy YU Th KaK cBa3anbl B u K s

20 172
(92+C nV = Af mmeem p K=+ A =0,
_ _—A
T.e. 0 = R Hasnee moaydennyto 0 Bmecre ¢ yeaosueM py = 0 noacrasum B (4.1.2) u mosryanm

El(K)Z

kpyroroit opouthl. Coracho (4.2.1) st a3,(6) =

K22c A2

E= - .
2 212 K2

T.x. 0 € (0,4/—c) (3ameuanue 2.1.4), 1o K € (/ Qr, 00).

Bropoii crocob coctour B ToM, uTo ycsaosus (4.2.1) onpemensiior Kpyrosyto opbury. O6pa-

TUMCSl K ypaBHEHUIO opOuThl (2.2.18) — OHO MOKa3bIBAeT, 4TO B CJAydae 3aMKHYTOH OpOUTHI,

2 K2 4
MPOUCXOIUT (PJIYKTyalust BOKPYT TOJIOKEHUS — ;}CZ ¢ aMILUITUTY A0 \/ 1+ 2E “ L AIQ( , JJIS
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KPYroBOil OpOUTHI AMILIUTY 14 IPHPABHIBACTCS K HYJIIO, 9TO JAéT Ty Ke 3apucumoctb F(K)

Mexiy B u K.

MmuoxkectBo [ mpejcTtasiseT u3 cebst Touknu (K, E), coOOTBeTCTBYIOINIIE OTPDAHHICHHBIM OP-
outam. s ycranosnenus takux (K, E') BoCcmosb3yeMcst SBHBIM BUIOM opoutst 0(p) u ycra-
HOBUM, 1Ipu Kakux ycjaosugx Ha (K, F) ona ue Beixogur na rpanunpt {0} x St {y/—c} x S1

HU IIpHU KaKOM :

A 2B K? K4
0< —m 1 - 1+ 12 —C 12 , (423)
A WEPK? piKA
—m 1 + \/1 + A2 — C A2 < y/—cC. (424)

Yro co Bcemu yesaoBusiMu Ha KoucTauThl (A < 0,¢ < 0, K > /\;—_ic) JaeT:

cK? K?i?c A?
E<—, E<+—cA, FE> — :
2 N NN W

(4.2.5)

[IpooGpazom kaxmoit Touku (K, E) € Ig Gyaer KOMIAKTHOE MHOXKECTBO M COIJIACHO yTBED-
xaeano 17 ono sBistercss topoM Jluysuana T2 ~ F~Y(K, E)] B ciysae (K, E) € Ig\X;

OKPYZKHOCTBIO B caydae (K, F) € X1,

Hnsa I Bepuo, aro kKaxmomy 3uadenuio (K, F) coOTBeTCTBYIOT OpOUTHI, OrpAHUYCHHBIE
TOJILKO ¢ OAHOfT cToponbl (o croponbl napawuien {y/—ct x S1), r.k. napymaercs yciosue
(4.2.3) u BemosHsierca yeaosue (4.2.4). Tlo mpexkaemy Kazk/gas Takasi OpOUTa TOJYIAeTCa U3
JPYTOil HOBOPOTOM BOKDYI OCH BpAIEHUs MOBEPXHOCTH, T.e. opbuta 6 = 6;(yp) noydaercs
u3 opbursl 6 = 65(p) noacranoskoit 01(p) = O2(¢ + @o) st HEKOTOPOTO 0o. [TosTomy (cm.
yTBep:Kaenne 17) mpoobpas oboii Toukn uz I Gymer nmunuaapom. COrIacHO yTBEPIKICHUIO
19 TpaekTopusi BBIXOIUT 3a KOHEYHOe BpeMmsi Ha rpanuily 6 = 0 moBepxunoctu S’, 3HAYUT U
¢a30Bast TPAEKTOPUsT BBIXOAUT HA FPAHMILY MUINHIPA 32 KOHEUHOE BPEeMsl, T.e. IOTOK Ha IH-
JIMHJIPE HEIIOJIOH.

AHaIOrIYHO OPGUTHI, COOTBETCTBYIONIHE 30He 1, OTpaHUYICHbI O CTOPOHBI napaienn {0} x St
1 HE OIPAHUYEHBI ¢ TPOTUBOIIOI02KHOI. [Tpoobpazom kaxk10it Toukm u3 [ ToxKe OyaeT NUAnHIIP
TOJIBKO YK€ C MOJHBIM TTOTOKOM.

s 30HBI I3 BEPHO, 9TO COOTBETCTBYIONIHE OPOUTHI Oy/IyT He OIPAHHYEHBI ¢ JIBYX cTOpoH. Te-
epb OPOUTHI JIEJSITCS HA JIBE TPYIIIBI — ¢ MOJOXKHUTETBHBIM 3HATCHUEM Py (TACTHIA JBHZKETCSI
or 0 = 0 5o 6 = \/—c) u orpunareybubimM py (actuna asuxercs or 0 = /—c jo 6 = 0),
9TO O3HA4YAeT, 4TO Ipoodpa3zamu B 30He [3 OyIAyT mapbl MUJIUHIPOB, CHMMETPUYHbIE B (ha30-
BoM mpocrpancTBe M? oTHOCHTENILHO rEIepILIocKocTH Py = 0 (HOC/e/Hee MOXKHO IIOHUMATD
Tak: To4Ka (6, ¢, pp, Pp) TPUHAIEKUT MEPBOMY IIJIHHAPY TOIJIA U TOJBKO TOIJA, KOTJA TOU-

Ka (6, v, —pg, p,) IPUHANIEIKAT BTOPOMY IUINHIPY; & MOXKHO U IIO-IPYTOMY: IIOBEPXHOCTD S’

88



MOZKHO Peajln30BaTh Ollpejie/ieHHbIM 00pa3oM B RS, 3uauuT, 106aBUB /[Be PA3MEPHOCTH, MOKHO
peanu3oBarh Qazoroe npocrpancteo M?* B R3). O
Bamernm, uro npoobpas mo6oit Touku (K, F) € ¥ 6yner cuMMeTpiuieH OTHOCHTETHHO TH-

IePILTIOCKOCTH Py = 0, T.e. YKa3aHHbIN IPoo6pa3 nepexonut cebst mpu orodbpazkenuu (6, ¢, pg, p,)

— (07 P, _peaptp)'

IIpennoxkenne 4.2. Paccmompum maxcumasvryio noseprrocms Bepmpana S’, coomeem-
CMEYUYI0 3Havenuam napamempos (¢, t, 1) us obaacmu ly (puc. 2.1), u samwrarowud no-
menyuan V = A072 (A > 0). Jlas makot 2amuisomonosoti cucmemuvt 6udyprayuonnas, oua-

epamma u noanudi o6pas gazosozo npocmpancmsa (na naockocmu (K, E)) umerom eud (puc.
VA A

—pc’ —c
cmasasem u3 ceba kpusyro By (K) ={(K,E): E = # + V2AuK, % < K < oo}.
Obaacms 3o deaumesn kpusoti Eo( K) wa dee sonw, (puc. 4.4) I, I, 2de Ey(K) = {(K, E) :

4.3). Touka Ay umeem xoopduramol (

) U He NPUHAOAEHCUM X, MHOHCECTNEO Y1 Nped-

E = %, % < K < oo}. Ilpoobpas aboli mouku u3 Y; — okpystchocmy, npoobpasd 410601

mouku uz Ig mop (puc. 4.4). Illpoobpas kascdot movwku usd I; 4usundp ¢ noanvmu Gasosuimu

nomokamu. I'panuua 3on Iy u Ig codeporcumesn 6 1.

22 11

777777

Puc. 4.3: budypkanuonnas quarpamma u X B Puc. 4.4: Pacmupennas 6udypkainuonnas

cayqae [y, Vs. auarpamma B ciay4ae [q, Vs.

JokazarenbeTBo mpetoxennst 4.1 HOUTH T0CTOBHO MOBTOPSIET JTOKA3ATEIBCTBO HMPEJIJIO-
xkenust 4.1 ¢ Toit munTh pasHuTeii, 9ro BMecto morernuana Vi (6) 6epércsa morennunan Va(0) u
dakrom, uro rpannna {0} x S! we jocrukuma (u3-3a wero Yy jeauTcs Ha 2 30HbBL, a He Ha 4

Kak Ha puc. 4.2).

IMpeanoxenne 4.3. Paccmompum makcumasvryo noseprrocms Bepmpana S’, coomeem-
cmeyouyo 3uaveruam napamempos (¢, t, 1) us obaacmu 0y (puc. 2.1), u nomenyuan V =
AO72 (A > 0). Jaa maroti 2amusbmonosoti cucmemv, Gudyprayuonnas ouazpamma u noamoil

06paz omobpasicerus momernma (na naockocmu (K, E)) umerom eud (puc. 4.5). Touxu Ay, Ag
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umerom xoopdunamuo, (—L2A= A, (Y24 Ay cpomeememeento u ne npunadaescam L. Mmuo-

04+t 03 pVt ot
orcecmeo Ly npedcmasaaem uz ceba kpusyro Ey(K) = {(K,F) : E = #%—;ﬂ[@ #3—}32 —t,

[ —a
MZT_—C<K<OO}

Obaacmv Xy desumes kpuevmu Eo(K), E3(K) na wemupe sonwv (puc. 4.6) Ig, I, I, I3,
ede By(K) = {(K,E) : E = QAH\/% < K < oo}, By(K) = {(K,B) : K = Y21 4 <
E < oo}. IIpoobpas 060l mouku u3 ¥y — okpystchocms, npoobpas awbol mowku uz Iy mop
(puc. 4.6). Ipoobpas kascdold mouku u3 I} yuaundp, coomeememeyroujue Pazosve nomoky
NOAHBL, NPo06pas Kkascdoth mouku u3d Iy YuAUHIDP ¢ HENOAHBMU PA308bLMU NOMOKAMU, SDEMS
HA COOMBEMCMEYIOUWUT (a308bLT MPAEKMOPUAT He NPOJOANCAEMCA HU J0 +00, HU do —O.
IIpoobpaz a0b0l mouku ua Is — napa YuAUHOPOS ¢ HENOAHLLMYU NOMOKAMU; 8PEMS HA MPQ-
EXMOPUAT YuAUHOpa, sescawezo 6 {pg < 0}, we npodoasrcaemes do +00, Ho npodoascaemcs
do —00, daa yusundpa {ps > 0} naobopom. I'panuya son Iy u Ig codeporcumca 6 Ih, epanuya
son Iy u Ig codeporcumesn 6 Iy, epanuua 3om 11 u I3 codeporcumen 6 I3, epanuya 30m Iy u I3

codepotcumces 6 Iz, 00wan 2paru Has Mmouka Yemuipexr 30H npunadsescum Is.

X2

777777

Puc. 4.5: budypkanuonnas juarpamma u 2 B Puc. 4.6: Pacmupennas 6udypkamnuonnas

cay4aae 2, V. guarpamma B caydae (2, V5.

JOKABATENBCTBO. Kak u B ciydae ¢ npempioxennem 4.1 kpurepuii (4.2.2) mossossier
0BOCHOBATH BHJ MHOXKECTBa Lo (puc. 4.5), a ycaopus (4.2.1) Bug 3.

O6ocuoBanne pucynka 4.6 ynupaerca B mouck ycaosuii Ha K, E, npu KOTOPBIX COOTBET-
cTByIOIIIe OpOUTHI OyIyT OrpaHudeHbl ¢ 06enx cTopoH (Ip), OrpaHUYeHBl TOJBKO CO CTOPOHBI
{0} x S* (Iy), orpann4ensl TOJILKO €O ¢TOPOHBI {As} X S (1)), Heorpanwdensr ¢ 06eUX CTOPOH

(I3). Jaunble ycaoBust yao6HO TOMYIHUTE ¢ TIOMOIIBIO YpaBHEeHHsT opOuTh (2.2.20):

(4.2.6)

90



[Tocienuee n3 HepaBeHcTB (4.2.6) 9KBUBAJEHTHO OrPAHUYEHHOCTH TPAEKTOPHH CO CTOPOHBI
kpast {0y} x S, neppas crpouxa Ja8T ycjoBHE OrDAHUYEHHOCTH OPOGUTBHI CO CTOPOHBI Kpast
{0} x SL.

[lomHOTA MM HEMOJTHOTA TTOTOKOB € YUETOM CJIy4YaeB IMPOJIOIKAeMOCTH BPpEMEHU JI0 +00 1

—00 cjaejyer u3 yrsepxiaenusd 19 u npejioxenns 2.2.0]

IIpenaoxkenne 4.4. Paccmompum maxcumanvhyto noseprrocms Bepmpana S’ ¢ xoopduna-
mamu (0, @) u mempurol (2.1.8), coomsememeyowyro 3navenusm napamempos (¢, t, 1) us
obnacmu Qo (puc. 2.1); 6e3 ozpanuvenusa obusnocmu Koopdunama 0 mensemca 6 npedeaax
nepeoti Komnonenmaol, m.e. 6 npedesax unmepeana (01, v/—t). Ha S' deticmeyem nomenyuan
V = A07? (A < 0). Jasa maxoti 2amurvmonosoti cucmemnvs 6udyprayuonias ouazpamma u
noanwill 0bpas omobpasicerua momenma (na naockocmu (K, E)) umerom sud (puc. 4.7). Touxa

Ay umeem KoopduHambl (\/—— %, 9%) u He npunadaestcum Y. Mruooscecmeo X npedcmasanem
H 1 1

_ . K3 2A V2A
us cebs xpueyo Fy(K) = {(K,E) : E = ¥ + | K? m_t’ﬁ
Obaacmov Yy deaumea kpusvmu Fo( K), F3(K) na wemwpe sonw, (puc. 4.8) Ip, I, Iy, I,

286 EQ(K) = {(K’E) : E = %’u\/% < K < OO}, Eg(K) = {(K,E) . E — C,ll,22K2 +

V—tu?K? + \/ijt,O < K < oo}. IIpoobpasz moboli mouku u3 L1 — 0KpYysHcHoCcMb, Npoobpas

< K < o0}

410601 mouku us Ip mop (puc. 4.8). Ilpoobpas wascdot mouku us Iy yuaundp, coomeems-
cmeyowue Gasosvie NOMoKY NoAHbL, NPoobpas Kaxcdot mouku us Iy YuAUHOIP ¢ HENOAHVLMU
Pa306bLMU NOMOKAMU, BPEMA HG MPAEKMOPUAL, AEHCAUUT HG UUAUHIPE He Npodoadcaemcs
énpaso do +00, He npodosscaemes 6aeco do —oo. Ilpoodbpas arwboti mouku us Is — napa yu-
AUHOPOB € HENOAHBLMU NOMOKAMU; BPEMA HE MPAEKMOPUAT YUAUHOPG, sesicauieeo 6 {py < 0},
npodoascaemea 0o +00, Ho He npodoascaemea do —oo, das yusundpa {pg > 0} naobopom.
I'panuua son Iy u Ig codeporcumes 6 Iy, epanuuya 3on Is u Ig codeporcumes 6 Iy, epanuya 301
Iy u I3 codeporcumesn 6 I3, epanuua 3on Iy u I3 codeporcumesn 6 Iz, obusas epanuvnas mouka

wemuiper 30n npunadsestcum Is.

JIOKABATEJIBCTBO. /[loKa3aTebCTBO MOBTOPSIET OCHOBHBIE STAIBI JOKA3ATETHCTB MPe/I-
aoxennit 4.1 - 4.3. Kpurepnii (4.1.12) u dopmysst (4.2.1) 060CHOBBIBAIOT BUJ MHOKECTB 3
u Yo. Pazbuenue Yy ua 30ub1 Ig, [1, [, I3 onpejiesigercss OrpaHnIeHHOCTHIO COOTBETCTBYIOIIUX
opour 0(p). Asubrit Bux opourer (2.2.20) 103BOJIAET 3aNHCATH YCJIOBHST OTPAHUIEHHOCTH C

KazKJIOW CTOPOHBI:

2
E E 2A
m‘%Jr\/(sz—%) tt— g <Vt
2
E c E c 2A 2
m—i—\/(m—§> tt— e >0

Ypasuenust (4.2.7) onpeaenasior orpaHuieHHocTh opouTsl 0(p). Ecan Beinosasiores 06e omen-

(4.2.7)

Ki, TO 0pOUTa OrpaHnveHa ¢ JByX ¢TOpoH (Ip), €ciu TOJBKO OjiHA, TO OpOUTa OrpAHUYEHA C

onHOi croponsl (17, I3), ecam HU ofiHA, TO OpOUTa HeorpaHmdeHa ¢ obenx cTopon ([3).
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AL AL I3
)

P 12

Puc. 4.7: budypkanuonnas juarpamma u 2 B Puc. 4.8: Pacmupennas Oudypkainuonnas

cay4aae (o, V. quarpamma B caydae (g, V5.

[TocstetHME HepaBeHCTBA BJIEKYT YCJIOBUA, HTIOCTPUPYIONINE JIeJeHue Yo:
22
E<g, E<%5 + I KV=t+ 74

[TosiHOTA, HEIIOJHOTA TTOTOKOB SIBJISIETCA IPSIMbBIM CJIEJICTBUEM YTBep:KieHus 19 u upeioxe-
g 2.2. O

Sameuanue 4.2.2. /Tnarpammvsbl (puc. 4.1 - 4.8), TOCTPOEHBI /IS MAKCHMATBHBIX MOBEPXHO-
creit Beprpana S’ ¢ nceBnopumanoBoii MeTpukoit. B cirydae neMakcHMasbHON MOBEPXHOCTH S)),
KOTOpasi sIBJISeTCS IOAMOBEPXHOCTBI0 MAKCUMATBHON S’, TuarpaMMbl COXpaHAT OOIIHA B/,
HO OyIyT MeHbIIe, T.e. KayKIoe M3 MHOMKECTB ., Ig, s yMenbimuTcsd. Hanpumep, B caydae
S' =~ (e,v/—c—¢) x St nia HexkoToporo MHGUHATEIUMAIHLHOTO OJIOKHTEJLHOIO € 1 3aMblKa-
formero norennmana Vi(0) = Af (A < 0) obpa3 ocobbix Touek paHra 1 cTaHeT 4acThio KPUBOIL

c 2712 2 _ —
Ey(K) (em. puc. 4.1): 8y = {(K,B) : B = ¢~ — Q“Q‘KQ,,/MQ(\/_%_E) <K < 1/;7As}' O6pas3

0COOBIX TOYEK PaHra 2 IPeJICTaBIAeTCS B BHJE O0bEIHHEHUS TPEX MHOMKECTB: Yo = gy U
ZQQUZQg, rae 221 = {(K, E) B> A(\/ —C — 5) — HQQKQ (2\/ —CE — 52),0 <K< 1//9(%:4676)},
Yoy = {(K, E): E> Cu22[(2 B 2}5@) H2(\7_Ac_6) < K < ,/;7‘2}, 7 TIOCJIC/THEE MHOYKECTBO Yoz =
{(K, E):E>A(W/-c—¢)— #(2\/—05 —&?), ;—2’2 < K} (em. puc. 4.9).

3ameuanue 4.2.3. B KOMIAKTHOM CJIy4ae JJisi UHTETPUPYEMbIX 10 JInyBHLIIO TaMHIBTOHO-
BBIX CHCTEM COLJIACHO Teopeme JIuyBu/Lis [33] MOKHO HOCTPOUTH B HEKOTOPOH OKPECTHOCTH
¢a30BOTO TPOCTPAHCTBA TIepeMeHHbIe JeiicTBre-yTroa. KoopauHara ¢ dBasgeTcd MUKINIecKoi
Jutst cucrembl Beprpana, nosromy geficTBueM Jjist Hee OyJAeT KHMHETHIECKUIT MOMEHT, 110/1€ KO-
COTO I'pajIieHTa KOTOPOro HAIIPAB/ICHO BIOJb OKpyzKHOCcTel {x} x S x {x} x {x} C M*. Iipyroe
JIeJI0 UHTerpaJl MOJTHOU dHeprun F, mjid KOTOPOro WHTerpajbHble JuHuH Moad sgrad F B TO4-
HOCTH (ha30BBIe TPAEKTOPUH Hallell cucteMbl. T K. cucTema GepTpaHOBCKAast, TO BCe OIPDAHUIEH-

HbIE OPOUTHI OYIyT 3AMKHYTHI, & 3HAYUT UM COOTBETCTBYIOT 3aMKHYTBIE (Da30BBIE TPACKTOPHUH.
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221 222 223

E1

Puc. 4.9: Budypkamnuonnas uarpaMma 4 > B cJIydae HeMaKCUMaJIbHOI MoBepXHocTu beprpa-

Ha ll, ‘/1

PacemorpuM Kakyto-aubyab opoury {6 = 0(p)} C S’ u coorBercryonyo eit daszoByo Tpa-
exktopuio y(t) C M*. Mpl 3HaeM nepuos apuzKenus mo opoute {0 = 0(p)}, a 3HauuT u nepuos
dbyukmun (), Koropsiit Beraucasiercs: mo gopmyie (2.3.2). [ocrponm nepemennyio I(E, K)
TaKylo, 9TO TpaekTopuu 1noJig sgrad I coBmagaior ¢ Tpaekropuamu nojs sgrad £ ¢ TOUHOCTHIO
JI0 TepermapaMeTpU3allid, MPU 3TOM HepHoJ HOBBIX TpaeKTopuii OyaeT paseH 2m. g sroro
3aMeTHM, YTO COTIAcHO (2.3.2) mepuoj He 3aBHCHT OT WHTerpaia K, mMoITOMYy MepeMeHHYIO
I 6ynem uckarp B Buge I(E). Hanee sgrad I(E) = I'(E) sgrad E, nosromy nepuogst 17 u T
TpaekTopuii noJsieit sgrad I u sgrad E cBazanbl coornotienuem 1 = %, OTKY/Ia C YIETOM Tpe-
Gosanust T = 21 noayvaem I'(E) = % Ocranoch NPpOMHTEIPUPOBATH IOCJIEIHEE PABEHCTBO

1o F, 15 9ero BBIIHIIEM €ro, MoJIb3yach (2.3.2):

[’(E):Z q VA +e VA -c

- +
WA\ BWE+og+24  \JE(c—VE) +24

?

rae A = ¢ + 4t. lnrerpupoBanue OpUBOIAT K

I(E) = ﬁ (\/E(\/Z +c)+24 - \/E(c —VA) + ZA) . (4.2.8)

Bamernm, uto dhopmysia (4.2.8) cupapeyiuBa Kak JJis PEMAHOBA CJIydasd TAK H JJisl MCEBIO-
pUMaHOBa JJId aHaJora norennuasa ['yka Vs.

Ecu nocrpouts BMecTo orobpaskenns Momenta Frp: M* — R? orobpaxenne Fyp: M* — R?
o upasuiy (0, ¢, pg,p,) — (I, K), 1 COOTBETCTBEHHO BMECTO JHArPaMM, ONHUCHIBAEMBIX IDe/I-
noxenusayu 4.2-4.4 (IceBIOPUMAHOB CJIydail, TYKOBCKHIA MOTEHIHA ), TOCTPOUTH JTUATPAMMBI
Ha miockoctu OK I, To rpaHrdHbIe KPUBbIE, pasjesiomue 30ubl g, I1, I, I3 cupsimsaTcs. Ha-
mpumep, Ha pucynke 4.4 kpusas {(K,F) : F = # + \/ﬂuK,@ < K < oo} 6ymer

—puc
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sajasarbest Tak © {(K,I): [ = %K ‘f?c‘ < K < o0}.

Bamernm Takxke, 9T0 dhopmyna (4.2.8) umeer orpaHuveHusi, CBI3aHHBIE ¢ HEKOMIAKTHOCTHIO
cucrembl. [lepuos T' mocyuTan iyt OrpaHUYeHHBIX OPOUT, JIjId HEOT'PAHUICHHBIX OPOUT BhIpa-
YKEHUsI, CTOSIIIIE 0/l KOPHSAME CTAHOBSITCS OTPUIIATEIBHBIME, MOTOMY Trepementasi I(E) ast
obsactu ¢azoBoro npocrpancrsa F [}}E[Z\I B] C M*, oTBevalomeii HeOrPAHMYEHHBIM TPACKTO-
pHSIME, He OlpeseeHa, a onpejenena Toabko aas Fip[Ip]. Tlpn stom korga touka (K, F)
JBIKeTCst 0 obaactu Ig w nomxoaut K rpanune Fo(K) (mmarpammva 4.4), 3HaMeHaTe b 110-
crenHeit 1pobu mpapoit dactu (2.3.2) cTpeMHUTCS K HYJI0, YTO 0O3HAYALT CTPEMJIEHHe K GecKo-

HeunocTu npoussoauoit I'(E) u Beqmaunst mons sgrad [.

4.3 Caon JInmyBuiig n X nepecTpomnKm.

[Tocrpoenusie paciupentbie 6udypKannoHHbe JrarpaMMbl (npeioxkenus 4.1 - 4.4) u 0106~
pazkeHHe MOMEeHTa Fp MOMOTalT B WCCAE0BAHUN TOMOJOIHH CJOeHUS JInyBuLAs (IepBBIX
HHTerpajoB sueprun H u MOMEHTa p,,) FaMHIBTOHOBOM IICEBIOPUMAHOBOMN cucTeMbl Beprpa-
Ha. Kaxaerit ciioit cioenust Jlnysuias npencrapiser us cebs npoobpas touku (K, E) npu
0TOOpasKeHUN MOMeHTa Fip, U gaBagercs oO0beIuHeHHeM BceX (bpa3oBLIX TPaeKTOpHil, COOT-
BETCTBYIOIUX TPACKTOPUSIM JBUKeHUsi ¢ 3ueprueii I/ m xkunermuecknm momentom K. Kak
CJeJlyeT W3 BBIEYNOMSAHYTHIX mpeiokenuit 4.1-4.4 kaxkplit cJ10#l 1pejcTaBiasgeT u3 ceds
OJIHO M3 CJEJAYIONINX MHOXKECTB: OKPYXKHOCTD, JBYMEPHBIH TOp, MUJHHIP, Mapa IHIHHIPOB.
[Ipu 3TOoM OudypKaluoHHasT AHArPAMMA, T.e. MHOYKECTBO Y1, B HAIIEM CJIyd4ae COCTOUT TOJb-
KO u3 0bpa3a ocobbix Touek panra 1. [Tpoobpas kaxmoit Touku (K, F) € ¥; OKPYyXKHOCTb
Buga {0} x S' x {0} x {K} C M*. TlpooGpas kaxoit Touku uz Ig Top. IIpoobpas KaxK-
goit Touku m3 [; m m3 I, muaumaap. llpoobpas kaxkmoir Toukum u3 I3 — mapa DHJIHHIPOB.
B kaxka1oM u3 uerThipex ciaydaeB guarpamm 4.2, 4.4, 4.6, 4.8, kpome BTOpPOro (mpeiozke-
aue 4.2), muoxkectBo X jesures kpusbivu Fo(K), E3(K) na 4 kamepst Cp, Ch, Cy, Cs, or-
BEYAIOIIHe PA3JINIHBIM THIAM JBIKEHHUH, IPU 5TOM caMu rpaHudHbie KpuBble Fo(K), F3(K)
(Bmecre ¢ xpusoit Ey(K) = ¥;) kamepam He npunajexkar, r.e. somoaneno Cp = [p\X,
Cl = Il\{EQ(K) U Eg(K)}, CQ = IQ\{EQ(K) U E3(K)}7 03 = ]3\{E2(K) U Eg(K)} (Ta—
KUM 00pa30M KaMepbl OY/IyT OTKPHITHIME CBA3HBIMU MHOKecTBaMu ). Croenue JIMyBULIS HAJL
KazKI0# KaMepoii JiokaabHo TpuBraabio. Coeaunnm ase Touku © € Cpg, y € C Kpupoii v, 1e-
pecekatoreii Fo(K)U F3(K) B oanoii Touke z. Korga Touka (K, E) nuraercs mo Kpupoii v B
npejesax Kamepsl C'p ee mpoobpas octaercss TopoM, korga (K, E) mepecekaer rpaHuily Kamep
Cp, C1 B TOUKe ¢, BOSHUKAET MepecTpoiika Topa B muiuHap. [I1s cucrem Beprpana Bo3HUKAIOT
3 Tuna nepectpoek ciaoes Jluysuis: Topa u okpyzxuoctu (Cp u ), Topa u muiuaapa (Cp
u C; win Cp u Cy), nnauaapa u napsl muanaapos (C; u Cy wm Cy n Cs).

Bcee nepecrpoiiku (6udypkanun) caoeB JIMyBUILIA MOXKHO Pa3/euTh HA 3 THUIA, €CTH
CMOTPETDb Ha IepecTpauBaeMble MHOYKECTBA ¢ TOYKH 3PEHUA KOMIAKTHOCTH: KOMIAKTHAasSA OM-

dbypraiys, 1pu KOTOPO# KOMIAKTHAS IIOBEPXHOCTD [HEPECTPAUBALTCS B KOMIIAKTHYTO (IIOJTHASI
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kiaccudukanust cM. [33]), HekomnakTHas 6udypkanus, Ipyu KOTOPOH HEKOMIIAKTHAS [TOBEPX-
HOCTD IePEeCTPANBACTCH B HEKOMIAKTHYIO, U CMEeITaHHas, KOT/Ia B IEPECTPONKE YyIaCTBYIOT KaK
KOMIIAKTHBIE TAK ¥ HEKOMIIAKTHBIE CJIOU. TakzKe IepecTpofiKu MOXKHO pa3/euTh Ha 2 THIA
B 3aBHCHMOCTH OT HAJHYIUsI 0COOOTO YPOBHS: €CJIH B MEPECTPOHKe 3a1eiCTBOBAH OCOOBIH CI0i
(T.€. cor0if comepzkuT TOYKH PA30BOIO IPOCTPAHCTBA, B KOTOPbIX grad H u grad p, 3aBuCHMSI),
TO 3TO TepecTpoiika depe3 ocobbil cy10ii (ocobasi mepecTpoiika), ecin Her, TO Heocobast me-
pectpoiika. Cucrema Beprpana 6orara npuMepaMu IepecTpoek, OHA COJIEPKUT KOMIIAKTHBIE,
CMEIIAaHHbIe ¥ HeKOMIAKTHBIE HEePeCTPOMKH, & Tak:Ke IepecTpoiiku ocobble W HeocoObIe: IIe-
pexon Mexy kamepamu Cp u Cp (a tak:ke Cp u Cy) COOTBETCTBYET CMEIIAHHON HEOCOBOIt
6udypkanuu, nepexon mexay kamepamu Cs u C (a takxke Cs u Cy) COOTBETCTBYeT HEKOM-

MaKTHON Heocoboit budypkanum.

Onpepenenune 4.3.1. byjuem nazbiBaTh jaBa MHOT00Opasusg U; u Us co CTPYKTYPOIi ciioeHus
JINyBUILIIS AUYBUNLEBO IKBUBANEHMHBLMU, ecan cylnecTByeT anddeomopdusm h: U; — Us,

nepepoadmmuit caoun Uy B citon Us.

3ameuanwue 4.3.1. B gaabHeiinem OyaeM onuchbiBaTh caoeHne JInyBHIIsT U TepeCTPOHKH ero
CJI0EB TOJIBLKO 1s cuctembl Beprpana (S, V), roe S’ ~ (0,v/—c) x S! ¢ ncesnopumanoBoit
metpukoit (2.1.7), V(0) = A0 (A < 0) — 3ambikaromuii motennuan Ha S’. O6pas orobparkeHust
MomenTa Fxr (a30BOro npocTpancTBa CHCTEMbI M €r0 Pa30HeHHe Ha KaMepbl HPeICTABJICHO

Ha aumarpammax 4.1, 4.2.

Paccmorpum u3oskunernyeckyio nosepxuocts Q% = {p, = Ko} C M*. Ona cocrour
U3 COBMECTHBIX cj10eB JlmyBuias unrterpanos H,p,, MPHTOM TONLKO TAKHX, AIA KOTOPBIX
P = Ko. s rouxu x = (Ey, Ko), npuaajekaieil rpaHnie KaMep pacCMOTPHM €€ H30KHHe-
THYECKYI0 OKPECTHOCTD, T.e. OKpecTHOCTD Bujia J := {(K,E) : K = Ky, FEy—¢ < E < FEy+¢}
11 HeKoToporo € > 0. Torma oKpecTHOCTb Mpoobpa3a TOUKA I HA M30KUHETUIECKOH MoBepX-

HOCTH, T.e. F _I[J] HA30BEM aTOMOM, TOYHEE JIaJINM CJEeIYIONee olpeeeHune.

Onpenenenne 4.3.2. Hazosem atomom Oy KIacc JIUYBUJLIEBOH IKBUBAJIEHTHOCTH H30KHU-
neruueckoit oxpecrnoctu F~1[J] npooGpasa Touku x, jexkaieil na obuieii rpanune kamep Cp
n Ch nm Ha obmeit rpanuie Kamep Cg u Cy. Aromom (J1_1; KJIAcC JNYyBHLIEBON SKBHUBa-
JIEHTHOCTU U30KWHETHIeCKOU oKpecTHOCTH F _1[J} npoobpas3a TOUYKHU x, Jexkaleil Ha ooreit
rpannie kamep Cs n C7 win Ha obiieit rpanuie kamep Cs u Cy. Hazosem aromom Oy_11 Ki1acc
JILY BUJLJICBOH 3KBUBAJICHTHOCTH U30KMHETH4eCKoi okpecrHoctu F~1[J] npoobpasa Touku ,

obpasyromreit obmyto rparuiy kamep Cg u Cs.

Boibop He nm303HEPreTnyecKoil MOBEPXHOCTU, & U30KMHETUYECKON MOTUBUPOBAH Te€M, 4TO
d 6 d 0 3 6
BEKTOPHOE HOJIe sgrad p, He IMeeT OCOOBIX TOUeK H TeM CaMbIM APy |g3. u (), npu 10d0M
0

K, 6yaer raa kM noaMuorooopasueM M4, B KOMIAKTHOM caydae I3BecTHAA KAACCH(DUKAINS
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aTOMOB COJIEPYKUT JIUIH ATOMBl MUHUMAJBLHON cJIOKHOCTH 1 [33]. OpHako onpegeeHHbIe BbI-
I1e HEKOMIIAKTHBIE ATOMBI MMEIOT HYJIEeBYIO CJI0KHOCTh. B cucreme (S', V) npucyrcrsyer ere
OJIHA KOMIIAKTHasI 0cobasi mepecTpoiika, COOTBETCTBYOMAast aToMy A, Ha auarpamme (CM. pHC.
4.10) sra mepecrpoiika BosHHKaeT mpu monaganuu Touku (K, E) w3 kamepsl Cg Ha IDaHUILY
31, 9YTO COOTBETCTBYET CTATMBAHKUIO TOPA Ha CBOIO 0Cb. AToM (Oy_1 COOTBETCTBYET IIEPECTPOii-
Ke Topa B IMUInHAP, a aTroM (J1_17; COOTBETCTBYET MePeCcTPoiiKe MUJIHHAPA B Mapy MUIHHIDOB.
Ocobprit caygait mpejgcraBiager atoM Oy 11, KOTOPBIl COOTBETCTBYET IePecTPOiike TOpa cpasy

B TApy NWJIKHIPOB IpH nepexoge u3 Kamepsl Cp B Kamepy Cs 4depe3 o0IIy10 TOUKY KPHBBIX
Ey(K) n E3(K), uMeroIyo KOOPIUHATH (4 /%,A\/—c) (em. puc. 4.10).

1B

Puc. 4.10: Budypramnuonnas juarpamma, > ¥ aTOMbI B Ciydae cucrembr beprpana i, V).

Taxk ke Kak u i KOMIIAKTHBIX 3-aToMOB aToMbl Og_1, Og_11, O1_11 yI0OHO ONHUCHIBATH C
MOMOIIBIO IBYMEPHBIX MOBepXHOCTel. [loBepXHOCTH Q}O MHBAPUAHTHA OTHOCHTEIHLHO CIBUTOB
. 3
BJIOJIb MHTEIPAJIbHBIX TPaeKTOpHil moJs sgrad p,, Takum obpasoM Ha (g, OIPeJe/IeHO Iyac-
. B 3
COHOBO JIeficTBHEe OKPYYKHOCTH — ¢jiBATA BJI0JbL sgrad p, Ha yroa . Cnoenne Jluysuuisa Qg
3 .
u cjaoenne (Qy, Ha MHTerpajbHble TPaeKTOpuH 10/ sgrad p,, KOTOpble ABJIAI0TCA OKPYZKHO-
cramum {0y} x ST x {x} x {Ky}, cormacoBanbl B TOM CMBICIE, 9TO KasKJasd TaKasg OKPYKHOCTD
2
JexutT Ha cjaoe Jluysusig. PaccMoTpum moBepxHOCTh (%, , KOTOpas HoJyYaercs Kak ak-
TOPMHOZKECTBO MHOXKeCTBa Q‘;)(O IO OIIMCaHHOMY BBbIIIC ﬂeﬁCTBHIO OKPYZKHOCTH. CHpaBeﬂﬂI/IBO
npescrasienne Q. ~ Q%, x S'. ®asoBoe npocrpancrso M*, H30KHHETHYECKAs TOBEPXHOCTH
Qﬁ(o u cjon JIMyBUILIS SBJIAIOTCA IOBEPXHOCTIMHE Bpalmenusi. Ha Bcem hba3zoBoMm mpocTpaH-
cIBe onpejesensl Koopaunarsl (6, ¢, pg, p,), Ha Qf, onpenenens Koopuunarst (6, ¢, pg) (T..
3 2
UMILYJIbC P, (PUKCHPOBaAH Ha (g U paBeH Ky), Ha (%, ONpe/ie/ieHbl KOOD/MHATbI (0, pg). Coor-
2 o
BeTCTBEHHO, (%, CJIOMTCA Ha 00pasbl c/ioeB JIuyBuU/IsA IpK onucanHoll GakTopU3aIuy, cpejiu
KOTOPBIX BBIIEJIACTCS CITON Q, (SBIIFETCS AHAIONOM 0COBOT0 €101 [/Tsl KOMIIAKTHBIX aTOMOB),

KOTOPBIil onmpemessieTcss Kak ¢axkTop mpoobpasa Toukn (K, Ey), TpuHaaIexKaIeil rpanuimam

96



kamep. st marasaHoil murocrpanun Q. u Q% ¥ UX CI0eHuiT TOCTPOMM COOTBETCTBY IOLIHE
1M MOJEJN B mpocTpancTse R3.

Momenb (M3, M2, g) npeacrasager u3 ceba Tpoiiky, rae M | — TpexmepHOe MHOZKe-
cTBO Bpamenus B R?, g — neficreue rpynner S ma M| takoe, aro M3 | &~ M2, x S*. Tounee
nycrh 1% — OKpecTHOCTD ABYyMepHOro Topa B R3, 3a1anHas B eBKINIOBLIX KOOPAMHATAX Hapa-
merpudeckn & = (R 4 rcos)cosp,y = (R + rcosty)sin g, z = rsiny, npudeM napaMerphl
W, @, r MeHsIIOTCA B npegenax ¢ € [m,m), ¢ € [0,27), r € (R/8, R/2) (R — dukcuposanHasi
IOJIOZKUTENbHAS KOHCTaHTa). Torma Mg | mpeacrapiasger u3 cebg 9aCTh MOCTPOEHHONH OKPECT-
noctu T%: M3 | = T°N{(z,y,2) : z < R/4}. Ilo moctpoenuio M | — MOBEPXHOCTH BPAIICHUS C
oceto OX Z. Ananorom cioenus Jluysu/ing spicTynaer paccioenne Mg | na nosepxuoctu Q2
ABJISTIOIINECS [epecedeHusIMI TOpoB & = (R +rcost) cosp,y = (R+1rcost))sinp, z = rsine
(mapaMmeTp 7 ompejessieT TOp) U HOJIYIPOCTPAHCTBA z < &

CoorsercTBenno 3a MZ | BO3BMEM CBA3HYIO KOMIOHEHTY cedenns M | mmockocersio y = 0,
]g—z < (r—RP*+ 22 < RTQ,Z < 8} c OXZ, xoropoe sBasercs
KOJIBIIOM (C pajmycamu %, %) C OTpEe3aHHbIM KyCOYKOM (2 > %). O6pazamu anajoros Q2
cnoes Jlnysuig npu dakTopusanun (110 AefCTBAIO IPYIIIBI BPANICHUA) ABISAIOTCS KPUBbIE
Qr=Q’N{y =0,z >0} ={(z,2) : (x — R)?+ 2% =% 2 < &}, cpenn koTOpHIX BELIETHM

kpusyio Qk , = {(x,2) : (z — R)* + 2> = &z < £} (cm. puc. 4.11).

T.e. MHO)kecTBO {(,2) :

z

AN
M

Puc. 4.12: Budypkanuu cjioeB Moaen Mg’fl.

Puc. 4.11: Budypkamuu cioes mogen Mg ;.

2 1 " o )l

MuozxkecrBo M ,, paccioeHHoe HAa Kpusble ()., C BbIJeJIEHHOI KPUBOIi QR/4 SABJISETCS B
HEKOTOPOM CMBIC/Ie aHaorom 2-aroma. [Tosejenue cioes QF orpazkaer nosejenue cjioes Jlu-
VBUJLISI HA W30KHHETHYECKON MOBepXHOCTH pu nepexone Toukoil (K, E) u3 kamepsr Cp B C)

(wmm Cs). Ilpu yBenmnuennn mapamerpa r ¢ R/8 mo R/4, kpusble Q! apnsgiores xkonuenTpn-

97



YECKHUME OKDY?KHOCTSIMU, KOTODBIE YBEJUIUBAIOTCH — COOTBETCTBYIOIIUE UM TIOBEPXHOCTH Q2
MPEJCTABISIOT COOON KOHIEHTPUYIECKNE TOPbBI, KOTOPhIe pa3pacraircs. TakuMm ke 0Opa3om
BeslyT cebsi 1 TOpbI JInyBuiist — OHE ocTatorces Topamu. Koria r mocruraer suadenust R/4, 1o
OKPYZKHOCTb Q7 /4 TEPSIET CBOIO BEPXHIOIO TOUKY ¥ PA3PBIBACTCH B HHTEPBAI — COOTBETCTBY-
owuit Top Q% /4 TEPSET OJUH NUKJI U Pa3PhIBACTCA B IMJIMH/D, TO 7K€ HPOMCXOJAUT I C TOPOM
Juysmis, korga rouka (K, E) nocruraer rpanunsl Kamep Cp u Cy. [lpn naibreiinem yse-
JIMICHUN 7, HHTEPBaT ()} 0CTaeTca MHTEPBAIOM, CJErKa “pacnpaMisach’; COOTBETCTBYIOTITI
AP Q2 rraako aedopMupyeTes, ocTaBagch TUIMHAPoM (cM. puc. 4.11, 4.12).

Yro0Obl JIydIle IpeacTaBUTh CBA3b MEXKIy reoMeTpueil opOUT um reomerpueil cOOTBETCBY-

0muX UM (Pa30BBIX TPACKTOPHUN 3aMeTHM, 4TO Npu (PUKCUPOBAHHBIX 3HaveHudax F, K orpa-
anvennas opburta {# = 6y(p)} ompemesena ¢ TOYHOCTHIO O TOBOPOTA BIOJb MapaJieseil
nopepxHOCTH S’ M IpeIcTaBiseT U3 cedd KPHUBYIO, KOJIEOIIONUIYIOCd MeXKIy ABYMs HapaJiie-
asvu 0 = 0 u 0 = Oy, Bee ocranbusie opbuter {6 = 0,(p)} ¢ Temu xe 3navenusavu F, K
HMOJIYYAI0TCS U3 JAHHON HOBOPOTOM HA HEKOTOPBIR YIOJ gy, T.€. 3aJAI0TCS COOTHOIICHUEM
0o () = Oo(¢ + ¢a). PazoBas Tpaekropus opbutst {§ = 0y(p)} ABIsAETCA 3aMKHYTOI U JIeKHUT
Ha pe3oHaHCHOM Tope Jlmypumwmia T f( r = F7Y(K,E)], a dasobble TpaeKTOpUH Beex TaKHX
opbur {6 = 6.(¢)} 3ameraior Bech Top T p.
I[Tosepxuoctb py = 0 nmepecexaer ganublit Top 1o aBym okpyxuocram St = {(0, ¢, pp,p,) :
0 = 01,p0 = O7p‘,0 = K}7 S21 = {(97907179’1750) 10 =05,p9 = O7p<p = K}7 KazK/Jasd 13 KOTOPBIX
SIBJISIETCSI OJTHUM U TeM >Ke DA30BBIM IUKJIOM 7y, (PYHIAMEHTAJIBHON IPymsl Topa. B mporecce
[IEPECTPORKN OJHA U3 3TUX OKPYXKHOCTeH S% HcYe3aeT, pa3pyllas TeM caMbIM BTOPOi 6asmc-
HBIH IMKJI Y9 TPYIIIBI 7T (Tf( ), 1 OCTABIIIEECs] MHOXKECTBO Tfa £\S3 CTAHOBHUTCS TUIAHIPOM.

Paccvorpum passéprky Topa JlumyBuiis TIZ(, 5> COOTBETCTBYIOIIEr0 OIPAHUIEHHON opOuTe
{0 = 0y(¢)} c sHeprueit F, KuHeTHYECKIM MOMEHTOM K, M SKCTPEMAJbHBIMH 3HAYEHUSIMU
01,05, kKax npsmoyroabHuk A;AsA3A,. Ha Tope cymecTByOT KOOPIUHATEI YIOJI (01, P2, B KO-
TOPBIX TOTOK sgrad H crnpsmisiercs, T.e. BBIOJHEHO (1 = C1, P = Co. Ilepemennas ¢, cOB-
najaer ¢ . A nepemennasi ¢, ectb gpyHkius Toabk0 0T 6. Yposenb A; Ay = As A3 orBeuaer
napasienun 0 = 60y, a ypoenb BiB, mapamtenun ¢ = 6. OTHomenne p = &, Ha3BIBAEMOE
9IC/IOM BpalleHHsd, PABHO ji /i ToBepXHOocTH Beprpama ¢ morenmuanom Vi = A6, pasno §
JIJI TIoBepXHOCTH bBepTpana ¢ morennuaaoMm Vo, = (;%. CoorBercTBenno na puc. 4.13, 4.14, 4.15
HApHUCOBaHBI (Pa3oBble TpaeKTopuu A 4 = 1, p = 2, p = 0.5 u norennuaga V;.

[Ipu mepectpoiike TOpa B MUAUHAP TPAMOyTOabHUK A Ay A3A, cranoBurcs BCE Oosee u
6oJ1ee BHITSHYTHIM, CTOpOHA A Ay BHITATHBaETCs, a (pa3oBbie TPAEKTOPUN BCE Hosee n HoJiee
kpyTeiMu. B mpenese 05 — b touka (K, E) ma pacmupentoit 6udypKanmnoHHo#l auarpaMme
(puc. 4.2) monagaer w3 Ip Ha rpanuny 30H Ig u [} (6e3 orpanwdeHus: OOIIHOCTH MOZKHO
B34Th 1IEPBYIO Juarpammy ), napajieis 6 = 0y yxouur na rpanuny {b} x S' nosepxnocru ',
TOP T}QC 5 IpeBpainaercs B nuanHap, muka A; Ay = Ay As ucuesaer, TpaeKTOpPUN CTAHOBATCH
BepTUKaIbHbIMU (CM. puc 4.16, 4.17, 4.18).

Mogens (M3, M |,,g) npeacrapasgeT u3 cebsa Tpoiiky, rae M} |, — TpexmepHoe MHO-
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A2 A3 A2 A3 A2 A3

Bl f-=—=mmmmmmmmmm B2 Bl f-mmmmm—f e B2 I e B2

Al A4 Al Ad Al A4

Puc. 4.13: ®a3oBas Tpaek- Puc. 4.14: ®azoBasi Tpaek- Puc. 4.15: ®a3oBas Tpaek-

Topud npu p = 1. TOpUS IpH [ = 2. Topud mpu p = 0.5.

KecTBo Bpamlenus B R?, g — neiicreue rpynnsr ST na M} || rakoe, uro M7, ~ ME |, x S'.
Tounee mycth 12 — OKpeCTHOCTH ABYMepHOTO Topa B R3, 3a7aHHadg B eBKINIOBLIX KOOD/IH-
HaTax mapamerpuuecku © = (R + rcosv)cosp,y = (R4 rcost)sing, z = rsiniy, npuiem
MAPAMETPBI 1), ¢, T MEHsIIOTC B mpefenax ¢ € [r,m), ¢ € [0,27), r € (R/4,R/2) (R — dux-
cUpOBaHHas HOJI0KUTeIbHAs KoHcTanTa). Torga M} || npejcrasiser us cebs 4acTb 10CTPO-
ennoit okpecrnocrn T9: M7, = T* N {(x,y,2) : —2R < z < R/4}. Tlo nocrpoemmo M}, —
OBEPXHOCTH BpalneHus ¢ ocbio OX Z. Anasorom cioerus JImyBUIs BBICTYIIAET PACCIOCHNE
M3} |, Ha moBepxHOCTH Q?, ABIAIOMHAECCS TEPECeIeHUAMH TOPoB T = (R + rcost)) cos g,y =
(R+ rcost)sing, z = rsinty (mapamerp r onpejiesieT Top) U MHOXKECTBA —%R <z < %.

Coorsercrenno 3a M7 |, BO3bMEM CBA3HYIO KOMIOHEHTY cedenust M} ;; miockoctsio y = 0,

. R? 2 2 R?2 _ 3R R
T.e. MHOXKeCTBO {(7,2) : 75 < (x — R)* + 2% < -, =% < 2 < §} C OXZ, Kotopoe ABgercs
KOJIBIIOM (¢ pajmycamu %, %) ¢ OTPe3aHHBIME KyCOUYKaMu (z > %, z < —gR). Obpasamu aHa-

n0roB Q2 cnoes JImyBuid npu dhakTopu3ayu (10 AefCTBHIO TPYIIBI BPAIIEHH) ABIAIOTCA
kpusbie QF = Q2N {y = 0,2 > 0} = {(z,2) : (x — R)*+ 2* = 1%, =28 < 2 < &}, cpean
KOTOPBIX BBLICJAM KPUBYIO QéR/S ={(z,2): (x — R)?+2° = %, —%R <z< %} (em. puc.
4.19).

[Tosenenne cnoes QL oTpazKkaeT mopegeHne Ca0eB JIMYBALTA HA U30KMHETHICCKON TTOBEpX-
HocTH 1pu nepexoje T1oukoit (£, K) u3 kamepst C) B Cy (niaun u3 Cy). [Ipu yBesmdenun napa-
merpa 1 ¢ R/4 1o 3R/8, kpusbie Q! apjisiorcs unTepBaaMu, KOTOpble yBeJIUYHBAIOTCH — COOT-
BETCTBYIOIME UM HOBEPXHOCTH (Q% Ipe/cTaBisdioT coboil IUIMHJIPhI, KOTOPbIe Pa3pacTaloTCs.
Takum ke 06pa3oM BeayT cebs | MUIHHAPH JIMyBUIS — OHU OCTAIOTCS MUIXHIpaMu. Korma
r pocTuraer 3Hadenus 3R /8, To unrepsat Q3 /s TEPSAET CBOIO HIZKHIOIO TOUKY H Pa3phIBACTCS
B APy MHTEPBAJIOB — COOTBETCTBYOMmil nuansap Q3p /s Pa3pbIBA€ICs B 1Py IIUIHHPOB, TO
JKe TMPOMCXOMUT ¥ ¢ muanHApoM Jluysuiida, korma Touka (K, F) mocTuraer MpaHUIlbl Kamep
Cs u Cy. Ilpu panbHeiimeM yBeJTMIeHAN T, Iapa KHTEPBAIoOB ()} ocTaeTcs mapoil HHTepBAJIOB,
COOTBETCTBYIONIAS Tapa IMIHHAPOB Q% rIaaIko n1epOpMUPYETCs, 0CTaBasCh Hapoil IIHHIPOB.

Mogenn (M3 1, MZ 1, g) upeicrasisier us cebst Tpoiiky, rue M |, — TpexmepHoe MHO-
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A2 [eememe e e A3

Bl f-——————fmmm oo B2

Puc. 4.16: ®azoBbie Tpaek-

TOPUH HA TOPE.

At A4

Puc. 4.17: ®azoBbie Tpaek-

Puc. 4.18: ®azoBble Tpaek-
TOpUHM HA TOpE, TPUOINZKa-

TOPUU HA, TITHHIPE.
IOIIEMYCST K TIUIHHIPY.

KeCTBO Bpamenns B R?, g — meiicteue rpynmer ST na M3 |, takoe, uro M3, ~ MZ |, x S'.
Tounee mycts T2 — OKpeCTHOCTH ABYMepHOro Topa B R3, 3a1aHHad B eBKJINIOBLIX KOOD/IH-
HaTax mapamerpuuaeckun r = (R + rcost)cosg,y = (R 4+ rcosy)sing, z = rsiny, npuiem
mapaMeTpsl 1, @, 1 MeHsIoTCsl B pejiestax ¢ € [m, ), ¢ € [0,27), r € (R/8, R/2) (R — dukcu-
POBAHHASA TONOKUTENbHAA KOHCTaHTa). Torma My |, mpencrapiager u3 cebs 9acTh MOCTPOEH-
noit okpecruocru T3 M3 ., = T3 N{(x,y,2) : —R/4 < z < R/4}. Tlo nocrpoennto My |, —
OBEPXHOCTH BpalieHns ¢ ocbio OX Z. AnamoroMm cioerus JIMyBUIs BBICTYIIAET PACCIOEHHE
M} |, na nosepxuocT ()%, gBsomuecs nepecedeHusME TOpoB T = (R + rcost)) cos g,y =
(R+ rcost)sing, z = rsinty (napamerp r onpejiesieT TOp) U MHOKECTBA {—% <z< %}.

CoorsercTBenno 3a MZ_ || BO3BMEM CBA3HYIO KOMIIOHEHTY cedenus My |, miockocThio y = 0,

2 2
E<(z—RP?*+22< i <2<} COXZ, koropoe asusiercs
R

KOJIBIIOM (C pajmycamu %, %) C OTPe3aHHBIMU KyCOYKaMu (z > 7,
joros Q% cioes Jluysuiig npu gaxTopuzanuu (10 JeiCTBUIO IPYIIILI BPAIeHU ) ABIAIOTCS
kpusbie QF = Q2 N{y = 0,z > 0} = {(z,2) : (z — R*+ 2> =% —& < 2 < &} cpemn

KOTOPBIX BBLICJIHM KPHBYIO Q}?M ={(z,2): (x—R)?*+2*= If—g, —% <z< %} (cm. puc. 4.20).

T.e. MHOXKeCTBO {(Z, 2) :

z < —%). O6paszamu ana-

[Toseaenue cioes Q! orpaxkaer nosejenue cioes JIMyBULIs HA H30KUHETHYECKOI TOBEPX-
HOCTH mpu nepexofe Toukoii (K, E) u3 kamepst Cp B Cs. Ilpu yBeaudenuu mapamerpa 7 ¢
R/8 1o R/4, xpubble Q! ABIAIOTCA KOHIEHTPHYECKUME OKPYKHOCTSME, KOTOPBIE YBEJININBA-

I0TCS — COOTBETCTBYIONIUE UM 1IOBEPXHOCTH (Q 1pecTaB/isior coboil KOHIEHTPUYECKUEe TOPbI,
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(. AN
M W)

Puc. 4.19: Budypkanuum cjioeB Momean Puc. 4.20: Budypkanun cl1oeB Momean
ME_y;. Mg_y;.

KOTOpBIe pa3pacTaoTcd. Takum ke obpa3oM BeayT cebsd w TOpH JIMyBUIIS — OHH OCTAIOT-
cst ropamu. Korga r jgocruraer 3uavenusi R/4, 10 OKpyKHOCTD Q}?M TepsieT CBOU BEPXHIOIO U
HIZKHIOIO TOUKH M DA3PBIBACTCS B IIAPY HHTEPBAJIOB — COOTBETCTBYOmuil TOp Q% /4 TEPHET 1BA
[IMKJIA U PA3PHIBACTCA B TTApy MUJIMHIPOB, TO YKe MPOUCXOJIUT U ¢ TOPOM JImyBULIsI, KOTJIa TOY-
ka (K, E) mocturaer rpanunpsl kamep Cp u Cs. [lpu mambmeiiniiem yBeaudeHUn 7, HHTEPBAT
Q} ocraerca METEpPBATOM, COOTBETCTBYIOIMAS Mapa MIIMHAPOB Q? raagko aedbopMmupyercs,

0CTaBasgCh Mapoil MUJINHAPOB.
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