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Necessary Condition for the Uniform Minimality
of Kostyuchenko Type Systems

L. V. Kritskov

Abstract. It is shown that, for non-real values of «, the systems of the form {exp(icp,t)
sin(Apt) }n>1 and {exp(icpnt) cos(Apt)}n>1 are not uniformly minimal in Ly(a, b) and thus do not
form bases for La(a, b), whatever the interval (a,b) is. Real sequences {y,} and {A,} are such that
the limits lim (A,/pn), Um (Any1 — An), Um (pn41 — pn) do not vanish.
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In the theory of quadratic pencils of second-order differential operators, there appears
necessity to study functional properties of the systems of the form

{on} 1 on(t) = exp(iount) sin(Ant), {¥n}: Yn(t) = expliount) cos(Ant), (1)

in Lebesgue spaces Ly(a,b), p > 1, where {u,} and {)\,} are some number sequences, o
is a complex constant.

The interest to these systems was invoked by A.G.Kostyuchenko who posed in 1969
the completeness problem for the first system in (1) with the simplest set of parameters:
tn = A\p =n, a =0, b=m. This pattern system (we call it the Kostyuchenko system) has
been studied intensively (see [1-4] for the overview of results). Particularly, it was shown
that the Kostyuchenko system is complete in Ly(0,7) for a € C\ {(—o0, —1] U [1,+00)}
and also complete in any L,(0,7), p > 1 for a € (—1,1). For o € (—1,1), this system
forms the Riesz basis for Lo(0, 7) if and only if |a| < (exp(mv/3 —1)/(exp(rmv3+1) [2]. In
the case when « is not real, the Kostyuchenko system does not form a basis for Ls(0, )
as it is not uniformly minimal [5]; its nonbasicity in L,(0,7) for any p > 1 follows from
[6].

The general form of systems (1) gained less attention. E.g., Lubarskij [7] studied its
completeness and minimality in L,(0,7) in the case when u, = i)\, and {)\,} is a set of
roots for the entire function of sine type. The conditions on the systems (1) to satisfy the
Bessel-type inequality were discussed by Konashenko [8].

http://www.azjm.org 97 © 2010 AZJM All rights reserved.



98 L. V. Kritskov

It is worth mentioning that the systems (1) also appear in other applications — in
problems of optimal control [9], in boundary value problems for elliptic equations [1], etc.

In the present paper we consider a wide class of number sequences {uy,}, {\,} and an
arbitrary interval (a,b). We prove that the condition a € R is necessary for the uniform
minimality in Ls(a,b) and therefore, for the basicity in La(a,b) of both systems in (1).

1. Preliminaries and main results

A system {e,} in a Banach space B with the norm || - || is called uniformly minimal
in B if there exists ¢g > 0 such that for any integer k: finbﬁ lex — fll > eollex||, where
€L

Ej denotes the closure of span of all elements e, with n # k. The system {e,} forms
a basis for B if for any f € B there exists a unique sequence of scalars {f,} such that
[ = >0 fnen with respect to the norm || - ||. It is known [10] that any basis in B is
uniformly minimal.

Assume the real number sequences {u,} and {\,} in (1) satisfy the conditions

lim Ao =L#0, (2)
lm (Apy1 — M) = L1 #0,  lim (ppg1 — pn) = Lo #0. (3)
n—00 n—oo

Theorem. Let the conditions (2) and (3) hold. If Ima # 0, then neither system in
(1) is uniformly minimal in Lo(a,b) whatever the interval (a,b) is.

Note that the assumption (3) implies both sequences {u,, } and {\,,} are infinitely large,
monotone (starting with some n), and without loss of generality we may put L1 = Ly = 1.
In fact, instead of these sequences one may consider the sequences {p,/L2} and {\,/L1}
and introduce the new parameter & = aeL2 /L1 and new variable t=tL. Besides, we may
restrict exposition to the case when Ima > 0 and L > 0. If Im oL < 0, then it is possible
to substitute the variable ¢ by (—t) and take into account the oddness of sine and evenness
of cosine.

Therefore, in the sequel we assume that Ima > 0 and the sequences {uy} and {\,}
are infinitely large, monotone increasing and satisfy the conditions

lim M =L >0, Tim (st — Aw) = im (st — jin) = 1. (3)
n—oo Mn n—00 n—00
We will consider only the first system in (1) as the second one is treated similarly.
The statement of the theorem follows immediately from the following
Lemma. Under the assumptions of the Theorem, for any € > 0 there exist integers
k,ng such that the inequality™

<e (4)

H Pn Pn+k
| 2

onlle @il

“Here and below in the text || - |2 denotes the norm in La(a,b).



Necessary Condition for the Uniform Minimality 99

holds for any n > ng.

The inequality (4) with an arbitrarily small € obviously contradicts the uniform mini-
mality of the system {¢,} in La(a,b).

Matching of indices in (4) qualifies the degree of nonbasicity of the system (1) in the
case of a non-real «.

Corollary. Under the conditions (2) and (3) and for Im o # 0:

1) the system {¢n} cannot form a basis for La(a,b) even after removal of any finite
number of its functions;

2) one can remove an infinite subsystem of {¢n} to leave the system still not uniformly
minimal in La(a,b).

These features of the system {p,} with a non-real o resemble those of non-minimal
systems of powers {t#"},,>; for which one can easily verify that the left-hand side of (4)
vanishes as n — oo for any fixed k and any interval (a,b) of the positive axis.

2. Proof of the lemma

Using the identity

H Pn N Pn+k
lonllz llentrllz

2 b
2

=2- Re/ Son(t) *Pn k(t) dt, (5)
2 H‘Pn”? . H@n-i-kHQ a +

we will estimate the asymptotic behavior of the factors in the right-hand side for the large
values of n € N and a specially chosen value of k € N.
For brevity, we denote Rea = a1, Ima = as and assume as > 0. We also introduce

the function K (&, ») =

inequality

ﬁ(cosf — xsin ) which for any &, » € R, clearly satisfies the
P

K (€ 50)] < ——

S ia (6)

The direct calculation yields

-2 A
il = S22 ll—K(zAna, n)—
Q2 ln Q2 [y,

— exp(—2astn (b — a)) <1 - K<2)\nb, An ))] ()

Q2 [,

Here the factor exp(—2aspuy, (b — a)) is infinitely small as n — oco. We denote this fact
by exp(—2aap, (b — a)) = o(1), where o(1) stands for any quantity which is infinitesimal
as n — oo when all its other parameters are fixed.

A
By (6) and the condition (2), the term A, = 1—-K <2Ana, n> satisfies the estimate
Q2

ot o4 <o (8)

V1+L2/4
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for sufficiently large values of n.
Thus, the relation (7) can be rewritten in the form

5 exp(—2aapuna)
leall = P22 (4 o(1)) )

Let us consider now the norm of ¢, (¢) for any fixed value of k¥ € N. The norm
lonirl|3 satisfies (9) with n substituted by n + k. As (3') implies

Antk = Ap + k + 0(1)7 Ptk = pn + K + 0(1)7 (10)
and, by (2), the relations

Motk = (14 0(1), finsk = (1 + (1)), ffLﬁ=jf<1+o<1>>, "

R NI R D N (R - N

hold, we finally come to the estimate

exp(—2agpn4+1a)
Ao fin

lensnl? = (An +[1)(1 — cos 2ka) + [1] sin 2ka + 0(1)). (12)

In (12) we use the notation [cg]. It denotes any quantity f that satisfies the estimate
|f(&1, ... &m)| < ¢ for all admissible values of its parameters &1, ..., &,.
The integral factor in the right-hand side of (5) equals the sum of three integrals:

b
/ exp(—aa(fin + pinar)t) - sin® \pt - cos(Anpr — An )t di+

1

b
+ 1 / exp(—aa(tn + fnik)t) - sin 2\t - sin( Aok — Ap + 01 (k. — pn) )t dt+
a

1 b . :
+ 4/ exp(—aa(tn + fintk)t) - sin 2\t - sin( Ak — Ap — 01 (pnpk — pn) )t dt =

a
=L+ 1+ 15 (13)

For convenience, we put v, = a2(y + pinsk) and have the formula for I:

— A -\ 1 An + A
I = exp(—Vnka) [K((Awrk — \n)a, L) _ 5_}((()\” + Atr)a, M>_

2Vnk Unk Unk

3)\71 - >\n+k

Unk

= 5K (@n = Ao ) — exp(va(b — a) (K((An+k ), A=)

Unk

Unk

1 A+ Atk 1 3\ — Atk
- §K<()‘n + Antk)b, 7) - §K<(3/\n — Antk)b, 7) (14)
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and the twin formulas for I, I3:

)

exp(—Vnna 20— 7 2+ 74
1y — SP(Vnka) [K(mn o PR (o 4 e, P )

81/nk Vnk Unk
2\ —"}/i 2)\ +’}/
o B oty 2 T Tk —n ok
exp(—vnk (b @)(K((”‘n k)b — ) ((2)‘ )b Vnk )>]
(15)

where ’yfk = Mtk — A £ @1 (ke — fn)-
By (8) and (11), the relations (14), (15) yield the estimates

1, = SRl + fin k) a) (An + [1)(1 — cos ka) + [1] sin ka + [4] sin(ka/2) + 0(1)),

daopin
(16)
exp(—az2(pn + fntk)a) :
s = 24a2un th ([2} sin((1 = aq)ka/2) + 0(1)). (17)
Applying (9), (12), (16) and (17), we rewrite (5) in the form
entk P, An + Ay (k) + o(1)
H Touls ~ Tonsslols ~ 2~ AT o0+ B0h) 7000 (18)
where
|A1 (k)| < 8|sin(ka/2)| + 2|sin((1 + a1)ka/2)| + 2| sin((1 — aq)ka/2)|, (19)

|As (k)| < 8sin(ka/2)|.

Now let § > 0 be any small number. By the theorem on approximation of real numbers
by rational fractions, we choose k € N to satisfy three inequalities

|sin(ka/2)| <6, |sin((1+ a1)ka/2)| <6, |sin((1—a1)ka/2)| <6. (20)

In fact, the system (20) is equivalent to the inequalities

a M < arcsin § )(1 +a1)a B Ngg,‘ < arcsin §
Ar k|~ 2wk Am E | = 2nk

with some integers N, No, N3 while it is known [11, p.31] that the set

(1 :|:Oé1)a N23
4

s, |

‘E*k ‘<k4/3

has infinitely many integer solutions with respect to N1, No, N3 and k.
Let us fix the chosen integer k and take ng € N such that for n > ng, all the quantities
o(1) in the right-hand side of (18) satisfy the relation

lo(1)] <. (21)
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Since § in (20) and (21) is arbitrarily small, (8) and (19) imply that the right-hand
side of (5) can be made less than any given positive . Lemma is proved.

In conclusion, we remark that the statement of the main theorem holds true also in the
case when the sequences {un} and {un} are complex and satisfy the following assumptions:
a) the value of lim (Ap11 — A\n) = L1 is a non-zero real number;
n—oo

b) the value of li_)m (fn+1 — pn) = Lo is a non-zero complex number;
¢) lim |A\,/pn| >0 and Im (aLs) # 0.

n—oo
The proof of this fact mimics the above reasoning with minor changes.
This work is supported by the grant from the President of the Russian Federation for
the leading scientific schools NSh-4595.2014.1.
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