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EAVMHCTBEHHOCTD PEHIEHUA ﬂH@@EPEHL{HAHbHOﬁ NIrpbl
C UHTET'PAJIBHBIMIM OI'PAHUYEHUAMU
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WITH INTEGRAL CONSTRAINTS)

B. H. Adanaceen (V. N. Afanas’ev),
H. A. MarBeeBa (N. A. Matveeva)

Mockosckutl uncmumym a4eKmpoHuKy u mamemamuxy Hayuonaivrozo
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IIpobiema oITUMATBEHOTO YIIPABJIEHUS JJIsI KJIACCA HEJTMHEHHBIX OObEKTOB ¢ HEKOH-
TPOJINPYEMBIMHU OTPAHUYEHHBIMEU BO3MYIIIEHUsIMU (hopMyaupyercsi B Kioue mudde-
pentmabHOM urpsl. utst 3a1a9 ¢ KBagpaTudecKnM (pyHKIIMOHAJIOM KadecTBa W UH-
TerpaIbHBIMU OTPAHUYEHUSIMU Ha, YIPABJIAIONINE BO3ACHCTBU 3a/1aa TOUCKA OITHU-
MaJIbHBIX YIIPABIEHUN CBOJIUTCA K HEOOXOIMMOCTHU HAXOXKJICHUS PENTeHUH CKaJIsIPHO-
0 ypaBHEHUsI B YACTHBIX IPOU3BOJIHBIX [amusibroHa—Akobu—Aiizekca. Ilpumenenue
enuHOM cxembl Ha 0Oase GyHKHmit JIsAmyHOBA MO3BOJIMIIO MOJIYYATH HOBBIE YCJIOBUSI
CYIIIECTBOBAHNS W €IMHCTBEHHOCTH MUHUMAKCHOTO PEIeHUs 3aatu.

PaccmarpuBaercst nerepMuHUpOBaHHAS HEJIMHENHHAs CHCTEMa, ONMHUCHhIBaeMast JTud-
depeHnnaIbHBIM yPaBHEHTEM

%I(t):f(x)+gl(x)w(t)+gz(:r)U(t), z(to) = w0, y(t) = Ca(t). (1)

Baech x(+) = {x(t) € R", t € [to,tf]} — cocrosiame cucremsr; x(-) € g, Xo C Qy —
MHOZKECTBO BO3MOXKHBIX HAYAJIBHBIX yCJoBHi cucrembl; y(t) € R™, m < n, — BbI-
xon cucrembr; u(-) = {u(t) € R", t € [to,t]} — ynpasnenne; w(-) = {w(t) € RF,
te [t07 tf]} — BO3MYylleHue, f(x), g1 (fL'), g2 (fL') — HeIIpepbIBHbIE I\/IanI/IHI)I—beHKHI/H/I.

Ipennoxenne 1. f(-) € C1(Q) u g1(+), 92(-) € C°(Q).

PaccmarpuBast Boamymienne w(t) Kak JeiicTBue HEKOTOPOrO UIPOKa, NPOTUBOJIEH-
CTBYIOIEe YCIIENTHOMY BBIIIOJHEHUIO 3aJ@4i yIpaBJIeHns, cHOPMYyIUpyeM 3ajady
yIpaBjeHus B Kirode auddepennnaabaoil urpsl AByX urpokos G, u G,,. lleas urpor
3aKJTIOIAETC B MUHIMUA3AIMA KOHETHOTO 3HAYEHNs cocTosHms cuctembl K (z(tf)) > 0
urporom G, OIpesiesisieMoro perierneM ypasHerust (1), B ycoBusix peficTBuil urpo-
Ka Gu)7 CTpeMANIErocd MaKCUMU3NPOBATHL 9TO 3HaAYCHUEC.

Ha yupasistioniue Boszueiicrsus u(t) u w(t) HaJI0XKEHbI OIPAHUYIEHUS BHIA

te te
/ ()% dt < B, / W) dt < By Eu—FEu>0,  (2)

to to

rae R* u P* — moJI0’KUTEIbHO OMPEeICHHBIE MATPHUIIHL.
Beemem dbynkimonan kadecrBa quddepeHnnaabHON UrPh

T u0).w0) = Kalt)+3 [ OO+ 0O R " OPu(®)} dr. (3
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B srom dynxmmonane K (xz(ts)) > 0, x(tf) # 0, cummerpudeckas marpuna () 1o
KpaiiHeil Mepe IOJIOXKUTEJIBHO HOJIyolpe/iesiena, MaTpuibl R = ¢ R* u P = coP*,
c1 >0, cg > 0, TOJIOKUTEIBHO OIIPE/IEJIEHEI.

Ipennoxenue 2. FEcau f(x), g1(x), go(x) — docmamouno eaadkue Pynruuu,
mo dynryus V(t,x), onpedeaernasn xax

V(t,z) £ inf sup J(z,u,w), (4)
uel yew

Aeasemcs Judgepernuyupyemoti Gyrryuet npu 066 JONYCMUMDBLT CMPAMELUAT Uz-
pok0o6 Gy, Gy, € La(0,00).
Ipennoxenue 3. Pynruyus V(t,x), onpedeaennas 6 (4), A0KaALHO AUNWUYEEE

6 €.

B paccmarpuBaeMoM ciyudae 3HadeHue HaszHadaemoil dbyukuun V (¢, ) ecTh pe-
IeHue 3aJa49i AMHAMUYECKOTO IPOrpPaMMUPOBaHUs, CBs3aHHOe ¢ auddepeHnab-
HBIM ypaBHEHHeM IIepBOrO IOPsiIKa B YACTHBLIX NPOUM3BOAHBIX lammibroHa—Iko6u—
Ajizekca [1, 2]:

oV (t,x) 4 vV (t,x)
ot ox

T
f@)%%n@){%} +%xT(t)CTQCx(t) =0, (5)

Ve, 2(tr)) = K(z(tr)),
riue
(z) = g2(z)R™"g3 (x) — g1 (x) P~ g (2).
OHTI/IMaJH)HI)Ie YIIpaBJaeHUA OIIPEACIAIOTCA COOTHOIICHUAMM
_ ovit,z) " _ vt,a) "
) = -rgf@{ D w — {2

I/ICXOJZLH&H cucreMa C ylpaBJI€HUAMU (6) onpeesideTcda BbIpazKeHUueM

T
ol = 1) - n@{ DL st =, s =Cat0. (0

VYesoBust CymecTBOBAHAST ONTUMAJBHOTO PEIEHNs! TIOCTABJIEHHO 3a/1aun oIpe/e-
nstioTcst ceoiicrBamu MaTpurps! II(x) (em. [3]).

Teopema 1. Cucmema (7) pasHOMEPHO ACUMNMOMUYECKU YCMOTNUBA, ECAU U
MONDKO ECAU

T
dVE;,:L’) < 7%8‘/(;2 x)H(x){ %} Yz # 0, (8)

2de 1l(x) = go(z)R71gF () — g1(z)P~Lgf(z) — no wpatineti mepe noaosrcumenvo
NOAYONPEIEAEHHAA MATNPUYA.

HoxkaszareabcrBo. U3 ypasrenus (5) umeem

dt 2  Ox

dV(t,z) N 18V(t,x)H(x){ 8V(§1;, x) }T N %xT(t)OTch(t) =0,
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V(ts, x(tr)) = K(x(tr)),

OTKYZa

dv(t, x) < _1oV(t,x) H(x){ oV (t,x)

T
. — 2 O« Oz } vz 70,

tak xax z* (+)CTQCx(t) > 0.

TakuM 006pasoM, B cuily BTOPOH Teopembl JIsmyHoBa cucrema (7), rje BEKTOp
{0V (t,z)/0x}" ompenensercss pemenneM ypasHerns (5), TPH BBITIOJTHEHHH yCTIO-
Bug (8) paBHOMEDPHO aCMMITOTUYECKHU ycToiiunBa. [

BepreMcst K pacCMOTPEHHUIO OTPAHUIEHNI, HAJOKEHHBIX HA YIIPABJICHUE W BO3MY-
niaroniee Boszeficrsue (2):

/ (0 Ru(t) — (1) Pul)] di = / § me){ ovitz) }Tdt _

to to x Ox
=F,—F, >0,

rak kaK marpura II(z) o KpaiiHeil Mepe HOJI0KUTEIHHO OIIPEJIEICHHAS.

Teopema 2. Audipepenyuanvras uepa (1)—(4) umeem ueny, ecau coommowerue
oeparunenul, naroncernur na deticmeus uzpokos Gy u Gy, Maxoso, wmo 6vnoa-
HAEMCA YCAOGUE

AV (t, x(t))

1
< —-|Ey — Ey).
dt - 2[ ]

Jlemma 1. FEcau cywecmeyrom onmumansvHbie Yynpasierus 6 dadave dugpdepen-
YUAALHOT U2PbL, MO OHU eJUHCMBEHHDL U onpedeastomes ypashenuamy (6), 2de eex-
mop {0V (t,)/0z}T onpedeasemcsa pewenuem ypasnernua (5).

Crucok Jureparyphbl

1. Bellman R. Dynamic programming. Princeton, NJ: Princeton Univ. Press, 1957.

2. Isaacs R. Differential games. New York: J. Wiley and Sons, 1965.

3. Aganacves B.H. 3amada BbIBOJA W CONPOBOXKIEHUSI HEJTUHEHOTO 0O'bEKTa, 10 3aJaHHOMN
TpaekTopun // ABromaruka u Teremexanuka. 2015. Nel. C. 3-20.

17



HOBOE VCJ/IOBUE CYIIECTBOBAHUS
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FAMUIBTOHA-AKOBU-BETJIMAHA-AN3EKCA
(A NEW CONDITION FOR THE EXISTENCE
AND UNIQUENESS OF MINIMAX SOLUTIONS
IN THE HAMILTON-JACOBI-BELLMAN—-ISAACS PROBLEM)

B. H. Adanaceen (V. N. Afanas’ev),
A. II. IIpecuoBa (A. P. Presnova)
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IIycre merepMuHUpOBaHHAsI HeJIMHEHHAasl CHUCTEMA OIUCHIBAETCs] OOBIKHOBEHHBIM
uddepeHnnaIbHbBIM Y PaBHEHAEM

Calt) = F@) + g@u) +o(u(e), o) =w,  y()=Calt). (1)

Baech x(-) = {x(t) € R, t € [to,ts]} — cocrostane cucremsr; x(-) € g, Xo C Qy —
MHOKECTBO BO3MOXKHBIX HAYAJIBHBIX YCJIOBHH cucTeMsl; y(t) € R™, m < n, — BbIXOJ]
cucremsr; u(-) = {u(t) €R", t € [to, tf]} — ynpasnenne; w(-) = {w(t) ER* ¢ € [to, tf]}
— Boamymenue; f(z), g1(x), g2(x) — HenpepbIBHbIE MATPUIBI-DYHKIUA.

Brenem dynkimonan kadectsa guddepeHnnaabHOi Urphl

J(@ (), ul), w(-) = K(x(ts)) +

+ %/tf{yT(t)Qy(t) +ul (ORu(t) —w ()Pw(t)}dt. (2)

Ipennoxenue 1. FEcau f(x), g1(x), go(x) — docmamouno eaadkue dynruuu,

mo ynryus V(t,x), onpedeaernasn kax
V(t,x) £ inf sup J(x,u,w), (3)
welU yew

Asasemcs duddepenuupyemotc Gyrryuets npu L1066 JONYCTNUMBLE CMPAMELUAL U2-
pokos Gy, Gy € La(0,00).

IIpennoxenue 2. Pynruyus V(t,x), onpedeaennas 6 (3), A0KaALHO AUNWULEEE
6 €.

B paccmarpuBaeMoMm ciydae 3HadeHWe HasHauaeMoil dyHkimu V (¢, x) ects perre-
HHUe 33J1a491 JIMHAMUYIEeCKOro IporpaMMHUPOBaHHUsl, CBA3aHHOe ¢ JuddepeHInalbHbIM
yPaBHEHUEM TIEPBOTO MOPSJIKA B YACTHBIX IIPOU3BOAHBIX | aMuibToHa— AK00M—Alizekca

(en. [1, 2])

8Véi,x) N 3V(§Z %) by %%H(gﬂ){%} n %xT(t)CTQC:c(t) —0,

(4)

Vit 2(tr) = K(2(t)),
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e
(z) = g2(x)R™ g5 () — g1 (x) P~ g} ().

OnruMaJibHBIE YIpaBJjeHUA OIIPEACIAI0OTCA COOTHOIICHUAMM

)=~ { DL < potgr {2

Ucxonnas cucrema ¢ yupasjerusyu (5) IpUMeT BHL

T
o= 1@ - n@{ T st =, 0 =Cat0. (@

B nagase 1980-x rr. M. Kpsugasur u I1.J1. JInouc BBen moHSATHE BSI3KOCTHOTO Pe-
ntenus (viscosity solution) [3, 4]. Ouupasich Ha 9T0 HOHATHE, BBEIEM B PACCMOTPEHUE

Ounpepnesienne 1. Bepxuum (HuzkHNM) pelieHueM ypasHenus (4) Ha3bIBaeTCs
cKaJIsIpHas HenpepbiBHasa GyHKIus o' (t)z(t), yI0BIeTBOPAIONAs CIIeIyIOMeMy YCIo-
BUIO: ecy pasHocTh dynxuuit V (¢, 2) — ¢ (t)x(t) mocTuraer JOKAJILHOTO MEHIMYMA
(MakcumyMa) B Touke (t*,2%) € Q u B 310it Touxe bynkima ¢ (t)z(t) muddepenmu-
pyeMa, TO JOJZKHBI BBIIOJHATHCA HEPABEHCTBA

vV (t,x) n oV (t,x)
ot ox

F@) + 52 (O H QH(r) ~

Omnpenenenne 2. Pemennem @7 (t)z(t) maszpiBaeTcs byHKIHSA, KOTOpPas OJIHO-
BPEMEHHO SIBJIAETCS BEPXHUM M HYXKHUM PEIIEHUsIMH, T.€. YIOBJIETBOPSET YCIOBUIO

V(t,z) = " (H)z(t). (8)

Hcrnonms3ys 9T0 ompe/esienne, HaiiaeM ypasHenne s bynkman ¢ (t)z(t). Samm-
1eM TostHBIe TIpomsBosHble bynkmit V (¢, ) w ot (t)z(t):

dv (t,z) 1 19V (t,x) vt,o)\ "
T—ﬁ(t)(ﬂ@@(t)5711@:){7} )

d

T
Her a0} = {21 20+ 00 - FOME.  (10)

[pupasnusas (9) u (10) u yaursBasg, aro V (¢, z) = T (t)z(t) u OV (t,x)/0x = T (1),
nosyunmM ypasrenue (4) B Buje

T
{d‘fl_ff)} a(t) + ¢ () f(x) — %soT@)H(:c)w(t) + %xT(t)CTQC:c(t) =0 an

7 (te)(tr) = K (a(t))-

OrmernM, uro ypasrerne (11) onpesenger muHaMAYECKOe COOTBETCTBUE (DYHKIIMI
(t) m x(t) mpu Beex t € [to, tf].
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Teopema. Pewenue V(t,z) = @T(t)x(t) ypasnenua (4) ecmv nenpepuisras
pynwuua T (t)z(t), ydosasemsoparowasn ypasnenuro (11), npu smom onmumanvroe
sHaMenue GYHRKUUONAAL KAMECTNEA eCTY

TO(x(), () = ¢ (to)(to).
Jlist oTeickanms ycnosus “npmkenns” dbynxmum s(t) = ¢ (t)z(t) k pememmo (8),
BBesieM dyHKnuo JIsmyHosa
1
2

2

[V(t.2) — " (t)a(t)]". (12)

VL(SD’ .”L') =

IMonnas npoussomHast dyakuuu Jlsimyrosa (12) juist BBIIOJHEHHsT TOH 3a71a4u
JoJRKHA ObITh Menblie Hysid upu x(t) # 0, p(t) # 0, orkyza umeem

2T () CTQCx(t)
T (O (2)p(t)
Beinosienne yenosusi (13) obecnievusaer “npukenue”’ dynknuun s(t) us Joboit

nepudepnn MHOXKECTB, 00pa3yeMbIX BEPXHUMHU ¥ HUKHUMHU pemieHusiMu (7) mpu
oTx(t) # V(t,x), x snavenmio s(t) = p* (t)z(t) — V (¢, ).

s(t) = {p" Ma(t)} <V (t,2) (13)

Crmcok Jureparypsbl

1. Bellman R. Dynamic programming. Princeton, NJ: Princeton Univ. Press, 1957.
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nopsizika. IlepcrekTuBbl guHaMudeckoi ontumusanuu. M.; Vxkesck.: VIH-T KOMIIBIOT.
uccaen., 2003.

HOMOTOPICALLY VISIBLE AND INVISIBLE SINGULAR TRAJECTORIES
A. A. Agrachev

SISSA, Trieste, Italy
Steklov Mathematical Institute of Russian Academy of Sciences, Moscow, Russia

agrachev@sissa.it

In this talk I will try to link optimal control theory with homotopic topology. These
are rather distant domains to which Lev Semenovich Pontryagin made fundamental
contributions.

Let M be a Riemannian manifold equipped with a bracket generating vector dis-
tribution A C TM and let Qa C H'([0,1]; M) be the space of integral curves of the
distribution. The boundary map

on: Qa =M x M,  9daly)=(v(0),7(1)),

is smooth. Singular trajectories are just critical points of this map.
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We study the influence of singular trajectories on the homotopy type of Lebesgue
sets of the action functional on the generalized loop spaces Bgl(qo,ql) in order to
develop a Morse theory for these spaces. The role of singular trajectories is very
different for rank 2 distributions and for distributions of rank greater than 2. In
particular, these trajectories do not influence the homotopy type of the Lebesgue sets
in the case of a generic distribution of rank greater than 2 and may produce homotopic
obstructions in the rank 2 case.

Let the distribution A has rank 2; different segments 7|jo4 of the same singu-
lar trajectory ~ also play different roles. Given t > 0, we define and compute two
integral-valued and monotonically increasing (with t) indices I¢(v) and I*(vy) associ-
ated to 7|jo,¢, where 0 < If§(y) < I'(v) < I§(y) + 1. If IP(y) < Li(y), then 7|j 4 is
homotopically indistinguishable in the Lebesgue sets; if I{ (y) = I;(y) = I, then y|jo 4
provides a homotopical obstruction of dimension I. Both indices are equal to 0 for
small . I am going to explain the construction of these indices and to illustrate general
results by examples of left-invariant distributions on the groups U(2) and GL(2).

This is a joint work with Francesco Boarotto and Antonio Lerario.

JAN®@EPEHIIUAJIBHBIE UT'PHI [IPECJIEJJOBAHNA,
OINVCBIBAEMBIE YPABHEHUSIMU JIPOBHOT'O MOPS KA
(PURSUIT DIFFERENTIAL GAMES DESCRIBED BY EQUATIONS
OF FRACTIONAL ORDER)

X. H. Anumos (Kh. N. Alimov)

Lorcusarcxul nedazozuveckutd uncmumym, owcusax, Ysbexucman

xakim-alimov@mail.ru

IIycTs nBukeHme 06beKTA B KOHEYHOMEPHOM €BKJIMJIOBOM IpocTpaHcTBe R™ ormu-
ceiBaeTcs JuddepeHIaibHbIM ypaBHEHIHEM JIPOOHOTO MTOPSIKA BH/IA

SD8z = Az + Bu — Gu + f(t), (1)

rme z € R", n > 1, ng‘ — omeparop apobnoro muddepennupoBanns, 0 < a < 1,
t€[0,T], A, Bu G — nocTosiHable MATPUIILI PA3MEPOB 1 X 1, P X N U ¢ X N COOTBET-
CTBEHHO, U, U — YIPaBJILAIONNE IIapaMeTPhl, & — YIPaBJIAIOIUA IapamMeTp IIpecsie-
JyIoriero urpoka, v € P C RP, v — ymupapisomuii mapaMeTp yOeraomero urpoka,
vE QR CRY Pu@ — xomuakrsl, f(t) — u3BecrHas u3MepuMasi BEKTOP-(QYHKIIUS.
JpobHyto pOoU3BOIHYIO OyIeM MOHUMATH KaK JIEBOCTOPOHHIOK APOOHYIO IPOU3BOJI-
uyio Kamyro [1-4]. Hanomuum, aro apobuas mnpoussoHas KayTo mpou3BoJbHOIO
Henesoro nopska o > 0 or dynxmm z(t) € ACH(a,b), a,b € R, onpegensiercs
BBIPAYKEHUEM

t glal
P — T

STA—{ap . g G- =

Kpowme Toro, B mpoctpancrse R" Bblsiesieno TepMunaibHoe MHO2KecTBO M. Ilenns mpe-
CJIEJTYTOIIEr0 UI'POKA — BBIBECTU z HA MHOXKeCTBO M, yOerarommii IrpOK CTPEMUTCS
9TOMY TIOMEITATD.
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PaccmaTpuBaercss 3aja1a 0 COMMKEHUN TPAECKTOPUM KOHMJIMKTHO-YIIPAB/ISIEMOIT
CUCTEMBI (1) C TepMHUHAJBbHBIM MHO2KECTBOM M 3a KOHEYHOE BpeMd U3 3a/laHHBIX Ha-
YaJbHBIX MOJIOXKeHuit zg. ByjaeM rosoputsh, uro quddepennuanbaas urpa (1) moxer
ObITh 3aKOHYEHA U3 HAYAJILHOIO HOJIOXKeHUs 2o 3a Bpemst T = T'(zp), eciau cyne-
crByer Takas uaMepuMas dyskuus u(t) = u(zo,v(t)) € P, t € [0,T], uro perenue
YPaBHEHUSI

SD8z = Az + Bu(t) — Gu(t) + f(t), z(0) = 2o,

npuHagIeKuT MHOXKecTBY M B MomenT t = T mpu Ji0OBIX U3MEPUMBIX (DYHKIHAX
u(t), v(t) €Q,0<t<T.

Ha.CTOHHLaH pa60Ta7 IMocCBdANIEeHHasd IMOJTyY€HUIO JJOCTATOIHBIX yCJ'IOBHI’?’I 3aBepHIeHu A
[IPECJIeOBAHUS JIJIsI YIIPABJISEMbBIX CUCTEM JPOOHOTO MOPSIKA, MPUMBIKAET K HCCJIe-
nosanueM [5—7]. [Ipu 9TOM MBI UCIIOJIB3YEM HJIEU IIEPBOIO U BTOPOIO IPSMBIX METOO0B
npecaenosanus JI.C. Ioarpsaruna [5, 6].

ITepeiimem K HOPMYIMPOBKE OCHOBHBIX PE3yJIbTATOB. BCromy B masbHeineM Tep-
MuHaJIbHOEe MHOXKecTBO M umeer Bun M = My + M;, tne My — JnuHeiiHOe MO/I-
npoctpanctBo R”, M7 — MOIMHOXKECTBO MOIIPOCTPAHCTBA L — OPTOrOHAJILHOTO J10-
nonHeruss My, m — omepaTrop OpTOroHaJIbHOrO IpoeKTupoBanus u3 R™ wa L, mon
ornepaleil * IIOHUMAaeTCs Olepanus reOMeTPUYECKOro Bbrantanus [5].

Hycrs eal = to=13°7° A% /T((k +1)o) — marpuunas a-skcnonenta [1] un

[e%

r >0, a(r) = melABP, 0(r) = 7elAGQ, w(r) = a(r) = o(r),

Wir) = /OTﬁ)(r) dr, >0,  Wi(r) = —M +W(r). 3)

Teopema 1. Ecau 6 uepe (1) npu nexomopom T = T 6bINOAHACMCA EKAOUEHUE
T
—Tz — / e[ Az + f(r)] dr € Wy(7), (4)
0

mo u3 HaYaAbH020 MONAOHCEHUA Zo MOHCHO 3ABEPULUITID npec,/LedosaHue 34 B6PEMA

T:Tl.

ITycrs Teneps w — npousBosbHoe pasbuenue orpeska [0, 7],

w:{0:t0<t1<...<tk:7'}, A():*Ml,
t; ti
A (M, 1) = (Ail(M, T) Jr/ ﬂegABP dr) x / ﬂ'egAGQ dr,
ti—1 ti—1

i=1,2,.. .k  Wy(r)=(A(M,7).
w
Teopema 2. Ecau 6 uepe (1) npu HeKomopom T = To 6bINOAHACTNCA GKANONEHUE

—T20 — / ﬂ'eg(Tﬂ”) [Azo + f(r)] dr € Wa(T),
0

mo U3 HAYaAAbHO20 NONOHCEHUA Zo MOHCHO 3A6EPULUMND npec,/LedosaHue 34 6pemsa
T = T2.
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O6o3naunm uepes w(r, 7) MuOKecTBO [—7 1 My +4(r)] * ©(r), onpesenennoe npu

Bcex 1 > 0, 7 > 0. Paccmorpum nHTErpast
-
Ws(1) :/ w(r, T)dr.
0
Teopema 3. Ecau 6 uepe (1) npu HeKomopom T = T3 6bINOAHACTNCA GKANYEHUE

oz — / 7eATD [ Azo 4 F(r)] dr € Wa(7),
0

mo u3 HaAYaAbHO020 MNONOHCEHUA Zo MOHCHO 3a6EPUUIM npewLet?oeaHue 30 6pems
T= T3.
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LAGRANGIAN AS A TOOL FOR SOLVING LINEAR OPTIMAL
CONTROL PROBLEMS WITH STATE CONSTRAINTS*

A. S. Antipin, E. V. Khoroshilova

FRC “Computer Science and Control” of RAS, Moscow, Russia
Faculty of Computational Mathematics and Cybernetics,
Lomonosov Moscow State University, Moscow, Russia

asantip@yandex.ru, khorelena@gmail.com

An optimal control problem with linear controlled dynamics and inequality-type
state constraints is considered. A process develops on a finite time interval [tg,¢1].
The terminal condition on the right-hand end of this interval is implicitly given as a
solution to a boundary-value problem of linear programming. Formally, the optimal

*The work was supported by the Russian Foundation for Basic Research (project no. 18-01-00312).
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control problem includes two components: controlled dynamics and a boundary-value
problem, and it has the form

%x(t) — D(W)z(t) + Bult), wlte) =0, 3(t1) = 27,

G()z(t) < g(t), () € AC[to,t1], u() €T, (1)
r] € Argmin{{p1,x1) | Giz1 < g1, 1 CR"},

where D(t), B(t) and G(t) are continuous matrices, ¢; and g(t) are a fixed vector and
a fixed continuous function; G(t1) = Gi, g(t1) = g1 and z are also given; AC" [to, t1]
is the linear variety of absolutely continuous functions. Here x(t) = (z1(t),...,2,(t))T
is a trajectory (state variable). For any t € [to, 1], u(t) = (u1(t),...,u.(t))T € Uis a
control vector, where U € R" is a convex compact set.

We consider problem (1) in the Hilbert space L} [tg, 1] and interpret it as a gen-
eralization of the linear programming problem. Following this idea, we introduce the
Lagrange function

£($1»f(')vu(');p1»¢(')vn(')) = <§017x1> + <p17G1171 - 91>

th th

+ [ (00,000 + B - Zoyir+ [ 0,600 - gyar, 2
0 0

defined for all (z1,z(-),u()) € R™ x AC"[to,t1] x U and (p1,9(-),n(-)) € R} x

Wr[to, t1] x W [to, t1]. Here x1 = x(t1); U"[to, t1] and W' [to, t1] are the linear varieties

of absolutely continuous and, respectively, nonnegative absolutely continuous func-

tions from the space conjugate to the Cartesian product of the primal variable spaces.
We write out the conjugate (dual) Lagrange function with respect to (2):

L (p1, (), n()mr, 2(),u() = (Ver (27) + Gl pr — 1, 21) + (—p1, 1)

t1 d
f (D00 + 500+ GH (D20 )

t1 31
+ [ B vy - [Caw.owd o
0 0
for all (p1,¥(-),n()) € RP x W"[tg,t1] x U [to,t1] and (z1,2(-),u(-)) € R™ x
AC"[tg,t1] x U, where 11 = 9(t1). In the regular case (Slater), the primal (2) and
dual (3) Lagrangians have the same saddle points (a7, z*(-), u*(-); p3, ¥*(-),n* (")),
since (3) is obtained from (2) by passing to conjugate operators.

Starting from the saddle-point inequalities for the Lagrange function (2), we obtain
the source problem (1). Similarly, starting from the saddle-point inequalities for the
conjugate Lagrangian (3), we can obtain a dual problem [1, 2]. Combining primal
and dual problems into one system, we obtain necessary and sufficient optimality
conditions for problem (1). For convex problems, these conditions can be regarded as
a refinement (strengthening) of the maximum principle:

d

Ez*(t) = D(t)x*(t) + B(t)u*(¢), x*(to) = o,

(Ghx] — 91,01 — p7) <0, p1 >0,
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/ HGW (1) — g0 () — () dE <0, () =0, 1€ [total,

to

—U (1) + DT P + G () =0, ¥] = Veu(a) + Gipy,

t1
/ (BT (t),u™(t) —u(t))dt <0,  u(-) €U,
to
where 7 = x*(t1). The solution of this system is a saddle point of the primal and
dual Lagrange functions.

To solve the obtained system, special saddle-point methods of extragradient and
extraproximal types have been developed [1-7]. The extragradient method is a con-
trolled process in which each iteration breaks down into two half-steps:

(1) predictive half-step:

Lak(1) = DO (1) + BUwr(e), (1) = o,

() =0,  ¥f =Vei(ah) + GTpf,
k

(2) basic half-step:
%ik(t) _ D)z () + Byak (),  #*(to) = zo,
it = (0f + a(Git - g)),

) = 1 (0 (1) + GO0 — 9(0),
SO0 + DTOF) + O =0, O = V() + GTak,
uF () = mp (uF (t) — aBT (t)¢F (1)), k=0,1,2....

The limit point of this process satisfies the state constraints.

The saddle-point approach is proposed to solve the problem of terminal control
with state constraints. The proposed approach is based on the saddle-point-type
necessary and sufficient optimality conditions with respect to primal and dual vari-
ables. The method of extragradient type for calculating the saddle point of the La-
grange function is formulated. The convergence of the iterative process to the solution
(7,2 (), v (); p5, ¥*(-),mn*(-)) of the problem over all its components is proved. In
particular, convergence in controls is proved to be weak, convergence in terms of phase
and conjugate trajectories and terminal variables of the boundary-value problem is
proved to be strong. We also prove the monotone convergence with respect to the

variables (p1,u(-),n(+)).
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SINGULAR TRAJECTORIES IN SUB-FINSLER PROBLEMS
ON CARTAN AND ENGEL GROUPS

A. A. Ardentov
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The [ left invariant problem on the Cartan group M is studied as the following
time-optimal problem for ¢ = (x,y, z,v,w) € R® = M:

¢ =u1X1 + u2Xo, max(|uil, Jus]) <1, (1)
q(o) =4dqo = (07 cee 70)7 q(T) =41, (2)
T — min, (3)
where
0 yo 2?+y2 0 0z 0  2+y? 0
Xi= 5,738 2 e T Tie: T 2 o

The Pontryagin maximum principle is applied to problem (1)—(3). The normal
case provides the following types of extremal arcs: singular, bang—bang and mixed.
All singular trajectories are shown to be optimal. We use reflection symmetries of
system (1) to restrict control in the singular case as follows:

lui(t)] <1, ug = 1. (4)

A geometric formulation of the Pontryagin maximum principle [1] is applied to sys-
tem (1), (2) with condition (4) in order to describe the boundary of the attainable
set via singular trajectories (this set coincides with the part of the sub-Finsler sphere
filled by singular trajectories). This set is explicitly described; we prove that it is
semi-algebraic.
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Similar results are also obtained for a one-parameter family of left-invariant sub-
Finsler problems on the Engel group.

This study is part of joint work with Yu. L. Sachkov and E. Le Donne on sub-Finsler
problems on Cartan and Engel groups.
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HEBSI3KU ITPY HAJIMYUU UHOOPMAIIUU
O MOTPENIHOCTSIX B OCJIABJIEHHBIX HOPMAX
(A MODIFICATION OF THE GENERALIZED RESIDUAL PRINCIPLE
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B nannoit pabore paccMaTpuBaeTCs 3a/1a4a KBQIPATHIHON MUHUMU3AIIAN
| Au — f||% — min
u€H

¢ JIMHEeHHBIM HenpepbiBHBbIM ornepatopom A € L(H — F), nefictByomuM B rusboep-
TOBBIX npocTpaHcTBax H u F, u ¢dukcupoBanubiM ssiementoM f € F. Umercs HOp-
MaJIbHOE PEIIeHNe U, ITON 3aJ[a4u, T.e. PelleHne, 00IaIaioIlee HauMeHbIell HOPMOt
B mipocTpaHcTBe H:

Uy, = argmin ||ul o, U. = Argmin || Au — f]|r.
u€Us ue
[Ipemonaraercs, 4YTo BEIYUCJIUTEI0 BMECTO TOYHBIX JaHHBIX A, f 3aj1a4un uspecr-
Hbl HEKOTOpbIe ux npubsmxkenus A € L(H — F), f € F. Cunraiorcs Takxke U3BECT-
HBIMH yPOBHH HOTpemmHocTH b, b B cieyonux onenkax st oneparopa A:

A - Allcca-=r) < hy, IA - Allzcasrey < hY,

rame H- u F™ — mexoTopble BCIOMOraTeIbHble THILOEPTOBLI IIPOCTPAHCTBA, CBA3aH-
HBIE C UCXOJIHBIME pocTpaHcTBamMu H u ' HelpepbIBHBIMU U TIJIOTHBIMY BJIOYKEHUSIMU
H- CcH,FCF™+. OTmernm, 9TO NPUBEJICHHbIE ONEHKH HOTPEITHOCTH 0000maioT
Kaccnaeckyio onenky || A — Al z(g—r)y < h u npespamaiorcs B nee npy H- = H,
F* = F. Takue oneHKH MOTYT OBbITH JIOCTYNHbI B PgJle TPUIOKEHUH, JJisT KOTOPBIX
knaccudeckoe ycosue ||A — Al z(g—p) — 0 He BbIIOIHEHO. YDPOBHI TOTPENTHOCTE

*HccoenoBanne BBINOIHEHO 1pu (unancoBoil nogaepxkke PO®PU (npoekr 18-31-00391).
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of, U}' B 33JIaHUM 3JIEMEHTa [ CUYUTAIOTCS U3BECTHLIMU B HOPMAaX IIPOCTPAHCTB F
uFT:
If=flr<or, Nf = fllps <of-

ABTOpaMu NpeJIoyKeH YUCJIEHHBIA METOJI, SABJISIIONUICT MO uKaueil Kjaaccuye-
cKoro 06006meHHOro IpuHIMIa HeBsasku [1]. Metox npejcrasisier coboii Coreryongy o
TPEXIIArOBYIO IIPOLELYPY, PE3YILTATOM PabOThI KOTOPOl SABJISETCS 3JIEMEHT Uy € H,
MPUOJIMKATONINA NCKOMOE HOPMAJIHLHOE PEIICHUE Uy .

1. ITouck oleHKH i MEPBI HECOBMECTHOCTHU ypaBHeHus Au = f:

fi= inf (1 Au= flle+ B3l + o).

2. IIpoBepka HEpaBEeHCTBA

wmigllerfllm <of, V={yveF||lv|r<h}.
€

Eciu ono BeimosHeno, To nojaraem ux, = 0 n ocranasguBaeM nporece. VHade mepe-
XO/ UM Ha mmar 3.

3. Ilouck pemienus o, > 0 cKaJaspHOrOo ypaBHEHU
H/Nlﬂa - JFF* {/;a”F+ = hj\Haa”H + U;_»

rae 3JeMEeHTH U, € H, 1, € F ana kaxkznoro o > 0 onpeiessiorcss KaK PereHue
caeyromeit 3a/1an MITHIMIT3AITAN:

|Au— f = |2y +allul|? = min, weH, el

TTonaraem U, = s, W OCTAHABJIMBAEM MIPOIECC.

ITo cpaBrennto ¢ MmopuduKkanueii 06OBIEHHOTO METO/Ia HEBSI3KK 13 [2], nenosnb3y-
IOITell Te »Ke allpUOPHbBIE IIPEIIOJIOKEHNs 00 YPOBHSX IOIPENTHOCTEN, BCEe BCIOMOra-
TeJIbHbIC 3a/la9 MUHUMU3AIIUU B IIPEJIOZKEHHOM METO/I€ ABJIAIOTCHA J'H/I6O 3a/la9aM1
6e3yCJIOBHON MUHUMU3AINAY, JINOO 3a[a9aMi MUHUMU3AIUN Ha [Iape, B TO BPeMs KaK
B [2] ocHOBHBIM HIArOM MeTO/a GbLIO PElIeHNe 33189 MUHUMUZAINA Ha HEBBIILYKJIOM
MHOXKECTBE JIOBOJIBHO CJIOXKHOU CTPYKTYPHI.

B pabote mokazama cuibHas B mpocTpaHCTBe H CXOMUMOCTH BBIPAOATHIBAEMBIX
MEeTOJIOM NPUOIMKEHUH U, K MCKOMOMY HOPMAJIBHOMY DEIIeHUIO: ||Uyx — Uyi|g — 0
[IPU CTPEMJICHUH K HYJIIO BCEX YPOBHEH IMOTPENTHOCTEI.

Meto/ IpUMeHEH K PEIIeHIIO CJIEYIONIeH 3a/1a9u TUPUXJIe-YIIPABJICHUs] JJI OHO-
MEpPHOI'0 BOJIHOBOIO ypaBHenus [3, 4]:

yee(t, ) = Yo (t, @), 0<t<T, O<x<l,
Yla=0 = u(t), Ylo=1 = 0, 0<t<T,
Ylt=0 =0, Ytlt=0 = 0, 0<z<l,
Yli=r = (), Yile=r = f'(2), 0<z<l,

B KOTOpOIt Koneunoe nonoxkenue fO(x) € HY(0,1), f°(I) = 0, u KonedHass cKOpPOCThb
fY(x) € L?(0,1) 3amansl u mmercs HOpMasbHOe yipasyenue u,(t) € L?(0,T), npuso-
namee cucremy B Moment t = T' B cocrostaue (f0(z), f1(x)). [lpuBoaaTcst pesyibTaTh
pacyeToB JJIs 3TOf MOJebHOI 3a1a4n.
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PaceMOTpUM 1Ty ONIyI0 yIIpaBIseMylo Bepcuio Mojenn ousnec-nmkiaa Kammopa

(em. [3, 4, 6]):

Y(t) = a[I(Y(t), K(t) — (1 - u(t)S(Y(?))],

K(t) = I(Y(t),K(t)) — 6K (t).
3aech Y (t) u K(t) — BeJMYUHBI HAIMOHAJIBHOTO JI0XO0/Ia U OCHOBHBIX IPOU3BOJICTBEH-
ubix Gonnos (kamurasna) B Moment ¢ > 0, « > 0 — nonpasounblit koaddurpenr,
XapaKTepU3yIOMHil CKOPOCTb PEAKIMU CUCTEMBI, § > 0 — HOpMa aMOPTU3AIUU OCHOB-
ubIx bounoB. @yukimn nasecrunmii (Y, K), Y, K > 0, u cbepexennit S(Y), Y > 0,
UMEIOT CJIEIYIOIUIT BUJI;:

{I(Y) —BK upn K <I(Y)/B,

S(Y) = 1Y,
npu K > I(Y)/B, ¥)=n

I(Y,K) =
re B > 0,0 < v < 1, a dyuxiua I(Y) norucruyeckasi, T.e. Takasg [OJOKU-
TeJIbHAS J(BaXKJbl HenpepbiBHO uddepentupyemas ynkus, aro I1(0) = Iy > 0,
limy 400 I(Y) = I < 00, I'(Y) > 0 u cymecTByer Taxkoe Y > 0, aro I"Y) >0
mpun Y <Y uI”(Y) < 0npu Y > Y. Hauansusie snavenus Y (0) = Yy > 0 n
K(0) = Ko > 0 cauTaroTcsi n3BeCTHBIMU.

B kagecTBe JOIyCTUMBIX YIIPABJICHUN PACCMATPUBAIOTCS BCE M3MepHUMBbIe 110 Jlebery
dyukiun u: [0,00) — [0, 1]. B aTom ciaygae Beauuuna u(t) XxapakTepusyer J0JI0 coe-
pexkennit u(t)S(t) = yu(t)Y (t), nepepacupenessieMyio HEHTPAILHBIM [LJIAHUPYIOIIUM
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oprasoM (rocyzapctsom) B iorpebsenne Y (¢) — (1 —u(t))S(t) B Mmoment ¢t > 0 3a cuer
[IPOBO/IMMOI TTOJIUTUKU YIIPABJIEHNs] COEPEXKEHUSIMU, ITOCPEICTBOM CTUMYIHPOBAHUS
CIpoca.

B meynpasagemom ciyuae (r.e. npu u(t) = 0, t > 0) momens Kasgopa uzydanacs
mHOrUME aBropamu (cMm. [2, 3, 5, 6]). I3BecTHO, UTO B HEYNpPABJSIEMOM CJydae IpPU
ONpE/IEJICHHBIX 3HAYEHUAX MapaMeTpoB Mojeab KaJjjjopa UMeeT B KadecTBE CBOEro
YCTOHUIMBOTO MPEIEIbHOTO MHOYKECTBA IIPEJIEIIbHBIN UK (110pobHee cM. [6]), aBurKe-
HHE N0 KOTOPOMY MOKHO HHTEPIIPETHPOBATD KaK IUKJIMIECKOE TOBTOPEHNE IEPUO/IOB
9KOHOMUIECKOTO pocta m cnaga (kpusucos). C Apyroil CTOPOHBI, MOXKHO IIOKA3aTh,
9TO B yIPABISEMOM CIIydae IPH BCEX JOCTATOYHO GOJBINNX 3HAUCHIIX Y cymecrsy-
eT Takoe mocrostaHoe ynpasienne 4(t) = u(Y) € [0,1], t > 0, npu KOTOPOM MOIETH
Kasiopa unMeeT e [uHCTBEHHOE aCHMIITOTHYECKH YCTORYHBOE CTAIIIOHAPHOE COCTOSTHITE
(Y K(Y)) YTO C SKOHOMUYECKOH TOYKHU 3PEHUS IIPEIIOUTUTEbHEE HEYIIPABJIISLEMOrO
PKJITIECKOTO JBUZKCHUSI.

CTOMMOCTB CTUMYJIMPOBaHUS CIIPOCa Ha Besmanny yuY , u € [0, 1], onpenesam npu
nomornu Keasipatuanoit dyrkmmm o(Y,u) = w(yuY)?/2, e w > 0 — HexoTopas
nocrosiHHast. B kauectse dbynkiun Mraosernoit nosnesnoctu P (Y, u) Gymem pacemar-
puBaTh BEJIMIYNHY HallMOHAJIBHOI'O J0XO/1a, B34ATOI'O C YI€TOM CTOUMOCTHU CTUMYJINUPO-
BAHMS CIIPOCA, T.€. TTOJOKUM

B(Y,u)=Y —p(Y,u) =Y — %( uY)?.

ITycrs (Yo, Ko) — 3amanHoe HavanbHOe coctosinme u (Y7, K1) — ycroitausoe cocro-
sSHUe ynpaJseMoii Momesun Kasmiopa, cooTBeTCTBYIoIee MOCTOSHHOMY YIIPABJICHUIO
u(t) =u(¥y), t > 0.

Paccmorpum cieyronyio 3agady 6oicrposeiicrsus (P):

Y(t) = alI(Y(t), (t)) I —u®)SY®)],  u(t)e0,1],
K(t) = I1(Y (1), K(t)) — 6K (),
Y(0)=Yy, K(0)=Ko Y(T)=Y:, K(I)=K,
T — min.
B cuiny npuanmmna mMakcumyma IloHTpsirmHa i 3aja4m ObicrpogeiicTsust (e, [1,

1. 1, TeopeMa 2]) HEOOXO/IMMble YCJIOBUAS ONTUMAJIBHOCTHU JJIS 3aJa4du (P) UMEIOT
CJICAYIOIIUHI BUJT.

Teopema. ITyemo u.(t) — onmumansvroe ynpasaenue, (Yi(t), Ki(t)) — coom-
6EMCMEYIOWaAs onmumasvras mpaexmopus v T > 0 — epema Guicmpodeticmeus 6
sadave (P). Ipednososicum, wmo Y, (t) — SK.(t) > 0 npu scex t € [0,Ty]. Tozda
cywecmeyom makue He 00PAUAIOULUECT 00HOEBPEMEHHO 6 HYAb AOCOMOTMHO HENpe-
poienvie dyrryuu PL(t) u Y2(t) na [0, Ty], ¥mo evnoinaomea caedyrouue Yearosua:

(1) Ppymryua () = (V1(t),v2(t)), t € [0,T], asaaemca pewenuem conpatcen-
HOU cucmembt

PH(t) = —a(I'(Yi(t) = (1 — ua(t)y) " (t) — T'(Ya ()02 (1),
P2 (t) = apt(t) + (B + 0)v3(t);
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(ii) evnoanaemces ycrosue MaKcuMyma

u (1) (1) "= max {urp (1)}

u€[0,1]
(iii) xpome moeo,
M(t) = a(I(Yi(t)) = BEL(t) = 9Ye()$' (1) + (I(Ya(t) — (B + ) K. (1)) $*(1) +

+ ayYi(t) m[%ﬁ]{uwl(t)} = const > 0, t €0,T.].
ue|0,

U3 npuHnuna MaKCUMyMa BBITEKAET, UYTO ONTHMAJBHOE yIpaBieHne u,(t) B 3a1a-
4e (P) He mMeeT 0COOBIX PEKUMOB

B mokmaje ob6cyzKuaercd MOAX0J K YUCIeHHOMY pemenuio 3ajadu (P), ocHoBan-
HBII Ha MCHOJL30BAHAU MPHUHIUIIA MakcumyMa [lontpsaruna. [Ipusoggarcs pesynbra-
ThI YUCJIEHHOrO pentenus. g ciydas, Korjga Heynpasigemas Momaesnb Kasgopa (npu
u(t) =0, t > 0) uMeeT eUHCTBEHHOE HeyCToluMBoe cTanuonapuoe cocrosuue (Y, K),
a ee yCTONIMBOE IPEIETHHOE MHOKECTBO — IPEIEe/IbHBIA UKJI, TOKA3aHO, 9TO OIITHU-
MaJibHOe craruoHapHoe cocrostane (Y, K,) SIBIISIeTCs yCTORIUBBIM y3JI0M U €My COOT-
BETCTBYIOT KaK GouibInee 3Hauenue eaunanabl O(Y, ) HAMOHAIBHOTO J0XO0/1a, B3STOIO
¢ y9eTOM PacxojoB Ha CTUMYJTUPOBAHHE CIPOCA, TAK U OOJIBIIEE 3HAICHNE BEJTMINHBI
noTpebJIeHus, YeM [IPH JBUZKEeHUH 110 nepuoaundeckomy pernenuto (Ye(t), K.(t)), t > 0.
HpI/I IIOMOIIY YUCJIEHHOI'O penieHns 1I10Ka3aHO, 9TO OIITUMAJILHBIN 11O 6bICTpO;LeI>’ICTBI/IIO
[epeBoJ; cucTeMbl B crarmoHapHoe cocrosiane (Y, K,) IpUBOANT K YJIydIIEHUIO ee
9KOHOMUYECKUX TIOKA3aTeell Mo CpaBHEHUIO ¢ HeynpasiseMoil (“phIHOUHOM”) Tpaek-
TOpHUE.
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The Dasgupta—Heal-Solow—Stiglitz (DHSS) model can be presented in terms of
output produced using two types of capital: produced capital and the exhaustible
resource. At every instant ¢ € [0, 00), the economy produces output Y (¢) described
by a Cobb-Douglas function:

Y(t) = K(t)*R(t)Y where 0<»<1, 0<~vy<1. (1)

Here, K (t) > 0 is the stock of produced capital and R(¢) > 0 is the speed of resource
extraction from the current resource stock S(t) at instant ¢ > 0. The output can be
either consumed, generating utility, or invested in increasing the stock of produced
capital, which deteriorates with time. If a part u(¢)Y (¢), u(t) € [0,1), of the output
Y (t) is invested, the amount of produced capital available at time ¢ varies according
to the rule

K(t) = u(t)K(t)*R(t)Y —6K(t)  where 6>0. (2)

This makes the produced capital renewable at the expense of consumption. The stock
of produced capital depreciates at a constant rate §. The initial stock of produced
capital is K(0) = Ky > 0. The remaining output, (1 —u(t))Y (t), t > 0, is consumed.

The resource, on the other hand, is nonrenewable. The finite resource stock imposes
the following integral constraint on the depletion speed R(-):

/Oo R(t)dt < Sp, (3)
0

where Sy > 0 is the initial resource stock.

The problem facing the economy is how to optimally deplete the resource and
invest in produced capital. We will measure welfare by a discounted logarithmic
utility function of consumption, as maximizing the aggregate discounted logarithmic
utility essentially amounts to maximizing the aggregate discounted growth rates. This
leads to the following objective functional for the economy (see (1)):

B RE) = [ e inl(1 = u(o)y (@) de
0
= / e " In(1 — u(t)) + »In K(t) + yIn R(t)] dt,
0
where p > 0 is a discount rate.
Setting » = 0 leads to a pure depletion economy. In a pure depletion economy
the only question is how to optimally deplete the resource, and we briefly discuss this

special case before turning to the full model. We ignore the case v = 0 as it implies
the irrelevance of the resource.
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In solving the above specification of the DHSS model, we follow an approach based
on an existence theorem and the application of necessary optimality conditions. This
approach settles the question of the uniqueness of the solution to the DHSS model,
because the maximum principle implies uniqueness when a solution exists. The sub-
sequent analysis of the Hamiltonian system of the maximum principle yields explicit
and easily interpretable asymptotic solutions for all types of returns to scale.

Given parameters 0 < » < 1,0<~v <1, >0,p >0, Kop >0and Sy > 0,
the optimization problem J(K(-),u(:), R(-)) — max, subject to equation (2) and
constraint (3), can be formulated as an infinite-horizon optimal control problem (P ):

JUE (), ul), R(-) = /Ooo e P [In(1 — u(t)) + >In K () +~vIn R(t)] dt — max, (4)
K(t) = u(t)K(t)*R(t)Y — 6K (t),  K(0)=Ky>0, (5)

u(t) €[0,1),  R(t) >0, /Oo R(t)dt < S. (6)
0

By an admissible control w(:): [0,00) — R? in problem (P;) we mean a pair
w(-) = (u(-), R(-)) comprising a measurable function u(-) and an integrable func-
tion R(-), each of which is defined on the infinite time interval [0, c0) and satisfies the
constraints in (6). In view of (5) and (6), for any admissible control w(-) = (u(-), R(+))
the corresponding admissible trajectory K (-) always exists on the whole infinite in-
terval [0, 00).

It can be shown that for any admissible pair (K(-),w(-)) the improper integral
in (4) either converges to a finite real or diverges to —oo. Moreover, it is uniformly
bounded from above. In other words, there is a number M > 0 such that

sup / e " [In(1 —u(t)) + > K(t) + yIn R(t)] dt < M, (7)
(K(-)w())J0

where the supremum is taken over all admissible pairs (K (-), w(-)). This fact allows
us to understand the optimality of an admissible pair (K. (-),w«(-)) in problem (P;)
in the strong sense.

To simplify the system, we introduce a new state variable z(-): [0,00) — R! and a
new control variable v(-): [0,00) — [0, 00) as follows:

a(t) = % u(t) = %, t>0. 8)

Here, the state variable S(-) represents the current supply of the exhaustible resource.
This variable is a (Carathéodory) solution to the initial value problem

S(t)=—R(t),  S(0) =S, 9)

for a given admissible control R(-) on [0,00). So the control variable v(-) represents
the extraction rate of the resource. Due to the pointwise and integral constraints on
R(-) in (6), we have S(t) > 0 for all ¢ > 0. Thus, the quantities z(¢) and v(¢t) are
well defined for all ¢ > 0. Moreover, the function v(-) is locally integrable since R(:)
is integrable and S(-) is positive and continuous.
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It can be shown that problem (P;) is equivalent (in a certain sense) to the following
optimal control problem (P;):

jl(x(),u(),v()) — max, (10)
z(t) = (1 = s)u(t)v(t)” + (vv(t) - (1- %)5):17(t), z(0) = xo, (11)
v(t) € (0,00), u(t) € [0,1), (12)

where

T (), u(), () = /Oooept{ln(l — () + ’y[lnv(t) _ ?} + %%}dt.

We say that a control @w(-) = (u(-),v(+)): [0,00) — [0,1) x (0,00) (which is a pair

of measurable functions) is admissible in problem (P) if the functions
ot B N @} su(t)v(t)” }

t— v(t) and t—e {ln(l u(t)) + {lnv(t) ; + PO
are locally integrable on [0,00). The corresponding trajectory x(-) is always defined
on the whole infinite time interval [0, 00). A pair (z(:),@w(-)), where w(-) is an admis-
sible control and z(-) is the corresponding trajectory, is called an admissible pair in
problem (P).

After showing that regimes with very large controls v(-) cannot be optimal, we can
bound the control v(-) by a (uniform) large constant V' and then apply the existence
theorem from [2]. Then we establish an appropriate version of the Pontryagin max-
imum principle for problem (151) with an additional characterization of the adjoint
variable and use it to analyze optimal regimes in problem (P;) (and hence in the
original problem (P;)) [1].
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Paccmarpusarorcst quddepennuaabaoe ypasHeHNEe
vy =p(e,y, sy )y seny,  n>2, kER, k>1, (1)

rJie p — TOJIOXKUTEIbHA HEeIPEePbIBHAs (DYHKITNS, y/I0BJIETBOPSIONIas ycaoBuio JIur-
MIXIA 110 IIOCJICHUM 7 II€PEMEHHBIM, U €ro YaCTHBINA CJIy4ail

y(") = p0|y|ksgny, n>2 keR, k>1, pg>0. (2)

Jns sTMx ypaBHEeHUil 006CYKIAETC aCUMITOTHYIECKOE TOBEJIECHUE CHHTYJISAPHBIX Pe-
HICHUHA.

MsBectHo (cM. [1, 4]), aTo m060€ MAKCHMAJIBHO MPOOJIYKEHHOE DEIlleHne ypaBHe-
Hust (1) ¢ mosoxkuresbHBIM HaGOpOM JaHHBIX KON B HEKOTOPON TOUKe X( MMeeT
OTPaHUIEHHYIO CIIpaBa O0JIACTH ONPEIEICHNS U CTPEMUTCS K GECKOHETHOCTH BMECTe
€O BCEMHU CBOMMM IIPOM3BOIHBIM IIPHA CTPEMJIEHUU T K 3TOH rpammne z* > xg. Takue
PEIIeHNsT 110 TEPMUHOJIOrMH 1] HA3BIBAIOTCS CHHTYJISIPHBIMUA PEIIEHUsIMUA BTOPOTO PO-
na. Hnsn € {2,3,4} uzsectro (em. [1, ot V] st n = 2 u [2; 3; 4, 5.3] ms n € {3,4}),
410 J1I060E TaKoe penleHue ypasHenus (1) umeer Buj

ylx) =Cz* —x)"%(1 + o(1)), r—z" =0, (3)

rie

n o (a(a—i—l)...(a—i—n—l))l/(k1)7 @

Po

upu 3ToM gyt ypasaenust (1) nox po = const > 0 nmoapasymesaerca upezes byHKImMI
(T, Y0,y Yn—1) TPu T — * — 0, yop — 00, ..., Yp—1 — 00. B [5] GbuIO TaKKE
JIOKA3aHO, YTO CYIIECTBYIOT TaKUe MOJIOKUTEbHbIe TocTostHuble C 1 Cy, 910 11060e
CHHTYJISIPHOE PEIIEHnE BTOPOro po/jia ¢ IIPaBoil rpanutieii obactu onpeenenus & = x*
B JIEBO#i moJIyoKpecTHOCTU ¥ ynoBierBopser HepaBencrBam C (z* — z) ™% < y(z) <
< Co(x* — x)~*. B paborax [2; 4, 5.1] qyia ypasaenus (1) 1pu HEKOTOPBIX JIONOJIHHU-
TEJIBHDBIX IPEIOIOKEHUAX OTHOCUTEbHO (byHKIMU P GbLIO JOKA3aHO CyMEeCTBOBA-
HUE IIpU JIF00OM N PeIeHnst co CTeleHHo acumroTukoi Buga (3). Jusa 5 < n < 11
OBLIO JJOKA3aHO CYIIEeCTBOBaHMe (n—1)-napaMeTpuaeckoro ceMeicTBa TaKuX PEIeHui.

EcTecTBeRHOE TPEITONIOKEHNE O TOM, YTO U IIPU BCEX N > 4 CHHTYJISIPHBIE PeIle-
HUSI BTOPOTO POJa UMEIOT CTEIIEHHYIO ACUMIITOTHKY, OKA3aJI0Ch HEBEPHBIM JIAZKe JIJIs
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ypasaerust (2) (cm. [6] qyst ckosb yrogao Gosbrinx n u 7] mas n € {12,13,14}).
B aTux ciydasx GbLIO JIOKA3aHO CyliecTBOBaHUe (IPU HEKOTOPBIX k) perenuii Bujia

y(x) = (2" — )" h(ln(z" — z)),

rje h — HEIIOCTOdHHasA HEeNIPEePbIBHaA IMOJIOZKUTEJ/IbHad IIEePUOJIUIeCKad (byHKL[I/ISI.

Okaszajoch, OIHAKO, 9TO [JIsi JOCTATOYHO CJIab0 HEJIMHEHHOTO ypaBHEHUsI HeCTe-
IEHHOE ITIOBeJIeHUEe DeIleHUil ¢ BePTUKAJIBbHOU aCHMITOTONH HEBO3MOXKHO, a UMEHHO
cIIpaBe/lInBa CJleaylonas

Teopema 1. Ilycmo 6 ypasnenuu (1) p € C(R™)NLip,, ., (R") up —
—po>0mnpu z— % yp = 00, ..., Yp—1 — 00. Toeda dasn awboz20 uenrozo n > 4
cywecmeyem maxoe K > 1, wmo dasn abozo deticmeumenvrozo k € (1, K) arwoboe
pewenue ypasnerus (1), cmpemsuweeca smecme co c60UMU NPOUIBOIHBIMU K OECKO-

newrnocmu npu © — ¥ — 0, umeem sud (3), (4).

Sameuanne 1. Jloka3aTesbCTBO 3TOH TEOPEMBI /il ypaBHEHUS (2) COMEPKUTCS
B [8], a quist ypasrernus (1) — B [9].

Tem He MeHee npu GONBIMUX N U k 3a0aC CHHTYJIADHBIX DEMIEHUH CO CTENeHHOIT
ACHMIOTOTHUKOM Jjazke y ypaBHeHns (2) MOKeT OBITh JTOCTATOYHO MAJI, & MMEHHO CIPa-
BEJJINBA CJIEIYOIIAsT

Teopema 2. ITycmv n € N, a € (0;4+00) u anzebpavueckoe ypasrerue

1:[()\+j+a):1:[(1+j+oz) (5)
j=0 j=0

umeem no Kpatinet mepe 066 KOPHA € NOAOAHCUMENLHOT JETCMBUMENDHOT YACTIBIO U
HE UMEEM YUCTNO MHUMBLT Koprel. Tozda mmoocecmeo ecex dannoir Kowu 6 10601
mouKe o, NOPORHCIAOWUT Pewerus ypasHenua (2) co cmenennol acumnmomurol
suda (3), (4), umeem nyaesyro mepy Jebeea 6 R™.

3ameuanue 2. Ormerum, 9TO JyIst JOO0r0 1 > 12 mpu H0CTATOYIHO HOJIBITOM K,
T.€. IPH JIOCTATOYHO MAJIOM «v, ypaBHenue (5) umeer, KpoMe 09eBUIHOIO KOPHA A = 1,
0 KpaliHeili Mepe OJHy I1apy KOMILJIEKCHO COIPAXKEHHBIX KOPHE C I0JIOXKUTeJIbHOR
JeficTBUTEIbHON dacTbio. JJoKa3aTesberso 31oro dhakra cogepKures B 7).

3ameuanme 3. PesyibrarThl 0 IOBeJIEHUN 3HAKOIIEPEMEHHBIX CHHIYJISIDHBIX Pe-
rennit ypasrenust (1) comepxarcs B [9)].
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For an optimal control problem, the concept of a strong infimum is introduced, for
which necessary conditions consisting of some family of “maximum principles” are
formulated. If a function delivers a strong minimum in this problem (and therefore,
a strong infimum), then this family contains the classical Pontryagin maximum princi-
ple (see [1, 2]). As a corollary, we derive generalized necessary conditions for a strong
minimum for a problem of the calculus of variations. Examples will be given to show
that the obtained necessary conditions generalize and strengthen classical results.

In our work we use the idea of R. V. Gamkrelidze [3], considering the original
control system as a representative of a more general class of control systems.

Let [to,t1] be a line interval, U a nonempty subset of R", ¢: R x R” x R” — R"
a mapping of variablest € R,z € R", and u € U, and fy: R"xR" - R, f: R"xR" —
R™ and ¢g: R™ x R®™ — R™2 mappings of variables (; € R", i =1, 2.

Consider the following optimal control problem:

fO(x(tO)vx(tl)) - minv &= @(tvxvu(t))v ’U,(t) € U,
fla(to), x(t1)) <0, g(z(to), z(t1)) =0,

where z(-) € AC([to, t1],R™) (is an absolutely continuous vector function on [tg,t1])
and u(-) € Loo([to, t1], R").

In what follows we assume that the mapping ¢ is continuous together with its
derivative with respect to x on R x R™ x R" and the mappings fo, f, and g are
continuously differentiable on R™ x R™.

(1)
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A function z(-) € AC([to,t1],R™) is said to be admissible in problem (1) if
fz(to),z(t1)) <0, g(x(to),z(t1)) = 0, and there exists u(-) € Loo([to, 1], R") such
that &(t) = (¢, z(t),u(t)) and u(t) € U for almost all ¢ € [tg, 1],

Definition. We say that a function Z(-) € C([to, t1], R") delivers a strong infimum
in problem (1) if f(Z(to), Z(t1)) <0, g(Z(t0), Z(t1)) = 0, and there exist a neighbour-
hood V of the point Z(-) and a sequence {xn(-)}, N € N, of admissible functions in (1)
such that fo(z(to),z(t1)) > fo(Z(to),Z(¢1)) for any admissible function z(-) € V' and
2N (-) converges uniformly to Z(-) as N — oo.

Clearly, if a pair (Z(-),u(-)) delivers a strong minimum in problem (1), then Z(-) is
a strong infimum in this problem. On the other hand, if a function Z(-) delivers
a strong infimum in (1), Z(-) is admissible, and @(-) is the corresponding control, then
the pair (Z(-),u(-)) delivers a strong minimum in this problem.

Given arbitrary k € N and k-tuples () = (u1(-),...,ur()) € (Loo([to, t1]), R™))*
and a(-) = (a1(-),..., k(")) € (Loo([to,t1]))¥, where a(t) > 0, a;(t) # 0,4 =

., k, and Zle a;(t) = 1 for almost all t € [tg, 1], we associate with the control
system specifying the constraints in problem (1) the following extended (relaxation)
control system

k
i=) etz u(t),  w) eV, i=1...k o

fa(to),x(t)) <0, g(x(to), 2(t1)) = 0.

A triple (z(-),@(-),@(-)) (z(-) € AC([to, t1],R™)) is called admissible for system (2)
if it satisfies all constraints in (2).

Let us introduce some notation. We let (A, z) = Y . \;z; denote a linear func-
tional A = (A1,...,\,) € (R®)* evaluated at a point x = (z1,...,z,)T € R™
By (R™)% we denote the cone of linear functionals that are nonnegative on non-
negative elements of R™. The adjoint operator to a linear operator A: R" — R™ is
denoted by A*.

Given a fixed function Z(-), the partial derivatives of fy, f, and g with respect to
¢1 and ¢ at a point (Z(tg), Z(t1)) will be briefly denoted by J%c,-» jA‘Ci, and g¢,, i =1,2,
respectively.

Theorem. If a function z(-) € AC([to, t1],R") delivers a strong infimum in prob-
lem (1), then for any k € N, u(-) = @ (), ..., a("), and a(-) = (@1(-),...,ax(-)
such that the triple (A(-),_() () is admzsszble for the control system (2), there
exist a nonzero triple (Mo, Ay, Ag) € Ry x (R™)% x (R™2)* and a vector function
p(+) € AC([to, t1], (R™)*) such that the following conditions hold:

(i) the stationarity condition with respect to x(-)

e (t, (1), ui(t));

”M”

(ii) the transversality condition
p(to) = Aofoe, + fE A + 95, Ags p(t1) = —Aofoc, — & r — 96, A
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(iii) the complementary slackness condition
(Ar, F(@(t0), Z(t1))) = 0;

(iv) the maximum condition for almost all t € [to,t1]

max(p(t) (8, 2(0), ) = (p(6) 3(0).
uelU

If for some k € N and a triple (Z(-),u(-),a(-)) admissible for the control sys-
tem (2), conditions (i)—(iv) hold only when Ay # 0, then there exists a sequence of
functions xn(-), N € N, admissible in problem (1) such that xn(-) = Z(-) as N = oo
uniformly on [to,t1].

The formulated necessary conditions constitute a family of relations (parameterized
by all possible finite tuples (%(-), @(-)) such that the triple (Z(-),a(-), a(-)) is admissible
for the control system (2)), each of which has the form of a maximum principle.
Furthermore, if (Z(-),a(-)) is a strong minimum in problem (1), then this family
contains (with k = 1, @;(-) = u(-), and a1 () = 1) the classical Pontryagin maximum
principle. However, in this case, this family (as will be shown in the examples)
contains, generally speaking, more information about the optimal process than the
classical result. Thus, the obtained necessary conditions strengthen the Pontryagin
maximum principle.

If the infimum is not delivered, then this theorem provides a tool for finding the tra-
jectories “suspicious” for infimum. In this sense, the theorem generalizes the method
based on the Pontryagin maximum principle to such kind of problems.
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One of the authors studied elliptic pseudo-differential equations in domains with
singular points on a boundary [1]. Using the local principle, he considered the equa-
tion [2—4]

(Au)(z) = v(z), z€C, (1)

*This work was supported by the Ministry of Education and Science of Russia, project
no. 7311.2017/8.9.
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where C'is a cone in Euclidean space R™ and A is a pseudo-differential operator with
a symbol A() satisfying the condition

cr(I+1€)" < JAQ] < ca(1 + €))7,

which looks as follows:
(@) = [ [ @ ugdgdy.  aec,
c Jrm

The main problem is to obtain conditions for unique solvability of equation (1)
in appropriate functional spaces, or invertibility conditions for the operator A. To
describe such conditions, a concept of the wave factorization for an elliptic symbol
was introduced [1]. Unfortunately, a number of solutions depend on an index of the
wave factorization [1], and to extract a unique solution one needs some additional
conditions.

Here we consider the two-dimensional case and the cone C' = {z € R?: x5 > a|z1],
a > 0} under the condition 1/2 < s — s < 3/2, where s is the index of the wave
factorization and s is an exponent of the Sobolev—Slobodetskii space H*(C).

Let us consider a very simple case when v = 0 and a = 1. If the symbol A()
admits the wave factorization [1]

A(zi) = A£(§)A=(8),

then one can show that a general solution of equation (1) in the Sobolev—Slobodetskii
space H?(C) in the Fourier image has the following form:

co(&1 + &2) + (&1 — &2)

2A#(€13€2)
. +oco 3 too g
. i ¢o(n) dn ¢ Co((n) dy
+ A (51»52)<V-P-%/00 Gt&-n Yo ) m)

u(§) =

where cq is an arbitrary function from H*~*+1/2(R).
Let us make the change of variables

t1 =& + o, ta =& — &

and set

1+t t1—t
a¢(t1,t2)EA7g< 1;— 2, 12 2).

Then we can rewrite

Ulty, ta) = %

; +o0o ~ . Foo =
1 C d i C d
+aZ (b, t2) (vope / Golmdn / Go(n)dn’
2m —o 1M 2 oo t2—m
Let us introduce the notation

i /+°° co(n)dn

= do(t , v.p.—
—o0 tl*’l 0<1) pTr —o0 t277’

v.p.—
m
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Then we have

Tt ta) = Go(t1) + Go(ta) +do(t1) — do(t2) _ét) + d(ts)

2a¢(t1,t2) o 2a¢(t1,t2) ’

where we put é(t1) = éo(t1) + do(t1) and d(ts) = éo(t2) — do(t2).
Assuming that we know the two integrals

—+o0 —+o0
/ Ul(ty,t2) dty = gi(t2), / Ul(t1,t2) dta = Ga(t1) (2)
and integrating the last quantity first in ¢; and then in ¢35, we can obtain the following

2 x 2 system of linear integral equations with respect to two unknown functions ¢
and d:

- K(tl, tg)é(tl)dtl + by (tg)d(tg) =q1 (tg),
- roo ) (3)
ba(tr)e(ts) + [ K(t1, t2)d(t2)dt> = g2(ta),

where we use the following notation:

K(t1,t2) = (2ax(t1,t2)) ",
—+o0 “+o0

— 0o — 00

Theorem. A unique solvability of problem (1), (2) is equivalent to a unique solv-
ability of the system of linear integral equations (3).

Remark. Indeed, conditions (2) are the Dirichlet conditions on sector sides.
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L.S. Pontryagin devoted the last active period of his research to the theory of
pursuit—evasion games. In order to estimate one piece of his contribution to the
theory, let us begin with the following fairly real sample. Imagine R? as a surface
of a sea on which cutters P (a pursuing point) and @ (an evading point) move in
accordance with Newton’s law

mpi = —kpt + fp, mqy = —kQy + fo.
The pursuer controls his cutter changing some way the force vector fp aiming to

approach @ to the distance [, while @ tries to achieve the opposite goal controlling
the force vector fg. Naturally, the values of these quantities are bounded:

Ifp| < p, lfol <o

(mp, mq, kp, kg, p, and o are positive, and [ > 0).

The task of a researcher consists in answering the following question: which of the
players wins if the game begins from an initial position z(0),#(0),y(0), §(0)?

The formulated game was called the “control sample” by L. S. Pontryagin. It
belongs to the class of linear pursuit—evasion differential games described as

3=Cz—u+w, zeRY PQ,McCR? C eLin(RY).

Putting aside discussions about how important the sample is, let us consider the
following questions usually treated without due attention by specialists in applied
mathematics but essential in principle for mathematicians: what is meant by “control”
and by saying that “the pursuer (or evader) wins” when there is another player
pursuing the opposite goal?

The answer is quite nontrivial. During 1960-2000, about ten approaches where
suggested to that. But when L. S. Pontryagin started to consider the problem in
the 1950s, it was new and seemed absolutely inaccessible [1]. Of course, formally the
problem might be classified as that of calculus of variations, but the results obtained
in this way (say, by the Hamilton—Jacobi method) were impossible to justify on the
whole. That is why the monograph “Differential Games” by R. Isaacs, the first one
in the new field, consists mainly of examples of pursuit—evasion games and their
discussions without definitions and proofs.

Under such circumstances, L. S. Pontryagin’s genius created a fundamentally new
concept called an alternating integral [1].

Let a linear map C: RY — R%, compact subsets P and @, any subset M of R¢ and
some interval [0, 7] be given. Let Q be the family of all partitionsw = {7p =0 < 71 <
e < Ty =T} n=n(w).

The definition of an alternating integral involves the Minkowski difference A = B =
{Z | B+ & C A} and the integral of a multivalued map

/j eCX dt = {/j x(t) dt ‘ z(t) € eth},
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where X = P or X = Q. We put U; = [[e/“Pdt and V; = [, e'“Qdt, where the
integrals are taken over the interval [r;_1, 74].
The expression

T

W =M+U1-Vi+ U= Vot -+ U, —Vy

is called an alternating sum; its limit under an infinite refinement of partitions, or
actually the intersection

WT(M) = (] D (),

weN

is called an alternating integral.

Thus, the alternating integral is a concrete purely mathematical concept which
does not allow any obscurity and free interpretation. Therefore, the following result
was quite unexpected.

Pontryagin’s theorem [2]. Let M be closed. Then

¢ € W (M) {In the game from an initial state zg

the pursuer wins on the interval [0, 7].

Of course, the proof of the theorem requires that the notion of pursuer’s win (from
the initial position zo on the time interval [0, 7]) should be strictly defined. As noted
above, there are several approaches to answering this, which turn out practically
equivalent at least for the game under consideration. The following one seems to be
the most simple [4].

Let A be a bounded subset of R and £ > 0. The set of all measurable functions
©(): [0,7] = A will be denoted by A..

Definition 1. Every map V:R? — Q. is called a lower e-strategy of the evader.
Every map V: R x Q. — P. is called an upper e-strategy of the pursuer. The class of
all upper e-strategies of the pursuer (lower e-strategies of the evader) will be denoted
by P* (respectively, Q).

Every triple zop € R, u € P°,v € Q. generates a unique absolutely continuous
trajectory z(t) = z(t; 2o, te, vc) in the following way.

For t € [0,¢], 2(t) is a solution of the Cauchy problem

z2=Cz—ug(t) +vo(t), z(0) = 2o,

where v (t) = v(z0) and uo(t) = u(zo,vo(-))(t).
Suppose z(t) has been defined on [0,ne]. Then z(t) on [ne, (n + 1)] is a solution
of the Cauchy problem
2= Cz— up(t —ne) + vy (t — ne), z(ne +0) = z(ne — 0),

where v, (s) = v(z(ne))(s) and un(s) = u(z(ne),v,(+))(s), 0 < s < e.
Definition 2. In the game under consideration the pursuer wins from the initial

position zg on the interval [0, 7] if and only if for every € > 0 there exists u € P¢ such
that for all v € Q. we have z(t) € M for some t € [0, 7].

Some modification of the notion of pursuer’s win allows one to invert Pontryagin’s
theorem.
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Definition 3. In the game under consideration the pursuer wins from the initial
position zg at the time instance ¢ = 7 if and only if for every € > 0 there exists u € P
such that for all v € Q. we have z(7) € M.

Theorem 1. Let M be closed in the game under consideration. The pursuer
wins from the initial position zy at the time instance t = 7 if and only if ¢"Czy € M.

In accordance with the introduced classes of strategies, the pursuer uses informa-
tional discrimination of the evader. The dual theory of alternating integral allows
one to consider a situation when the evader uses informational discrimination of the
pursuer [3]. The class P (respectively, Q) of lower e-strategies of the pursuer (upper
e-strategies of the evader) and the notions of alternating sum and alternating integral
are defined in a similar way. For example,

M) =M=Vi+ Uy Va4 Up * - 2V + Un,  Wo(M)= | D (M)

w weEN w

Naturally, dual variants of the theorems formulated above are valid. Moreover,
several relations between the upper and lower integrals are exit. One of them is

Theorem 2 [5]. Let M be closed and convex and there be a positive number r
such that
rD C W'(M) for all t€0,7]

(condition of uniform bodyness). Then
Int W™ (M) = W, (Int M). (1)

This relation has a clear interpretation in the language of the game under consid-
eration. The main result of present talk is the following.

Theorem 3. Suppose there exists a nonnegative function r(t) such that r(t) >0
for t € (0,7] and r(t) c WHDM) for t € [0,7]. Then (1) holds.
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In D =R x (0, T) we consider the uniformly parabolic equation

ou 0%

E _a(w’t)@v (1)

whose coefficient a(z,) is such that 0 < 0 < a(x,t) < A for some § > 0, A > 0 and
all (z,t) € D, a(x,t) is uniformly continuous in D, and

la(z2,t) — a(z1,t)] < w(|ze — 21])

with modulus of continuity w satisfying the Dini condition

LD(J:):/ Mdy<oo, x> 0. (2)
o Y

A. M. II'in (see [1]) proved that if condition (2) is not satisfied, then, generally
speaking, equation (1) has no classical fundamental solution.

According to [2], the existence of a fundamental solution follows under the more
restrictive condition

|a(za,t2) — a(a1, t1)| < w(|we — 21| + |2 — t1]'/?),

where the modulus of continuity w satisfies the Dini condition.
In this paper we show that the minimal condition (2) is sufficient for the existence
of a classical fundamental solution for equation (1).

References

1. Il’in A.M. On the fundamental solution of the parabolic equation // Dokl. Math. 1962.
V. 147, No. 4. P. 768-771.

2. Zeyneddin M. Regularity of the single-layer potential for a second-order parabolic system
in Dini classes: Deposited in VINITI 16.04.92. No. 1294-V92 (in Russian).

45
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We consider a functional differential equation of pointwise type (FDEPT)

‘T<t) :f(tvx(@h(t))"'"x<q<9(t)))v t € Bp, (1)

where f: R x R™ — R"™ is a mapping of class C'(?); g;(+), 5 =1,...,s, are orientation-
preserving homeomorphisms of the line; and B is either a closed interval [t, ¢1], or
a closed half-line [tg, +00[, or the line R.

The approach proposed for the study of such equations is based on a formalism
whose central element is the construction using a finitely generated group

Q: <q1a"'7q8>

of homeomorphisms of the line (the group operation in such a group is the composition
of two homeomorphisms).

Using time replacement for deviations of the argument [g;(¢t) —t], j =1,...,s, we
can always achieve the condition

h= max h; < +oo, hj =suplg;(t) —t|, i=1,...,s.
je{1,...,s} teR

The importance of equations of the considered type is determined by the fact that
the theory of solutions of such equations is closely related to the theory of soliton
solutions for infinite-dimensional ordinary differential equations [1]. Equation (1) de-
fined on the entire line canonically induces an infinite-dimensional ordinary differential
equation. In this case, to each solution of equation (1) there corresponds in a one-
to-one way a solution of the traveling wave type of the induced infinite-dimensional
equation. In particular, finite-difference analogs of equations of mathematical physics
define infinite-dimensional dynamical systems. Important subclasses of solutions of
the traveling wave type of infinite-dimensional ordinary differential equations are pe-
riodic and bounded solutions of the traveling wave type to which the periodic and
bounded solutions of the induced functional differential equations correspond.

The main goal in the study of such differential equations is the investigation of the
initial-boundary value problem

w(t) = f(t,2(qu(t), ..., 2(¢s(t)),  t€ B, (2)
i(t)=(t), teR\Br, ¢()€ Lx(RR"), (3)
z(t) =z, teR, TeR" (4)

*The reported study was partially supported by the Russian Science Foundation, project no. 17-
71-10116. This work was also partially supported by the RFBR, project no. 16-01-00110 a.
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which we will call the basic initial-boundary value problem. In a general situation,
when t # tg,t; or deviations of the argument are arbitrary, we have a problem with
non-local initial-boundary conditions.

Let us define a Banach space of functions z(-) with weights

n k _ . k n r t
LrCH(R) = {x(')~ z(-) € CW(R,R™), Olgggkiupﬂx ()| < +oo},
€ (0,1),
with a norm

eI = max supla (E)u"|5.

Let us formulate a system of restrictions on the right-hand side of the FDEPT:

(a) f(-) € CO(R x R™ = R™) (the function f(-) with respect to the variable ¢ can
be considered as a piecewise continuous function with discontinuities of the
first kind at the points of a discrete set);

(b) f(-) satisfies the quasilinear growth condition:
£t 21,z lmn < Mo(t) + My Y |lzjllen,  Mo(-) € CO(R,R),
for all ¢, z;, and z;, j =1,...,s, and the Lipschitz condition

s
Hf(tvzla---vzs) - f(taélv"'aés)HR" < M2Z ”ZJ _2j||Rn

Jj=1

(in fact M; < My, but the constants M; and M, can be taken equal to each
other);

(c) there exists p* € Ry such that the quantity

sup Mot + 1) ()"
i€Z

is finite for any ¢ € R and is continuous as a function of the argument ¢;
(d) for the p* from (c) the family of functions
Fiere @) = f(E+i, 210,y 20) (), 1€Z, 21,...,2s € R",

is equicontinuous on any finite interval.

The last condition (d) is necessary only in the case of a half-line or the whole line. It
can be removed, but this leads to more technical complications.

Theorem 1 [2]. If for some p € (0,u*) N (0,1) the inequality

S
M, Z/flhfl <lnp?!
j=1

is satisfied, then for any fixed initial-boundary conditions
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there exists a solution (absolutely continuous)
2(-) € LCO(R)

of the basic initial-boundary value problem (2)—(4). Such a solution is unique and, as
an element of the space EZC’(O) (R), depends continuously on the initial-boundary con-
ditions ¢(-) € Loo (R, R™), T € R™, and the right-hand side of the equation (function
f() € Vi=(Rx R, R™)). O

Let us formulate sufficient conditions of a new type for the existence of periodic and
bounded solutions for ordinary differential equations, as well as for FDEPTs. Such
conditions are based on taking into account the asymptotic properties of solutions
of differential equations that were not taken into account in the previous study of
periodic and bounded solutions. For simplicity, we assume that all deviations are
integer; i.e., we consider the equation

z(t) = ft,z(t +n1),...,x(t+ns)), teR. (5)
Let us introduce the notation
—w _q My S8y Inl
Ap=f—e.  Bs= 12§L_1i T
Inp Inp~ *M2Zj:1,u d

Cy(r) = Masr + su}g I/ (¢,0,...,0)||rn", Mooop(t) = sug Mo(t + i)um,
te i€

@f(r) = Mosr+ inf = sup Mooou(T).
S€0,w] refg,e+1)
It is not difficult to see that @g (r) < Cgy(r).
Theorem 2 [3]. Suppose that the map f(-) satisfies conditions (a)—(d) and is an
w-periodic function with respect to time, where w € Z,.. If for given p € (0, p*)N(0,1),
r >0 and for all T € R™, ||Z||gn = r, it is true that

s . - 7 w ) ) _
MzZu il < npt, (m,/o f(T,x,...,x)dT) < —=AB;Cy(r),
j=1

then for equation (5) there exists an w-periodic solution x(-), ||[z(0)||r= < 7, which
lies in the ball of the space R™ with radius p=“R, where
- C
R=r+ ) . O
Inp=t — M, Zj:l puInal

Theorem 3. Suppose that the map f(-) satisfies conditions (a)—(d) and the func-
tion f(t,0,...,0), t € R, is uniformly bounded. If for given u € (0,u*)N(0,1), 7 >0
and for all T € R", ||Z||gn =7, and t € R it is true that

S
M, Z/flnj‘ <lnp™t,

Jj=1
T

_ t+w
Sup<|— /t f(r,z,...,7) dT) < —AsBCs(r) — ;—T[Af(Bf +1)Cs (),

ter \ [ Z]rn”
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then for the initial FDEPT (5) there exists a bounded solution x(-) which lies in the
ball of the space R™ with radius p~“R, where

~ C
R:T+ ) f<r)s "o
In _M2Zj:1ﬂ ’

Moreover, the length of the mazimum open intervals of the set

P=R\{t: t €R, [|z(t)||gn <7}

1s less than w. O

An important task is the numerical realization of bounded and periodic soliton
solutions for systems with a polynomial potential, which has been successfully solved.
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ON NECESSARY OPTIMALITY CONDITIONS
FOR RAMSEY-TYPE PROBLEMS®

Anton O. Belyakov

Moscow School of Economics, Lomonosov Moscow State University, Russia
Krasovskii Institute of Mathematics and Mechanics, Yekaterinburg, Russia

belyakov@mse-msu.ru

We study an infinite-time optimal control problem in which the integrand does
not depend explicitly on the state variable. A special case of such a problem is the
Ramsey optimal capital accumulation in centralized economy. To complete optimality
conditions of the Pontryagin maximum principle, so-called transversality conditions
of different types are used in the literature. Here, instead of a transversality condition,
an additional maximum condition is considered.

Statement of the problem. Let X be a nonempty open convex subset of R and
U be an arbitrary nonempty set in R. Let us consider the following optimal control
problem:

/°° e Plg(u(t))dt — max, (1)

@(t) = f(z(t),u(t),  x(to) = o, (2)

*This work was supported by the Russian Science Foundation (project no. 17-11-01093).
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where u(t) € U and there exists a state variable z(t) € X for all t € (t9, +00). We call
such control u(-) and state variable z(-) trajectories admissible. The functions f and g
are differentiable with respect to all their arguments, and together with the partial
derivatives f is continuous in (z,u). Moreover, the function g is strictly concave
and p > 0.!

Optimality conditions. Pontryagin’s mazimum principle. With the use of the
adjoint variable ¢ we introduce the current value Hamiltonian

H(w,u, 9, A) = Ag(u) + 9 f(z,u). (4)

Theorem 1 [1-3]. There exist A > 0 and ¥y such that (\ 1) # 0 and the
maximum condition

H(E(t), a(t), (1), ) = max H(2(t), u, P(t), A) (5)

uelU

holds along with the adjoint equation

(1) = —pu(t) + o)L

(@(t),a(t),  (to) = tho. (6)

In this theorem vy remains undetermined. Notice that for ) = ¥y = 0 the maxi-
mum condition (5) might have no solution with A > 0, while A = 19 = 0 contradicts
the theorem. Additional arguments are used to refine solutions of (5), (6) and single
out a nonzero value of g.

It turns out that the maximum condition (5) with ¢y = 0 and A = 1 yields an
additional necessary optimality condition if we replace the set U by a set U (&(7))
defined as follows.

IThe improper integral in (1) might not converge for any candidate for an optimal control a(-),
i.e., the limit
lim J(a(-), zo,t0,T) (3)
T— o0

might fail to exist or might be infinite, where we introduce the finite time horizon functional
T
J(u(-),zo, to,T) = / e Plg(u(t)) dt,
to

subject to the state equation (2). Thus the functional J may be unbounded as T' — oco. So we
can involve the following more general definitions of optimality.
An admissible control 4(-) is overtaking optimal (OO) if

lim sup (J (u(-), zo, to, T) — J(a(-), w0, o, T)) < O

T—o0
for every admissible control u(-). An admissible control 4(-) is weakly overtaking optimal (WOO)
if

liminf(J(u(-)7 zo,t0,T) — J(a(-), xo, to, T)) <0

T— o0

for every admissible control u(-). It is clear that if 4(-) is OO, then it is also WOO. When
ordinary optimality holds, i.e., a finite limit exists in (3) and

limsup J(u(-), zo, to, T) < lim J(4(-),zo,t0,T)
T— o0 T—o0

for all admissible controls u(-), the admissible control 4(-) is also both OO and WOO.
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Figure 1. Bold lines are the stationary curves, kK = 0 and ¢ = 0. Solid lines are
the trajectories governed by the state and Euler equations for which k(¢) > 0 for all
t > to.

Definition 1.
Uz) = {u: (u,z) € G},
where G C U x X is the set of all admissible trajectories (u(-),z(-)) satisfying the
maximum principle (5), (6) and state equation (2).

Additional maximum condition. In order to use the following condition, we first
need to make synthesis of control and calculate the sets U(x).

Proposition 1 (necessary optimality condition). Let there exist an admissible
pair (4(-),&(+)). If the control 4 is optimal, then for almost all T € [ty,00) and all

u € U(Z(1))
g(u) < g(a(r)). (7)

Example 1 (Ramsey problem with p = 0). We maximize the aggregated con-
stant relative risk aversion utility

o] t 1—-6
/ () d¢t — max
0

1-6 c>0
subject to the dynamics of capital

k(t) = k(®)* — 0k(t) — c(¢), k(t) >0,
where k(0) = ko > 0,60 # 1,0 >0, and a € (0,1).
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The Hamiltonian is

1-6

C
H(k,C,Q/J,)\) _>\ 1_0

The abnormal case (A = 0) would lead to ¢ = 0 and is thus impossible. The station-
arity condition c(t)~% = ¢(¢) and the adjoint equation —v(t) = (ak(t)*~1 — §)i(t)
result in the Euler equation

é(t)  ak)* =94

c(t) 0
Due to the Euler and state equations, any feasible pair (k,c), not violating the con-
straints ¢(t) > 0 and k(t) > 0, converges either to a steady state (k.,c.), where
ke = (/)@ and ¢, = (1 — a)k. > 0, or to (6%~ 0), where k, < §'/(@=1,
Solid lines in Fig. 1 constitute a set G, which is all the space below the saddle path
and horizontal line ¢ = 0. Thus condition (7),

é(t)l—e Cl—@
>
1-66 —1-94

for all ¢ e {c: (c,k(t)) € G}, (8)

selects a saddle path as the only possible optimal.
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(GEODESICS AND CURVATURES OF LEFT-INVARIANT
SUB-RIEMANNIAN METRICS ON LIE GROUPS*

V. N. Berestovskii

Sobolev Institute of Mathematics SB RAS, Novosibirsk, Russia
Novosibirsk State University, Novosibirsk, Russia

vberestov@inbox.ru

We apply here methods and results from [1-3] to find geodesics and curvatures of
left-invariant sub-Riemannian metrics on some Lie groups.

Lemma [3]. Let (M = G/K,{-,-)) be any Riemannian symmetric space with
semisimple Lie group G which is the full connected isometry group of (M, {-,-)), and

*The publication was supported by the Ministry of Education and Science of the Russian Feder-
ation (grant 1.3087.2017/4.6).

52



let g and € be the Lie algebras of the Lie groups G and K. Then there exists a unique
decomposition g =t D p such that

tgce  [tpl=p  [pp]=t (1)
If g=bhDh and € = diag(h ® h) with a semisimple compact Lie algebra b, then
p={(u,—u):ueb}, [et]=¢t  [ep]=p,  [pp]=t (2)

Corollary 1 [3]. A left-invariant distribution B on G with P(e) = p is two-
generated, i.e.,

B+ [B,P] =TG. (3)

Theorem 1 [4]. Ewvery arc-length parameterized geodesic of any connected Lie
group G with left-invariant sub-Riemannian metric d defined by an inner product
(+,+) and two-generated distribution P on G is normal.

Theorem 2 [3]. Let (M = G/K,(,-)), g, and € be as in the lemma, P be as
in Corollary 1, and (-,-) be any G-left-invariant and K -right-invariant inner product
on G such that the canonical projection p: (G, (-,-)) = (G/K,{(-,-)) is a Riemannian
submersion. Then the distribution B is bracket generating and the pair (B, (-,-)) de-
fines a G-left-invariant and K -right-invariant sub-Riemannian metric d on G. Every
arc-length parameterized geodesic v =~(t), t € R, v(0) = e, of (G,d) is normal; it is
either a one-parameter subgroup

7(t) = exp(t€) (4)
or a product of two one-parameter subgroups
7(t) = exp(t(§ + n)) exp(—tn) (5)

with arbitrary n € € and unit vector & € p, where £ = 4(0) and [¢,n] # 0.
Remark. Earlier in particular cases results similar to the lemma and Theorem 2
have been proved in [5].

Proposition [3]. Under the conditions and notation of Theorem 2, the projection
p: (G,d) — (G/K,p), where p is an intrinsic metric of the symmetric Riemannian
manifold (M = G/K, (-,-)), is a submetry [6].

Corollary 2 [3]. The space (G,d) from Theorem 2 is isometric to a geodesic
orbit sub-Riemannian manifold ((G x K)/K,d). This means that any arc-length
parameterized geodesic in (G,d) is an orbit of some one-parameter subgroup in the
isometry group G x K of (G,d).

Corollary 3 [3]. Let g = b@®bh and ¢ = diag(h ® bh) be as in the lemma, p
be as in (2), and H be a compact Lie group with Lie algebra h. Then the pair
(p, (+,-)) defines a left-invariant sub-Riemannian metric d on H x H; every arc-length
parameterized geodesic v = y(t), t € R, of (H x H,d) with the condition v(0) = e is
normal, and it is either a one-parameter subgroup

V() = (1 (), 72()) = (exp(tE), exp(—tE)) (6)

or a product of two one-parameter subgroups

Y(t) = (71 ():72(8)) = (exp(¢(€ +n)) exp(—tn), exp(t(—& + n)) exp(—tn))  (7)
with arbitrary n,€ € b such that [£,n] £ 0, (§,—&) = 4(0), and (2£,28) = 1.
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Corollary 4 [3]. Let v =~(t), t € R, be a geodesic (4) or (5) of (G,d). Then

p(y(t)) = plexp(t§))  or  p(y(t)) = plexp(t(§ +n)))- (8)
In particular, in the case of Corollary 3,
p(y(8)) = ()3 (1), 9)

which is equal to

exp(2t§)  or exp(t(§ +n)) exp(t(§ —n)) (10)
for the case (6) or (7).

Earlier, Agrachev defined a notion of curvature for sub-Riemannian manifolds [7].
We use old definitions of sectional and Ricci curvatures for rigged metrized distribu-
tions on manifolds given by A. F. Solov’ev [8]. Solov’ev defined in [8] sectional and
Ricci curvatures of any rigged distribution 8 on a smooth Riemannian manifold M
and gave in some cases concrete methods and formulas for their calculation. The
curvatures depend on the restriction of the metric tensor to the distribution 8 and
chosen rigging 2 of P, but do not depend on the restriction of the metric tensor to Q.
To calculate the sectional and Ricci curvatures for homogeneous sub-Riemannian man-
ifolds, the author suggested in [2] to use in some cases special invariant riggings Q of
bracket generating distributions 3, defining the sub-Riemannian metrics d, and then
apply the Solov’ev definition, methods, and results.

We consider here only Lie groups GG with sub-Riemannian metrics d defined by
bracket-generating distributions 8 on G and scalar products (-, -) on 9 that are both
left-invariant.

Definition. A rigging of P is a left-invariant distribution £ on G such that
PeQ=TG.

Assume that there exists a unique rigging Q of B such that one of the following
conditions is valid:

(i) B, Q] P,
(i) [B,Q] C Q,or

(iii) [B,P] C Q.

Then we take Q as the rigging of B.

In particular, the above rigging method is applicable to contact sub-Riemannian
metrics (condition (i)), sub-Riemannian Carnot groups (conditions (ii) and (iii) si-
multaneously), sub-Riemannian metric on the connected component of the full Lie
group G of isometries of any Riemannian symmetric space if G is semisimple (con-
ditions (i) and (iii) simultaneously). The latter is a particular case of homogeneous
sub-Riemannian manifolds possessing a submetry [6] onto homogeneous Riemannian
manifolds [2, §].

Example [2, 8]. The sectional curvatures of any sub-Riemannian Carnot group
with distribution 8 and its rigging Q = [B,P] are equal to zero.

Theorem 3 [8]. Let p: (M,(-,-)) = (B, {-,)) be a Riemannian submersion, and
let P and Q be, respectively, its horizontal and vertical distributions on M. Then
for any non-collinear vectors u,v € P(x), v € M, the Solov’ev curvature K,, in

54



the direction of the linear span(u,v) is equal to K(ﬁo(u)dp(v), where KB is the usual

sectional curvature of the Riemannian manifold (B, {-,-)).
The lemma, the rigging Q with Q(e) = ¢, and Theorem 3 imply

Theorem 4 [3]. Assume that under the condition of Theorem 2, XY € p,
(X,X) = (X,Y) =1, and (X,Y) = 0. Then the sectional curvature of (G,d) in
the direction of span(X,Y) is Kxy = —([[X,Y], Y], X).
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OPTIMIZATION OF PROCESSES WITH SWITCHINGS
OF MODELS OF CONTROL SYSTEMS

A. S. Bortakovskii

Moscow Aviation Institute (National Research University), Moscow, Russia

asbortakov@mail.ru

An optimal control problem with a finite number of switchings is considered. At the
moment of switching a change of the mathematical model of a control system [1-3] oc-
curs; namely, equations of motion, state space, admissible controls, etc., may change.
These switchings, for example, are typical for problems of control of a group of flying
machines, when the number of controlled objects changes. Sufficient optimality condi-
tions, whose application is demonstrated via academic examples of group performance,
were found.

1. Formulation of the problem. Let the dynamic system make N switchings
in a given period of time T = [tg, tr] at moments t1,...,tn: to <t1 < ... <ty <tip.
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The state of the system changes continuously between unequal consequent moments
of switching:

and it changes discretely at the moments of switching:
zi(ti) = gi(ti, vim1(ti), vi), i=1,...,N, (2)

where z;(t) € X; C R™ is the state of the system after the ith switching, w;(t) €
U; C RP: is the control of continuous motion, and v; € V; C R% is the control of
switching. The initial state of the system is given, and the final state corresponds to
a terminal constraint:

,’B(to) = X, FN(tF,!EN(tF)) =0. (3)

On a set of admissible processes Dy (to, o) a functional is given:

N tit1 N
Io(to, w0, d) = Z/ FAt i), wi(t)dt + > g (b i1 (t:), vi)
i=0 /i i=0

+ Fn(tn, zn(tr)), (4)

where g is a non-negative function. All hypotheses about the functions (1)-(4) are
usual [3]. It is required to find the minimum value of the functional (4) and an optimal
process (z(),u(-),{v}) € Do(to,zo) on which this minimum value is attained. The
number N and the moments of switching ¢1,...,¢{x are not given a priori and are
determined during minimization (4).

2. Solution method. We denote the value function (Hamilton—Jacobi-Bellman
(HJB) function) by ¢;(t,x;); it is equal to the minimum value of the functional of
the rest of losses I;(t,2;,d) on a set of admissible processes D;(t,x;) after the ith
switching. We define the generator of the value function, whose value ¥ (t,x;) is
equal to the minimum value of the functional of the rest of losses I¥(¢,z;,d) on a set
of admissible processes D¥(t,z;) with k remained switchings after the ith switching.
Finally, the solution of the Lagrange problem for system (1) with fixed ends of the
trajectory,

x;(0) = x; 9, i (T) = i1, /GT T2t xi(t), ug(t)) dt — min,

will be called a two-position value function ¢;(6, ;9| 7, z;,). The function (¢,z;) —
o(t, x;| T, z; ) satisfies the HIB equation with the zero terminal condition
0¢;  09¢;

min +
w,€U; | Ot a,’Bi

filt, zs,uq) + f?(t,l’i,uj)] =0, ¢i(T, 2| T, 23) = 0. (5)

The intermediate functions are connected with each other and with the “real” value
function by the equalities

it,i: i ]'Ctaia 6
ity wi) = min oy (, 2:) (6)
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it wi) = min ;gl;g{ﬂé (t.2i| 7, 2)

+ min [pF (g (ne,0) + gl (naw)] fo(7)
vEVit1

During the derivation of the equations, the Bellman optimality principle is used, which
is modified for the formulated problem in the following way: after the first switching,
the optimal process with k£ remained switchings becomes an optimal process with
k — 1 remained switchings.

The procedure of solving equations (5)—(7) begins with zero generators ) (¢, ;)
which satisfy equation (5) with the terminal conditions

gD?(tF,,’Ei) :Fi(tF,LL'i), F(tF,!Bi) =0, i€Z+.

The other generators are determined according to the recurrent equation (7), and the
value functions are determined according to formula (6). The minimization opera-
tion (5)—(7) define the optimal controls of continuous motion

0¢i  0¢;

u;(t, x;| 7,x;) = arg mi +
l( $1|T1171) u%eUin ot 6:51

filt, wiug) + f7 (i, uy) (8)
and switchings

k . k—

vin(me) = min [l (7, gi (7,21,0)) + g5 (9, 0)], 9)
the optimal moment 75(¢, ;) and the state x¥(¢, ;) of the first of the remaining k
switchings

(Tf,xf) = arg min min {(bf(t, x;|T,x)
t<r<tp TE€Xi

+ vénVierlrl [90;::11 (7—7 gi+1 (7—7 Z, U)) + gitLl (T’ €T, U)] }7 (10)

as well as the optimal number of switchings

k;(t, ;) = argmin oy (t, ;). (11)
keZy

Equations (8)—(11) form a “controlling complex,” which allows to synthesize optimal
processes.

3. Sufficient conditions of optimality. The main theorem is proved using the
method of dynamic programming [4].

Theorem. If there are sequences of functions ¢; and gpf, (i,k) € Zi for prob-
lem (1)—(4) that satisfy equations (5)—(7), then for the optimality of an admissible
process (z(-),u(-), {v}) € Do(to,zo) with moments of switching t1,...,tn that form a
non-decreasing sequence, it is sufficient that the following conditions are satisfied:

N = ko(to, zo),
wit) =u) 'tz ()] tigr, wi(tivr)), bi S TS iy,
v = v T (i (), (12)
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t; = Tﬁ\i_li+1(ti—17 zi—1(ti—1)), (13)
xi—1(t;) = Xﬁ\i_li—‘rl(tifl»zifl(tifl))v (14)

where i =1,...,N. If N =0, then equations (12)—(14) are absent.

The application of the optimality conditions is demonstrated by model examples
of group performance. The plain motion of a “quick” controlled object (“carrier”) is
considered. “Slow” objects directed to preset goals separate from it in the process
of motion. It is required to hit all the goals in the shortest possible time. In these
examples, switching is considered to be the separation of the controlled objects. At
the moment of switching, the control model changes because of the increase in the
number of controlled objects.
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GEODESICS AND LAPLACIANS IN SUB-RIEMANNIAN GEOMETRY

U. Boscain

Sub-Riemannian problems are a particular class of optimal control problems that
are linear in the control and have quadratic costs. They can be seen as Riemannian
problems in which some directions are forbidden. Geodesics are computed via the
Pontryagin Maximum Principle.

In this talk I will discuss how to define an intrinsic Laplacian in sub-Riemannian
geometry and I will discuss the relation between its self-adjointness and the properties
of the geodesics. Surprising results for the heat and the Schroedinger equation appear
already in simple examples as the Grushin plane and the Heisenberg group deprived
of a point.
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SINGULARITIES OF ATTAINABILITY REGIONS OF SYSTEMS
WITH CONTROL BOUNDED IN ABSOLUTE VALUE OR IMPULSE*

D. I. Bugrov, A. M. Formalskii

Lomonosov Moscow State University, Moscow, Russia
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Consider a system described by the linear matrix differential equation
= A(t)x + b(t)u. (1)

Here z, A(t) and b(t) are n x 1, n x n and n x 1 matrices, respectively, and u = u(t)
is a scalar control (perturbation) assumed to be a piecewise continuous function of
time ¢ bounded in absolute value

lu(®)] < 1. (2)

We denote by Q the set of these admissible functions u(t). System (1) is assumed to
be completely controllable [1] in the Kalman sense. We suppose that z(tg) = 0 at the
initial instant ¢ = tg. Solutions x(7T) at the instant ¢ = T of system (1) under control
u = u(t) may be calculated by the Cauchy formula. Consider in the phase space X
the attainability region Q(to,T') = {z(T): u(t) € Q, t € [to,T]}. It is well known that
the set Q(to, T') is closed, bounded, convex and symmetric about the origin [1, 2]. But
we consider here in more detail the properties of this set Q(to,T) or, more exactly, of
its boundary I'(¢o, T).

Introduce the following definitions [3].

Definition 1. A point 2(T) € T'(to,T) is called a corner point if it belongs to at
least two different reference hyperplanes of the set Q(to,T).

Definition 2. A corner point 2(T) € T'(to,T) is called a conical corner point if
it belongs to at least n different reference hyperplanes encompassing the point z(T).

The envelope of the reference hyperplanes containing this point 2:(T) is the conical
surface, and the point x(7T') is the vertex of this conical surface.

It follows from Definitions 1 and 2 that for n = 2 a corner point (if it exists) is
always a conical one. But if n = 3, then a corner point is not always a conical one
(see below). Using Definitions 1 and 2, one can prove the following theorem.

Theorem 1. For each instant to there exists time T such that for each T € (to,T)
the boundary T (to, T) has exactly two conical corner points symmetrical to each other.

One conical corner point can be found if we insert the control u(t) = 1 into the
Cauchy formula. The symmetrical point corresponds to the control u(t) = —1.

Consider the case of a steady system (1), when the matrices A(t) and b(t) do not
depend on time ¢. In this case, we denote them by A and b. Then we put tg = 0 and
denote Q(to,T) and I'(tg,T) by Q(T) and I'(T'), respectively. The following theorem
holds in this case.

*This research was supported by the Russian Foundation for Basic Research (project nos. 15-01-
04503 and 16-01-00683).
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Theorem 2. If the matriz A has at least one real eigenvalue, then the bound-
ary T(T) of the attainability region Q(T) at all values T has exactly two conical
corner points symmetrical to each other.

If n = 3 and the matrix A has three real eigenvalues, then the region Q(T') looks
like a pit of the plum or apricot: it has two conical corner points and these points are
connected by two “ribs” containing the corner points, which are not conical ones.

Also the following theorem holds for the steady system (1).

Theorem 3. If the matriv A does not have real eigenvalues, then there exists
a value T > 0 such that the boundary U'(T') of the attainability region Q(T) at any
values T' > T does not have conical corner points.

Now let us consider a third-order steady system like system (1) with one real and
two complex conjugate eigenvalues. The matrices A and b of this system may be
written as a result of the substitution of parameters and variables in the form

A0 0 by
A=10 e 1|, b=|b
01 ¢ by

Here b; # 0 in accordance with the controllability condition for system (1).

According to Theorem 2 in this case the boundary T'(T) of the attainability region
Q(T) at all values T has two symmetrical conical corner points. The cone apex angle
(solid angle) near the conical corner points depends on the difference A —e and time T'.
Below we describe this dependence [4].

If A—e < 0, then the cone apex angle becomes greater as time 7 increases. In other
words, the conical corner point becomes less pointed and disappears as T — oco. The
smoothing of the boundary of Q(T) as the time T increases occurs more rapidly for
smaller difference A — e. The limit set Q(o0) corresponding to 7' — oo does not have
conical corner points. It follows from what was said above that the approximation
of Q(T) by an ellipsoid with smooth boundary becomes more acceptable as time T
increases.

If A\—e = 0, then the cone apex angle remains unchanged starting from the instant
T = 2. This angle is equal to 7 — 2 arctan(y/b3 + b3/b1). Hence, in contrast with the
case A — e < 0, the conical corner points of the boundary of Q(T") do not disappear
as time T increases; moreover, their pointedness does not change.

If A\ —& > 0, then starting from some instant 7 the apex angle (solid angle) of the
conical surface encompassing the conical corner point remains unchanged as in the
previous case.

Instead of constraint (2), we also consider the integral constraint [5]

/ lu(r)|dr <N (N = const). (3)

Here u = u(t) is a scalar control (perturbation) assumed to be a piecewise continuous
function of time ¢ or the Dirac delta function. Inequality (3) means the limitation
of the impulse of the control action u(t). If some object is controlled by a jet en-
gine and the value u(t) is proportional to the engine’s fuel consumption per second,
inequality (3) means that the total fuel is limited.

For steady systems (1) with constraint (3), the singularities of the boundaries I'(T")
of the attainability regions Q(T) are investigated [5]. It is shown that the boundary
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I'(T) has (in the general case) conical corner points, flat areas, sections of ruled
surfaces, and ribs. If the boundary has a flat area, a section of ruled surface, or a
rectilinear rib, then the attainability region Q(T') is not strictly convez.

As an example we have designed analytically and numerically the attainability
region Q(T) for the following system with triple zero eigenvalue:

.%"1 = T9, {tg = I3, .%"3 = Uu.

Sometimes this system is called a “triple integrator”. It is shown that the boundary
of the attainability region of this system with constraint (3) has four conical corner
points, two curvilinear and four rectilinear ribs, two flat triangular areas, and four
curvilinear sections of ruled surfaces. The region Q(T') increases if time 7' increases.
But it always remains (for 0 < T' < o) in the zone between two planes zg = £N.
Some parts of these planes belong to the region Q(c0), but some parts do not belong
and the attainability region Q(c0) is “partly closed”.

The results described above are illustrated graphically for some numerical values
of the parameters.
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CUHIVJ/IAPHO BO3MVYIIIEHHBIE O/1Y
C KPATHBIMU KOPHAMU BBIPOYK/IEHHOI'O YPABHEHUA
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OF THE DEGENERATE EQUATION)*

B. ®. Byrysos (V. F. Butuzov)

Qusuneckuti garxyavmem, Mockosckull 20cydapecmeeHnvili YHUSEPCUMEM,
um. M.B. Jlomonocosa, Mockea, Poccus

butuzov@phys.msu.ru

Bo MHOrUX CHHTYJIIDHO BO3MYIIEHHBIX HaYaJbHBIX U KPAEBBIX 33/1a9aX XapaKTep-
HOI 0COOEHHOCTBIO PEIIEHUI ABJISIOTCS IIOIPAHNYHbBIE U BHYTPEHHHUE CJIOU, B KOTOPBIX
IPOUCXOAUT ObICTPOe (CKAYKOOOpa3HOe) U3MeHeHue perieHunii. AKTUBHOe UCCIe0Ba-
HHE TAKUX 3aJa9 HA9aJI0Ch €II¢ B CepeIrHE IPOILIOrO BEKa IOCJe IMOABJICHAA OCHO-

*Pabora BeinosiHena npu dunancoBoi noguep:xkke PH® (mpoexkt Ne18-11-00042).
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pononarafonmx pador A.H. Tuxonosa [1], JI.C. Iloarpsruna [2] u E.®. Mumenko,
M.U. Bumuka u JI.A. JTrocrepruka [3].

Baxxnoe MecTo B 9TOM Kpyre HCCIEIOBAHUN 3aHAUMAET ACHUMITOTHIECKUAN METO,
paspaboranubiit A.B. Bacuwibesoii [4] u nosyuusmuii gasipHeiiniee passuTue B ee pa-
6orax u paboTax ee YUeHHKOB U JPYIUX yUEeHBIX. DTOT METOJ, XOPOIIO paboTaer B
TeX CJyUasx, KOTJIa COOTBETCTBYIOIIEE BEIPOXKIEHHOE yPABHEHNE UMeET IIPOCTO (T.e.
OJIHOKPATHBII) yCTOIUNBLI KOpeHb. B aToM ciryuae norpanudassie GyHkumu (QyHK-
UK BHYTPEHHErO CJI0s ), OLUCHIBAIONIUE OBICTPOE M3MEHEHUE PEIIEHUs B IIOrPAHUIHOM
(BHYTpEHHEM) CJIO€, UMEIOT KCIIOHEHIMAJbHOE YObIBAHUE C POCTOM IIOMPAHCIIONHON
(BHYTPUCJIONHOIT) IepEMEHHOIA.

B nocsnieinee BpeMst BeieTcst aKTUBHOE M3y Y€HUE CUHTYJISIPHO BO3MYIIIEHHBIX 33124,
B KOTOPBIX BBIPOXKJIEHHOE yPaBHEHNE NMeeT KPATHBIN KopeHb [5—7]. Oka3aiock, 9To Bo
MHOTI'UX TaKMUX 3a/lav9aXx IIOBEJCHUE DEIIeHUd B IIOIPDaHUIHOM (BHyTpeHHeNI) CJIOE Ka-
9eCTBEHHO OTJIMIAETCS OT TOBEJIEHUsI B CJIyUIae MPOCTOTO KOPHSI BHIPOXK/IEHHOTO YPaB-
uenus. [lorpanuanpiii (BHyTpeHHUIT) CJIOH CTAHOBUTCS MHOTO30HHBIM C DA3JIMIHBIM
XapaKTepoM IIOBeJICHU A PEeHIeHUs B Pa3HbIX 30HaX, 9TO Je/IaeT HEIIPUMEHUMBIM aJIr'o-
purMm A.B. Bacunbepoii. st Takux 3aja4 pa3paboTaH HOBBIA ajrOPUTM, [TO3BOJISIO-
Uil TOCTPOUTH €IMHbIEe ITOI'PAHNYHbIE (DYHKINU CPa3y /I BCEX 30H, YTO OTJINYAET
HOBBIIi TI0JIX0/] OT U3BECTHOI'O METOJIA COTJIACOBaHUs (CPAIIUBAHMSA) ACUMIITOTHYECKIX
DPa3J/I0XKEHNUIt, TOCTPOEHHBIX PA3/IEJIbHO B PA3HBIX 30HAX.

VYka3zaHHBIE, a TaKXKe JIpPyrue OCOOEHHOCTH OYIyT MOKA3aHbI B JIOKJIAJE Ha IIPU-
Mepe KpaeBoil 3ajiaun st cucremsl aByx OJLY Broporo mopsiaka (€ > 0 — mMaJsblit
apamerp):

2% = F(u,v,z,¢), 53272 = f(u,v,z,¢), xz € (0,1), (1)

Kpaessre ycaosust (dupuxiie uian Hefimana) B Toukax £ = 0 u © = 1. (2)
Ecim BeIpOKI€HHOE ypaBHEHHE

F(u,v,2,e) =0 (3)

uMeeT IpoCTol Kopeub u = (v, ), a ypaBHEHUE

f((p(U,.”L'),U,.’L’, 0) =0 (4)

MMeeT TPOCTOil KOpeHb v = Tp(Z), TO IIPH ONPEJIEJECHHBIX YCJIOBHAX KPaeBasd 3a7a-
qa (1), (2) umeer morpascioiinoe pemenune u(x,¢e), v(x,€), YIOBIETBOPSIOIIEE TIpe-
Je€JIbHBIM PDaBE€HCTBaM

lim u(x,e) = ao(x), lim v(z, €) = vo(z), z € (0,1),

e—0 e—0
rae Uo(z) = (vo(x), x).

Pasromepnoe Ha orpeske 0 < 2 < 1 aCHMITOTHYECKOE PA3JIOKEHHE ITOTO PEIeHHs]

cTponTes ¢ noMommpio aaropurMa A.B. BacuibeBoit m nmeer B

u(z,e) = u(x,e) + Hu(€,e) + Pu(C,e) + ﬁu(é, )+ Pu(f,s),

_ o (5)
v(x,e) =v(x,e) + Mv(€,e) + Pu((,e) + (&, ) + Pu(¢,e),

rae

E=a/Vve, (=azfe, E=Q1-a)/ve, (=(1-a)fe (6)
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— IOTPAHCJIOWHBIE TIEPEMEHHBIE, a KarK/0e CJIAraeMoe B IIPABBIX 9acTsX (5) CTPOUTCst
B BUJIE PsAJia 110 HEJIBIM CTEHEHAM € JJIsl U, U U 10 IIEJIBIM CTEICHSIM /€ JIJIA TOTPaH-
caoitnbix psagos Iu, . . ., Pv, nanpuvep, Pu = Yoico 2 Pu(C).

OTMmeTnM, 9TO MACIITaOBl TIOTPAHCIONHBIX IEPEMEHHBIX HE 3ABUCAT B 3TOM CJIydae
OT BHJIa KPaeBbIX yCJIOBUIl U Bce IOrpaHudHble (DYHKIMM UMEIOT 3KCIIOHEHIMAbHbIE
OLICHKU BUJIA

[Pu(Q)] < cexp(—r¢), ¢ =0. (7)
ITycrs reneps dyukuusa F(u, v, x, ) umeer Bu,
F(u,v,2,¢) = h(z)(u — (v, ) +eF (u,v,z,¢).

Torna ypasHenue (3) umeer IBYKPATHBIA KOpeHb u = (v, 2), U MycTh ypaBHeHue (4)
uMeeT npoCToi KopeHb v = Tg(x). B 9TOM cityuae mpu onpeiesieHHbIX YCIOBHIX 3a/1a-
qa (1), (2) TakKe nMeeT MOrPAHCIONHOE PENIEHNE ¢ ACUMIITOTUIECKUM Pa3JI0KEeHNEM
Buza (5), OHAKO CTPYKTYPA PSIOB &, T, . . . , Pu, Pv, Kak 1 caM aaropuTM HOCTPOEHMsT
MOTPAHCJIONHON TaCTH ACUMIITOTHKH, CYIIECTBEHHO M3MEHSIOTCA. Pajbl 4 W U ABJIsA-
IOTCSL TETIEPh PSTAME MO TEJBIM CTETIEHIM 1/, TIOTPAHCIONHBIE PSAIBI — IO JAPYTHM
,leO6HbIM CTelleHdM &, a I\/I&CIIITa6bI IIOFpaHCHOﬁHbIX IMepeMEeHHbIX 3aBUCAT OT BHUJ/Ia
KPaeBbIX YCJIOBUIL.

Ecin B Touke x = 0 g v u v 3ajaHbl Kpaesble ycjosusa dupuxse (Hanpumep,
u(0,¢) = uY), To MacITabBI MOTPAHCIORHBIX epeMeHHbIX £ 1 ( Takue ke, Kak B (6),
HO aJICOPUTM [IOCTPOEHUs PANOB Pu 1 Pv CylIecTBEHHO U3MEHSeTCsl. DTaJIOHHOi (o11e-
HOUHO#1) (bYHKIMEH JIs STUX PAJIOB CTAHOBUTCS He SKCIIOHEHTa, Kak B (7), a dyHKIus

P.(¢) = \/Eexp(—al/4f<;§) (1+ g/t — exp(—51/4f<;§))_2, ¢>0,

oTpaskalolas TPeX30HHbI XapakTep Gyukinit Pu n Puv.

Eciu B Touke = 0 11t u 1 v 3318061 yesosus Heitmana (nanpumep, 22(0,¢) = qo),
TO U3MeHgAeTCsl MacmTab OrpaHcIoiiHol nepemennoit ¢, Tenepb ¢ = x/ g3/4,

Ecau B Touke x = 0 mis u 3a7anb! yeaosus Heitmana, a s v — yemoBus Jlupuxiie,
T0 ( = .%'/85/6, a IOrpaHCJAONHBIE PAJIbl HY?KHO CTPOUTH B BHUJIE DANOB IO IIEJIBIM
CTEIICHAM 81/12.

AHAJIOIIYHbIC H3MEHEHHs] IPOUCXOMIST ¢ HOTPAHCIONHOM TIepeMeHHOM ¢ 1 psiaaMu
Pu u Pu.
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THE METHOD OF PROGRAMMED ITERATIONS
IN THE THEORY OF DIFFERENTIAL GAMES
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chentsov@imm.uran.ru

The antagonistic differential games (DG) in N. N. Krasovskii’s formalization are
considered. For DG solving, constructions on the basis of programmed control are
used. In the general case, these constructions are realized in the form of iterated
procedures. This approach is used in the present lecture.

In the known monograph of Isaacs [1], many interesting applied problems of game
character are discussed. The idea of employing the methods of classical control theory
for DG solving was used by L. S. Pontryagin, R. V. Gamkrelidze, N. N. Krasovskii,
A. 1. Subbotin, J. Warga, and other mathematicians. Now, we note [2-8]. Separately,
we mention the fundamental theorem about the alternative of N. N. Krasovskii and
A. 1. Subbotin.

In connection with the considered method of programmed iterations (MPI), we
note the investigations [9-22]. So, the MPI is a method of the DG investigation in
the general case by employment of game problems of programmed control. Now, the
following three basic variants of procedures with the MPI employment are used:

(1) procedures for constructing the DG value;
(2) procedure for constructing the stable bridges of N. N. Krasovskii;
(3) procedures for constructing set-valued quasistrategies.

Moreover, we note that the variant of the MPI for DGs with informational memory
has an essential singularity (see [11]). Finally, for DGs without the “saddle point in the
small game” condition (Isaacs condition), essential singularities in the construction of
auxiliary programmed problems arise (see [19, Ch. VI]).

Now, more explicitly we consider one variant of the MPI. Namely, we keep in mind
the problem of realizing a trajectory in the given functional set. This realization is
the aim of one player (player I). The aim of the second player is opposite. The initial
time is given. In the original problem (of player I), constraints on the trajectory
realization are missing. But, under employment of the MPI, constraints on fragments
of the trajectory arise. We obtain auxiliary problems of programmed control with
constraints on initial fragments of the trajectory. Under employment of the MPI,
we realize a transformation of these constraints (see [11]). In fact, by a universal
programmed operator the transformation of sets in the space of functional positions
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is realized. This idea (transformation of constraints by a universal operator) is also
used in other variants of the MPI (of course, some other elements in concrete con-
structions of the MPI arise). Under realization of this idea, the properties of the
used (in the MPI procedure) operator of programmed absorption are investigated.
The limit element of the corresponding iterated procedure is a fixed point of this
operator. Therefore, some properties of the above-mentioned fixed points are consid-
ered.

In nonlinear game problems of programmed control used in the MPI procedures,
constructions of extension are used. In addition, with respect to the controlled system,
only conditions of generalized uniqueness and uniform boundedness of programmed
trajectories are postulated (it is expected that the right-hand side of the controlled
system is continuous). These conditions were used by A. V. Kryazhimskii (see [23])
to establish a variant of the alternative theorem for DGs without Lipschitz condition
with respect to the phase variable for the right-hand side of system.

So, in DGs with functional aim set, by the MPI the compression of sets in the
space of functional positions is realized. By these sets the corresponding constraints on
fragments of trajectories are realized. Then, more accurately, the gradual tightening of
constraints is realized. In the lecture, this approach is considered for several variants of
DGs. In particular, the MPI procedure for general setting of DGs with non-fixed end
point is considered (see [13]); we keep in mind the iterative procedure for constructing
the value function. But, at the heart of this procedure in the functional space, there
is the corresponding iterative procedure in the set space (similar to [10]). In this
last procedure, the sequential compression of phase constraints is realized (a similar
procedure is used for DGs with functional aim set). By the MPI quasistrategies solving
the corresponding game problem are defined constructively (we keep in mind set-
valued generalized quasistrategies; the “usual” one-valued variant of quasistrategies
is considered in [25] and [26]). In addition, these variants of quasistrategies have
the property of extremality with respect to some order (see [24, §8]). To realize
quasistrategies in the discrete scheme, the control procedure with a model (guide)
from [27] can be used. We note that the variant of the MPI for immediate construction
of set-valued quasistrategies solving the corresponding game problem is considered (in
particular) in [28, 29].
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Locomotion of mobile robotic systems along surfaces and inside media can be based
upon different principles. The most well-known locomotion systems use wheels, legs,
tracks, propellers, and other external devices interacting with the outer media. Some
types of mobile robots can move by means of special periodic change of their configu-
ration. To a certain extent, they imitate motions of animals and insects such as fish,
snakes, worms, etc. Various problems of dynamics and control for such types of mobile
robots are considered in a number of books and papers (see, for example, [1-11]).

This paper is devoted to a fundamentally different principle of locomotion of mobile
robotic systems that is based upon special, usually periodic, motions of internal masses
contained inside the robot. Such mobile robots are sometimes called capsule robots,
or capsubots, or vibro-robots; they have no outward devices and can be made as
hermetic capsules that can move inside resistive media. Hence, capsule robots can
be useful for motions in vulnerable or hazardous media. The principle of locomotion
used in capsule robots is considered in a number of papers and applied to micro-
robots [12-14] and robots moving inside tubes [15].

Since the locomotion speed and other motion parameters of capsule robots depend
strongly on the motions of internal masses, it is quite natural to consider optimal
control problems for these robots.

Let us consider a simple capsule robot as a mechanical system consisting of a main
rigid body of mass M and an internal point of mass m equipped with an actuator.
The internal mass interacts with the main body but does not interact with the outer
medium. The equations of translational motion of the system can be written as
follows:

(M +m)o = —mé + F(v), =,

where z is the displacement of the mass M, v is its velocity, ¢ is the displacement
of the mass m relative to the mass M, and F'(v) is the resistance force acting upon
the main body M. This force can describe dry friction, linear or quadratic resistance,
or other resistance forces. It is natural to impose a constraint 0 < £ < L upon the
relative displacement of the internal mass and consider periodic motions with period T’
satisfying the conditions (¢t + T') = £(¢) and v(t + T) = v(t).

Different versions of optimal control problems for one-dimensional motions of cap-
sule robots are analyzed and solved [16-18]. In these problems, the average locomo-
tion speed is maximized while either the relative velocity § or relative acceleration &
is taken as a bounded control. Various resistance forces F(v) and different initial
conditions imposed on variables v and £ are considered. The case of two internal

*The work is performed according to the state task AAAA-A17-117021310387-0 and is supported
by the Presidium of the Russian Academy of Sciences (Program no. 29 “Advanced Topics of
Robotic Systems”) and by the Russian Foundation for Basic Research (project nos. 17-01-00652
and 17-51-12025).
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masses moving along two perpendicular axes is analyzed in [19]. Experimental data
obtained for different models of capsule robots confirm theoretical conclusions and
results of calculations [20-22].

Optimal one-dimensional controls obtained in [16, 17] can be used for the design of
progressive translational and rotational motions of capsule robots. Two-dimensional
and three-dimensional motions of such robots present more complicated problems;
a possible approach to these consists in the use of the combination of optimal one-
dimensional motions.

Two-dimensional motions of the capsule robot along a horizontal plane in the
presence of dry friction are considered in [23]. Here, optimal one-dimensional controls
are used as parts of the total control.

Time-optimal two-dimensional controls for a rigid body containing a movable in-
ternal mass are found in the absence of external forces in [24]. Here, various boundary
conditions imposed on the internal mass are considered. The obtained controls are
used for the design of an arbitrary three-dimensional controlled motion of the rigid
body about its center of mass. These results can be used for mobile robots and also
for the re-orientation of space vehicles.
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OpauM u3 wHambosiee 3PHEKTUBHBIX METOJIOB B Teopun AuddepeHnuaabHbIX Urp
pecsieioBanus sipjsercs nepsbiii npsimoii meroy JI.C. Ionrpsaruna [1, 2]. Basupysico
Ha KJIaCCUYIE€CKOM YCJIOBUU HOHTpHFI/IHa — YCJIOBHU TIpeUuMyIIleCTBa II€pBOI'0 UI'DO-
Ka, OH IIO3BOJIAET IOJIYYIUTH JJOCTAaTOYHbIE YCJIOBUA 3aBEPUHICHHA UT'PBI 3a KOHEIHOE
BpeMsl B KJlacce CTPOOOCKOIIMYECKUX CTPATErnii. Y IOMSIHYTOE YCJIOBUE II03BOJISIET Ha
6a3ze TeopeMbl H3MEPUMOTO BEIOOPA CTPOUTD YIIPABJICHUE IIPECIIEIOBATEIS, PEATUIYIO-
1ee MpOTece COTMKEHNs. DTOT Ke IIPUHITAI BBIOOPA YIIPABJIEHUsI TIOJIOKEH B OCHOBY
HECKOJIbKO MHOI'O MeTO/la — MeTO/la pa3peHiaroiumx @yHKL[I/II‘/’I7 TECHO CBA3aHHOI'O C
HEePBbIM IIPpAMBIM METOJOM U IIO0 CYHIECTBY ABJIAIOIIEIOCA €TI0 PAa3BUTUEM. ﬂaﬂee Me-
TOJUKa ObLIa pasBUTa JJisi OoJiee CJIOXKHON JUHAMUKU C TPYIIION IpecsenoBaresiei
B paborax [3-5]. B maHHOM HCC/IEI0BAHUM PACCMATPUBAIOTCS UIPOBBIE 3a/1a4U KOH-
GIUKTHOTO B3aUMOACHCTBUS B CATYAITUN “OMUH Ha OJIH .
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IIycTh B KOHEYHOMEPHOM €BKJINI0BOM IIpocTpaHcTBe R™, n > 2, 3a/1aH KOHMIMKTHO
yTpaBJisieMblii porecc [6], 9BOOINMsT KOTOPOTO ONMCHIBAETCS PABEHCTBOM

2(t) = g(t) Jr/o Qt, )e(u(r),v(r)) dr, t>0. (1)

3nech z(t) € R™, byukuus g(t), g: Ry — R™, Ry = {¢: t > 0}, usmepuma 1o Jlebery
u orpanuvena npu t > 0, marpuanast dbyaxkuus (¢, T) onpesieseHa HA MHOXKECTBE
A={(t7):0<7<t< o0}, oHa u3MepuMa 10 { U CyMMHUPYEMa 110 T JJId KAXKIOro
t € Ry. Buiok yupasienus 3anaerca dynkuueii o(u,v), ¢: U XV — R™ koropas siB-
JISIETCST HEIIPEPBIBHON TI0 COBOKYITHOCTH [IEPEMEHHBIX HA MPSIMOM TPOU3BEICHUN HEIry-
crhix KomnakTos U u V. JlonycrumMble ynpasienust urpokos u(7), u: Ry — U, n (1),
v: Ry = V, — nu3amepnmble DyHKIMN BpeMEHH.
BaaHO TepMUHAJIBHOE MHOXKeCTBO M ™| nMerolee MUJIMHAPUIECKUN BUT

M* = My + M, (2)

e Mo — nuueitnoe nojnpoctpancTBo u3 R, a M — BBIIYKJ/IbIH KOMIIAKT U3 OPTO-
roHasbHOTO momnosHerus L Kk My B R™.

ITepsoiii urpox (u) npiTaercst BRIBECTH TpaeKTopuio mpoiecca (1) Ha muoKecTBO (2)
3a KOHEYHOE BpeMs, & BTOPOIl — MAKCHMAaJIbHO OTTSHYTH 9TOT MOMEHT MJIM BOOOIIE
n30e2KaTh BCTPEYH.

Konkpernsiit Bug dbyaxuuit g(t) u Q(¢, 7) onpenensier Tunt KOHGMIMKTHO yIPABJIs-
emoro mporiecca. Hampumep, B ciiydae JTUHEHHBIX CUCTEM C JPOOHBIMU TTPOU3BO/IHbBI-
vu Pumana—JInysusis wim KamyTo 3t GyHKIMN BBIPaXKaIOTCs depe3 MaTpPUYHbIE
byuxmyu Murrar-Jleddepa.

ITpumem cropony mepsoro urpoka. Ecan urpa (1), (2) mpoucxomur Ha uHTEpBaJE
[0,T], To ynpaBieHne EePBOTO UIPOKA B MOMEHT ¢ BHIOMpPaeM Ha OCHOBAHMU HHQOP-
marun o g(T) u ve(-), T.e. B BuJe u3MepuMoit pyHKIN

u(t) = u(g(T),vi(),  tel0,T], ult)el, (3)

rae vi(-) = {v(s): s € [0,t]} — npexnpicTOopust ynpasiaeHUsl BTOPOTO UTPOKA, WK B
BUJIe KOHTPYIIPaBJIeHUs

u(t) =u(g(T),v(t), te€[0,T], wut)eU. (4)
ITests paBGoOTHI — yCTAHOBUTH JIOCTATOYHBIE YCIOBHsI paspemumoctu 3agaqu (1), (2)

B IIOJIB3Y IIEPBOI'O UI'POKaA.

O6o3HaunM Yepe3 T OPTONPOeKTOD, aefictByomuit uz R™ B L. ITonoxum ¢(U,v) =
= {¢(u,v): u € U}, paccMOTPUM MHOTO3HAYHbLIE OTOOpAXKEeHMUS

W(t,7,v) = 7Q(t, 7)(U,v), Wi(t,7)= ﬂ W(t,1,v), (t,7) €A, veV.
veV

Vcaosue Iourpsaruna. W (t,7) # & aus Beex (t,7) € A.

B cuiy coiicte mapamerpos nporecco (1) orobpaskenne W (t,7) siBisiercst u3-
MepuMbM 110 T, T € [0,¢], n 3aMkHyTO3HaUHBIM Ha A. IlosToMy B HEM CyIIECTByeT
xoTst 661 o/H m3MepuMblil o 7, T € [0,t], cemexrop (t,7) — cenexrop IloHTpsiru-
Ha, KOTOpbIi cymmupyeM 1o 7 [7]. Eciau yciaosue Ilonrparuna He umeer Mecra, TO
zadurcupyem GYHKIUIO ¢ TAKIME YK€ CBOHCTBAME U HA30BeM ee (hyHKIMEH caBura.
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Beenem dbyuxuumio £(t, g(t),v(t,-)) = mg(t) + fg’y(t,T) dT M paccMOTPUM MHOTO-
3HaqHOe oToOpaskenne A u3 A x V B Ry:

Q’[(thv ’U) = {a > 0: [W(thv ’U) - ’Y(th)] N a[M - f(tvg(t)vv(tv ))] # @} (5)

Bynem npennonarars, aro A(t, 7,v) # @ Ha A X V'; ecam BeInONIHEHO yeaosue [ToHTpsI-
I'MHa, TO 3TO UMeeT MeCTO aBTOMaTUYEeCKU. BerHIOIO " HU2KHIOIO OIIOPpHBbIE (byHKL[I/II/I
orobpazkenus A(t, 7,v) B nanpasyienuu +1

a*(t,7,v) =sup{a: a € A(t,7,v)}, a,(t,7,v) = inf{a: a € A, 7,v)}

HA30BEM pasperanimMi GYHKIUSIMEA IePBoro Tuna [8].

N3 onpenesnerus: (5) ciegyer, UTo ecam BBINOJHEHO ycjosue I[loHTpsirmHA, TO
ay(t,7,v) = 0, a ecoiu ¥ Tomy ke E(t, g(t),y(t, ) € M, To A(t, ,v) = [0,+00], a
a*(t,7,v) = +oo pya 7 € [0,T], v € V. Dra curyanus COOTBETCTBYET [IEPBOMY s~
MoMy Metojy [loHTpsirnna. YYuThiBast CBOWCTBA TapaMeTPOB KOHMIUKTHO YIIPABJIs-
emoro nporecca (1), (2), Teopembl 0 xapakrepusanun u ob6paTHOM 06pase [7], MOXKHO
[0Ka3aTh, UTO MHOrO3Ha4YHOe orobpazkenue A(t, 7,v) asusercs (L X B)-u3MepuMbIM
1o coBokynuocru (7,v), 7 € [0,T], v € V, a byuknuu a*(t,7,v), a.(t, 7,v) aBisiorcs
(L X B)-u3MepuMbIMU [0 COBOKYNHOCTH (T,V) B CHJIy TeOpeMbl 06 OnOpHOi (byHK-
un [7]. PaccMoTpum MHOXKeCTBO

t
. *
T(9(-),~(-,") = {t >0: inf | a"(t,7,0(7))dr > 1}, (6)
v(-) Jo
HIDKHSISI TPAHb GepeTcs TI0 BCeM JOMYCTUMBIM YIIPABJICHAAM YOETAIOMET0 ¢ yIeTOM
Toro, uro a*(t,T,v) SABJIETCS CYNMEpIO3UINORHO u3MepuMoit. e pr mexkoTopoM t
byukua o*(t, 7,v) obpainaerca B +00, TO 3HaYenue uHTerpasa B (6) ecrecrBeHHO
IIOJIOZKUTH PaBHBIM +OO 1 HEPaBEHCTBO BLIIIO/JIHEHO aBTOMaTUIE€CKH.
Honozum A(t, 7) = ey At, 7,v), (t,7) € A. Besem BepXHIO 1 HUXKHIOO Pa3-
permatonye HyHKIMU BTOPOro tumna (8]

a*(t,7) =sup{a: a € A, 1)}, ax(t,7) = inf{a: a € At,7)}.

OHU U3MEPUMBI 110 T U MOPOKIAOT (DYHKIHH
t t
o (t) = / ot T)dr, au(t) = / au(t,T)dr,  t>0.
0 0

Teopema. I[Tyecmov das Kondaukmmuo ynpasasemozo npovecca (1), (2) evinoans-
emcs yeaosue domA = A das sadannot dynrkyuu () u dynkyuu cdsuea (-, )
cyuecmeyem T € T(g(), (") £ 2.

Tozda npu o, (T) < 1 mpaexmopus (1) moorcem Gvimsd npusedena Ha MEPMUHANL-
noe muooicecmeo (2) 6 momenm T ¢ nomowwto ynpasaerud euda (3), a ecau k momy
orce @*(T) > 1 — mo 6 kaacce konmpynpasaenud (4).
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At the heart of the First Direct Method of L. S. Pontryagin, created for study of
the linear differential games, lies the condition bearing his name [1]. It reflects an
advantage of the pursuer over the evader in control resources. However, there are
a number of game problems of pursuit for which this condition does not hold, for
example, the problems of soft meeting, the pursuit problems for oscillatory processes
and different inertia systems. The result of in-depth study of this condition [2] was its
modification [3] providing for the construction of the current control of the pursuer
on the basis of evader’s control in the past. This idea was used for analysis of the
games with integral constraints on controls [4] and the games with many pursuers [5].
In fact, this approach is closely related to the passage from the original game to
an auxiliary game with variable information delay and subsequent analysis of the
perfect information game equivalent to the latter [6]. The gist of approach consists
in introducing a special function of time stretching, through which the time delay is
expressed. This approach proved its efficiency in solving a number of problems of
soft meeting for the second-order linear differential games for which formulas of the
time stretching function were deduced in an explicit form [7, 8]. It is also applicable
to the games described by the dynamical system of a general form, encompassing a
wide range of functional-differential systems [8]. Below it is applied to analysis of the
integro-differential game.

Let us consider two controlled systems evolving in R™ according to the integro-
differential equations, respectively,

Z(t) = Ajz(t) + )\/0 K (t,s)z(s)ds + u, uelU, z(0)=uxo, (1)

Jt) = Asy(t) + 1 / Kot.s)y(s)ds+v,  veV, y0) =z  (2)
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where A; and Ay are constant matrices, Ki(t,s) and Ks(t,s) are matrix functions
whose elements are continuous in the quadrant A = {(¢,5): 0 <t < 400, 0 < s < t},
u and v are control parameters of the pursuer and the evader, respectively; A and
w are real numbers. By admissible controls of the players are meant the Lebesgue
measurable functions taking their values in the compact sets U and V', respectively.

The goal of the pursuer is to achieve in the shortest time the meeting with the
evader, i.e., x(t) = y(t), ¢ < 400, and the evader tries to escape or maximally
postpone the meeting.

A solution to equation (1) can be presented in the form (see [9])

z(t) = Q1(t,0)xo + /Ot Q1 (t,0) u(9) do,
Qi (t,0) = M0 4 /Gt Ri(t, s;\)e1 570 dg,
where 1§1 (t,s, ) is the resolvent of the following second-order Volterra equation:
s = [ Rt s) a(s) ds + ),

¢ ¢
Ki(t,s) = / eMU= K (9, 5)do, P1(t) = et —l—/ e =04,(9) de.
s 0

Analogous formulas concerning y(t) with respective changes are true. The scheme
of the First Direct Method assumes that the pursuer at each instant of time chooses
his control in view of the current control of the evader and is based on Pontryagin’s
condition:

Condition 1. The set-valued mapping
Q1(t,0)U = Qo(t,0)V

has non-empty images for all (¢,6) € A.

Definition. The time stretching function is a non-negative monotonically increas-
ing function I(¢), t € [0,400), I(0) =0, I(t) > 0, t > 0, which can have a countable
number of first order discontinuities and such that

sup < +00,
t€[0,+00)\D

where D is the set of discontinuity and non-differentiability points of I(t).

Condition 2. There exists a time stretching function I(¢) such that the set-
valued mapping

W(t,0) = (I(t),1(t) —0)U = 1(0)Q, (I(t),I(t)—1(9))V
has non-empty images for all (¢,0) € A.

Theorem. Let the parameters of pursuit game (1), (2) meet Condition 2 and let
for given initial states xq, yo there exist a finite moment tq,

tl = tl(xo,yo) = {mint: t Z 0,
I(t)—t t
(QQ(I(t),O)yO — Q4 (I(t),0)z — /0 Q1 (I(t),0)U da) N /0 W (t,0)do # @}.
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Then the pursuer can achieve his goal at the moment of time I(t1) whatever control
1s applied by the evader.

The statement of the theorem employs the notion of the integral of a set-valued
mapping (see, e.g., [10]).

In the course of the game, the pursuer applies a program control on the half-interval
[0,70), 70 = I(t1) — t1, and at each instant of time 79 + 6, 6 € [0,¢;], constructs his
control on the basis of information on the evader’s control at the moment

I(ty) = I(th —0) =70+ 0 — (I(t1 — 0) — (ts — 0)),

that is, the time I(¢t; — ) — (¢t1 — 0) earlier. The existence of an admissible control is
provided by the Filippov—Castaing measurable choice theorem [11].

By way of illustration, let us suppose that A; and Ay are zero matrices, Ki(t,s) =
Ks(t,s) =E, A <0, u <0, ||ul]]| <p, and ||v|]| < o. Then Condition 1 reduces to the
form

plcoswit| S = o|coswat]| S # @ vt >0,

where w; = V=X, wy = /=, and S C R™ is the ball of unit radius centered at the
origin. Evidently it is not met. Let us set I(t) = (w1/wa)t. It is easy to show that
under the constraints w; > wo and p/wy > o/wy on the game parameters, Condition 2
holds and, what is more, the pursuer can catch the evader at a finite moment of time
starting from any initial positions.
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N-PERSON DIFFERENTIAL GAMES:
EXAMPLES AND COUNTEREXAMPLES

S. V. Chistyakov

Saint Petersburg State University, St. Petersburg, Russia
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Model examples of differential and other games illustrating invalidity of some fre-
quently declared statements are considered in the paper.

The first of the examples shows that in a non-cooperative differential game with
terminal gains there may exist several equilibrium paths initiated by an e-equilibrium
in the Nash sense (with ¢ — 0), while for different equilibrium paths the players’
gains are also different. The latter proves that it is generally not possible to cor-
rectly determine the concept of value (price) of the game for non-cooperative games.
This point is well-known for usual non-differential non-cooperative games. However,
despite this, in some works on non-cooperative differential games the equilibrium is
being sought (with no reason given) in accordance with the solution of the equation
(of Bellman-Isaacs type for the function of the game value).

The second example considered illustrates the problem of dynamic stability in
cooperative differential games. On the basis of one of the earlier suggested definitions
of dynamic stability in differential games with terminal gains of the players, the
authors of the above-mentioned definition determined the dynamic stability of the
Pareto optimality principle. Commenting on the notion of dynamic stability, the
authors underlined that if some cooperative solution is dynamically stable, the players
have no reasons to deflect from the so-called conditionally optimal path that represents
this solution. By the example of a particular case the paper illustrates that there are
still significant reasons for this.

Two last examples referring not only to differential games show that regardless of
the opinion stated in several books, the equation

inf sup K(x,y) = sup inf K(z,
yey ng (@.9) xegyGY ()

is not sufficient for the existence of an e-equilibrium in any zero-sum game (X, Y, )
with any € > 0.
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BO3MyH1EHHOI/“I SAJAYN OIITUMAJIBHOI'O YIIPABJIEHN A
C UHTETI'PAJIBHBIM BBIITVKJIBIM KPUTEPUEM KAYECTBA,

TEPMNHAJIbBHAA YACTb KOTOPOI'O 3ABUCUT
OT MEAJIEHHBIX 1 BbICTPLIX [TEPEMEHHDBIX
(ASYMPTOTIC EXPANSION OF A SOLUTION TO A SINGULARLY
PERTURBED OPTIMAL CONTROL PROBLEM WITH A CONVEX
INTEGRAL PERFORMANCE INDEX WHOSE TERMINAL PART
DEPENDS ON SLOW AND FAST VARIABLES)

A. P. Jaammmu (A. R. Danilin), A. A. IITa6ypos (A. A. Shaburov)

Hremumym mamemamury u mexanuru um. H.H. Kpacosckozo YpO PAH,
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PaCCl\lanHBaeTCH 3aa49a OIITUMAJIbHOTO YIIPpAaBJCHUA C HHTETI'DAJIbHBIM BBIITY KJIBIM
KpurepueM KadeCTBa OJIsd O,ZLHOfI JUHEWHOIt CUCTeMBI C 6I)ICprH\H/I 1 MeJJICHHbBIMI
INepeMeHHbIMHI B KJlaCC€ KYCOYHO HEIIPpEPBbIBHBLIX yIIpaBJIeHI/IfI C IVIaJIKUMH Or'paHuve-
HUAMU Ha ylIPaBJIEHUE

e = Anze + Aoy + Biu, t€[0,T], |ul <1,
el = Asoye + Bou, 2.(0) =2% y.(0)=19°, V2(0)=0,

T
() = o1 (2(T) + oa(ye(T)) + / ()2 dt — min,

rnexr € R*, y € R™, u € R"; Aj5, By, 4,5 = 1,2, — NOCTOAHHBIC MATPUI[BI COOTBETCTBY-
1omeii pasmeproctu, a ¢1(+), p2(-) — nenpepoiBro guddepennupyempie Ha R™, R™
CTPOrO BBINYKJIbIE U KOPUHUTHBIE (DYHKIUN B CMBICJIE BBIIIYKJIOIO aHau3a. B obmem
CJIy4dae JIJ1sd TaKOM 3a/[a9U IMIPUHITUIT MaKCUMYyMa HOHTpﬂFI/IHa ABJIAEeTCA HeO6XO£LI/H\/H)H\/I
n JO0CTATOYHBIM YCJIOBUEM OIITUMaAJIbHOCTU U CYIIECTBYIOT €IUMHCTBEHHbIC BEKTOPDbI ZE
U pe, ONPEIENAIONIIE ONTUMAILHOE yIpaBJIeHue 110 (PopMyJIe

Cre(®)le +C5 (t)pe
S(Cik,e (t)lé‘ + Cék,e (t)pé‘) ’

ue (T —t) :=

rIae

Cr.(t) = Bie*i! + e 'ByW (),  C5.(t) = e 'Bje='/s,
2, 0<¢£<2,
£ &£>2

OcHoBHOe oTiimumne cratbu OoT paborsl [10] 3akir0IaeTcst B TOM, 9TO TE€PMUHAJILHAS
9acTh (DYHKIIMOHAJIA KAIeCTBA 3aBUCAT HE TOJBKO OT MEJJIEHHBIX IEePEMEHHBIX, HO U

t
We(t) = eA“t/ e~ AT Ay e227/E 4y, S(€) = {
0

OT OBICTPBIX IIepeMeHHbIX. JloKa3aHOo, 9TO B C/ydae KOHETHOrO UHCJIa TOUEK CMEHBI
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BUJda ylpaBJIEHUAd, HAYNHAIONUXCA C ITOCTOAHHOI'O 3HaM€EHaTeJ/Id, MOXKHO ITOCTPOUTH
ACUMIITOTUKY HAYAJIHHOTO BEKTOPA, COMPSI?KEHHOTO COCTOSTHUS e = (ZE, pE)T, KOTODBIi1
ompeiesisieT BUJI ONTUMAIBHOrO yipaBaeHus. [lokazano, 9To0 acCHMOTOTHKA UMEET CTe-
HEeHHON XapaKTep.
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10.

11.
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YCTOMYUBOCTH YIIPABJISAEMOCTH ANHAMWYECKNX HEPABEHCTB
(STABILITY OF CONTROLLABILITY OF DYNAMIC INEQUALITIES)*

A. A. JasbinoB (A. A. Davydov)

Mocxosckuii 2ocydapcmeernnnts yrnusepcumem um. M.B. Jlomowocosa,
Mocxkea, Poccus
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ITousitve rpyboOCTH JUHAMHYECKUX CHCTeM ObLIO BBeieHO A.A. AHJIDOHOBBIM U
JI.C. Tourpsaruusim B pabore [1]. OHO OTHOCKIOCH K CTPYKTYPHOI ycTORIMBOCTH
cemeiicTBa (a30BbIX KPUBBIX AUMDHEPEHIINPYEMOr0 BEKTOPHOTO MOJIsi HA JIBYMEPHOM
JICKe, He 0OPAIAIONIEerocst B HyJIb Ha I'PAHUIIE JINCKA U HE KACAIOIIErocs 3TON IpaHu-
1bl. B 910l paboTe 6bLTH HAllIEHBI HEOOXOIMMBIE U JIOCTATOYHDBIE YCJOBUS HA BEKTOD-
HOE TI0JIe U CeMeHCTBO ero (ha30BbIX KPUBBIX TAKUE, UTO M0JI€, YIOBJIETBOPSIONIEE STUM
yCJIoBHAM, I oboe Toje, goctaroano C'l-6msKoe K HeMy, IMeIOT (ha30BLIe IOpTpe-
THI B 9TOM JIUCKE, KOTOPBIE TIEPEBOJSATCS OJIUH B JIPYTOi OJIU3KUM K TOXKJIECTBEHHOMY
roMeoMOP(U3MOM ITOTO JUCKA. ITa paboTa OKa3ajia OrPOMHOE BJIMSHUE HA PA3BUTHE
KaveCTBEHHON TEOPUHU JUHAMUYIECKUX CUCTEeM B XX B. U CO3IaHUe O0IIel TeOpur JTuHa-
Mudeckux cucreM. OJIHUM UX 3TAIIOB 3TOI0 PA3BUTHUsI CTaJIa (PYHIAMEHTAJIbHAS TEOPe-
Ma O CTPYKTYPHOI yCTONYIMBOCTU TUINUIHBIX TUMHEPEHIINPYEMbIX BEKTOPHBIX TIOJIEH
HA OPUEHTUPYEMbBIX KOMIAKTHBIX [IOBEPXHOCTAX, Hokasanuasa M. [leimory [2, 3].

AHaHOFI/I‘{Haﬂ 3a/lava JJIsd JUHAMUYIECKUX HEPaBEHCTB WJIM YIIPaBJIAEMbIX CUCTEM
Ha ITOBEPXHOCTHU M (I/I Te U JApyrue JIOKaJIbHO MOXKHO paCcCMaTpuBaTb KaK CIIEIN-
asbpHbIe MuddhepenHnmantbabe BRIOUenus: Buga & € {v: F(x,v) < 0,v € T,M} u
z €{v:v=f(x,u), u € U}) upu TakoM ke OIPEJIEJICHUU CTPYKTYDPHOI ycTOHUnBO-
cTu ropasno ciaoxkHee. Ee mocTaHOBKA JjIs TUHAMUYECKAX HEPABEHCTB BOCXOIUT II0
cytu K pabore A.Jl. Mpimkuca [4], B KOTOPOil OH HOCTABMII 381849y OIIUCAHUS CeMeii-
CTBa OPOUT JIMHAMUYIECKOTO HEPABEHCTBA. B 4acTHOCTH, Takas 3a/a9a €CTeCTBEHHBIM
00pa3oM BKJIIOYAET aHAJIU3 YCTOWIUBOCTH PA3JIMIHBIX THIIOB YIPABJISIEMOCTH TAKUX
CHCTEM U HEPAaBEHCTB.

J1Jist THOUYIHBIX YIPABJISIEMBIX CHCTEM HA OPUEHTUPYEMBIX KOMIIAKTHBIX TIOBEPXHO-
cTsix (HAIpUMep, JUIS TUINYHBIX OMIMHAMUYIECKUX cUCTeM Ha cdepe) CTpyKTypHast
ycToiiunBocTh Oblta gokasana B pabore [5] (cm. Takxke [6]). Teopema o cTpyKTYpHOI
yCTOfILII/IBOCTI/I TUIIAYIHbIX JUHAMUYIECKUX HEPaBEHCTB (C JIOKaJIbHO OI'PaHNY€HHbIMU
[IPOU3BOJHBIMU) Ha KOMIIAKTHBIX OPUEHTUPYEMbIX [IOBEPXHOCTX HE JIOKA3AHA 10 CUX
mop. OaHako 3HaYMTEIbHAS MpPEIBapUTEIbHAs padoTa yXKe MPOJEaHa: YCTAHOBJIE-
HBI YCTONYINBOCTD CBOWCTB JIOKAJIBHON YIIPAB/ISEMOCTA TAKAX HEPABEHCTB U yCTOWYIN-
BOCTH POCTKOB (ha30BBIX MOPTPETOB TIPH JBUKEHUN C MPEIEIbHBIMI CKOPOCTSIMU [7].
B 2007 r. crpykTypHas yCcTOMYINBOCTDH ObLIa MOKA3aHa, JijIs TUMMMIHBIX ITPOCTEHIITIX
JUHAMAYECKUX HEPABEHCTB Ha IJIOCKOCTH C OUPDAHMYEHHBIM JIOTIOJTHEHHEM K 00/1acTh
HOJIHO# yupasisieMocTH [8].

‘,HOK.TI&)I IIOCBANIIEH 3TUM pe3yJ/ibTaTaM U CBA3aHHBIM C HUMU pe3yJ/iIbTaTaM B CMEXK-
HBIX O6.J'IaCTHX MaTEeMaTUKU.

*Pabora BbINOIHEHA ITpy PUHAHCOBOH moiep:kke MuHncrepcrBa obpasoBanus u Hayku Poccun

(mpoexr 1.638.2016/DIIM).

78



Crmcok Jureparypsbl

. Andponos A.A., Howmpseun JI.C. T'pybuie cucremsr // JAH CCCP. 1937. T. 14, Ne5.
C. 247-250.

. Peizoto M.M. On structural stability // Ann. Math. Ser. 2. 1959. V. 69, No. 1. P. 199
222.

. Peizoto M.M. Structural stability on two-dimensional manifolds // Topology.1962. V. 1,
No. 2. P. 101-120.

. Mvauruce A.J]. O muddepeHnnaibHbIX HEPABEHCTBAX € JJOKAJIBHO OMPAHUYEHHBIMY IIPO-
n3BonubiMH // 3am. mMex.-maT. ¢pak. XappK. roc. yH-Ta 1 Xapbk. Mar. o-sa. 1964. T. 30.
C. 152-163.

. aswvidos A.A. CTpyKTypHasi yCTOWYNBOCTD YIPABJISEMbIX CHCTEM Ha OPHEHTHUDYEMBIX
nosepxuocrax // Mar. ¢6. 1991. T. 182, No. 1. C. 3-35.

. Davydov A.A. Qualitative theory of control systems. Providence, RI: Amer. Math. Soc.,
1994. (Transl. Math. Monogr.; V. 141).

. Haewvidos A.A. JlokanbpHasl ynpaBisieMOCTb THIIMYHBIX JUHAMUYECKUX HEPABEHCTB Ha
nosepxuocrsx // Tp. MUAH. 1995. T. 209. C. 84-123.

. I'puwuna FO.A., /aswdos A.A. CrpyKTypHas yCTORIMBOCTH MPOCTEHIIUX JUHAMUYIE-
ckux Hepasencrs // Tp. MUAH. 2007. T. 256. C. 89-101.

BAPUAILIUM TUIIA v-3AMEHBI BPEMEHU
B BAJAYAX C ®ABOBBIMU OI'PAHNMYEHUAMN
(VARIATIONS OF THE v-CHANGE OF TIME TYPE
IN PROBLEMS WITH STATE CONSTRAINTS)*

A. B. Imurpyk (A. V. Dmitruk)®9,
H. II. OcmounoBckwuit (N. P. Osmolovskii)%?

¢ [[enmpanvHuiil 9KoHOMUKO-Mamemamuveckuts uncemumym PAH, Mockea, Poccus

® Mockosckuti 2ocydapecmeenmoni ynusepcumem um. M.B. Jlomorocosa,
Mocxkea, Poccus

¢ Mockosckutl 2ocydapcmseernuiii cmpoumeavhoil yrnusepcumem, Mockea, Poccus
¢ Vhusepcumem meTHUMECKUT U 2YMarumapHut Hayk, Padom, Ilosvwa

avdmi@cemi.rssi.ru, osmolovski@uph.edu.pl

Sagaun ¢ $Ha30BBIMU OIPAHUYEHUSIME IIPUBJIEKAJIN BHUMAHUE CIIEIUAIUCTOB C Ca-

MOTO HavaJa Pa3BUTHsI TEOPUM ONTUMAJBLHOTO yIpasieHus (cM., Hanpumep, [1]). Ilpu
3TOM, KaK U3BECTHO, OGOOIIEHNe MpUHIUTE MakcuMyMa [[OHTpsATHHa Ha 3TH 3a7a-
9y OBLIO COLPSZKEHO CO 3HAYUTENbHBIMU TPYAHOCTIMHU, IIOCKOJIBKY 3/1€Ch Mbl UMEEM
JIeJI0 ¢ GeCKOHEUHBIM (KOHTMHYAJIBHBIM) YHCJIOM OIDAHWYEHWI THUIIA HEPABEHCTB, a
HEOOXOIUMBIE YCJIOBHS KCTPEMYMa B HUX COEpKaT Mepy. MI3BeCTHBbIE ClIOCOOBI JT0Ka-
3aTenbcTBa npuHIUna MakcuMyMma (IIM) TexHWYecKH JOBOJIBHO CIOXKHBI U BDSIJL JIN

JOCTYTIHBI IMITPOKOMY KPYTY dHTaTesell, KpoMe Y3KOro Kpyra crenuaancToB. Iloaromy
BOIIPOC 0 HOJIee MIPOCTOM U SICHOM JIOKA3ATEIbCTBE OCTAETCS AKTYaJIbHBIM.

*Pabora BbinosiHeHa npu (puHancoBoil nomaepxkke PODU, npoekr 16-01-00585.
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Kak msBectHo, cranmaprtubiit ciocod mosmydenus [IM B 3amadax onTuMaibHOTO
YIIPABJIEHUSI COCTOUT BO BBEJEHUH TaK HA3BIBAEMBIX U20ADUAMbLT 6aPUAUUT YITDABIIE-
HUs, TpeIoyKeHHbIx . Maxkmeitnom u npumenenusix B.I'. Borrsaackum u JI.C. IlonT-
parunbiM [1] mia pokasarenscrea [IM B Tak Ha3biBaeMOil nowmpazunckot 3amade, He
cojiepxaireil ¢pazopbix orpanndennii. OJHAKO IIPY HAJUYUU TAKUX OI'PAHUYEHUI all-
mapaT CTAHJIAPTHBIX UTOJIBIATHIX BapUAIUil BPsJI JU BO3MOXKHO UCIIOJIb30BATDH, MO0
yKe TIPOM3BOJIHAS COOTBETCTBYIOMIEH TpaeKTopuu (t) 1o MUPUHE UTOJKH OyIeT pas-
poiBHOI dyHKnueir. Bosee ymo0HbIM (M TEXHUYECKH POCTHIM, HO HETPUBUAJIBLHBIM )
AHAJIOTOM HUTOJIBIATHIX BAPHUAIUN SBJISIIOTCS TAK HA3BIBAEMBIE 8APUAUUL MUNG V-30-
Mmerv, epemeriu. Oun 6buTH ipeptoskensl AL 9. y6osurkum u A.A. MutoTunabM erte
B 1965 r. [2] I CUCTEMaTHYECKU HCIOJIb30BAJNChL UMU JIjId JIoKasareabcTrBa 1IM B
ob1rieit 3a1ae ONTUMAJIBLHOTO YIIPABJIEHUs, BKIIOYAIONEHl Kak (ha30Bble, TaK U CMe-
[IaHHBIE OIPAHUYEHUSI.

Wnest v-3aMeHBI COCTOUT B IIEPEXO/I€ OT UCXOIHOTO BPEMEHU ¢ K HOBOMY BPEMEHU T,
Py KOTOPOM HCXOJHOE BpeMs t = t(7) craHoBuTCH elne oHol (haszoBoil IIepeMeHHOil,
nouuHeHHol ypasaenuio dt/dr = v(7), rae v(7) > 0 ecTb HIPOU3BOJILHAS U3MEPUMASL
orpaHuYeHHas (PyHKIUsI, KOTOPasi TPAKTYETCsI KaK ellle OHO yipasJenue. [Ipuniumnu-
AJIBHBI MOMEHT COCTOWT 3JIECh B TOM, UTO 9T 3aMEHA HE 83GUMHO 00H03HawHa (TaM,
rge v(7) = 0), u mo TOi UpUYMHE MaJible BAPHAIUK yIIPaBJeHUs v(T) MOPOXKIAIOT
HeMaJible (TaK Ha3bIBAEMBIE NOHMPALUHCKUE) BADHAIINH UCXOJHOTO yIpaBeHust u(t).
Wcnonb3oBanue sToro npuema B 00IIEM cIydae TPeOYeT, OHAKO, IPUBJIEIEHUS TILy-
60KuX (HaKTOB Teopuu PYHKIUI JeHCTBUTEILHOTO TEPEMEHHOTO.

B komnre 1990-x rogos A.A. MujiroTuH 1pe ijioxKui UCI0JIb30BaTh yIIPOIIEHHBIN Ba-
PHUAHT U-3aMEHBI C KYCOYHO Nocmosnhot yuknuei v(7). DTUM criocoboM OH JOKA3AI
MIPUHIIATT MAKCUMyMa Jjist OOIeil MOHTPATHHCKON 3a/1a9u, T.e. 33/1a91 C KOHIIEBBIMUI
OTpaHUICHUSIME, HO 6€3 Pa30BbIX.

B cayvae KycouHo mocrosiHHON (GyHKIMM v(7) ee BapHAIMU MOPOXKJIAKT MO Cy-
TH JleJia Te YK€ UIoJIbIaThle BapHAlUM MUCXOJHOTrO yrnpasieHus u(t) (TouHee, maker
UTOJIBIATHIX BAPHUAIWL), HO ¢ HEKOTOPBIM OTiimaneM oT nocienaaux. OHO cocrouT B
TOM, 9TO MBI HE 3aMeHAeM ONTAMAJBHOE YIIPABJIEHAE HA MAJIOM OTPE3Ke OKOJIO 6a30-
BBIX TOYEK MAKETA, & PACULUGAEM ITU TOUKU, BCTABJAA B 9TU MECTA MaJble OTPE3KU
C IPOU3BOJILHBIMU Hallepe]] 33/IaHHBIMU 3HAYEHUsIMU YIIpaBJjieHusi. [[0CKOJIBKY 9THUX
TOYEK HECKOJILKO, B HUTOTe TIOJIyIaeM ITaKeT UTOJIbIaThIX Bapuaruii. Takue “BcTaBHbIe”
UTOJIKA UMEIOT CJIEJIYIONINE JIBA MIPENMYIIECTBA 0 CPABHEHUIO C OOBITHBIMHU:

a) OITUMAJILHOE YIPABJIEHUE MOYKET ObITH IPOM3BOJILHON U3MEPUMON OrpaHUYCH-
HO#l yHKIMEN, TOrJa Kak JJIsi MCIIOJIb30BAHUS WIOJBIATHIX BapHUAILWl HAJO
TpeboBaTh €ro KyCOYHOIl HEeIPEPbIBHOCTU (MHAYE HE [OJIyIUM IJIaJIKOM 3aBUCH-
MOCTH TPAEKTOPUU OT IIMPUHBI UTOJIKH);

6) v-3aMeHa JaeT MIAJIKYI0 yIIPABJISIEMYIO CUCTEMY, OIIPEJIEIEHHYIO TI0 KpaitHeli Me-
P€ B 11eJI0if OKPECTHOCTU OIITHMAJIBHOT'O IIPOIIECCa, TOr/la KaK UroJIbdyaThble Bapy-
Ay MPUBOJIAT K 3a/a9e, DYHKIUA KOTOPOI OIpee/IeHbl JIUIb HA HEOTPUIA~
TEJBHOM OPTAHTE KOHEYHOMEPHOI'O IIPOCTPAHCTBA (TOYHEE, B €ro HepecedeHun
C OKPECTHOCTBIO HYJISI), COOTBETCTBYIOIIEM IIUPUHAM UIOJIOK B JAHHOM I1aKeTe

(CM. [3] )

Ilocneaee 0OCTOATEIBLCTBO MIPEJICTABIISETCS HAM BECHMa CYIIIECTBEHHBIM.
[Ipumenenre KycOYHO MOCTOSTHHON v-3aMEHBI K 3aJa9e ¢ (Da30BBIMUA OTPAHUIEHU-
SIMH TIO3BOJISIET CBECTH 3Ty 3aJa9y K BCIIOMOraTeJbHOIH (Tak Ha3bIBAEMOil npucoedu-
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HeHHOT) 3ajade 6 KOHEUHOMEPHOM NPOCMPAHCMEE, apIYMEHTaMU KOTODPOii CJry’KaT
[IPOM3BOJILHO BBIOpaHHBbIE 3HAYEHU YIIPABJIEHUS HA ydYacTKaX IOCTOSHCTBA (PYHK-
mun v(7), a TakyKe HauaJbHOe 3HadeHue GazoBoil nepemennoil x. Hasmume dazoBbix
OrpaHUYEHUIl MPUBOIUT K TOMY, 9TO B ITOH KOHEIYHOMEDPHON 3ajade mmMeercsi Oec-
KOHEYHOE YHnCJIO OFpa.HI/ILIeHI/IfI TUIIa HEPAaBEHCTB, T.€. 9TO HE eCTb O6quHaﬂ IJIaJIKagd
KOHeuHOMepHas 3ajada. (B 3apyGexkHOl JmTepaType Takue 3a/a9u IPUHSATO HA3bI-
BaTh noaybeckoreurnvimu.) OIHAKO yCIOBUS ONTUMAIBHOCTH (JIOKAJILHOIO MUHIMYMA)
JJIS Takoil 3a7a49u u3BecTHBI (cM., HanpuMmep, [4]); ux cunenuduka Juib B TOM, 9TO
OHU COZIEPKAT MEPY, COCPEJIOTOUCHHYIO HA MHOYKECTBE MHJEKCOB (MOMEHTOB BPEMEHH )
AKTUBHBIX HEPABEHCTB. [IpuMeHsist 9TH yCIoBUS K IPUCOEIUHEHHON v-3a/1a9€e U IIepe-
NUCbIBasd UX B T€pMHHaAX HCXO)IHOﬁ 3a/la9u, Mbl IIOJIy49aeM MHOXKECTBO COOTBETCTBY-
omux HAOOPOB MHOXKHUTesel Jlarpam:ka, KOTOpoe sIBJISIETCS HEIYCThIM KOMIIAKTOM
B HeKOTOpOfI TOIIOJIOT N (O6quHOI>JI TOIIOJIOTUU 110 KOHEIYHOMEPHbBIM MHOXKHUTEJIAM N
caboii-* oTHOCUTENHLHO Mepbl). KaxKaplii ajeMenT 3Toro KoMunakra (T.e. Habop MHO-
xkureseil Jlarpanxka) obecrieqanBaeT BbIIOJIHEHUE IPUHITUAIIA MAKCUMYMA Ha KOHEIHOM
MHOZKECTBE BbI6paHHI)IX 3HaYEHU N YiIpaBJjieHUsI 1 BpeMeH, COOTBETCTBYIOIIEM ,ZLa.HHOfI
v-3aMeHe.

TakuM 06pazoM, JUIst KaxKJ0# KyCOUHO TOCTOSHHON (yHKImMH v(T) MBI MMeeM
CBOIO [IPUCOEIMHEHHYIO 33129y U CBOM KOMIIAKT, COCTOSIINI 13 HAOOPOB MHOXKUTEIEN
Jlarpanzka. ZlcHo, uTo ecsn onHa v-3aMena “Gorade” apyroit (umeer GOJILIIIE MOMEHTOB
BpeMeHHU ¢, KOTOPbIE PACIIUBAIOTCs, U GOJIbIe BHIOPAHHLIX 3HAYEHUI yIDPABJICHUS),
TO COOTBETCTBYIOIINI €if KOMITAKT y2Ke TOTO Apyroro. TeM camMbIM KOMIAKTHI, IOPOXK-
JI€HHbI€ BCEBO3MO2KHBIMUA KYCOYHO ITIOCTOAHHBIMUA V-3aME€HaMU, €CTE€CTBECHHBIM 06pa30M
YaCTUYIHO YIIOPSIOYEHBI 10 BKJIIOUYEHUIO U ITOITOMY B CIJIy UX HEILyCTOTHI 00Pa3yioT
EHTPUPOBAHHYIO cucTeMy. B3sB /1f000i1 3JIEMEHT M3 MX [IE€PECEYCHUsI, Mbl IOy IaeM
€JINHOEe yCJIOBHE ONTUMAJILHOCTH — HAOOp MHOX)KUTE € Jlarpanxka, nyis koroporo I[IM
BBIIIOJIHEH IIPU BCEX 3HAYECHUAX YIIPpAaBJICHUA U1 BPpEMEHU.

ITospo6HOEe M3/I0YKEHNEe OIMCAHHOI CXeMbl JIaHO B [5, 6].
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PaccmaTpuBaercs ciieyiomnas yrpaBiisieMasi CUCTEMa, ONMUCHIBAEMasi OJTHOMEPHBIM
BOJTHOBBIM ypPaBHEHUEM:

yee(t, ) = yauu (8, ) — q(2)y(t, ), 0<t<T, O<x<l,
_ym|m:0 = u(t)v Yo + Uy|;v:l = Oa 0<t< T7
Ylimo = v°(2), Yili=o = v*(x), 0<z<l.

IMapamerpst cucremsr T, I, o u HenpepbiBHBIH KO3 dUIMEHT ¢(T) CINTAIOTCT U3BECT-
HbIMU. 3a/[a9a CTABUTCA B KJacCe CHIbHBIX 0000IIeHHbIX permnenuii y(t, ), coorBer-
CTBYIONINX T'PAHNYHBIM YIIPABICHAAM

u=u(t) € H=L*0,T)
1 HaYaJIbHBIM COCTOAHUAM
v=((x),v*(z)) € F = HY(0,1) x L*(0,1),

rae L2(0,T) u L?(0,1) — npocrpanctsa Jlebera, a H(0,1) = W3 (0,1) — npocTpancTBo
Cobosesa.

ITess yupasierns u = u(t) COCTOUT B IEPEBOJIE CUCTEMBI B KOHEYHBIH MOMEHT BpPe-
Menn 7' Ha 3aJIaHHOE TEepMUHAJbHOe MHOXKecTBO M C F, aBadiomeecs 3aMKHYTBIM
JguHefHbIM addruHHBIM MHOTOOOpa3neM. ByjeM cuuTaTh, YTO M3BECTHO IIPEJICTaBJIE-
uve Buga M = f @ L ¢ mampasagomumM nomanpocrpanctBoMm L C F u BeKTOpOM
capura f € L. Ecim P: F — L+ — omepaTop opTOrOHAIBLHOIO HPOEKTHPOBAHMS B
npocrpancTse F na oproronabnoe jonosunenne LT C F, 1o MHOxKecTBO M MOMXKHO
onucaTh JUHEUHBIM YpaBHEHUEM

M={peF|Pp=[}

ITycrs A: H — F — Tpa uIOHHbIH OllepaTop ynpasjeHus [1], 3HaueHUsIMI KOTO-
POTO SIBJISIOTCH TEPMUHAJIbHBIE COCTOSTHUS CHCTEMBI:

Au= (y(T,z),y(T,x)) € F.

*VccoenoBanue BBIIOJIHEHO 3a cdeT rpanTa Poccuiickoro nayunoro donga (mpoekr 14-11-00539).
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Torma paccmarpuBaemast 37eCh 3a/1a4a HaBeIeHUsT Ha, MHOTOOOpasne M MoxKeT OBITH
3anucana B opme JIMHEHHOTO OIepaTOPHOTO yPABHEHUS

PAu=f.

B ciayuae Toueunsix neseit, korma M = {f}, L = {0}, P = I u ynpasustomeii
CTOPOHE M3BECTHBI HaYaJIbHbIE cocTosiHus () € F, Takue 3a/1a91 XOPOIIO U3yY€HbI 1
MOI'YT OBITh PEleHbl YUCJIEHHO [1], a B OTJe/IbHBIX citydasx, Hanpumep, upu ¢(z) = 0,
u anajmrudecku (2, 3]. B gannoii pabore npeanosaraercs, aro M — jmHeiiHoe MHOIO-
obpazue o0IIero Buia, HavUaIbHOE COCTOsHIE v € F' Hem3BecTHO 1 yupasienne u € H
CTPOUTCSI TIO3UIUOHHBIM 00pas3oM [4] ¢ yueToMm pe3yabTaToB HAOJIOJEHHH 3a CMere-
Hugamu ¢(t) Ha yIPABJISIEMOM KPAIO:

9(t) =yla=o, g€ H'(0,T).

ApropaMu pa3paboTaH yCTONYMBBINA K BO3MYIIEHUSIM B HAOJIFO/IEHUN g(t) YUCJICHHBINA
METOJ[ IMOCTPOEHUs MO3UIMOHHOTO yIPABJICHUS, MPEICTABJISIONNI CODONl KOMOMHA-
U0 MeTosa U3 [5] U IpoNe/Iyphbl YUCAEHHOrO PEIIeHUsT BCIIOMOIATEILHOrO JIMHEAHOrO
OIIEPATOPHOIO ypPaBHEHUs C NPUBJIEUEHNEM BaprannonHoro Merona [1]. lpuomsres
COOTBETCTBYIOIIYE BbIYUCIUTEIbHbIC WIJIIOCTPAIIUU.
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ON INTEGRATION OF NONLINEAR DIFFERENTIAL EQUATIONS
IN THE PARAMETRIC FORM

V. S. Dryuma

Institute of Mathematics and Informatics, Kishinev, Moldova

valdryum@gmail.com

Basic formulas. Our approach to the integration of nonlinear PDEs is based on
the presentation of the functions and their partial derivatives in a special form.

Proposition 1. Under the transformation of functions x(u,v) and y(u,v) into
functions A(z,v) and p(z,v) by means of solving the system of equations

u— A(z,v) =0, y— p(z,v) =0, (1)

the corresponding partial derivatives of the functions are transformed according to the
rules

Ay 1 J J
N u = 5 v:__)\;v vy u = 5 2
T " z . Yy N, +p Y . (2)
x _ )\LELE y — Pzxv _pmAmv - pmmAv pm/\mm)\v (3)

T (W)Y R (As)? (Aa)?

These formulas arise in the context of presentation of the functions and their deriva-
tives in the parametric form

Ut Pt
f(w,y)zu(x,t), fm:um_v_tvm:pv fy:v_tzsv fmy:v_ta

which was introduced by the author and has been used for integration of nonlinear
PDEs appearing in various problems of modern mathematical physics [1-3].

Equations of nonlinear fields theory. In this section we construct particular
solutions of the sine-Gordon equation

Guv — sin(¢(u,v)) = 0. (4)
Theorem 1. FEquation (4) after the change of the function
¢(u,v) = arcsin(z(u, v))
and the use of formulas (2)—(3) takes the form
Ao (1= ) A0 + Ao (—1 + %) Agy + 223 (1 — 27)3/% = 0.
It has a solution of the form
Az, v) = A(M) + Bu,

where

_ V/(=1+22)(—22+ C1B)B

Az) (z—1)(z+1)(—22 + C1.B)

dZ+CQ,
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which in the general case is an elliptic function, where B and C; are parameters and
z=+1-—22
Under the condition Cy = —2/B this yields the expression

A(z) = —VB\/=(222 - 2)(z + 1)B artanh<%@) (z+1)71

1
X ——=—=—=C},
vV—2B(z—1)

which after further transformations and simplifications leads to the solution of equa-
tion (4)

e,u+v<€, u+2v )_2 1)) (5)

= 1 4
é(u,v) arcsm( =T

Note that the obtained solution has the form different from the known one.

Proposition 2. The equation
Yuv — y(u,v)3 = 07 (6)

which is encountered in the theory of the Yang—Mills equations, in new variables takes
the form

pmv)\i - )\wpmAmv - )\wpmm)\v + pm/\mm)\v - p3)\i =0. (7)

The solutions of equation (6) are constructed with the help of solutions of the
undetermined relation (7) by means of eliminating the variable v from condition (1).

Theorem 2. A particular solution of equation (6) has the form

9 (16 Coviav + C3C5 + 44/ S(u, v) )Cg
16 C3/Av + C5C3°% — S(u,v)

where

S v o on
S(u,v):602203/2(4v+03)1n(2“+03 vt G 03)

20 + C3 + v/4v + C31/C3
\/4’U + 03

24C2C3? (4v + C3) art h(
+ 5C5' " (4v + C3) artan N

) + 64032(41) + Cg)(u — Cl)

and C; are parameters.

Proposition 3. The equation

ftt - frr - 2% +2f(’r,t)

f(’rv t)2 3
2 -3 " + f(r,t)°>=0
is an exact reduction of the SU(2) Yang—Mills equations in the spherical system of
coordinates. In the light variables w =1 —t, v =1r +t this equation takes the form
5 pau,v) (@(u,v)? = 1)

Buavx(u’ v+ (u —v)2 =0, ()

where p is a parameter. Applying formulas (1) and (2) allows one to get examples of
its solutions.
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Theorem 3. After a transformation equation (8) takes the form

Az doAZ = 20205 A0 A + 02 A2 0 — Apz Az A2
+ 20\ Ao A — VA Ap + pz(2® —1) = 0. (9)

The simplest particular solutions of equation (9) are

1
O A@v)=v+@+O)e®,  p=g,
1220 + 12220 + dvz® + v C1Co + 4v + x3022 2

(ii) /\<$7U) = H= 9’

—12z — 1222 — 423 + 230C? + 23C1Cy — 4
Case (i) leads to a solution of equation (8) of the form

(v+C1)(u—v)
v+ Cy '

z(u,v) =
In case (i) we get a solution that has a very cumbersome form, which under the
condition Cy = 0 looks like

(u — v)uvCy 4 w—v
(—4u + wwC? + 4v) {/(—4v + du)uv2Cy —4u + uwwC? + 4o

z(u,v) =4

C1 3/ (—4v + du)uv2Cy
—du+uwC?+4v
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B paborax [1, 2] 61 J0Ka3aH MOBUIMOHHBIA MPUHII MUHUMYyMa — HEOOXO M-
MO€ YCJIOBHE TJI00AIBLHON ONTHUMAJIBLHOCTH, YCUINBAIONIEe TPUHITUIT MAKCUMYMa, JIJIst
HEIPEPBIBHBIX 33/a4 JUHAMUYECKOH ONTUMU3AIUU (B TOM YHUC/IE JJisl HErJIAKUX),
a B [3, 4] — mig AUCKPETHBIX M HUMILYJIbCHBIX COOTBETCTBEHHO. YcuyeHue (yHza-
MEHTAJIbHOTO IIPUHINIIA MaKCUMyMa B yYKa3aHHBIX KJjaccax 3aJa4d JOCTUTaeTCd IIy-
TeM HCIOJIb30BAHUS TTO3UITMOHHBIX YIIPABJIEHUH CITyCcKa, 1I0 (hYHKITMOHAITY, (hopMupye-
MBIX B pPaMKaX KOHCTPYKIIUI IPUHIUIIA MAKCUMyMa, HO C IIO3UITMOHHO BO3MYIIIEHHON!
KOTPAEKTOpHeii (peleHreM COpPsi?KeHHOI cucreMbl). DbIEKTUBHOCTD O3UIUOHHO-
ro UpUHOANA MUHMUMYMa ([0 CyTH — OTCYTCTBHE MO3HUIMOHHBIX BAPHUAIMIA CILyCKa
HA ONTHMAJLHOM Hpolecce) OByCJIOBJIEHA €ro HEJOKAJbHOCTHIO M CBOMCTBOM aJjiro-
PUTMUYHOCTH — HapYIIeHUe Ha JAaHHOM IIPOIlecce COIIPOBOXKIAETCS IPebABIeHUEM
YIIydIIAIoNero mporecca.

OcHoBHOe BHMMaHue Oy/IeT COCPEIOTOYEHO Ha BapPUAHTE [MO3UIIMOHHOIO IIPUHIINIIA,
MUHUMYMa JIJI JUCKPETHBIX IIPOIECCOB M OCHOBAHHBIX Ha HEM HTEPAIMOHHBIX aJIrO-
PUTMax pemIeHnd 33729 ONTUMAJIbHOIO yIIPABJICHUS.
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Problems of this work go back to Andronov and Pontryagin, who introduced the
concept of structurally stable dynamical systems. We deal here with the concept of C!
Q-stability for dynamical systems of skew product class and investigate approximate
properties (in the C1-topology) of -stable skew products of maps of an interval.

Let I = I; x Is be a closed rectangle in the plane (I; and I are closed intervals).
A map F: I — I is called a skew product of maps of an interval if the equality

F(x,y) = (f(2),9:(y)),  where g.(y) = g(z,y),

holds for every point (z,y) € I. Then, for every n > 1 we have
F'@,y) = (f"(2), gen(y)),  where gon(y) =gp-r1(zyo...002(y). (1)

Denote by fl(I ) the space of Cl-smooth skew products of maps of an interval
(with the standard C'-topology) satisfying

F(3I) c I

for every F € T(I), where 8(-) is the boundary of a set.

Definition 1. A map F € T'(I) is said to be Q-stable (with respect to home-
omorphlsms of skew product class) if for every § > 0 there exists a neighborhood
BL(F) of a map F in the space T"(I) such that for every map ® € BL(F) one can
find a homeomorphism H: Q(®) — Q(F), where €(-) is the nonwandering set of a
map, such that H(z,y) = (h1(x), ha.(y)) and H is é-close in the C°-topology to the
identity map and satisfies the equation

HO(I)|Q((I>) = FOH‘Q(F).

Denote by T1(I) the subspace of the space T%(I) that consists of skew products
with Q-stable (in the space of C''-smooth maps of the closed interval I; into itself)
quotients of type = 2% (i.e., with Q-stable quotients having periodic orbits with pe-
riods ¢ {21}1'20).

Further, we need, first, the definition of the special multifunctions for a skew prod-
uct of maps of an interval and, second, a decomposition theorem for the space T(I)
(see [1, 2] for details).

Definition 2. Let F € T(I). The multifunction QF: Q(f) — 2% is said to be
the Q-function of a map F if for every x € Q(f) the following equality holds:
0F(2) = (AF))(2) = {y € I: (z,y) € AUF)},

*The work was partially supported by the Ministry of Education and Science of the Russian
Federation (grant no. 1.3287.2017).
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where 272 is the space of all closed subsets of the closed interval I, with the exponential
topology; (+)(x) is the slice of a set by vertical fiber over a point x € Q(f).

The multifunctions QF : Q(f) — 22 (n > 1) are called the auxiliary functions for
the Q-function of a map F if for every z € Q(f) it holds that

QF (2) = QUgan) (see formula (1)).

The multifunctions QF : Q(f) — 22 (n > 1) are called the suitable functions for
the Q-function of a map F' if their graphs coincide with the closures of the graphs
of the corresponding auxiliary functions; moreover, for every x € Q(f) the following
equality is valid:

Q (2) = (Qn)(@).

Let F € TX(I) and {I;};>;, (for some i, > 1) be the recurrence time set of
f-trajectories of neighborhoods of all points from the set Q(f). Then, one of the
following cases is possible:

(1) the sequence of auxiliary functions {Qf };>1 contains at most a finite number
of discontinuous functions;

(2) case (1) is not realized, but the sequence of suitable functions {Q% };>1 contains
at most a finite number of discontinuous functions;

(3) the sequence of suitable functions {Qf};>1 contains a countable number of
discontinuous functions, and the 2-function is continuous;

(4) the sequence of suitable functions {Qf};>1 contains a countable number of
discontinuous functions, and the 2-function is discontinuous.

Denote by Tv*l] (I) (1 < j < 4) the subspace of maps from T}(I) satisfying condi-
tion (j).

Decomposition theorem. Every subspace ilj(l) is not empty, and T}(I) =

4~
Uz T2, (D).

Nongenericity of Q-stability for C"-diffeomorphisms (r > 2) was proved by Abra-
ham and Smale in dimensions >3 and by Newhouse in dimension 2. Considerations
for maps from the space T.}(I) were performed in [2-4].

Theorem 1. Let a map F € T'(I) be Q-stable. Then F € f}l(I) Moreover,
there exists a map F, € iﬁ{ﬁ[) such that a neighborhood E; (Fy) of it in the space

Tv*l,l(l) does not contain -stable skew products.

Definition 3. A family of fiber maps of a skew product F € Tv*l] (1<j<4)is
called densely stable as a whole in the C!-topology if there is an open set A(f) C I
such that the set A*(f) = A(f) N Q(f) (where A*(f) # Q(f)) is everywhere dense in
Q(f) and satisfies the following: For every ¢ > 0 one can find a neighborhood E; (F)
of F in TX(I) such that for every map ® € BL(F) ﬂi},j,(l) (1 <4 <4), ®(z,y) =
(p(2),%2(y)), and every recurrence time I} (i > i,) there exists a homeomorphism
HWED Q};‘A*(f) — QE‘A*(@), where H) (z,y) = (hy (gc),hélm> (y)), that is é-close in
the C%-topology to the identity map and satisfies the equality hi(A*) = A*(p) and
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for every (x,y) € QF the equality

Blasn
hs') © i s (y) = v o hi) (v)
20 10n (@ 9hpE @YW T Pm@ms (ue) M2epn @Y
i |A*(f) i |A*(f) i |A* (o) i |A*(f)

Note that for every 1 < j < 4 there exists a map Fj € Tj](I) with family of fiber
maps densely stable as a whole in the C*-topology. _

We also prove a criterion of C''-approximability of maps from the subspaces T*l, j (I
(j # 2) with the use of -stable skew products of maps of an interval.

Theorem 2. Let F € T*lj(f) (j = 1,3 or 4) be a skew product with family
of fiber maps densely stable as a whole (in the C-topology). Then F admits an
approximation in the C'-topology by means of C' Q-stable skew products of maps of
an interval with an arbitrary degree of accuracy if and only if for every locally mazimal
f-quasiminimal set K(f) and i > ix there evists a connected component Ci () of
the space of Cl-smooth Q-stable maps of the interval I into itself that satisfies

{gz,z;}mex(f) C 6K(f),i,

where () means the closure of a set.
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AHAIN3 JINMHEVHO-KBAJIPATUYHBIX 3AJIAY VIIPABJIEHUSA
CUCTEMAMU C PACIIPEJAEJIEHHBIMU [TAPAMETPAMU
(ANALYSIS OF LINEAR—QUADRATIC CONTROL PROBLEMS
FOR SYSTEMS WITH DISTRIBUTED PARAMETERS)

A. . Eropos (A. 1. Egorov),
JI. H. Bunamenckas (L. N. Znamenskaya)

Mockosckutll usuro-mexrnuveckuts uncmumym, Jloszonpydnoit, Poccus

egorov@4unet.ru, znamenskaia.ln@mipt.ru

PaccmaTpuBarorcs 3a1a4um yrpaBieHns CHCTEMAMU C PACIIPE/ICIEHHBIMU TTapaMeT-
pamu, KOTOPbIE OITUCHIBAIOTCS JIMHEHHBIMUA HEOTHOPOHBIMU KPAaeBbIMU 3a/la4aMU JIJIst
mapaboJInIecKuX U TUIepOOIMIeCKUX yPABHEHHIA. Y IPABJISIONIAE TaPAMETPhI BXOIAT
B I'DaHUYHBbIE YCJIOBUS.
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AH&J’[I/ISI/IpyIOTCH TOYHbIC U IIpI/I6J'II/I)K€HHI)Ie METO/Ibl pellleHud Pa3JIMYIHBbIX 3a/av
OIITUMAJIBHOI'O yIIPABJIEHUS CUCTEMOM, OMCBhIBAEMON KpaeBoil 3aaaueil

ou "9 ou

=3 (g ) - o (t,2) € Qr,
i = 4 J

0,17) = 0, S D7

Z aij(x)% cos(n,x;) + h(z)u = p(t)g(z), (t,x) € Hr,

i,j=1
B KOTODOIi p(t) — yupasienue. Pesyabrarsl ¢pOPMYIMPOBAHBL B BUJE TEOPEM O Pa3-
PEIUMOCTH COOTBETCTBYIONX 38189, NX IPUOJUKEHHOM PEIIeHUNA U YyCTONIMBOCTH
IpUOIM>KEHUIT OTHOCUTEIHHO TOTPEITHOCTEH BHIMACICHHIA.

Bapmaua 1 (3amaua 06 ynpasieHNH ¢ MUHMMAJbHOI sHEprueii). Memomb3ys no-
nycrumble yupasienust p(t) € Lo(0,T), Tpebyercs mepeBecTu OObEKT B COCTOS-
uue u(T,z) = @(x) Tak, 4ro0bl HA COOTBETCTBYIOIIEM YyIPABJICHUN (DYHKIUOHAJL

T
Jlp] = [, p(t)dt nocruran ceoero namvennimero snadenns. Moment spemern T’ duk-
cupoBaH (3a1aH).

Bamaya 2. B Towm ke Kitacce HOIyCTUMBIX yIIPABJICHUI TpeOyeTCs HAUTH yIIpaB-
JIeHre, Ha KOTOPOM (pyHKIIMOHAJ

T
Jilp] = /D (T, ) — (@) dz + / (1) dt

JIOCTUraeT HAMMEHbIIero 3uadenus, ¢(x) — 3ajanHasg QGyHKIU, MOMEHT BpeMeHu T’
(duKCcIpoBaH.

ITo zamaue 1
1) mostydeHbl HEOOXOAUMBIE M JIOCTATOYHBIE YCIIOBUS CYIECTBOBAHUS U €/NHCTBEH-
uocru pemenns (cM. [1, 2]);

2) TOJIy9eHBI TOCTATOUHBIE YCJIOBHsI CyIecTBoBaHusl permennus (eM. [1, 2]) u Hepas-
permumoctu 3aaqan (M. [1]);

3) upoaHaJIU3UPOBAHBI IPUOIMZKEHHBIE METOJIbI PEIICHUs 381891, IOKA3AHbI TEOPe-
MBI 00 YCTOWIMBOCTH M HEYCTONYUBOCTU NPUOJINKEHNH OTHOCUTENHHO HATAIb-

HBIX gaHHbIX (eM. [1, 2]). IIpoananunsnpoBaHa TakKe CBsI3b MeXKIy 3a1adamMu 1
u 2.

Sajada 2 perreHa Ha OCHOBE IPUHIUIIA MAKCHMyMa M METOJIOM JHMHAMHYECKOI'O
[IPOrPaMMHUPOBaHUs. BBIOJIHEH CDaBHUTEJIBHBIN aHAJIM3 3TUX MeToJ0B. IIpoanasm-
3UPOBAaHbI METO/IbI IIpI/I6J’H/I)KeHHOFO penieHusi.

IIpobsiempr HabIIIOIAEMOCTH PACCMATPUBAIOTCS JJISI CHCTEM, OIMCHIBAEMBIX COBO-
KYIHOCTBIO yPaBHEHNUIT ¢ OOBIKHOBEHHBIMA M YaCTHBIME Ipon3BogubiMu (cM. [4]). Oz-
Ha N3 TAKUX CUCTEM OIHMCBIBACTCA KPACBOH 3aaadeil

Utt(tvx) = a2urr(tvx)7 U(O,J?) = 50(:17)7 ut(O,I) = ¢(t),
aqug(t,0) — fru(t,0) = 21 (1), agug(t, £) + Bau(t, £) = 2z2(t),
51 (t) + )\%Zl (t) = blux(t,O), Z1 (O) = Z?, 2',’1 (O) = Z%,

ZQ(t) + )\%ZQ(t) = bzux(t,ﬁ), 22(0) = Zg, 22(0) = Z%
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Bapnaua 3 (3amaua rpannuHol Habmomaemoctu). Haiitu mepuon Bpemenu T u
nagaabuoe cocrogune cucrembr u(0,x) = o(x), ut(0,2) = 1p(x) M0 pesyabTaTam rpa-
HrgHOrO Habmoaenus u(t, 0) = wi(t), u(t, ) = wz(t) B Tevyenne nepuoja Bpemenn 1.

IMosyueHo B SIBHOM aHAJUTHYIECKOM BHJIE PelleHue 3aja4n 3. JloKka3aHo, 9To Hail-
JieHHbIi eprog Bpemenn 1 = {/a nenb3sa ymensmutb. HafifeHsr ycnosust, npu KOTo-
PBIX 3ajia4a He nMeer penterns (cM. [3, 4]).

Basaun ynpaB/sieMoCTH PACCMATPUBAJIACH Tl KOJIEOATEIbHBIX CHCTEM C DACIIpe-
JIEJIEHHBIMA U COCPeIOTOYeHHbIME napaMerpamu (cM. [4]). Hampumep, mist cucremsl,
OIMCHIBaEMOI Kpaesoit 3amadeii (cM. [4, 5])

utt(tvx) = G'QUJMC(tvx)v u(O,x) = @(x)v ut(ovx) = 1/)(1’),
u(t,O) = V<t)’ u(t,f) = y(t),
() + (ak)?y(t) = bua(t,0),  y(0)=y°, §(0) =y"

Bamaua 4 (3a71a9a rpaEnmIHON ynpasisemoctn). Haiditn mepunos pemenu T m
dyuknuio v(t) Takue, 4yro peienue Kpaesoil 3azadn u(t,r) ¢ HAYAJLHBIME 3HAUE-
Husivu u(0,2) = ¢(z), u(0,2) = (x) B MomeHT BpeMenn T TPHHUMAET HyJIEeBbIE
dunanbubie snavenns u(T,x) = 0, u (T, z) = 0.

Pemrenne 3amadn ynpaB/IsieMOCTH TOJYIEHO B SIBHOM aHAJIUTHYIECKOM BHIE. Pac-
CMOTPEHa CBA3b ¢ KOHETHOMEPHOH aIIpoKCUMAaIeil 3a1a9n yIIpaBIsSeMOCTH TPUBe-
JIEHHOM KO0J1e06aTeIbHONi CUCTEMBI.
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BBICTPOE ABTOMATHUYECKOE
JUOPEPEHIINPOBAHUE U TTPUJIOYKEHU S
(FAST AUTOMATIC DIFFERENTIATION AND APPLICATIONS)*

IO. I'. EBrymenko (Yu. G. Evtushenko), A. ®. An6y (A. F. Albu),
B. 1. 3y6os (V. I. Zubov)

Boiwucaumenvront yenmp um. A.A. JJopodnuyvina OUI] UY PAH, Mockea, Poccus
Mocxkosckuti pusuro-mexrnuveckuts uncmumym, loszonpydnni, Poccus

yuri-evtushenko@yandex.ru, alla.albu@mail.ru, vladimir.zubov@mail.ru

[Ipu gucsenHoM perieHnn 3a/iad YIPABICHUsT CJIOKHBIMU JTUHAMAYIECKAMHI CUCTe-
MaMH 33/[a4a OIITUMAJIBHOTO YIIPABJIEHUS OOBIYHO CBOJMUTCA K 3aJade HEJUHEHHOro
nporpamvuposanus. B BII PAH na nporskennu mouru 50 Jjier mpoBomsiTcs pabo-
THI 110 CO3JAHUIO U COBEPIIEHCTBOBAHUIO YHCJIEHHBIX METOMOB PEIIeHUsi TAKOI'O PO-
Ja 3a7ad. JacTo OHM perIaloTcss rPaJneHTHBIME METOJAMUA MUHUMHU3AIUH TEJI€BOTO
dyukImoHaga. A st 3TOro HeOH6XOMMO YMETh TOYHO BBHIYUCJISTH TPAJMEHT IIEJIEBOM
byHKIINN.

Merozosorust 6picTporo asromaruydeckoro puddepennuposanus (BAJL) — aro 06-
muit 0IX0 K i HepeHITupPOBAHNAIO CJIOXKHBIX (DYHKIIHI, BOSHUKAIOIIMNX B MHOT'O-
IIaroBbIX Iporieccax. Ilo cBoeil cyTm 3Ta MeTOI0JI0rUs IIPECTaBIIsIeT cOOOI MeToJ
MHOXKUTEJEH JlarpaHka, KOTOPBIf MPUMEHSIeTCsT K JUCKPETHOMY BapUaHTy 3aadn
ONITUMAJILHOIO yIpaBieHus. PaccmarpnBaemast 3ajada ONTHMAJIBHOIO yIPAaBJIEHUS
B 9TOM ciy4dae (POPMYJIHPYETCs B KOHEIHOMEPHOM IpocTpaHcTBe. ['pajimeHT dyHK-
[MOHAJIA BBIYUCJISETCS C IIOMOIIBIO CONPSIKEHHON 3a/1a4l U OIPENeJIsaeTcs Cpa3y B
jauckperHoM Bujie. BAJI-MeTo0/10rus TO3BOJISIET BBIOPATH TAKYIO AITPOKCHMAIUIO
COTIPSI?KEHHON 3aJ[a4uu, KOTOPas COTJIACOBAHA C NUCKpeTH3arueil mpsaMoil 3a1a9u U C
aIrpokcuMareii 1esesoro dyaknnonasta. OHa npeiaraer kaHoHudeckue hopmy-
JIBI, TIO3BOJISIIONIE TOYHO BBIYHUC/ISTH IPAJINEHT 11e1eBOi (DYHKIMH JUCKPETHON 3a/1a-
YU OITUMAJILHOTO yiipaBienus. Vcnosb3oBanue b A JI-meTo/0/10rnm no3Bosisier mosry-
YUTHh TOYHOE 3HAYEHNE I'PAJIEHTa JUCKPETHOTO eJIeBOr0 (DYHKIIMOHAJIA TPU HAJIHINN
JIICKPETHBIX CBA3€il 32 BpeMsl, He IIPEBOCXO/ISINEe YTPOEHHOTO BPEMEHN BBIYHCJIEHUS
camoii pyHKIUN.

BAJI-merononorust — HEOOXOAMMBINT KOMIOHEHT [IPU PEIeHUN 3324, B KOTOPBIX
BBIYUCJIEHUE [TPOU3BO/HBIX “BPYYHYIO  CJIUIIKOM CJIO2KHO, & TPaJUIMOHHBIE YNCJIEH-
HBIE METOJbI OIPE/IEJIEHUs TPAJINEHTa PADOTAIOT ¢ HEIPUEMJIEMO TOYHOCTHIO. DTOT
1o/1X0/1 OKa3aJjicsa 3(pHEKTUBHBIM U [IPU BBIMHUCIEHUN T'PAINEHTA JIOCTATOIHO CJIOXKHOMN
GbYHKIMM MHOTHX IlepeMeHHBIX. 113 obrux dopmyst muddepeHmpoBaHns HECT0XKHO
nostyauth dopmyiabl BAJL st onpenenenus rpajuenta QYHKIUNH MHOIHX [EePEMEH-
vbix. [Ipy 9TOM BBIYHC/IEHNE 3HAYEHUST (DYHKIINHU TIPEJICTABIISIETCS KAK MHOTOIIATOBBIH
IIpoIiecc, B KOTOPOM BBEJEHBI HOBBIE (Da30BbIe IEPEMEHHbIE. ITH (DAZOBbIE ITEPEMEH-
HBIE ABJISIOTCS (DYHKIUAMEA HE3ABUCUMbBIX IIEPEMEHHBIX, 10 KOTOPBIM HIILyTCS ITPOU3-
BOJIHBIE 3aJIaHHO (DyHKIUN.

BAJI-merononorust UCob3yeTcss Py PEIeHN: MHOTUX 3aJad, MO3BOJIsAs HalTH
MIPOU3BOJIHBIE CJIOXKHBIX (DYHKIUH ¢ BHICOKOH TouHOCTHIO. Pazpaborannsie 8 BIT PAH

*Pabora BbinosiHeHa npu dpunancosoit nomaeprke PODU (npoekrsr 17-07-00493a, 17-07-00510a).
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MeTO/Ibl, ucrojb3ytompe bA JI-mMeronosioruto, 3 (peKTUBHO UCIIOJIB30BAJIUCH TIPU Pe-
IMEeHNN MHOTUX TE€OPETUIECKU CJIOKHBIX ITPUKJIaJIHBIX 3a/iav, TMEIOINX 60.}'1]311106 3Ha-
qeHue JIjisi HAPOIHOrO X03siicTBa Hameil crpansl. Hanpumep, oHE ObLIN TPUMEHEHBI
[IpU PEIIEHUN AKTYaJbHBIX 33J[ad U3 00JIACTH MATePUAJOBEIACHUS, IPU PEIEHUN 3a-
JIaqy MOJICJIMPOBAHUSI U YIIPABJIEHUSI IPOIIECCOM CBAPKU MaTEPHAJIOB, 384 yIIPaB-
JIEHHST TIPOIECCOM KPHUCTAJUIN3AINN METAJIIA B JIUTEHHOM JeIe.

CTABUIM3AIMS TEJIA B QJIEKTPOMATHUTHOM ITOJIBECE
(STABILIZATION OF A BODY
IN THE ELECTROMAGNETIC SUSPENSION )*

A. A. ®egiokos (A. A. Fedyukov)

Huoicezopodckuti 2ocydapecmeennoiti ynusepcumem um. H.H. Jlobauescrozo,
Huoienuti Hoszopod, Poccus

TeleginSasha@yandex.ru

IIpu mepexoze OT HETUHENHON MATEMATHIECKON MOIE/N yIIPABISEMOro 00bEKTa K
JInHEeHO#M Mozesn cucremy auddepeHINaIbHBIX YPABHEHU JINHEAPU3YIOT B OKPECT-
HOCTH COCTOsIHHA pPaBHOBECHA. TeM CaMbIM HaKJIa/JIbIBa€TCd HEKOTOPOE OI'PaHUY€HUE
Ha 00J1acTh (Pa30BOTO MPOCTPAHCTBA. B 3TOit 0b/1acTu JnHeitHAsT MOJEIb HoJtee WIn
MeHee aJIEKBATHO OIMCHIBAET PEAJbHBIN OOBEKT. 3aMETUM TAKKEe, YTO B PEaIbHBIX
yCIOBHUSAX pabOTHI CHCTEMA JIOJIKHA HAXOJIUTHCA B OOJIACTH €€ JIOMYyCTUMBIX COCTOSI-
Huii. B ¢BsA3U ¢ 9TUM BO3HUKAET HEOOXOIWMOCTD YUUTHIBATH B MOJE/IA OTPAHUICHUS
Ha (pa30BbIe ITIepeMeHHbIE 00bEKTA.

B pabore paccmarpuBaeTcs 3ajada CUHTE3a YIPABJICHUs 0 BBIXOY, obecrednBa-
IOIIEro CTAOMIIN3AINIO HEYCTONIMBOIO 0ObEKTa ¢ OrpaHUIeHusIMU Ha (Ha30BbIe Mepe-
MenHble. OHa sIBJISIETCsI CJIOXKHON U aKTyaJIbHOW B HACTOSIIEE BPeMsI [1, 2]. Tloaxon
K PEIeHNI0 OCHOBAH HA IPUMEHEHWH MeToma (pyHKiuil JIsmyHoBa m ammapara Jin-
HeHHBbIX MaTpPUYHbIX HepaBeHCTB [3]. CdopMyIupoBaHbl HOCTATOYHBIE YCJIOBUS IS
CYIIECTBOBAHUS PETYIISITOPOB.

VYpaBHeHUsT IBUXKEHUS TeJla B JIEKTPOMATHUTHOM IIO/IBECE OIHOCTOPOHHErO Jefi-
crBust [4], nMmeroT B

CLI2 CL - CLI .
L % S, i+ +RI=U(t), 1
2(6 —y)? g G-y -9’ 0 @)

rje m — MacCCa BBIBEHIEHHOI'O TeJjia, Yy — KOOPJ/MHaTa BBIBEHIEHHOT'O TeJia, g — YCKO-

my

penue cBobOHOTO Majenusi, C, — KOHCTPYKTUBHBII TapaMeTp, § — BeJIMYnHA HOMU-
HaJIBHOI'O 3a30pa MeK/1y 3JIEKTPOMalrHUTOM M BBIBEIIEHHbLIM T€JIOM, I — CHJIa TOKa B
aJIeKTpOMarauTe, R — couporusiienue B rienu sjiekrpoMarauta, U (t) — Hanpsikenue,
IIOJIaBAEMO€e Ha JIEKTPOMATHUT.

Cocroginue pasnoBecus cucrembl (1) omnpenensiercs pasencrBavu y = 0, y = 0,

I =1, tne I. = /262mg/Cy. Tlepeiinem Kk Ge3pasMepHbIM BeJUUAHAM. BBesem
HOBOe Ge3pasMepHoe BpeMsl t, = /2g/dt u obosHauenust ©1 = y/3, xa2 = y/+/2g0,

*Pabora Boinosinena npu ¢gpunancosoit nognepxike PODU (npoekrsr 16-01-00606 u 18-41-520002).
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23 =1/I.—1,u=+/§/(49>mCL)(U(t)— RI.) n tuHEApU3yEM CHUCTEMY B OKPECTHOCTU

cocrosinus pasHoBecus. [lomyunm

& = Az + Bu, (2)
riae
T 0 1 0 0
= |z |, A=1[|1 O 1], B=|0], azg—é ;
T3 0 -1 —a 1 LY <9

Beenem y = C'x — usmepsiembrit Bbixog, cucremsl, z; = Cix, ¢ = 0, 1, — BBIXOIBI, OIIpe-
JeJIstolne orpanndenns Ha (a3osbe nepemennsie, riae C' u C; — 3aIaHHble MATPUIIBI
COOTBETCTBYIOIIETO Pa3Mepa.

Tpebyercst IOCTPOUTH JIMHAMUYIECKUI PErYJISITOP BUIA

& = Arxy + By,

(3)
u=Crz, + Dy,

rne z, € R® — cocrosmme perynstopa, r,.(0) = 0, obecrneanBaroniuii aCHMITOTH-
YECKYIO yCTORYUBOCTH 3aMKHYTON cucreMbl (2), (3) €O cTeneHbo ycTORIMBOCTH He
MEHBbIIIEe ﬂ U1 BBIIIOJIHEHUE HpI/I 3a/laHHbIX 3HAYCHUAX ’yo n 71 OFpaHI/IquI/Iﬁ

1t < iy ) — ,]_. 4
max |z ()] <% =0 (4)

Teopema. ITycmob nauaavroe cocmosmue o, mampuyss X =XT >0, Y =YT>0
u eeaununvt v;, ¢ = 0,1 ydosaemsopaiom cucmeme AUHETHLLT MAMPUYHLT HEPQ-
8eHCME

WE(ATX + XA+28X)We <0, Wae (VAT + AY +28Y)Wer <0,
(5)

X B >0, zg Xz <1, trace(CiYCzT) <42, i=0,1,
Isxs Y

2de cmonbyv, mampuy, W v Wpr obpasyrom 6asucw. adep mampuy, C u BT coom-
sememsenro, m.e. CWe =0 v BTWgr = 0.
Ilonootcum

A, B, (A 0 (0 B
9_(C’r Dr)’ AO_(O 03x3)7 BO_<13><3 0)’

0 Isxs x o Y Yy — X1
Co = (C 0 ) Te = (xr) Y= (YXl YXl)’
20e I3x3 u O3x3 — €OUHUNHAA U HYAEBAL MATMPULDL.

Tozda 6ce mpaexmopuy 3amxrymot cucmemss (2), (3) ¢ HAUAALHVMU YCAOBUAMU
7.(0) € {zc: XY "1z, < 1} ydosaemsoparom oeparunenuam (4). Hapamempo peey-
aamopa (3) das cucmemsvs nPu 02PAHUNEHUAT NG Pa306ble NEPEMEHHBIE BLINUCAAIOMNCA
KK peWeHue OmHoCUMEAvHO nepementott © AUNETiH020 MAMPUNHO20 HEPABEHCTNEA

v+ PTeTQ +QTer <o,
2de U =Y AL + A)Y +28Y, P=CoY uQ = By.
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IIpumep 1. Ilpeamnoso:kum, 9TO JOCTYIIHA U3MEPEHUIO BEJIUUNHA I3, IPOIOPITN-
OHAJIbHASI CUJIE TOKA B IEIH IJIEKTPOMATHATA i = X3. UUCTEHHOE PEIleHne IPOBEIEHO
B makere MATLAB npu 3navennn napamerpa o = 7.5 U HAYAJIBHOM COCTOSIHUU CH-
crembr (71,72, 23)T = (0.05,0,0)T.

It obbexTa (2) pemen psiz 3anad. Ha murockocTn nmapaMeTpos Yo U 1 TOJYIeHO
MHOKECTBO TOY€EK, JIJIsT KOTOPBIX CYIIECTBYET TUHAMUYIECKUN PEry/IsaTOp, 00ecevInBa-
IOIIUNA aCUMIITOTUYECKYIO YCTOUYUBOCTD 3aMKHYTOI CUCTEMBI CO CTEIIeHbIO yCTONYIN-
Boctu He MenbIne J = (.1, 1 BBINOJIHEHBI OTPAHUICHUS

I?§3<|$1(t)| < 70, 1?§8<|:1:3(t)| <7,
rJe £1 — BeJIMYUWHA, IPOIOPIMOHAIbHAS CMEIIEHUIO Testa. BHe 9Toit objiacTu cucrema
MATPUYHBIX HepaBeHCTB (5) HepaspemmMa. B uwacrHOCTH, s 3HauUeHust o = 0.07
IIOJIy4eHO MUHHUMaJbHOe 3HaveHue y; = 0.1367. Marpuna nmapaMeTpoB peryJsiTopa,
KOTOpasI COOTBETCTBYET STUM 3HAUECHUSM, IMEET BUJT

—297.48 —61.65 —144.92  99.98
(AT BT)_ —43.00 -9.35 126.31  161.53 (©)
C, D, 1.47  —11.91 —281.82 —283.99 |"

2.29 11.70  282.31  288.90

B paGore yKa3aHO MHOXKECTBO HAUAJIBHBIX COCTOSIHUIA, IIPH KOTOPBIX peryisarop (6)
crabum3upyer 3aMKHYTYIO cucreMmy. 1IpOBeJieHO CpaBHEHHE IIOJIyYE€HHOIO 3aKOHA
YIPABJEHUs C 3AKOHOM YIPaBJIEHUs 110 BBIXOAY, OOECIEYUBAIONIEIO CTAOUIN3AIIUIO
obbekTa (2) 6e3 yduera orpanuuenuil Ha x1(t) u x3(t). [Tokazano, 9ro Takoit pery-
JIATOP HEIPUMEHMM K DEIICHUIO JaHHON 3ajaqu. IIpoBeJeHO CpaBHEHUE IIOBEICHUS
JMHeapu30BaHHOH (2) w HesmHelHON (1) Momenet oObekTa MpH HAIEHHBIX yIIpaB-
senusix. Pacdaersr nmokasasm, uro peryiasarop (6) crabuimsupyer HeJIMHEHHYIO MOJEIb
JIEKTPOMAIHUTHOI'O [IOJIBECA [IPU 38 [AHHBIX OIPAHUYEHUAX Ha (DAZ0BbBIE IIEPEMEHHDIE.
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HoOMOTOPY AND FIXED POINTS OF SET-VALUED MAPPINGS
ON ORDERED SETS AND SOME APPLICATIONS

T. N. Fomenko

Lomonosov Moscow State University, Moscow, Russia

tn-fomenko@yandex.ru

The report is in part based on joint results by T. N. Fomenko and D. A. Podoprikhin
(2018). The concept of a set-valued homotopy is introduced for set-valued mappings of
ordered sets, and some related problems are considered. In 1984 Walker [3] introduced
a concept of a homotopy for isotone mappings of ordered sets. It follows from the
paper by Stong [4] that the isotone homotopy by Walker is a particular case of a
topological homotopy, for mappings of finite ordered sets. In [5], we removed the
condition of the isotone property and extended the concept of homotopy. In this
report, the concept of a set-valued homotopy is introduced.

Let (X, <) be an ordered set, zg € X, and F,G: X = X be set-valued mappings.
Let Fix(F) :={r € X |z € F(x)} and T(x, <)(z0) := {y € X | y = 20}. Let us recall
that the order <* such that z < y < y <* x is called the dual order with respect to
the order <. We denote Ty - (z) :=T(x,<+)(2).

Definition 1. A mapping F': X = X is called isotone if for any x € X, any
y € F(x), and any 2’ € X, 2’ < z, there is an element 3’ € F(2') such that ¢y < y.

It should be noticed that, unlike the case of a single-valued mapping, the isotone
property of a set-valued mapping F': X == X with respect to the order < is not
equivalent to its isotone property with respect to the dual order <*.

Definition 2. Following [6, 7], we say that a mapping F: X = X covers a
mapping G: X = X on a subset D C X if, for any € D such that there are
elements u € F(z) and v € G(z) with v < u, there exists 2’ € D, ' < z, such that
v € F(a').

It is clear that the identical mapping Id: X — X is isotone relative to the order =<
as well as relative to the dual order <*. In addition, Id covers any mapping F': X = X
relative to the order < as well as relative to the dual order <*.

We notice that a set-valued mapping G: X = X covers the identical mapping Id
on X (relative to the order <) if, for any 2 € X such that there is a value u € G(x),
x = u, there exists a point 2’ € X, /' <z, z € G(a).

Let S(G; <) stand for the totality of pairs of the form (.5, g), where S C X is a chain
in X, g: S — X is a single-valued section of the mapping G on S, that is g(z) € G(x)
for all x € S, and the following conditions hold:

(1) g(z) 2z for all x € S;

(2) forallz,y € S, z<y=z=g(y).
Similarly, we define S*(G; <) := S(G; <*).
Given a point zg € X, we denote

S(zo, G; =) == {(S,9) €S(G; =) | § € T(x,<)(z0)}-

Definition 3. Given mappings F, F’: X = X, we say that the mapping F’
magjorizes the mapping F' at a point € X (with respect to the order <) and write

97



F A~ F' at z if, for any v € F(x), there is an element u € F’(z) such that v < w.
Similarly, we say the mapping F' minorizes F at x € X (relative to <) and write
F N, F' at x if, for any v € F(x), there is an element u € F’(z) such that u < v. We
say that F¥ 2 F' (F N\ F') on asubset D C X if F &~ F' (F N\ F') at every point
rzeD.

It is clear that if I ~ F’ with respect to the order =<, then F' \, F’ with respect
to the order <*.

Definition 4. Let mappings F,F’: X = X be given. A set-valued homotopy
connecting the mappings F' and F’ is a finite family of set-valued mappings of the
form H = {Hy, H1,...,Hy,}, where H,: X = X, k=0,1,...,n, Hy=F, H, = F’,
and Hy  Hyyq with respect to the order < or the order <*.

The following statement is valid.

Theorem 1. Given mappings G,G': X = X on an ordered set (X,=<x), let
xo € Fix(G). Let also a set-valued homotopy Q = {Qo, Q1,-..,Qn} be given, joining
the mappings G and G', where Qo = G and Q, = G'. In addition, let, for any k,
1 < k < n, the following conditions be fulfilled with respect to the order =< (the dual
order =<*):

(1) Qr-1 \ Qr;

(2) Qr is isotone;

(3) for any pair (S,qx) € S(xo, Qr, =) ((S,qr) € S(xo, Qk, 3*)) the chain S has
a lower (relative to the corresponding order) bound w € X, and there is an
element v € Qr(w) such that v X w (v 2* w) and v is a lower bound of the
chain qi(S) (relative to the corresponding order).

Then, each mapping Q. has a fized point, k = 1,...,n. In particular, Fix(G') # @.

Theorem 1 is a generalization of [8, Theorem 6].

In the report, some more general statements will be presented on the preservation of
fixed points under a set-valued homotopy of a set-valued mapping of ordered sets. In
addition, similar questions will be discussed with respect to the existence and existence
preservation of coincidence points of a pair of set-valued mappings of ordered sets.

Now, let us consider an antagonistic (zero-sum two-person) game, where a game
function f: X xY — R is given on the product X x Y of the admissible strategy
spaces X and Y. In this case, player I seeks to maximize a value of the function
f(x,y), and player IT seeks to minimize it. In this case, the play behavior (play rules)
of the players I and IT may be described with the following set-valued mappings (if
the involved maxima and minima exist) (see, e.g. [1]):

B(z) = {y lyeY, flz,y) = Lg’gf(w,@i)},

Ay) = {I |z eX, f(z,y) = gg;f(i,y)}

Definition 5. In the described situation a pair of strategies (xo,yo) is called an
equilibrium strategy if the following conditions hold:

ro € A(yo), Yo € B(wo).
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It follows from the definition that a point (zg, o) € X XY is equilibrium if and only

if the point (o, yo) is a fixed point of the set-valued mapping P=Ax B: X xY =

X

ga.

in

x Y, where P(z,y) = (A x B)(z,y) := A(y) x B(x).

We notice that the described notion of an equilibrium strategy in an antagonistic
me is a particular case of the more general well-known concept of Nash equilibrium
game theory (see, e.g., [2]).

In the report, some statements will be presented on the existence of equilibrium

strategies as well as on the preservation of the property of the existing equilibrium
strategies under some discrete transformations of the game function.

1.
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PATH PLANNING OF A CONTROLLED OBJECT
IN A PROBLEM OF INCREASING THE STEALTH WITH CONSTRAINTS
ON LENGTH AND CURVATURE OF TRAJECTORY"

A. A. Galyaev, P. V. Lysenko
V.A. Trapeznikov Institute of Control Sciences of RAS, Moscow, Russia

galaev@ipu.ru, PashLys@yandex.ru

An optimal path planning problem of a controlled object with constraints on the

length and curvature of the trajectory with the objective of minimizing the integral
level of useful signal received by an observer is solved. The solution is modelled and
illustrated with some examples.

*This research is partly supported by the Russian Foundation for Basic Research (project no. 16-
08-01076-a).
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Introduction. The history of path planning problems of controlled moving ob-
jects with the objective of optimizing the mission’s criterion (optimization criterion)
traces back to 1887, when A. A. Markov was the first to examine the so-called Dubins
car problem, where one needs to find the time optimal trajectory of a vehicle on
a plane under a constraint on the curvature radius of the trajectory. The known
solution, shown in [1] for example, is based on the Pontryagin maximum principle.

Classical optimization criteria are energy consumption, time or miss, as in [2].
Recently, non-traditional criteria have attracted interest, such as increasing the stealth
during the passage through a threat environment with regard to a potential threat
map, as in [3-5]. When solving the path planning problem where a controlled object
moves from a fixed start point to a fixed end point, the integral level of useful signal,
which is a mission success criterion, is minimized. In these problems the control vector
is the velocity vector of the moving object.

The specific features of the considered problems of increasing the stealth is that
the instant level of signal I received by an observer or sensor depends on the current
distance between the sensor and the evading object D, as well as on the absolute
instant velocity of the object v for some types of physical fields. The parameter I is
called the risk of detection. This dependence can be described with the power model

U’m

In this work the path planning problem with constraints on the length and curva-
ture of the trajectory with the objective of minimizing the risk of detection acquired
along the trajectory is considered. The solution is illustrated with examples of optimal
paths of a controlled object.

Maximum principle in the problem of path planning of controlled object.
The optimal control problem is as follows. Find a trajectory r(s), a(s) and a control
k(s) such that

% =n(s), n(s) = (cosa(s),sina(s))T (1)

with the boundary conditions
r(0) =ra, (2)
o(r(S)) = @(rp) = 0, (3)

which minimizes the integral functional

S
R(r(), a(), k() —/O f(x(s))ds — r(,),gl(i_?,k(.> )

under the trajectory-length constraint

and curvature constraint
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The trajectory of a moving object with S = 3.5.

Here r(s) € R?, a(s) € R, and r(s) € C1(0,5). The curvature k(s) € £(0,9) is
chosen as an admissible control.

Here f(r(s)) is a function of the risk level. The criterion is a curvilinear integral
along the whole trajectory (ds is the length element of the trajectory). As the terminal
conditions, one can choose, for example, the following: r(S) = rp, the radius vector
of a given terminal point, or ®(rp) = 0, the equation of the boundary of a given
terminal domain.

This problem can be solved with the maximum principle.

Theorem 1. Let conditions (1)—(6) be met and let t°(s), a’(s), k%(s) be a problem
solution. Then one can find a VU(s) = (Y1(s),¥2(s),¥s3(s)), a constant X > 0, not
equal to zero simultaneously, and a constant \1 such that

. oOH . oOH
1/)1,2(3):*57 1/)3(5):*%,

H(x% % k% W) =\ for almost all s € [0, 5],
H(x o k,0) <)\ Vk(s) € [-K,K], Vs€[0,9],

where
H(r, ok, W) = (U(s), (n(s), k(s)") = X = f(x(s)),

and the vector U(S) is transversal to the surface ®(r(S)) = 0.

To solve this optimal control problem, one needs to solve the supplementary prob-
lem of finding the optimal trajectory of evading with constraint on the trajectory
length, which was solved previously in [6].

To validate the solution, a computer simulation with Python has been carried out
in the case of a controlled object moving on a plane from point A to point B when
f(r) =1/(r,r). This example is shown in the figure.

The optimal trajectory, as well as the one in the time optimal Dubins car problem,
consists of intervals of turning with maximal curvature (AC and DB) and a special
interval (CD), where the trajectory length constraint is active. Optimal parameters
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for this interval are the result of solution of algebraic integral equations that include
normal Legendre polynomials of the first and second kind, which is based on the
solution of an optimal control problem from [6].

1.
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HYPOELLIPTIC DIFFUSION, CHU DUALITY AND HUMAN VISION

J.-P. Gauthier

In neuroscience, there is a model of the primary visual cortex of mammals V1
a subriemannian structure over the group SE(2) of motions of the plane. The

Hypoelliptic diffusion associated with this metric is used for the purpose of image
completion or image reconstruction.

In my talk, I shall present the theory, together with a semi-discrete improve-

ment of the model more in accordance with the discrete structure of V1, over the
group SE(2, N) of discrete rotations and all translations. The group under consider-

ati

on being maximally almost periodic, and therefore subject to Chu duality, there

is a much simpler harmonic analysis on it. It results in nice and efficient algorithms
both for image completion and pattern recognition.

A preliminary version of the full work may be found in [1].
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In computation theory it is known that the three-state element is most efficient for
classical computers, but its realization remained a problem for many years. Progress
was achieved during the 1990s. The optimal number of states in the physical system
for the expression mod p, where p is a prime, is 3. Indeed, if we denote by N, this
number, it is known that N, = f(p)Na, where f(p) = p/(2logyp). The function
N, /N3 has the minimum when p = 3 (see [1]).

In the quantum world the many-level systems are ordinary ones. We will consider
one possible version of a quantum processor based on a many-level quantum system
and investigate its controllability from the geometric control theory point of view
(see [2]). For our purposes, we construct a special Hamiltonian case for a hydrogen-
like atom moving in and interacting with a quantized electromagnetic field. The
general form for such a Hamiltonian includes the center-of-mass motion and all the
modes of the interacting field (see [3]). We consider the following assumptions about
atom—photon interactions:

(i) all the atom—photon interactions are the electric dipole;

(ii) only three atomic levels are included in the interaction;

)
(iii) two quantized resonator modes interact with this three-level system;
(iv) each couple of levels interacts with only one of these modes;

(v)
The levels of the third couple interact only by means of an intermediate level, and
we permit but do not consider the center-of-mass motion and large detuning from
resonances, which cause the state entanglement. In our consideration the general
form of the Hamiltonian in the electric dipole approximation is Hy.g = —pE(R,t) =
—erE(R, t), and we will transform it for a three-level atom interacting with two modes

of quantized fields of radiation.

only two couples of levels among three possible ones interact directly (see [4]).

Hamiltonian for internal degrees of freedom of non-interacting atom.
We consider internal degrees of freedom of a three-level atom. Due to assump-
tions (i)—(v) only two couples of energy states are involved in the interaction. In
all cases, the intermediate state with energy F; = hw; is labeled by the state vec-
tor |i). From other states, the state with higher energy is called excited, denoted
E. = hw, and labeled by the state vector |e). The remaining energy level is called
the ground level, denoted E; = fw, and labeled by the state vector |g). All of them
are eigenstates of the Hamiltonian H atom Of a non-interacting three-level atom:

Hatom|e> = ﬁwe|e>, Hatom|i> = hwzm» Hatom|g> = ﬁwg|g>. (1)

*The work was supported by the Shota Rustaveli National Science Foundation (grant N FS 17-96).
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Using the completeness relation |e){e| + |i)(i| + |g){g] = 1 and the orthonormality
condition (j||j/) = &; for the Hamiltonian of a three-level atom, one can easily
obtain

Hatom = (le)(el + [0) (il + 19)(g]) Hatom (le) {e] + [0)(i] + |9){g])
= Eele){e| + Eili) (i| + Eylg){gl- (2)
The electric field operator. Consider two modes of the radiation field, as-

sume that the radiation field is formed in a three-mirror standing wave resonator and
decompose the electric field strength in the resonator as follows:

ER,t) = Foaua(R)i(a — ™) + Fopup (R)i(b — b1), (3)

where -FOj = th/(2€0‘/j)7 _] =a, b.

Here, u; (R) represents the mode functions of the resonator at the position R of the
atom, and {2, and 2 are oscillation frequencies of the field. In a classical treatment,
at, b+ and a, b are time dependent amplitudes. In our present treatment they are
operators which obey the commutation relations

aat —ata=1, bbbt —bth=1.

With their help, the quantized field Hamiltonian can be written in the form
Hiela = iQqata + bt b. (4)
Here, we neglect the zero-point energy.

The interaction Hamiltonian. Consider the Hamiltonian of electric dipole
atom—photon interactions

H.g = —eiB(R,t).
Substituting into this expression the expressions of the dipole moment operator er
and the electric field operator +E(R,t), we obtain
Heg = —Foui[pigua(R)6ig + peitp(R)5 4] (@ — a™)
— Fovi [peits(R)6ei + ety (R)dic | (b — bT). (5)
This expression contains the scalar product pu of the dipole moment and the mode

function u. As this product is a complex quantity, we represent it in the following
manner:

pu = |pule’?, (6)

where ¢ is the phase. Substituting (6) into (5), we can write the Hamiltonian of
electric dipole atom—photon interactions in the form

2 g u(l IA{' ~ . et uh IA{' ~ —1 ~ ~
F[ ﬁ/—" 7/ |p ( )| i 1Pq |p ( )| i 1Pq ( +)
61 IA{’ A . et u ) IA{' ~ —1 7 7
ﬁ7: |@ b( )| ; 10 |p ( )| ; 10 (l l+) (7)
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Introducing the Rabi frequencies

iuaf{ es U ].:A{
ol gy @)

one can represent the interaction Hamiltonian (7) as

ga(R) ]:0177

Hip = hga(R)(—0) (649" + Ggie™ ) (a — a™)
+ hgp(R) () (6ei€™ + Gice ") (b — b). (8)
Introducing the difference of phases d¢ = ¢, — ¢, in the Hamiltonian (8), we obtain
Hyg = hga(R)(—0)(6ig€"% + Ggie %) (a — a™)
+ hgy(R)(—i) (&eiei(‘;‘p*“"“) + &ieeﬂ'(‘;‘p*%)) (b—bH). 9)

In quantum mechanics, only the difference in phases is important, so in (9) we can
put ¢, = 7/2 and finally obtain

Heg = hga(R)(Gig — 64i)(a — at) + hgy(R)(Geie % — 65.€P%) (b — bT).  (10)

Expression (10) is the final form of the exact Hamiltonian responsible for all atom—
photon interactions between the three-level atom and two modes of the electromagnetic
field.

This Hamiltonian will be used to study the controllability of the considered quan-
tum system.
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PEJIAKCAITMOHHBIE KOJIEBAHUS B MOJIE/SIX HEMPOHHBIX CUCTEM
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IN NEUROSYSTEM MODELS)*

C. . I'mezun (S. D. Glyzin), A. FO. KosecoB (A. Yu. Kolesov),
H. X. Posos (N. Kh. Rozov)

Omden npuksadnvix cemeswvr uccaedosarutd HI[9 PAH, Yepnozonoska, Poccus
Hpocrascruti 2ocydapemeennviti yrusepcumem um. I1.1. Jemudosa,
Hpocrasav, Poccus
Mocxosckuil 2ocydapcmeennuti yrnusepcumem um. M.B. Jlomonocosa,
Mocxsa, Poccus

glyzin.s@gmail.com, kolesov@uniyar.ac.ru, fpo.mgu@mail.ru

MopnenupoBanue JUHAMUKY U3MEHEHUS JIEKTPUIECKOTO TOTEHITNAIA, HEPBHBIX KJIe-
TOK CBSI3aHO B 1epBYI0 odepesb ¢ paboramu A.JI. Xomkkuaa u A.®@. Xakciu. DTum
aBTopaM B crarbe 1] BIepBbIe ya0Cch IPecTaBuTh (DEHOMEHOJOTUIECKYIO MOJIEh,
[TOJIy9EHHYI0 Ha OCHOBE COOTHOIIEHUN OAJIAHCHOTO THUIIA, TAK, 9TO €€ JUHAMHUKA ITPU
HaJJIeXKaIleM BBIOOpEe mapaMeTpoB 00JIaJaeT OCHOBHBIMU KAaU€CTBEHHBIMU CBOMCTBA-
MU, XapaKTePHBIMU /1T HAOIIOMAEMbIX B 9KCIIEpUMEHTE HEPBHBIX KJIeTOK. Bo MHOrIX
cIydasx JaHHAs MOJEJb MMeeT BIOJIHE YOBJIETBOPUTEIHLHOE He TOJBKO KAdeCTBEH-
HO€, HO 1 KOJIMYECTBEHHOE COOTBETCTBUE IKCIIEPUMEHTAJIbHBIM JTaHHBIM.

Mogens XoKkKnHa—XaKC/Id JJOBOJIBHO CJI0XKHA, ¥ IIOTOMY C MOMEHTA €€ TTOsiBJIEHUS
MIPEJUTPUHUMAJINCH MHOTOYHUC/IEHHBIE TIOMBITKU €€ YIPOIIEHUsI ¢ COXPAHEHUEM OCHOB-
HBIX 9P DEKTOB, XapaKTEePHBIX JJIsI JUHAMUKNA UMITYJIbCHBIX HeHpoHOB. B cymmupy-
IOIUAX CTaTbAX [2, 3] IPpUBEJIEH Psijl TPeOOBaHMiT, KOTOPBIM JOJI?KHA YJ/IOBJIETBOPATH
Takasi Mojiesib. Cpean 3Tux TpeboBaHuil Hanbojiee BaXKHBIM SIBJISIETCSI CyIIECTBOBa-
HU€ y Hee yCTOWYMBOIO IIEPUOJINYECKOr0 pPeKMMa UMITYJIbCHOro tuna. JIpyrum cy-
[IECTBEHHBIM TPeOOBAHUEM SIBJISETCS HAjudue y Mojeau (IIpu HEKOTOPBIX 3HAYECHU-
ax napameTpoB) bursting-adbdexra, KOTOPBIH 0Apa3yMEBAET UMILYJIbCHDI DPEKUM
C HECKOJIbKMMM BCIIJIECKAMHU Ha IIepI/IO)le. EHLG OJIHUM Tpe6OBaHI/Iel\/I7 qacTo IIpeLL'b—
ABJIAeMbIM K MOJICJIAM accouuauuﬁ I/Il\lIIy.HbCHI)IX HeI‘/'IpOHOB7 ABJIAETCA BO3MOZKHOCTH
COCyIIIeCTBOBaHI/IH Yy HUX HECKOJIbKUX yCTOfI‘{HBI)IX pe)KI/H\IOB.

Cuestyst Merojuke u3 [4] u npuMensis pPacCyKIeHUs, AHAJOIMIHBIE HCIIOJb3YEMbIM
Xomxkuabim 1 Xakesu B [1], B KagecTBe MaTEeMaTnIecKol MOJEIN OTIEJLHOIO Heii-
pona Bo3bMeM uddepeHnnaaIbHO-pa3HOCTHOE YPABHEHTE

= Alf(u(t = h)) = g(u(t —1))]u. (1)

3nech u(t) > 0 — memOpaHHBIH TTOTeHIMAT HelipoHa, mapamerp A > 0, Xxapakrepusy-
oMUl CKOPOCTh MPOTEKAHUs JIEKTPUUECKUX IIPOIECCOB B CHCTEME, MPeIIoaraercs
GosbinM, a mapamerp h dukcuposan u npunagexut uarepaay (0,1). OrHocn-
tenbno dburypupytonmx B (1) bynxmuit f(u), g(u) € C*(Ry), Ry = {u € R: u > 0},

*Pabora BblnosiHeHa npu GUHAHCOBOI moaepkke Poccuiickoro Haywnoro ¢gouma (nmpoext Ne14-

21-00158).
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MIpeJIIIoIaraeM, 9To OHU 00JIaJAI0T CBOHCTBAMU

fO)=1, g(0)=0;  f(u)+ao, uf'(u), u’f"(u) = O(1/u),
g(u) = bo, ug'(u), uw*g"(u) = O(1/u)  mpn u — +oo,

rie ag, by — HMOJOXKUTETbHBIE KOHCTAHTHL.
OcHOBHOIt pe3ysbTaT, MoJyYeHHbIH aBropamu B pabore [5] qst ypasaenus (1), co-
CTOUT B CJIEIYIOIIEM.

Teopema. Ilo a0bomy PuKcupoBaHHOMY HAMYPAALHOMY T MOACHO MaK MoJ0-
opame puzypupyrowue 6 (1), (2) napamempos h, ag, by, wmo npu ecex docrmamouro
boavwux A ypasnenue (1) 6ydem umemsv SKCNOHEHUUAADHO OPOUMAALHO YCTNOT YU~
soull yuka u = uy(t, \) nepuoda Ty(N), 20e Ti(X) npu A — 0o cmpemumes K Hexomo-
pomy Kornewnomy npedeay T > 0. Cama orce Pyrkuyus u.(t,\) na ompeske epemeru
daunv, nepuoda donycraem poeHo n Nodpsd UOYWUT ACUMNIMOMUYECKY 8bICOKUT (No-
padka exp(Ah)) scnaeckos npodossicumenvrocmu At = (141/ag)h, a sce ocmanvhoe
6PEMA OHA ACUMNIMOMUYECKU MAA.

Wapivu cjioBaMu, mpu yKa3aHHOM BbIOOpe mapameTpoB h, ag, by peasmsyercs
bursting-sddext. B cepun pador aBropos (cm. [6]) Ha ocroBe Mogesu (1) pacemoTpe-
HBbI acCoIuaIlvuy UMITYJIbCHBIX HeﬁpOHOB C Pa3/IMYHbIMU CBA3AMU ME2KJ/1y HUMU. AHa—
JIN3UPOBAJIHCH 331249 ¢ JudDY3UOHHON U CHHATITHIECKON CBIA3AMU MEXKLY OCIHJLIsI-
Topamu. B 1mepBom ciydae Jjisi CHCTEMBbI

’(lj = d(Uj+1 — 2Uj + Uj,l) + )\[f(uj(t — h)) — g(uj(t — 1))]Uj, _] = ]., cee, My (3)

TIe ug = Uy, Umitl = Um, d = const > 0, A > 1, B crarbe [7] 6bLIO yCTAHOBIIEHO,
9TO TPU YBEJUYEHUH 11 U IPH COMVIACOBAHHOM cTpemyenun d — 0, A — 400 B Heil
[IPOUCXOIUT HEOTPAHWYEHHOE HAKAIIMBAHUE yCTONYMBLIX bursting-nukios. Tepmun
bursting B maHHOM cily4ae O3Ha4YaeT, 4TO KOMIOHEHTHI Uj, j = 1,...,m, KaxKJ0ro
N3 93TUX IMUKJIOB ,JIeMOHCTpI/IpyIOT TO 2Ke CcaMO€ aCHUMIITOTHYEeCKOe IIOBeJIeHne, 9YTO 1
dyuKIwst u.(t, ), & IMEHHO JIOIYCKAIOT Ha IEPUOJIe POBHO N ACUMIITOTHYECKH BBICO-
KHUX BCILIECKOB. UTO 2Ke KacaeTcsi HaTypajabHOrO N, TO IPU COOTBETCTBYIONIEM BBIOOPE
mapaMeTpoB OHO MOYKET OBITH JIFOOBIM.
B ciiyyae cuHaAIITHYECKOl CBSI3U U3yYaeTCsl CJIEJyIOIIasi CUCTeMa.

’llj = [/\f(uj(t—1))+bh(uj_1)1n(u*/uj)]uj, j=1....m, ug=Un, (4)

B KOTOpO# b = const > 0, u, = exp(cA), ¢ = const € R, dynkmus f(u) Ta ke, 910 U
B (1), a dynkmua h(u) € C?(R,) taxosa, aro

h(u) >0 Vu>0, h(0) =0,

)

h(u) — 1, uh/(u), u*h"(u) = O(1/u) mpu U — +00. )

Jutst cucremsl (4) ynaercss KOPPEKTHO ONPE/IEIUTD IPEJEJIbHbI 00beKT Ipu A —
— 400, KOTOPBIM OKa3bIBAETCsI HEKOTOPast pesiefinas cucreMa ¢ 3anaszapisanueM. Ha-
JIMIHE TIPEJIETBHOr0 00beKTa CYIIECTBEHHO 0BJIerdaeT mpobIeMy OTBICKAHUST ATTPAK-
TOPOB CUCTeMBI (4) U TTO3BOJISIET, B YaCTHOCTH, IPUMEHUTH K Heil 061I1e pe3ysIbTaThl O
COOTBETCTBHU MEXK/[y YCTOWIMBBIMU I[UKJIAMHI DEJICHHON M PETaKCAIMOHHON CHCTEM.
Omnnpasich Ha 9TH pe3yIbTaThl, B pabore [8] MbI OKa3aJ/Id, 9TO IPU yBEJIUICHUA 1M 1
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[IPU TIOJIXOJISIIIEM BBIGOPE OCTAJIBHBIX IAPAMETPOB B cucTeMe (4) MOXKeT COCyIecTBO-
BaTh JIT0O0E KOHEYHOE YUCJIO YCTONYIUBBIX MEPUOANIECKUX JBMKEHUN THIIA OEryImx
BouiH. Tounee rosopsi, B [8] pedb muIa 0 COCYIECTBOBAHUI YCTONIUBBIX IEPUOIAUIECKUX
peIIeHnii, JOIMyCKAIONUX IPe/ICTaBIeHIe

U‘J:u(t+(]71)A7€)v j:]-v"'vmv

rae A > 0, a Gyukuus u(t, €) — NepuojnIecKoe PelleHne BCIOMOTaTeIbHOIO YPaBHe-
HUA

i = [A(u(t—1)) +bh(u(t — A)) In(u, /u)|u

nepuona T = mA/k, k € N.

ITepeuncrennsie cpoiicTBa ypasrenus (1) u cucrem (3), (4) HO3BOJISIOT CUUTATD UX
BIIOJIHE a/ICKBaTHbBIMUA (beHOI\/IeHOJIOFI/ILIeCKI/IMI/I MOJIeJIAMU COOTBETCTBYIOIIUX HeprO—
JAMHaAMHNYECKHUX CUCTEM.
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O HEPEI'VJIAIPHBIX TPAEKTOPUAX B SAIJAYE
BbICTPO,ZLEI;ICTBI/IH C ®AB0BbIMU OI'PAHMYEHUSIMUN
(ON IRREGULAR TRAJECTORIES IN THE TIME OPTIMAL
CONTROL PROBLEM WITH STATE CONSTRAINTS)*

M. H. T'onugaposa (M. N. Goncharova)

I'podnencruti 2ocydapecmeennviti yrnusepcumem umeny SInxu Kynaaw,
I'podno, Beaapyco

m.gonchar@grsu.by

Heo6x0/MOCTh yINTHIBAT OrpaHWYeHus (PeCypPCHBIE, TEXHOJOIMYECKHe U IIp.)
[IpU UCCJIEIOBAHUHU PA3JIMIHBIX CACTEM B SKOHOMUKE, OMOJIOTHH, (DU3NKE, TEXHUKE
7 Ip. 9aCTO IPUBOAUT K 331a9aM ONTUMAJIBHOTO YIIPABJIEHUsI ¢ (ha30BBIMU OrDAHIIE-
HUsIMA. B CBSI3U € 9TUM UCC/IEIOBAHUE 33[a91 ONTUMAJIBHOTO YIIPABJICHUS C (Pa30BbI-
MU OT'PaHUYECHUAMU fABJIAETCHA aKTyaJIbHBIM. OJ:LHOI‘/JI N3 OCHOBHBIX IIOCTAaHOBOK 3a/1a4
ONTUMAJILHOTO YIIPABJIEHUsI SIBJISIETCS 3aJ/1a9a ObICTPOIENCTBHA. 3ajada ObICTPOIeii-
CTBUs MPEJCTABJISETCS JIOCTATOYHO MPOCTON. TeM He MeHee IpHU ee UCCJIeI0BaHUU
IPOCMATPHUBAIOTCS BCE CJOYKHOCTH TEOPHUH OIITUMAJIHLHOTO yipasieHus. Kpome sToro,
HCCTIe0BaHUE 33/1a9 OBICTPOIEcTBYs ¢ (DA30BBIMU OTPDAHUICHUSIMU SIBJISIETCS BaXK-
HBIM JIJId pEelIeHnd JAPYTUX 3a/a9 OIITUMaJIbHOT'O yIIpaBJICHU D, JIJId Pa3BUTHUA CUCTEMBbI
HeO6XOJII/Il\’IbIX 1 JOCTAaTOYHDBIX yC.HOBI/Iﬁ OIITUMAJIbHOCTU, a TaKKe [JId ITOCTPOCHUA
YUCJIEHHBIX METO/0OB pelleHusd 3a/ a9 OIITUMU3aITUN.

Paccemorpum 3a1ady onTuMaaIbHOTO OBICTPOIEHCTBYS U3 HEKOTOPOil TOYKU B HAYA~
Ji0 koopauaaT O ¢ Ga30BBIM OrPAHUYEHUEM, B KOTOPOIl MOBe/IeHNE 00bEKTa OIMCHI-
BaeTcs JInHeltHOH cucTeMoil nddepeHIalbHbIX YPaBHEHNN

& = Az + Bu, (1)

IJle & eCThb N-BEKTOP (PA30BBIX KOOPJAMHAT OOBEKTA, U €CTh 7-BEKTOP MEPEMEHHBIX
ynupagaenusi, A, B — MaTpuIpl COOTBETCTBYIOMNX pa3MepHOCTed. JIomycTuMBIM Ha
HEKOTOpPOM orpe3ke Bpemenu I = [tg, 1] cumraem ynpasjeHue u, FBJSIONICECH U3~
MepuMoit Ha orpe3ke I dyHkImeil aprymenTa ¢, npuHUMAarOIei st Kaxjaoro t € I
3HAUEHWe, yJIOBJIETBOpsoIIee orpannyennto u € U, e U — 3a7aHHOE KOMIIAKTHOE
mHOKecTBO. PazoBoe orpannyenne x(t) € X st Beex t € I onpemesuM nocpecTBOM
KOMIIAKTHOTO MHOXKECTBa, X .

B pabore [1] chopmynuposana cucreMa HEOOXOAUMBIX YCJIOBUN ONTUMAIBHOCTU
JUISL TMUPOKOTO KJIACCA 3aJ1a9 ONTHMAJBHOTO YIPABJICHHUA. 3JeCh IS TPAeKTOPHIi,
JIEXKAIUX Ha TpaHure (pa3oBOr0 OrPaHMYEHMsI, BbIJIBUIAeTCsl TpeOOBaHUE DEryJIsip-
HoctH [1, ¢. 294]. B paBore [2] mokasaHbl 10CTATOUHBIE YCIOBUSI ONITUMAIBHOCTH JIJTsT
JIMHEIHOH 381091 OBICTPOICHCTBIS ¢ (ha30BBIMU OIPAHIIEHASIMHE, TIPU (DOPMYJINPOBKE
KOTOPBIX TPEOOBAHUE PETYJISPHOCTH TPACKTOPHIl HE BHIJBUTAETCS.

Paccmorpum 3aga4y (1), B kKoropoii nostoxkum © = (21, 22), u = (u1, uz),

=) m=(a ) @

*Pabora BbInOSIHEHA IIPpU (PUHAHCOBOU noziepkke MunucrepcrBa obpaszoBanusi Pecrybiuku Be-

Jlapych B paMKaxX I'OCy/IapCTBEHHOI IMporpaMMbl HAayYHBLIX ucciaefoBanuit Pecnybnuku Benapych
na 2016-2020 rr. (mudp sananus “Konseprenmus A42-167).
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Ax:
p K
(6] i/
L
M
B
D
Y
®Daz0Bast IIOCKOCTH
U={u=(u,u2) | |w| <1, [ug| <1}, (3)
X ={z=(z1,22) | 22 <1, I > 0}. (4)

Ormernm, 910 napamerp | JOJKeH MPUHUMATH JIOCTATOYHO MaJjible 3HadeHus. [ljist
OIIPE/IEJIEHHOCTU OCTAJIbHBIE TIAPAMETPHI 331291 OTpaHuIuM ycuaoBusayu b > 0, didy —
—d2d37é0,d1<0,d2<0,d3<0,d4>0,d1—d2<0.

B mockoctu hazoBbix mepeMeHHBIX (1T BBITOJHAM CJIEAYIONME MOCTPOCHUS
(pucynok). O6ozmauum wepes M = (), 2)), K = (25, 25) u G = (2§, 2§) Touxn
¢ xoopunaramu 3 = (—ds — dy) /b, 2} = (d1 + da) /b, & = (—d3 + d4) /b, 25 =1
u 2§ = (—d3 +dy)/b, 2} = (dy — d3)/b. Ormerum, uro Toukn M u G aBisrOTCH
HOJIOKeHUsIMK paBHOBecus 3ajadn (1)—(3) ¢ ynpasmerusvm v = (1,1) mw v = (1,—1)
coorBercTBeHHO. Yepes Touky O nposesem jiyry O P, SBISIONYIOCS PEIIEHUEM CUCTe-
Mot (1)—(3) ¢ yupasienunem u = (1, —1), npudem uepe3 P 0603HaYNM TOUKY Lepeceye-
HU$ 9TOH JyTHU ¢ JIMHUEH, OIpeiesisieMOil ypaBHEHNEM Xy = | U ABJIAIONIeica TpaHuIeit
dazoBoro orpannydenus. Yepes Touky P mnposejem jayry P B, aBASIONyIOCS pelieHrneM
cucreMsl (1)—(3) ¢ yupasiennem v = (1,1) 1 CTAMMBAIONIYIO B IIOJOXKEHUN DaBHOBE-
cust M soit cucremsr yror o = arccos((didz — dsdy)/(\/d} + d3+/d% + d3)). Yepes
rouky K uposenem nyry KL, asisrontytocs pemenueM cucrembl (1)—(3) ¢ yupasie-
HueM u = (1, —1) u CTATUBAOILYIO0 B NOJOXKEHNN paBHOBecHst G 9TOH CHCTEMBI yTOJI
m—a. Yepes kaxxayo Touky X ayru K L nposenem ayry XY, aBJISIONIYIOCS PEIICHU-
em cucrembl (1)—(3) ¢ ynpasinernem u = (1,1) u CTSATUBAOILYO B MOJOKEHAN PABHO-
Becust M 31oit cucrembl yros «. COBOKYIHOCTB TOY€EK Y 06pasyer Jiyry, KOTOPYIO Mbl
oboznaunm geped DA. Oboznaunm depe3 Pr mogobHoe mpeobpazoBanue, OCyIIECTB-
JISIIOITEee TIOBOPOT BOKPYT TOYKU M 110 9acoBOH CTpesKe Ha yroia «. 3aMeTHM, UTO
ayra DA nosiyuaercst u3 ayru K L nocpejcrsom npeobpasosanust Pr, a orpesok PK
[IpU 3TOM IIPpeobpazoBaHnu 0TobpasuTest B orpe3ok BD [3, c. 195]. O6osnaunm uepes
Mo OTKPBITOE MHOZKECTBO, orpanmdennoe muausavu PB, BD, KD, PK, u uepe3 M2
3aMKHYTOE MHOXKECTBO, orpanndennoe juausvmu KD, DA, LD, K L.

110



Bagaua suya (1)—(4) mus caydast, Korja HadagbHas TOUKA MPUHAJJIEKUT MHOMKE-
ctBy Mo1, nccieniosana B pagore [4]. B sToM ciaydae onTuMaibHast TPAEKTOPUST IMEET
Y9aCTOK OBUKCHUS IO TpaHuIe (pa30BOro OTPAHUYCHUS U ABJIACTCS PEryJISpHO.

Uccnenosanue 3agaqau Buja (1)—(4) mias caydasi, Korja Hada bHask TOYKA BHIOUDa-
ercs n3 MHOKecTBa My, IPUBOAUT K TTOCTPOEHUIO ONITUMAJIBHBIX TPACKTOPHUA, KOTO-
pre nMernT yqaCTOK JABUXKEHUA I10 FpaHI/IHe " HE ABJIAOTCHA perHﬂprIMI/I. B 93TOM
ciaydae JJisl JJ0Ka3aTelbCTBa ONTHMAJIBLHOCTA CTPOUTCS CONpsKeHHast (DYHKIUA, SIB-
JIAIOIAsCS CyMMOi aOCOIOTHO HeIpephIBHON (yHKIMM 1 GyHKIUA cKadka. Torma
CIPaBEIIABA CJICIYIOM AL

Teopema. Cywecmsyrom 3adaywu bvicmpodeticmseus ¢ Ga3o6vLmu 02PAHUYEHUAMU,
8 KOMOPHLIT ONMUMAALHUMUY ABAANOMCA HEPELYAAPHBIE TPLEKMOPUL.
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THREE TYPES OF DYNAMICS
S. V. Gonchenko

N.I. Lobachevsky State University of Nizhni Novgorod, Russia

sergey.gonchenko@mail.ru

We observe some recent results related to the new type of dynamical chaos, the so-
called “mixed dynamics,” which can be considered as an intermediate link between the
“strange attractor” and “conservative chaos.” We propose a mathematical concept
for these three forms of dynamics and consider several examples. The talk is based
on the results of our paper [1] with D. Turaev.
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DABOBBIN [TOTOK, ITOPOYK/IAEMBIN
HE/JIMHENHBIM YPABHEHUEM IIIPEIUHIEPA
(PHASE FLOW GENERATED BY THE NONLINEAR
SCHRODINGER EQUATION)*

A. 1. I'pexneBa (A. D. Grekhneva),
B. 2K. Cak6aeB (V. Zh. Sakbaev)

Jlemno-uccaedosamenverut unemumym um. M.M. I'pomosa, 2Kyxoscruti, Poccus
Mocxkosckuti pusuro-mexrnuveckuts uncmumym, loszonpydnut, Poccus

alice-prohorses@yandex.ru, fumi2003@mail.ru

YcranaBauBaeTCs JIOKAIbHAST OJHO3HAYHAS Pa3PelnMOCTh 3aga4n Komm gasa Mo-
JeJIbHOTO HeJImHeHHOTO ypasHeHus IIIpénuarepa Ha OTpe3Ke ¢ OTHOPOIHBIMA YCIOBH-
aMu Jupuxiie Ha ero rpaHuIie:

d
id—? = Lu(t) = —Au(t) — [ut)Pult),  te(0,T), (1)
u(+0) = uy, ug € H = Lo([0, 7]). (2)
3nech ug — 3a7aHHBI seMeHT ruabbepToBa mpocrpanctsa H = Lo([0,7]), u —

uckomoe orobparkenne npomexxkyrtka [0,7) npu Hekoropom T € (0,+00] B mpo-
crpanctBo H, ymosserBopsiiomee ypasaenuto (1) u yciaoBuio (2) B cmbicie onpe-
nesternst 1 (eMm. Huzke), A — JiMHEHHBINA OlEpPaTOP, 33JAHHbI HA IOAIPOCTPAHCTBE
X = W2([0,2x]) = {v € W2([0,2n]): v(0) = v(7) = 0} npocrpancTsa H paBeHCTBOM
Av(z) = 0" (2), x € (0, ), n npuHEUMAaOUii 3HAUEHNs B IpocTpaHcTse H, a omeparop
L: W2([0,2n]) — H — nenuneiinpiit oneparop. Omneparop —A siB/IsieTcs] HEOTPHIIA-
TEeJBHBIM CaMOCOIPS2KEHHBIM ollepaTopoM B npocrpanctse H. Jlna xaxmoro | € N
o6ozrasmM gepes H' 061acTh Ompe/ie/ienns: CaMOCOMPSZKEHHOro omeparopa, (—A)/2,
HAJIEJICHAYI0 HOPMO# rpaduka omeparopa (—A)Y2.

Omnpenenenne 1. @ymkumo u Gygem naswiath H'-pewenuem sadaqu (1), (2)
(1€ {0}UN), ecom u € C([0,T), H') u BHINIOIHEHO PABEHCTBEO

u(t) = By — i / =Dy (s)Pu(s)) ds, ¢ € [0,T). (3)
0

UccieioBansr 3¢hdeKThI 1100aJIbHOI0 CYIECTBOBaHMs penteHus 3aia4dun Komm u
BO3HMKHOBEHHUS I'DAJIMEHTHOIO B3PbIBa PelleHust 3a Koneunoe spems (cm. [1, 2]).

Teopema 1. Ilycmwv p > 0. Tozda das aobozo p > 0 cywecmeyem wucao Ty =
= T.(p) > 0 makoe, wmo ecau ug € H' u |uo|gr < p, mo sadana Kowu (1), (2)
umeem eduncmeennoe H'-pewenue na ompesxe [—T, Tk].

Teopema 2. IIycmv p > 0. Ecau dynwuyus u(z,t) asasemea H'-pewenuem sa-
dawu Kowwu (1), (2), mo E(u(t)) = E(ug) npu scex t > 0, 2de dynruyuonan snepaun
E: H' = R onpedenen pasencmseom

B = [[(GW@F - Sg@P?)dn wewi@n). @

*Pabora BbIOTHEHA TPpU (DUHAHCOBOM TO/IIepKKe rpoekTa 5-100 MOBBINIeHNsT KOHKY PEHTOCIIOCO0-
voctu MOTU cpenu Beaymux MUPOBBIX HAyYHO-O0OPa30BATEIbHBIX IIEHTPOB
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Teopema 3. Ecau 0 < p < 4, mo das mobozo ug € H' sadauwa Kowu (1), (2)
umeem edurcmeennoe H'-pewenue na noayocu Ry, npunem snanernus smozo pewe-
nua oeparuiens no H'-nopme na noayocu Ry

CaenctBue 1. FEcau 0 < p < 4, mo nyaesoe pewerue 3adavwu Kowu dasa ypas-
nerus (1) ¢ mpusuasvHbM HA¥AALHOM Ycrosuem (2) ABAAEMCA YCMOTGUUBHIM 1O
JLanynosy.

Coruacno Teopeme 3 3ajaua Korn (1), (2) onpegensier dbazossiit norok U(t), t € R,
B IIPOCTPAHCTBE HAYAILHEIX JTaHHBIX H 1.

Caencteue 2. FEcau 0 < p < 4, mo wa npocmpancmee Coboresa H' 3adaua
Kowu-/Tupuzae 3adaem odnonapamempuueckyro epynny npeobpazosarud U(t), t > 0.

B cayuae p > 4 zamaga Komwm (1), (2) momyckaer paspyllieHue penieHus HA KO-
HEYHOM MHTEpBaJe, OIEHKY JJIMHLI KOTOPOrO B TePMHUHAX HAYAILHOIO YCJIOBHUS g
no3BoJisieT 1arh dyukuuonaa J(ug) = Im f[o l zug(x)uo () de.

Teopema 4. Ecau p > 4, mo cywecmeyem ug € H' maxoe, wmo E(ug) < 0,
J(uo) < 0. Toeda cywecmeyem wucao T* = T*(G(ug), E(ug)) makxoe, wmo mounas
seprnan epans Ti npomescymxa cywecmeosanus H'-pewenus sadavwu Kowu (1), (2)
ydosaemsopsem ycaosuto Ty(||ugllg,) < T1 < T*. Kpome moeo, cnpasedausv. pager-
emea limg 7, o [|u(t)|| g = 400, lim 7, o |lu(t)|z,,, = +o0.

Cneacreue 3. Ilyemv p > 4, u nycmv ug € H' ydosaemeopaem ycrosuam
E(ug) < 0, J(ug) < 0. Tozda pewenue u(t), t € [0,T1), sadavwu Kowu (1), (2) cxo-
dumca caabo 6 npocmpancmee H x nyato npu t — 11 — 0.

Omnpeiesiena mpolelypa peryiapu3anui 3a0a49u Komm, u ucc/ae0BaHo IpeIesib-
HOE TIOBEJICHUE TI0C/IEI0BATEILHOCTH PEIICHUI Pery/IIpu30BaHHbIX 3a/1a4. B KadecTse
annpoxkcumanuii HesmHeiHoro ypassenust [IIpénuarepa (1) paceMorpum peryssipusa-
IIUIO IeTBEPTOTO MOPsIKa — MOCTIEI0BATEIHLHOCTD HeJTAHeHHbIX ypasHernit [IIpémma-
repa
z%u = Lou = —Au — |ulPu — eA®u, t>0, €e€(0,1), (5)
rae € € (0,1) — mapameTp perynspuzanuu. Peryisipu30BaHubIil (byHKIIMOHA SHEPTHN
umeer 1pu KaxkoM € € (0,1) Bug

1 1 €
E.(u) = ~|Vul|?* = ——|ulP™? — Z|Aul?|d H?.
(w) /Rd[zw glul - Au? e, e

IIpu e > 0u l = 0,1,2,... Gynem nassiBars H'-pemenueM perysispuzoBanHOI
sajiaun Ko (2), (5) ma npomeskyrxe [0,T) dynxmuto u. € C([0,7T), H(S)), yao-
BJIETBOPSIOILYIO PABEHCTBY

t
ue(t) = ei(Atedt, +/ ei(A"’EAQ)(t_S)|u5(s)|pu€(s) ds.
0

Jlemma 1. ITycmv € > 0, p > 0. Toeda Odasa awbozo uy € H? sadawa Ko-
wu (2), (5) na npomestcymue [0, +00) umeem eduncmeennoe H?-pewenue e, npuiem
E (uc(t)) = Ee(ug), t > 0.

Teopema 5. Iycmv ug € H* u T, € (0,+00) — mounaa eeprras 2pars Orum
npomesrcymros, na xomopuix cyuecmeyem H!-pewenue u(t), t € [0,T), sadauu Ko-
wu (1), (2). Toeda daa awbozo T € (0,Ty) nocaedosamenvrocmo {uc(t),t > 0}
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pewenuti 3adaw (2), (5) crodumes x pewenuto u(t), t € [0,T), sadauu (1), (2) s
mom cmvicae, wmo limeo supyepo 7 [|ue(t) — u(t)||m = 0.

Ecau T > Ty, mo ne cywecmeyem Geckoneuno manroll nocaedosamenvrocmu {€x}
maxol, 4mo nocaedosamenvrocms {ue, } cxodumesa ¢ npocmparncmee C([0,T], H).

B upennosoxenun p € [0,4) uccienosan morok B ha3oBoM IIPOCTPAHCTBE HAYAJIb-
HbIX JaHHbIX H', KoTophIi 3a1aeTcs rpymmoit ipeobpazosanuit U(t), t € R, cormacuo
ciesersuio 2. [Tpocrpanctso Cobosepa H' HavambHbIX JqanabX 3agaun Komm (1), (2)
SIBJISIETCS TIJIOTHO BJIOYKEHHBIM B IIPOCTPaHCTBO Jlebera H, a mpeobpa3oBaHus U3 IpyIl-
et U(t), t € R, coxpausior H-HopMy KaxKmoro Bekropa npocrpancrsa Cobosiesa, HO
He coxpaHsaT H-paccrosnust Mexy BekTopamu. [lokazawo, 4To CyIIeCTBYIOT €ro
[IPOJIOJI?KEHHST 10 IIOJIYHEIIPEPBIBHOCTH CBEPXY JI0 MHOI'O3HAYHOI'O OTOOparKeHusi B
pocTpancTBO H min 10 0To6parkeHns CO 3HAYEHUSIMU B MHOXKECTBE MEP Ha [IPOCTPAH-
crBe H. Kpome Toro, nmopoxaennas 3asadeii Komu—/lupuxsie rpymnmna nmpeobpa3oBa-
HUI SIBJISIETCS] TAMUJIBTOHOBBIM TIOTOKOM B HECKOHEYHOMEDHOM BEMIECTBEHHOM T'HJIb-
6epTOBOM IIPOCTPAHCTBE, ABJIAIONIIMCS OBEIIECTBIEHAEM KOMIIJIEKCHOTO CODOJIEBCKOTO
rmIL0epToBa MpocTpancTsa. VccaesoBansl anaaor Mepsl Jlebera Ha OBEIECTBICHHOM
rIBGEPTOBOM IIPOCTPAHCTBE U COXPAHEHUE STOH Mephl FAMUJIBTOHOBBIM IIOTOKOM |[3].

Crmcok Jureparypsbl
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ON THE QUESTION “CAN ONE HEAR THE SHAPE OF A GROUP?”
AND A HULANICKI TYPE THEOREM FOR GRAPHS

R. Grigorchuk

Department of Mathematics, Texas AEM University, USA
Steklov Mathematical Institute of Russian Academy of Sciences, Moscow, Russia

grigorch@math.tamu.edu

In my talk T will address the famous question of M. Kac (traced back to L. Bers
and A. Weyl) “Can one hear the shape of a drum?” in the context of groups viewed
as geometric objects. I will show that the answer is NO in a strong sense: there
is a continuum family of 4-generated pairwise not quasi-isometric groups with the
same spectrum of the discrete Laplacian. Moreover, each of these groups has an
uncountable family of amenable covering groups with the same spectrum.

The arguments will be based on the construction by the speaker of groups of
intermediate growth (between polynomial and exponential) and the results in the
spectral theory of graphs which somehow is related to the famous Hulanicki criterion
of amenability of groups in terms of weak containment of unitary representations.

The talk is based on joint results with A. Dudko.
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K PEHIEHUIO 3AJIAYU YIIPABJIAEMOCTHU
JJ1s1 OJAHOM HEJIMHENHOW CHUCTEMBI
(TO THE SOLUTION OF THE CONTROLLABILITY
PROBLEM FOR A NONLINEAR SYSTEM)*

H. JI. T'puropenko (N. L. Grigorenko),
A. E. Pymsanunes (A. E. Rumiantcev)

Mocxosckuii 2ocydapcmeernnnts yrnusepcumem um. M.B. Jlomowocosa,
Mocxsa, Poccus

grigor@cs.msu.su, rumiantcev@mail.ru

st HenwHEHON yIIpaB/IsieMOit CUCTEMbI, BBIBOJI yPABHEHUI JIBUXKEHUS KOTOPOit
cozepkuTcd B padore [1], paccmarpuBaercsa 3a/iaua TEPMUHAIBHOTO yIIpaBjieHus. Pe-
[IIeHNe TaKOi 3a/7a49u Ha OECKOHETHOM NHTEPBAJIE BDEMEHH IIPY CIEIUATbHBIX KPAEBBIX
yCJI0BHii oJiyueHo B pabore [2|. B Hacrosieil pabore IpeiioKeHo pellleHne 381891
TEPMHUHAJIBHOI'O YIIPABJIEHHUS 10 YaCTU KOOPAMHAT (Pa30BOrO BEKTOPA HA KOHEYHOM
orpeske BpemeHn. VlccieloBaHne OMUPAeTest Ha pe3yJbTaThl pabor [3-7].

ITocranoBka 3agaum. Paccmarpusaercs JBuzkeHue Bekropa (z,y, 2,0, @), yuo-
BJIETBOPSIIOIIEE YPABHEHUSIM

i(t) = —sinf(t)us(t), 0(t) = us(t),

§(t) = cos O(t) sin p(t)ua (t), B(t) = us(t), (1)
Z(t) = cosO(t) cosp(t)ur (t) —g, te€[0,Tk].

Hauassroe nonozxkenue cucremst 2(0), y(0), z(0), £(0),5(0), 2(0), 6(0), ©(0), 6(0), (0).
Koneunoe nonoxenue z(Ty), y(Tx), 2(Tk), (Tk), ¥(Tk), 2(Tk), tae T > 0 — Heduxcu-
POBAHHBI MOMEHT OKOHYaHHMA. [lapaMeTpbl ynpaBieHust uy, Uz, U3; § — KOHCTAHTA,
g = 9.8. Orpanuuenust Ha ynpasiaenust uy € [0, p1], |ua| < p, lug| < p, p >0, p1 > 0.

3adaua mepmunarvrozo ynpassenus. s 3a1aHHBIX HAYATBHBIX 1 KOHETHBIX IO~
JIOXKEHUHl CUCTEeMbI HAWTHU JOIycTUMbIe yipasienus u(t), ua(t), us(t), upu KOTOPBIX
TpaekTopust cucTeMbl (1) NEPEXOANT U3 HAYAIBHOTO IOJIOYKEHNST B MAJIYI0 OKPECTHOCTh
KOHEYHOI'O 33 KOHEUYHOe BpeMsl.

ITocTpoeHue ynpaBieHUs, PEIIAIONIEro 3a1a4dy. Yupasienue u = (u1, ug, us3)
Ha mepBoM srtane ¢ € [0,T,] Boibepem B dbopme u1(t) = g, ua(t), us(t) xax pemrenue
3a/189M YIPABJIAEMOCTH JJIsl YPABHEHUH BTOPOrO TOpsiKa Jyist KommoHeHT 6(t), ¢(t)
u3 mauasbaoro nosoxenus p(0), 4(0),60(0),0(0) B nonoxenne o(T,) = 0, $(T,) = 0,
0(T,) = 0, 6(T,) = 0. Yupas/ieHue nmeer Bu

wi(t) = u;(t, Te) = 2d1;(T) + 6d24 (T), t,t€[0,T.], 1=2,3, (2)

vae dis(T) = (=36(0) — 27.6(0))/T2, do(T) = (26(0) + T26(0))/T?, dis(T) =
= (=3p(0) — 2T%(0)) /T2, dos(T) = (2¢(0) + T.»(0))/T3. Besmuuna T, BbiGupaeTcs
U3 yCJIoBUs BBINOJIHEHUs HepaBeHcTBa |u;(t)] < p, i = 2,3, t € [0,T%] (cm. [7]). Ilpu

*Pabora BoinosiHena npu dunancoBoi noguep:xkke PH® (mpoekt Ne14-11-00539).
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OIIMCaHHBIX YIPaBJIEHUAX TPaeKTOPUA CUCTEMBI (1) B MOMEHT T* 6y;LeT HaXO0JUTh-
ca B nosumun (7)), 2(T%), y(Ty), §(T), 2(T%), 2(T%), ¢(Ts) =0, ¢(T%) =0, 6(T%) =0,
6(T.)=0.

Omnmem asroput™ BeIGOpa ynpapieHuss u = (U1, Uz, u3) HA BTOPOM 3Jrare t €
€ [T\, T1], Ty > T*, npu xpaesbix ycnosuax x(Ty), £(Ts), y(Tx), §(Tk), 2(T%), 2(T%),
(p(T*) =0, Qb(T*)’ 9<T*) =0, 0<T*) =0, x(Tl)’i'<T1)ay(T1)vy'<T1)’Z<T1)’2(T1)7 e
T} — HedUKCUPOBAHHBIN MOMEHT MPUXOJa TPACKTOPUH B IEJEBYIO0 TOUKY. B cmity
cTammonapHOCTH cucTeMbl (1) murst ympomenns o6o3HaUeHnit mamee Gy7ieM CIUTATh,
aro T, = 0, ¢(0) =0, $(0) = 0, 6(0) = 0, H(0) = 0. MoMeHT OKOHUYAHMSI IPOLECCA. B
3TOM cirydae obo3Ha4YnM 4depe3 1.

PaccmorpuM 3aMeHy mepeMeHHbIX U1, ¢(t), 0(t) Ha nepeMeHHbIe 11,72, T3 BUIA

—71 COS

72
u :\/r2+r2+ r3 +g)2?, = arct , 0 = arct
1 1 5+ (rs+g) P grg—i—g g s+ 9

N C)

rae byHkuun (11, 12, 73) ABISIOTCS yIPABIEHAEM BCIIOMOTATEIHHON 3aa11 yIIpaBye-
HUS

X
z T3

[pU TeX Ke KpaeBbIx ycioBusx. Tpaekropust w(t) = (x(t),y(t), z(t)) cucremsr (4),
SIBJISIFOINASICS PEIIEHNEM 331291 YIIPABJISEMOCTH B KJIACCE MHOTOYICHOB, NMeeT BHJL

w(t) = wo + ot + 1 (T) + co(T)E?, t€[0,7T),
rje Cl(T) = (SA(T) — BT)/T2, CQ(T) = (BT — 2A(T))/T3, A(T) = w1 —wWoy — ’li)oT,
B = w; — g, wg = w(0), wy = w(0), w1 = w(T), wy = w(T). Yupasienue

r = (r1,r2,73) cucremsl (4), TOCTABJIAIONIEE PEIICHNE 3312491 YIPABJISIEMOCTH, NMEET
BHJ

r(t) =rt,T) =2c1(T) + 6e2(T)t, te0,T]. (5)
B cuiy csoiicrsa ¢;;(T) — 0,1 = 1,2, 5 = 1,2,3, upu T — oo cymecrsyer T > 0
rakoe, uro ||r(¢t,T)|| < 0.9¢g upu t € [0,T], T > Ts.

Yuurbisast coornomtenust 7 (t) = 6e2(T), #(t) = 0, w3 (3), (5) momywaem aBHbIE
suavenns 6(0), ©(0),0(0), (0), us (t, T), uz(t, T), us(t, T). IIpuseaem ux Jyist GyHKIGHI
0, 0, us (ﬂBHbIﬁ BUJ (DYHKIWI %1, Uy TPUBOIUTCS B )10K.J'I&)1€>Z

2612(T)
2¢13(T) + g’

(69 + 12613(T))622 (T) - 12012 (T)CQg(T)
4e13(T)? +4er3(T)g + g2 + 4ei2(T)?
U3(t, T) = 772(6623(T)2t + (2013(T) + g)ng(T) + 6622(T)2t + 2612(T)622(T)) X

X (72612(T)623 (T) + C22 (T) (2013(T) + g)) X

©(0,T) = arctg (6)

(7)

X (36623 (T)2t2 + 12t(2613(T) + 9)623 (T) + 36022 (T)2t2 +
-2
+ 24612(T)622 (T)t + g2 + 4013(T)g + 4612(T)2 + 4013(T)2> R
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2011 (T)

0(0,T) = —arct )
(0,7) & Aes(T) + ders(T)g + 97 1 dera (T2

6(0,T) = 76((4c13(T)2 +4ders(T)g + g2 + dera(T)?) ean (T) —
— 2611(T)((2613(T) + 9)023(T) + 2612(T)622(T))) X

X (\/4013(T)2 + 4613(T)g + g2 + 4612(T)2 X

X (92 + 4013(T)g + 4611(T)2 + 4cio (T)2 + 4613(T)2)) 71. (9)

JIemma. H3 (5)—(9) u ceoticms sexmoprux gynxuyut c1(T), ca(T) caedyem, wmo
©(0,T) = 0, $(0,T) — 0, (0, T) — 0, 6(0,T) = 0 npu T — oo. Ipu docmamouro
Goavwom T ynpasierus 6Mopozo amana ui, Uz, us YOOBALTNEOPAIOM 02PAHUMEHUAM.

Vupassenue, nocrpoentoe g ¢t € [0,T%] B Bune (2) u qoa t € [T*,T] B Buge (5),
JlaJiee HA30BEM JIBYXITAITHBIM yIPABJICHAEM. B CHITy JIEMMBI U BBINOJHEHUS yCJIOBHUI
TEOpEM O HENIPEPHIBHON 3aBUCHMOCTH PENICHUs OT HAYAJIBHBIX 3HAUCHUH, €JIMHCTBEH-
HOCTHU ¥ HEJIOKAJIHHON TIPOJIOJIKUMOCTH pertiennii jist cucremsl (1) (em. [8]) crpases-
JIMBA CJIEyTOIAst

Teopema. Jlaa kpaesulr ycio6udl, cHOPMYAUPOBAHHBIT 6 NOCMAHOSKE 3604,
08YTIMANHOE YNPABAEHUE PEWaEm 36004y MEPMUHAALHOZ0 YNPABAEHUA 6 MAAYIO
OKPECTNHOCTND KOHEUH020 3HAYEHUA 30 KOHEYHOE EDEMA.
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YIIPABJISIEMBIE MOJEJW JIEYEHUST AJIJIEPTUN
(CONTROL MODELS OF ALLERGY TREATMENT)*
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O 1HOM U3 OIIPEJIEIISIIONINX XaPAKTEPUCTUK COBPEMEHHOIO MUPA, SIBJIAIOTCS yBEJIIIe-
HEe UMMYHHBIX Ha.pyHIeHI/Iﬁ U OTCYTCTBHUE COOTBETCTBYIOIIET'O JICYEHUA UJIN UX yCTOfI-
YUBOCTDH K Yy2Ke CyHieCTBYIOIINM CIIOCO6aM JICHYEHUSI. AJ'[.HepFI/IH — OJIUH U3 IIPpUMEPOB
TaKuX HapymeHui. [J1aBHast 11e1b HACTOSINEro MCCAeI0BAHNS 3aKII09aeTCs B CO3/1a-
HUU aJIEKBATHBIX YIIPABJISIEMbIX MOJIEJIEll, ONUCHIBAIONINX PA3INIHbIE BU/IbI AJJIEPIHUH,
7 B HAXOXKJIEHUU C UX MTOMOIIBI0 3 HEKTUBHBIX CIIOCOOOB €€ JIEICHUS.

Paccmorpum cucremy nuddepeHnnaabHbIX ypaBHEHMIH

N'(t) = a = N(t) = NOAGO T ()1 + p2Ta(t)) ™" — ON (1) A() Ta (1),

Ti(t) = pN( A TL()(1 + paTo(t)) ™ = Ta(t),

T3(t) = pON () A T2() (1 + p2To () (1 + i Ta(t) + paTa(t)) ™ = Ta(t),

A'(t) = MA(t) — A@)(Ta (1) + Ta(1)).
KOTOpasl OIIMChbIBaET BSaI/Il\/IOL[efICTBI/Ie MeK/1y KOHIIEHTPpalUusAMU T—XeﬂIIeprIX KJIe-
Tok (N), Thl-knerox (11), Th2-knerox (T3) u amieprudeckux Ki1eTok (A) Bo BpeMst
ajtepruu. B aroit cucreme «, p, 0, A\, @1, p2 — 3aIaHHBIE TOJIOKUTEIbHBIE KOHCTAH-
Tbl. CMBICJI 9TUX KOHCTAHT, & TaKXKe YPaBHEHUH, M0J00HbIX ypaBHeHusaM cucreMbl (1),
1o/Ipo6HO omcaH B padorax [1-3].

It cucrempr (1) MBI HAXOIUM IOJIOKEHUST DABHOBECHUST, IPUHAIJIEXKATIIE MHOYKE-
CTBY

(1)

A= {(N,Tl,TQ,A)Z NZO, T1 20, TQZO, AZO},

a TaKsKe yCJIOBHS UX CyIeCTBOBAHUS:
e nosioxkenne pasHoBecust Ay = («, 0,0, 0) cymecTByeT Beersa;

e nostoxenue pasHosecust Ay = (p~H(ap — N),0,\, 07 (ap — \)~1) cymecrsyer,
ecin ap — A > 0;

e nosoxkenue pasaosecus Az = (p~L(ap— ), A\, 0, (ap — \)~1) Taxxe cymecTsyer,
ecian ap — A > 0;
® [I0JI0’KEHHUE PABHOBECHUS

Ay = (p~Hap — z0w), py ' 20(020 — 1), 3 (20 — 1), 20(p — zow) ™),

20 = 0.5(u20) " (12 — p1) + v/ (2 — 11)? + 4papab(1 + p2) ),

*PaboTa BTOPOro U TPETHErO aBTOPOB BBINOJIHEHA Ipu dpuHaHCcoBOi nognepkke PODU u JHT B
paMKax HaydHOro npoekra 18-51-45003 MH/I _a.
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w=py (020 — 1) + py '0(20 — 1),

cyIiecTByet, ecau zg > 1, 0z9 > 1, ap — zpw > 0.

3aTeM 110/IpoOHO UCCIIE/IyeM JIOKAIHHYIO ACUMIITOTHYECKYIO YCTONINBOCTH KazK 00
U3 HalJEeHHBIX IIOJOKEHUII PaBHOBECUSL.
Jo6asum K cucreme (1) OJIOXKUTEIBHBIE HAYAJIBHBIE yCIIOBHUST

N(0) = Ny, T1(0) =17, T5(0) = T2, A(0) = A, (2)

nocsie gero pacemorpuM cucremy (1), (2) Ha 3amannom orpeske spemenu [0, T]. Orpa-
HUYIE€HHOCTDb, IIOJIO2KUTEJIbHOCTDb U IIPOJIOJ/IZKUMOCTDL €€ peIHeHI/If/'I BBITEKaIOT U3 CJIELYy-
IOIIEN JIEMMBI.

JIemma. Pewenue (N(t), Ti(t), Ta(t), A(t)) cucmemws (1), (2) onpedeneno na scem
ompesxe [0,T], u e2o0 Komnornenmov, 6100y Ha IMOM ompeske YIOBALTNEOPAIOM, HEPA-
6EHCTNEAM

0 < N(t) < Nmax, 0<Th(t) <17, Ta(t) < T5™™, 0 < A(t) < Amax,
Nuax = No + oT, Amax = Aoe’\T»
Tlmax — Tl()emexAmaxT7 TQmax _ TQ(Jep(meaxAmxT.
ITocste 5TOrO MBI IPEJICTABIISIEM PE3YIIBTATH AHAIN3A [IOBE/ICHIS KOMIIOHEHT pellle-
aust (N (t),T1(t), To(t), A(t)) cucremsrt (1), (2) mist 3HaYeHwit ee napaMerpos [2, 3]
a=100, p=80, 0=102, A=10, =02 =01 (3)
1 HAYAJIBHBIX YCJIOBHI
No=10.0, TY =100, T9=200, Ay=1.0 (4)

B 3aBucuMOCTU OT 3Hadenuil Besmuunbl T € {30;60;90} ¢ moMompio porpaMMei,
Hanucanuoil B cpejie MAPLE. D1u pesyibrars 101po0HO 06CYKIAIOTCS B JIOKJIAJIE,
U Ha UX OCHOBAHWH JIEJIAIOTCS BBIBOJBI 06 asiekBaTHOCTH cucteMbl (1), (2) peanmbHOMY
IpoIeccy MPOTeKAHUs AJIJIePrUH.

Teneps BBegieM B cucremy (1) yupasssionue dyukuuu u(t) u v(t), Koropbie OymyT
OTParKaTh JEHCTBHE JIEKAPCTBEHHBIX MIPEIIapaTOB Ha AJJIePIHIO:;

N'(t) = a = N(t) = o(t)N(OAGT1()(1 + p2Ta(8)) ™" = Ou(t)N () A() T2 (t),

Ti(t) = pu(t)N (AT (H)(1 + pTo(t)) ™" = Ta(t), (5)
pOu(t)N () AD)To(t)(1 + p2Ta(t) (1 +  Ta(t) + paTa(t)) ™ = Ta(1),

A'(t) = MA(t) — A)(T1 () + Ta(t)-

Bo Bpemst amteprun Th2-knerkn gommaupytor Han Thl-kierkamu, T.e. To(t) >
> T (t). IIpu 9m0M BBI3IOPOBJIEHUE O3HAYAET IIEPEXO]] ITUX KJIETOK U3 HAYAIBHOIO CO-
CTOSTHUSI B COCTOsIHIE, KOT/[a yCcTaHaBnBaercs bamanc mexk gy Thl- u Th2-krerkamu:

KOTOPBIIT JIOCTUTAETCA C TIOMOTIBIO OJTHOTO M3 CJIEIYIONINX TOIX0I0B.
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Iloaxom 1. Ilomasienune Th2-kjeToK, 9TO O3HAYAET YMEHbBIIEHNE KOHIIEHTPAITIT
T>(t) Th2-kserok ¢ noMormpo sekapeTs. [Ipu sTom B cucreme (5) ymnpasierus u(t)
u v(t) yIOBIETBOPSIOT COOTHOIIEHHSIM

0 < Umin <u(t) <1, v(t) = 1. (7)

ITonxon, 2. Crumymuposanne Thl-kieTok, 9TO MOpa3yMeBaeT yBeJndeHne KOH-
nenrpain T4 (t) Thl-kmeTok ¢ momormmpio ekapers. Ipu stom B cucreme (5) yupas-
serust u(t) u v(t) TOMIUHAIOTCS COOTHOIIEHUSIM

u(t) =1, 1 <o(t) < Vmax- (8)

IToaxom 3. OmmoBpemennoe crumyaupoBanme Thl-kmerox m momasaenne Th2-
KJIETOK, 9TO JIOCTUTaeTCsl OJHOBPEMEHHBIM yBeanueHneM Kouuentpamuu 17 (t) Thl-
KJIETOK ¥ yMeHbIenneM KoHnenTpamn T5(t) Th2-kmerok ¢ momoso aekapers. [pu
sToM B cucreme (5) ynpasienust u(t) u v(t) yIOBJIETBOPSIOT COOTHOIIEHUSIM

0< Umin S ’U,(t) S ]-7 1 S ’U(t) S Umax- (9)

Yrobsr kKOHTpOSIMpPOBaTh oTHOmeHe To(t)/T1(t) u3 (6), mbl, Kak U B padore [4],
nobasasieM B cucremy (2), (5) auddepennuansroe ypasaerne mist byakuun D(t) =
= To(t)/Ta(t)

D'(t) = pN () A(t)D(t) (Bu(t)(1 + p2Ta(t)) (1 +  Ta () + paTo()) ™ —
—o(t)(1+ p2To(t)) ™) (10)

BMECTE C COOTBETCTBYIONIMM HaYaJJIbHBIM yCJIOBUEM
D(0) = T2(0)/T1(0) = Do. (11)

ITox MHOXKECTBOM JOIyCTHMBIX yIIpaBJIeHUiT Mbl GyJeM MOHUMATh BCEBO3MOXKHBIE
napbl u3MepuMbix 1o JleGery dbynkuuii (u(t),v(t)), KoTopble mpu nodYTH BCeX t €
€ [0,7T] yaoBJaeTBOPSIOT B 3aBUCUMOCTH OT PACCMATPUBAEMOIO HOJXO0JA COOTHOIIE-
aHusim (7), (8) mum (9). B pesysnbrare st Kaxka0ro noaxoga 1, 2 mim 3 Mbl nuMeeM
COOTBETCTBYIONIYIO yrpasisiemyto cucremy (2), (5), (10), (11).

B saBucumoctn ot noxxoxa 1, 2 nim 3 mis cucremsr (2), (5), (10), (11) mbr pac-
cMaTpUBaeM 3aJady MUHUMU3AIUNA (DYHKITHOHAIA

05 /T(D(t) C12dt 405 /T(W(t) + () dt, (12)

rJie HEOTPUINATEIbHBIE BEIMIUHDBI b U ¢ SIBJSIOTCS BeCOBbIMU Kodddurmentamu. s
nozxosa 1 Benuyanna b HeOTpHUIATE/IbHA, & BeJUYUHA ¢ paBHA HYyso0. s moaxoa 2,
Hao0OpOT, BeJIMdnHa b paBHA HYJIIO, 8 BEJIHYNHA ¢ HeOTpUIaTeabHa. Hakomer, ms
Moaxoa 3 06e BEJIMIUHBI b U ¢ HEOTPHUIATEIbHBI. 3aMETHM, YTO BTOPOE CJIAraeMOe
B dbopmyse (12) orpazkaer 0OIIYI0 CTONMOCTH JIEUEHHs! aJJIEPTUNA B 3aBUCUMOCTH OT
paccMaTpuBaeMoro mosixosa. Ecim B mogxosie 1 Benutinna b paBHA HYJIIO, WA B TIOJIX0-
Jie 2 BeJMUnHa, ¢ PaBHA HYJIIO, WU, HAKOHEI, B IMOJX0/ie 3 06e BeJIUINHbI b U ¢ PABHBI
Hysmo, To B bynkuuonase (12) obmas crouMocTsb Jiederusi Boobmie orcyrersyer. [lpu
9TOM MUHHUMM3AIINSA TAKOTO (DYHKIIMOHAJIA HAMU TaKKe MCCJIEIYeTC .
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Jlemma u Teopema 4 u3 [5, 1. 4] rapaHTUPYIOT CyIeCTBOBaHUE B 3a7a14e MUHUMUA-
sanmu (12) ONTHMAJIBHOrO pEINeHHsl: ONTHUMAJBHBIX YIIPABIEHUN M OTBEUAONIEN 1M
onTuMasbHOIN Tpaekropun cucremsl (2), (5), (10), (11).

st 3HAveHnit napamerpos (3) u HaUaJIbHBIX yciosuit (4) cucremsr (2), (5), yxke
YIIOMSIHY ThIX 3HAYEHWN BeJUIMHBI T, 8 TaKXKe 3HATeHMI

Umin = 0.3,  Umax =15, b=05 c=0.5

JaJjiee HaMU YUCJCHHO M3yJaeTCsl TOBEeJICHNE ONTUMAIbHBIX YIPABJICHUI U COOTBET-
CTBYIOIIUX ONTUMAJBHBIX TpaeKTopuii B 3aiade munuMusanuu (12) 1yis Kaxkaoro
nojxoyia 1, 2 mim 3 ¢ nmomombio pacueros B cpeje “BOCOP-2.0.5”. Pesysbrarsl 91X
pacdeToB U UX IMOJPOOHBIN aHAJIM3 IIPEICTABJIEHB] B JTOKJIAJIE.
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CONVEXITY OF SMALL-TIME REACHABLE SETS
UNDER INTEGRAL CONSTRAINTS ON CONTROL*

M. 1. Gusev

N.N. Krasovskii Institute of Mathematics and Mechanics, Ekaterinburg, Russia

gmi@imm.uran.ru

We consider a reachability problem for a nonlinear control-affine system with inte-
gral constraints on the control variables. In [1] the convexity of reachable sets for a
nonlinear control system was proved assuming that the linearization of the system is
controllable and the Ly norms of controls are bounded from above by a sufficiently
small number. The proof is based on the convexity of a nonlinear image of a small ball
in a Hilbert space. Using this result for an autonomous control system on a small time
interval, we prove the convexity of reachable sets assuming appropriate asymptotics
for the controllability Gramian of the linearization of the system. A procedure for
calculating the reachable sets based on the Pontryagin maximum principle for an

*This work is supported by the program of the Presidium of the Russian Academy of Sciences
no. 01 “Fundamental Mathematics and its Applications” under grant PRAS-18-01.
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auxiliary control problem is described, and an example illustrating the convexity of
reachable sets is presented.
We consider here the autonomous control system

i(t) = f(x(t)) + Bu(t), 2(0)=2° 0<t<ty, (1)

where 0 < ¢t < t;, z € R", w € R", f: R® — R" is a mapping with a Lipschitz
continuous derivative, B is an n x r matrix, and z° is a fixed initial state, with
control variables subjected to quadratic integral constraints

Ju()) = () u() = [ uTORu( bt < 12 2)

to

where R is a positive definite matrix and p > 0 is a given number. Let z(t) = x(t, u(-))
be a trajectory of system (1) corresponding to u(-) € La. A reachable set G(t1) is
defined as

G(t1) = {x(tr,u(): J(u()) < p?}.

In [1] it is proved that G(¢;) is convex if the linearization of (1) along the trajectory
x(t,0) is controllable and p is sufficiently small. Here we prove that the convexity of
G(t1) takes place for a fixed p if ¢; is small enough and the controllablhty Gramian of
the linearized system has appropriate asymptotics. Denote A(t) = t1 ( (t,0)) and
By = BR™'/2. Let W(t;1) be the controllability Gramian of the pair A( ), By on the
interval [0, 1] and v?(¢;) be the minimal eigenvalue of W (t1).

Theorem. Suppose that there exist C > 0, a > 0, and t > 0 such that v*(t;) >
Ct‘ll_a for t1 <t. Then G(t1) is convex for all sufficiently small t1.

Briefly outline the proof. Applying a change of variables ¢ = ¢;7 and denoting
y(1) = z(t17) and v(7) = t; R*?u(t,7) we have §(1) = t1 f(y(7)) + Biv(7), y(0) = 2°.
After returning to the previous notation, we get the system

i(t) = tif(z(t)) + Biu(t),  2(0)=2° 0<t<I1, (3)
with constraints
1
| 0uttydr < /> ()
0
For any x1(t) and x2(t) corresponding to controls u(t) and us(t) the inequality

lz1() = 22()llc < vta||Bal [Jua(-) — w2 ()|, exp(tiL1)

holds where L; is a Lipschitz constant for 8—(x)

Define the map F': Lo — R™ by the equality F'(u(-)) = x(t1, u(+)); here z(t,u(-)) is a
trajectory of system (3). Then F' has a continuous Fréchet derivative: F'(u(-))Au(-) =
Ax(t1, Au(-)), where Az(t,u(-)) is a solution of the linearized system (3) correspond-
ing to a control Au(-) and zero initial state (see [1, 2]).

For any wu;(t) and usz(t) we have the inequality

[A1(t) — A2 (D] < talalz(t, ua () — 2t u2 ()],
where A;(t) = t1 2L (x(t,u;(-))), i = 1,2, which implies

141() = A2() e < (t1)*2Cullua () — uz() L.
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for some C} > 0. Using the proof scheme from [2], we find that a Lipschitz constant L

for F'(u(-)) equals Cgt?/ * for some Cy > 0. Taking into account the inequality
v3(ty) > Ct‘ll_a, we get uv/t; < v(ty)/L for sufficiently small ¢;. The last inequality
implies the convexity of reachable sets (see [1]).

As an illustrative example, consider the Duffing equation

.Ct1:I2, j72:7171710$:1;+u, OStStl, (5)

which describes the motion of nonlinear stiff spring on impact of an external force wu,
under the integral constraints

t1
/ u?(t) dt < p?
0

and the zero initial state 21 (0) = 0, 22(0) = 0. The linearization of (5) along z(¢) =0
after a time variable change is as follows:

{,.Cl = t1$2, {,.CQ =u, ZC(O) = (0,0), 0 <t< 1,

and the constraints take the form

1
/ u?(t) dt < p’ty.
0
The controllability Gramian W (¢1) is as follows:

Wit = %(1—%511&2151) ﬁ(l—cos%l)
1) = i(l—cosZtl) %(lJriSithl) J

For small ¢; we have

W(tl)z<2t%/3 t1/2 )

t1/2 1-2t2/3

which implies the estimate v2(t;) = O(¢?) for the minimal eigenvalue of W (1), and
consequently the convexity of reachable sets for a small ¢;.
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In the figure the results of the numerical simulation are shown. These results
are obtained using the algorithm proposed in [2, 3] which is based on Pontryagin’s
maximum principle for boundary trajectories.

The figure presents the plot of the reachable sets boundaries for u? = 2 at times
t1 =0.3,0.5,0.7,0.9,1.2,1.5. This plot shows that reachable sets remain convex until
t1 = 0.9 and lose their convexity as t1 increases.
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TYPICALNESS OF CHAOTIC FRACTAL BEHAVIOUR
OF INTEGRAL VORTICES IN HAMILTONIAN SYSTEMS
WITH DISCONTINUOUS RIGHT-HAND SIDE
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The Pontryagin Maximum Principle (PMP) [4] allows one to reduce a determin-
istic optimal control problem to a two-point boundary value problem of Hamilto-
nian dynamics. The Hamiltonian H defining the dynamics is given as the maximum
H(t,z,p) = maxyueq H(t,2,p,u) of the Pontryagin function H over the control u
taking values in some set 2, and the optimal control 4(t, z,p), if it exists, is found
among the maximizers.

In general, the maximizer is unique in an open dense subset of the space of variables
t,x,p and depends smoothly on these variables. Usually the Hamiltonian system as
a whole will be piecewise smooth on the extended phase space of the variables t, z, p.
The extended phase space is divided into disjoint domains Ay, ..., Ax on which the
Hamiltonian is given by smooth functions Hy, ..., Hy, respectively, whereas on their
boundaries the derivatives of H will experience discontinuities. Here the set ) is a
convex polyhedron, and the domains A; are those regions where the optimal control
resides in a particular vertex v; of the polyhedron. The set of points where the
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derivatives of H are discontinuous is a stratified manifold, and on each stratum the
optimal control is confined to a particular face of the polyhedron €.

A trajectory of the Hamiltonian system evolving inside a smoothness domain is
called regular. If a trajectory passes from one smoothness domain A; into another
one Aj;, then the corresponding optimal control will experience a jump from the
vertex v; of the polyhedron 2 to the vertex v;. This process is called switching,
and the discontinuity hypersurface is called a switching surface. Typically optimal
trajectories intersect the switching surface transversally, in which case they are called
bang-bang trajectories. It may happen, however, that a trajectory moves along the
switching surface, in which case one speaks of a singular trajectory.

For a singular trajectory lying on a switching surface, one can define an order, in
dependence on the order up to which the Poisson brackets of the adjoining smooth
pieces H; of the Hamiltonian vanish. The order may be local or intrinsic, depending on
whether the brackets vanish only on the trajectory itself or in a neighbourhood of it [2].
A good generalization of these notions (the so-called natural order) is given in [3]. If
the natural order of the singular trajectory is even, then a regular trajectory cannot
join it in a piecewise smooth manner. In this case regular trajectories spiral around the
singular trajectory and intersect the switching surface in an infinite number of points
in finite time, such that the joining point is an accumulation point of switchings. This
phenomenon is called chattering, and is well studied when exactly two smoothness
domains meet at the singular trajectory in question [5].

In this contribution we consider three smoothness domains A1, As and A3 meeting
at a manifold Si23 of codimension 2. This situation is equivalent to an optimal
control problem with two-dimensional control. The general case of singular extremals
for n-dimensional control was explored in [7]. The role of the order is played by
a flag of orders. In the present contribution we consider a singular trajectory of
intrinsic second order. This work can be seen as a continuation of the paper [6],
where this case was first considered and the presence of the chattering phenomenon
was proven, and [1], where fractal behaviour of the optimal solution was observed.
Here we rigorously study this additional phenomenon, namely, the chaotic behaviour
of bounded parts of optimal trajectories. This phenomenon has not yet been seen
in optimal control problems. The key to the proof is a new mathematical object:
the system of ordinary differential equations for all Poisson brackets up to the fourth
order between the restrictions H; of the Hamiltonian to the domains of continuity A;
neighbouring the singular trajectory. We call this system the descending system of
Poisson brackets.

Our findings are not limited to optimal control problems, but rather hold for a
whole class of piecewise smooth Hamiltonian systems with three smoothness domains
joining at singular trajectories of second order. We first consider a particular model
linear—quadratic optimal control problem whose solution is prototypical for general
piecewise continuous Hamiltonian systems. The model problem is given by

1 [+
J(x) = 5/ (x(t),z(t)) dt — inf, ¥ =u, u €€,
0
with initial data x(0) = x¢ € R?, #(0) = yo € R?. It is affine in the planar control u,
which takes values in an equilateral triangle Q centred at the origin. All optimal
trajectories end in finite time at the origin, which is a singular point of intrinsic
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second order. Nevertheless the control on some extremals has a chaotic nature: there
exists a topological Markov chain X such that the sequence of control switchings
on an optimal trajectory corresponds in a one-to-one way to a trajectory through
a point of X under the right Bernoulli shift. The set of non-wandering points in
the model problem has a fractal structure (as in Smale’s horseshoe) and non-integer
Hausdorff and box dimensions. The main tool of the proof is a study of the Poincaré
return map on the two-dimensional quotient of the switching surface with respect
to a continuous one-parametric symmetry group (the Fuller group) and the dihedral
symmetry group Ds of the triangle € in the adjoint variables p. The behaviour of
this map is fully described and exhibits a Smale horseshoe in the neighbourhood of a
homoclinic point.

This phenomenon is then generalized to Hamiltonian systems with discontinuous
right-hand side by a resolution of singularities for the Poincaré mapping at the singular
point, the so-called strange point. For this purpose we introduce an auxiliary descend-
ing system of ordinary differential equations on Poisson brackets of the restrictions
H,, H, and Hj3 of the Hamiltonian to the domains of smoothness neighbouring the
strange point. It turns out that the principal part of the descending system coincides
with the equations of the model problem.

We find the hyperbolic domains in the neighbourhood of the homoclinic point and
estimate the corresponding contraction—extension coefficients. This allows to calculate
the entropy and the Hausdorff dimension of the non-wandering set, which appears to
have a Cantor-like structure as in Smale’s horseshoe.

The discovered phenomenon appears in the neighbourhood of a generic singularity.
We prove a theorem on the structural stability of the synthesis and determine the
codimension of the manifold of singularities in question to equal 76.

The work presented here has been published in [8].

References

1. Hildebrand R. A control problem with a Smale’s horseshoe in the solution // Differential
equations and topology: Abstr. Int. Conf. dedicated to the centennial anniversary of
L. S. Pontryagin. Moscow State Univ., 2008. P. 253-254.

2. Lewis R.M. Definitions of order and junction condition in singular control problems //
SIAM J. Control Optim. 1980. V. 18, No. 1. P. 21-32.

3. Lokutsievskiy L.V. Generic structure of the lagrangian manifold in chattering problems
// Sb. Math. 2014. V. 205, No. 3. P. 432-458.

4. Gamkrelidze R.V., Pontryagin L.S., Boltyanskii V.G., Mishchenko E.F. The mathe-
matical theory of optimal processes. Wiley, 1962.

5. Marchal C. Chattering arcs and chattering controls // J. Optim. Theory Appl. 1973.
V. 11, No. 5. P. 441-468.

6. Melnikov N.B., Zelikin M.I., Hildebrand R. Topological structure of a typical fibre of
optimal synthesis for chattering problems // Proc. Steklov Inst. Math. 2001. V. 233.
P. 116-142.

7. Zelikin M.I., Lokutsievskiy L.V., and Hildebrand R. Geometry of neighbourhoods of
singular trajectories in problems with multidimensional control // Proc. Steklov Inst.
Math. 2012. V. 277. P. 67-83.

8. Zelikin M.I., Lokutsievskiy L.V., and Hildebrand R. Typicalness of chaotic fractal be-
haviour of integral vortexes in hamiltonian systems with discontinuous right-hand side
// Contemp. Math. Fundam. Directions. 2015. V. 56. P. 5-128.

126



I’'EOMETPUYECKUE CBONCTBA OIIEPATOPA MUWHKOBCKOI'O
(GEOMETRICAL PROPERTIES OF THE MINKOWSKI OPERATOR)*
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B pa6orax JI.C. Ilourpgaruna [1, 2] nokazaHo, 4T0 ONTUMAJBHBIE CTPATEMU UIPO-
KOB B JINHENHOi qud depeHnuaabHOil urpe MOryT OBITH OIIPEJIEIEHBI C IIOMOIIBIO aJIb-
TEPHUPOBAHHBIX CYMM U aJIbT€PHUPOBaHHOrO mHTerpasia Ilonrpsaruna. B cBoro oue-
pe/ib, AJIbTEPHUPOBAHHBIE CyMMBI OIIPEIEISIOTCs Yepe3 cymmy Munkosckoro. CyMmmoit
Munkosckoro maoxkectB A C R™ u C' C R™ nassiBaercs muoxectBo A+ C = {a+c:
a € A, ¢ € C}. B pabore [3] nokazano, 4ro onTuMajbHbIe CTPATErMHA B HEJIUHE-
HO#l nuddepeHnnaIbHON UIPE JOCTATOYHO OOIIErO BUJIA MOTIYT OBITH IIOCTPOEHBI C
IIOMOIIIBIO OoIIepaTopa MI/IHKOBCKOFO.

Snauenne onepamopa Munxosckozo nnst muoxkecrsa S C R™ um MHOrO3HAYHOTO
orobpaxkenust G: R" = R"™ omnpenensercss popmysoit

Ma(8) = | (¢ + G(a)).

zeS

3amernm, UTO ecm MHOTO3HaTHOE oToOparkenune (G nocrosiHHo, T.e. G(1) = Gy st
Bcex x € R™, To 3Ha4UeHnue omneparopa MHHKOBCKOrO COBIAJIAET ¢ CyMMOil MuHKOB-
ckoro: Mg (S) =S + Go.

Yepes B,.(a) 6yaem o6o3Ha9aTh 3aMKHY THI 11ap pajuyca r > 0 ¢ nearpom a € R™:
B.(a) = {z € R": ||z — a|]| < r}. Paccmosnuem or Touku x € R™ no MHOKeCTBA
A C R"™ nasmBaercs uncio d(z, A) = infueca || — al|. Jepes clA u int A Gyzem
0003HaYATH COOTBETCTBEHHO 3aMBIKAHIE U BHYTPEHHOCTH MHOXKecTBa A C R™.

IIycte 3amano gucao R > 0. MuoxkecrBo S C R"™ nHaseiBaercss R-cuavhno evinyk-
AbLM, €CJIA OHO TIPEJICTABMMO B BUJIE TIEPECeTeHns 3aMKHYThIX MAapoB pajuyca R, T.e.
cymectByet MuoxkectBo C' C R™ Takoe, uto S = () . Br(c). 3aMKHyTO® MHOXKECTBO
S C R™ nazeiBaercst R-caabo 8vinykavim, €Ccan Jjisd JIOOBIX TOYEK T1,Te € S TaKux,
qTo |21 — 22| < 2R cnpaBeyIMBO HEPABEHCTBO

(=52 ;m,s) <R- \/R2 _ s = zal? _4””2”2.

Konycom npoxcumaroiuz Hopmaset K MEOXKecTBY S C R™ B TOuke o € S Ha3bI-
BaeTCs

NF(z,8) = {yeRr® { Jo > 0: (y,x — zo) < ol|z — z0|* Yz € S},

rae (Y, T — Tg) — CKaJSIPHOE IPOU3BEJIEHNE BEKTOPOB Y U L — L.

BamkHyTOE MHOXKecTBO S C R™ HasbIBaeTCs Meaecho-24a0KuM € KOHCTAHTOM
L >0, ecmn S = clintS u aya smo6bix 21,12 € 95, y1 € N (21, 9), y2 € N¥ (22, 9)
Takux, 910 ||y1]| = ||y2|| = 1, BbImOIHEHO HEpaBEHCTBO

ly1 = yall < L1 — a2]|.

*Pabora BoinosHena nupu duHancoBoi nopaepxkke PODU (npoekr 18-01-00209).
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U3 pesysbraToB pabor [5, 6] BbITEKaeT ciemyrolee IPeJIoYKEHNe O CBSI3U CJIaboit
BBIITYKJIOCTU U TeJIECHON TJIaJIKOCTH.

Ilpenmoxxenne 1. [lycmov mmoocecmeo S C R™ meaecno, m.e. S = clint S, u
R > 0. Tozda mnoocecmeo S asasemes meaecro-2aadkum ¢ Konemarmot 1/ R mozda
u Mmoavko moeda, kozda mroscecmea S u R™\int S aeanromes R-crabo 6bnykavimu.

IousiTust cuabHO U c1abO BBITYKJIBIX MHOXKECTB UCIIOJIB3YIOTCS B Teopuu judde-
PEHIMATIBHBIX UID il ocTpoenust ahdekTusHbx ajaropurmos. Hanpumep, B pabo-
Te [4] moKa3aHO, UTO CXOAUMOCTDH AJBTEPHUPOBAHHBIX CYMM K AJbTEPHUPOBAHHOMY
nnrerpasny [loHTpsarnHa nMeeT BTOPO# MOPSIOK IPU YCJIOBUH, 9TO JuddepeHIab-
Hag UI'pa JIMHEHHa U MHOXKECTBO JOILyCTUMBIX YIIPABJIEHUN IIpeciieioBaTess CUJIbHO
BbIILYKJI0. B crarbe [6] Jokazana reopema 06 ajbTepHATUBE s JuHeRHbIX nuddbepen-
[IUAJBHBIX UI'D C CHJIbHO BBIIYKJIBIMH MHOYKECTBAMHU JIONYCTUMBIX YIIPABJICHHIA IIpe-
cesoBaTeNs u yOeramomnero u TejaeCHO-IJIA KM TEePMUHAJILHBIM MHOXKECTBOM. YKa-
3aHHAs TeopeMa 00 aJbTepHATHBE YyTBEPKJAET CYIIEeCTBOBAHME CEJJIOBON TOYKU B
KJlacce NPOrPaMMHBIX CTPaTeruil Jijis pacCMaTpPpUBAEMbIX UID.

B curenyromieit Teopeme copMysIMpoOBaHbl JOCTATOYHBIE YCJIOBHUS TEJIECHON IUIal-
KoCTH 3HaveHus oneparopa Munkosckoro. CBOMCTBO TeIECHOM IVIa/IKOCT MHOYKECTB,
SIBJISIIOIIMXCS 3HAYEHUAMN oriepaTropa MIHKOBCKOTO0, II03BOJISIET IPUMEHSITH OoJiee -
(beKTI/IBHbIe AJITOPUTMBI alllIDOKCUMaIIU TaKUX MHO2KECTB IIPU ITIOCTPOCHUN KBa3UOII-
TUMAJIBHBIX CTPATEruil B HeJIMHEHHBIX JnddepeHIHalIbHbIX UIPaX.

Teopema. Ilycmv mnoorcecmseo S C R™ menecno u asasemca Rg-caabo 6vi-
nykavm, muooicecmeo R™ \ S asasemes rg-caabo evnykavim. Ilycms mmnoocecmaeo
P C R™ sasasemcs Rp-cuavho svinykavim, nycmo gynkyus a: R™ X P — R™ ydo-
BAEMBOPALTN, YCAOBUAM

a(r1,p1) + a(x2,p2) a<$1 + w2 p1Ltpe
2 2 72

) H <y llwy — z2]|? + yellpr — p2|)?
Vo, 22 € R" Vpi,p2 € P,
la(z1,p1) — a(z2,p2)|| < Lil|z1 — 2| + La|lp1 — p2| Vi, 2 € R"  Vpi,p2 € P,

Ha(xvpl)ia(xvzh)" ZO.le 7p2H Vz € R" Vpl,pQ EP?

ede L1 < 1/2 u
1+ L1 +4Rsm - (0 —8Rvys)(1 —2Ly)
ARg 16RpLy
ITyemv G(x) = a(x, P) das mobozo x € R™. Tozda snauenue onepamopa Munkoscrozo
M (S) asasemes meaecno-2aa0KUM MHOHCECTNEOM.
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OPTIMAL CONTROL ON LIE GROUPS
AND INTEGRABLE HAMILTONIAN SYSTEMS

V. Jurdjevic

University of Toronto, Canada

This lecture will be about two natural left invariant variational problems on semi-
simple Lie groups G that admit an involutive automorphism ¢. In such situations,
the set of fixed points of ¢ is a closed subgroup K of GG, and the Lie algebra g of G
admits a Cartan decomposition g = p & € with € equal to the Lie algebra of K, and p
a vector space subject to Lie algebraic conditions

[p,p] C &, [p, €] = p. (1)

The above decomposition defines two natural distributions on G: the first distribu-
tion H is defined as

Hig) ={9X: X cp}, g€, (2)
while the second distribution A is affine, and is defined by an element A € p with
Alg) ={9(A+X): X €&}, geG. (3)

In this notation, g X stands for the left translate by g of an element X € g.

In the first case, any two points in G' can be connected by a horizontal curve in H
whenever p + [p,p] = g, while the same is true in the second case whenever A is
regular. In this parlance, curve ¢(t) in G is an integral curve of a distribution D, or
a horizontal curve, if dg/dt € D(g).

Then a suitable scalar multiple of the Killing form can be used to define the length
on the space of horizontal curves, which, in turn, induces a natural sub-Riemannian
metric on G that is central to the geometry of the underlying symmetric space G/K.
In the second case, a negative multiple (-, -) of the Killing form Tr(ad Ao Ad B) defines
a natural energy function (1/2) f0T<U(t),U(t)> dt associated with every horizontal
curve g(t) that is a solution of dg/dt = ¢g(t)(A+U(t)), which then induces an optimal
control problem of finding a horizontal curve that connects two given points in G
along which the energy transfer is minimal.

The solutions of this optimal control problem will be the main focus of the lecture.
In particular, I will show that the Hamiltonian for this problem, obtained by the
Maximum Principle of optimal control, leads to the class of Hamiltonians on g that
admit spectral parameter representations with important contributions to the theory
of integrable Hamiltonian systems. Particular cases provide natural explanations for
the classical results of Fock and Moser linking Kepler’s problem to the geodesics on
spaces of constant curvature, and J. Moser’s work on integrability based on isospectral
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methods, in which C. Newmann’s mechanical problem on the sphere and C. L. Jacobi’s
geodesic problem on an ellipsoid play the central role. The talk will also address the
relevance of this class of Hamiltonians to the elastic curves on spaces of constant
curvature.

JVMHAMUKA CUHI'YVJIAPHO BO3MYIIEHHBIX MOJIEJIEN
HA OCHOBE JIOTUCTUYECKOI'O YPABHEHUS C 3AITA3BIBAHNEM
(THE DYNAMICS OF SINGULAR PERTURBED MODELS
BASED ON LOGISTIC EQUATION WITH DELAY)

C. A. Kamenko (S. A. Kaschenko)

Hpocrascruti 2ocydapemeennviti yrusepcumem um. I1.1. emudosa,
Hpocaasan, Poccus,

kasch@uniyar.ac.ru

Wcciemyercs mupokuii Kiaacc MoJiesieil, BOSHUKAIOIUX B MaTeMaTHIeCKON 9KOJIO-
run. B ocHOBe UX JIEXKUT JIOTHCTHYECKOE ypaBHEHHe ¢ 3amas3/piBaHueM. OCHOBHOe
[IPEIIIOJIOXKEHIE COCTOUT B TOM, ITO PACCMATPUBAEMbBIE CUCTEMBI COJIEPKAT OOJIbIINE
MM MaJible IapaMeTpbl, 33/Ial0INe CUHIYIIPHbIE BO3MYyIlleHns. V3BecTHbIE acuMII-
TOTUYECKHE METOJIbI OKA3bIBAIOTCS HEIPUMEHUMbIMU. JljIsi n3ydeHust JUHAMIYIECKIX
CBOMICTB pelleHnii pa3paboTaH CIeNuaJIbHBIN MeTo ] 6oJbinoro napamerpa. CyTb ero
COCTOHT B CJI€JIyIOIIEM.

B dazoBoM mpocTpaHCTBE HCXOAHOM CHCTEMBI BBIIEJIAETCS HEKOTOPOE MHOYKECTBO
S(z), 3aBucdiee OT BEKTOPHOIO IAPAMETPA &. 3aTEM UCCJIELyeTCsd AaCUMIITOTHKA BCEX
pelienuii ¢ HadadbHbIME yesoBusMu u3 S(x). Yiaercsd mokasarThb, 4To 4epe3 HEeKOTO-
PBIIl IPOMEKYTOK BPEMEHU BCE ITU DEIIeHHUs TIONaJaloT B MHOXKecTBO S(T), puieMm
JyUlst T BBIIOJIHAIOTCS aCHMITOTHYECKHE paBeHcTBa Buaa T = F(x) 4+ o(1). B urore
[IPUXOJIUM K BBIBOJLY, 9TO JIMHAMUKA PelleHnii u3 S (;C) olpeendercs JUHAMUIeCKUMU
cBoiicrBamMu KoHeuHOMepHOTO oTobpakenus F'(x). Tem caMbiM 110 TpyObIM ycTORYM-
BBIM IIEPUOJIUIECKUM TPACKTOPHUSM ITOIO OTOOPaKEHUsI CTPOUTCS ACUMIITOTHKA CO-
OTBETCTBYIOIIErO IUKJIA TOM K€ yCTOINIHBOCTH.

Ob6paTuM BHUMaHUE, YTO JIJIsi HEKOTOPBIX U3 PACCMATPUBAEMBIX CUCTEM B X (Haszo-
BOM IIPOCTPaHCTBE NUMeeTCsd HECKOJIBKO MHO?KECTB THUIla S(,’E) n JJ1d KazKJI0T'0 U3 9TUX
MHOZKECTB IIOJIyY€HbI PE3yJIbTaThl O CYNIECTBOBAHUU ATTPAKTOPOB U 00 aCHMIITOTHKE
pelleHnii u3 HUX.

st oTBeTa Ha BOIpPOC 00 YCTORUMBOCTH IIEPUOANYIECKUX perternit u3 S(x) uccie-
AyeTcd aCUMIITOTUKa MYJIBTUIIJINKATOPOB MaTPUIIbI MOHOJAPOMHNHN JINHEAPU30BaAHHOT'O
(HA TIEPHOIMIECKOM DEINeHNN) YPABHEHUSI.

Hawubosree ToHKUI MOMEHT B MeTO/ie OOJIBIIIOrO ITapaMeTpa CBA3aH C Olpe e/ IeHIeM
muOKecTB S(2). 376ch HEOOXOIUMO UCIIOIB30BATH HEKOTOPYIO JOHOJIHATEIbHYIO UH-
dopmarmio o CTpyKType pelnenuil. B KaXk710M n3 paccMOTPEHHBIX YpaBHEHU! BBIOOD
TAKHX MHOXKECTB OKa3aJICs JOBOJIBHO €CTECTBEHHBIM.

OrMmernM, ITO yKa3aHHBIM METOJIOM Y/IAJI0Ch UCCIIeI0BATD PsiJl BAXKHBIX C IIPUKJIA/I-
HOI TOYKM 3pEHUd 3a/1a4.
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MOIMOUIINPOBAHHAS 3ATAYA DVIIJIEPA
(MODIFIED FULLER PROBLEM)

IO. H. Kucenés (Yu. N. Kiselev),
C. H. AsBakymoB (S. N. Avvakumov)

Mockosckuil 2ocydapcmeennuti yrnusepcumem um. M.B. Jlomonocosa,
Mocxsa, Poccus

kiselev@cs.msu.su, asn@cs.msu.su

PaCCI\IanHBaQTCH 3aa4a OIITUMAJIbHOI'O yIIpaBJICHUA
i1 =12, 21(0)=a, 1(T)=0,

o =u, x2(0)=0b, x2(T)=0, [ul<1, )

T
Jlu] = AT + (1 — A)/ wh(t)di — min,
0 u(-

zaBucdmag ot mapamerpa A € [0, 1]; napamerp T > 0 e dbukcuposan. [Ipu A\ = 0 3a-
nada (1) npespaaercst B u3secTHyI0 3a1a1y @ysuiepa (eMm. [1-7]), a npu A = 1 umeem
KJIACCUIECKYTO 3319y ObICTpOeiicTBUsI st 00bekTa “Tee:kka’. Perenust aTux IByx
3a/1a9 XOpOIIO U3BECTHDI; ONTUMAJIbHBIT peryjadaTop nmMeeT BU/

z1 = sign[—mas|zal], (2)

npudaeM s 3agaau Pyisepa (A = 0) koadduruenT peryastopa u BpeMsl CyTh
1
MFull = E 6(V 33 — 1) =044.. oy TFull = Tpun(a,b),

a I 3872491 “TeJIeKKa —

1 T {b+2\/a+b2/2 BBIIIIE JLII.,
Mren = 3> TE —
—b+2y/—a+b?/2 Hmxe pIL;

st Tran(a, b) numeercs: siBHast popMysa, KOTOpasi 3/1eCh He IPUBOJUTCS. B 3amade
Oynepa nadaogaeTcs 3hdeKT uemmepurea, a B 3ajatde ‘TeekKa’ ONTUMAIHLHOE
yIpaBjieHne — peJieiiHast DYHKIMS BPEMEHU CO 3HAYEHUsAMH £1 M C KOJIMYEeCTBOM
TOYEK MEPEKJIIOYEHNsI, He TPEBOCXOIATIIM 1.

PaccmarpuBaercs 3a/iada 0 HAXOXKAEHUN HAMJLY UIIEro peryssitopa juist Mojesu (1)
B popme

1
T = sign[fm()\)x2|x2|], A€ [0,1], m()\)|/\:0 = MFul, m()\)|>\:1 =3

[IPU WCCIIEJI0BAHAN KOTOPOH MCIIOJIB3YeTCsl ONBIT permenust 3amaan Pysuiepa (¢ wnc-
[OJIb30BaHUEM BO3MOXKHOCTEl cpesbl Maple), onncanssrit B [5-7].

Crmcok Jureparypsbl
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NCCNIEIOBAHUE MHOI'OMEPHBIX
3AJIAY OINITUMAJIBHOI'O VIIPABJIEHUS
C MMPOU3BO/JICTBEHHON ®VHKIIMENT KOBBA—-/IVIJIACA
(INVESTIGATION OF MULTIDIMENSIONAL OPTIMAL CONTROL
PROBLEMS WITH COBB-DOUGLAS PRODUCTION FUNCTION)*

IO. H. Kucenés (Y. N. Kiselev)?, M. B. OpsioB (M. V. Orlov)?,
C. M. OpJios (S. M. Orlov)?, A. II. Bakmianos (A. P. Baklanov)®

¢ Qakysvmem viMUCAUMENLHOT Mamemamury U kubepremuru, Mockoscrkut
2ocydapcmeennwvill ynusepcumem um. M.B. Jlomorocosa, Mockea, Poccus

6 Unemumym mamemamusu v mexarnury um. H.H. Kpacoscroeo YpO PAH,
Examepunbype, Poccus

kiselev@cs.msu.su, orlov@cs.msu.su, sergey.orlov@cs.msu.su,
artem.baklanov@gmail.com

PaCCI\/IanHBaIOTCH 3a/a491 OIITHUMaJIbLHOI'O yIIpaBJ‘IeHI/IH C ;LI/IHaMI/IKOfI
xi:¥F(x)—uixi, x;(0) = x50 > 0, i=1,....n, n>2,
o (1)
z=(21,...,2,)" eERY ={zeR": z;>0,i=1,...,n}

7 PA3/IMIHBIMA (DYHKIIMOHAJIAME, B TOM YHUCJIE

T n
J = eVt 1 — u; | F(x) dt — max, 2

*Pabotra Bemonnena npu dpuancoBoil nognepxke POOU (npoekr 18-31-00454 Mo a).
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JE/ e V'n|[1- Zui F(z)|dt — m(a)x, (3)
0 i=1 u

IJle & — BEKTOP IOJIOXKUTEJbHBIX (HA30BBIX MEPEMEHHBIX, U — BEKTOD MMEePEMEHHBIX
yIIpaBJIeHNUs, NOJYUHEHHBIX reoMeTpudeckoMmy orpanumdenuo u(t) € U C R™ ¢ o6-
nacrbio yupapiaenns U = {u € R":u; > 0,4 = 1,n, > ., u; < 1} upn dyskumo-
mane 2) u U = {u € R":w; > 0,i = 1,n, Y . ,u; < 1} npu dbyskuuonane (3),
20 = (210, 220,...,Tno) € R" — magambHOE COCTOAHHE YHPABIAEMOTO OOBEKTA,
iy @ =1,...,n, — nosoxkuUTEIHbHBIE KO3 DUIMeHTH amMopTu3anun, v > 0 — koaddu-
OUEeHT JUCKOHTUpoBauus, T > 0 — 3a/laHHAs JUINTEILHOCTD MPOIECCa YIPABJICHUS.
B muddepennmaabHbIX ypaBHEHUSIX yIPABJISIEMOT0 JABHUKeHus 3aa4n (1) yuacrByer
bynxnus F(r) = 27'25”...25, © € R}, — npoussoicreennas ¢yukims Koboa—
Hyrnaca, B KOTOPO# TOJOKUATENbHBIE KOIPDUIUEHTHI IJTACTUIHOCTH €1,E9,...,En
VIIOBJIETBOPSIOT YCJIOBUIO €1 + ... + &€, = 1. ®a30Bbie mepeMeHHbIE XaPAKTEPUIYIOT
YPOBHU Pa3BUTHUsI COOTBETCTBYIONUX CEKTOPOB SKOHOMUKH, 8 (PYHKIIHOHAJT — WHTE-
IPabHBINA 06beM ToTpebienust Ha orpeske Bpemern [0, 7] ¢ yueToM JUCKOHTHPOBa-

aust. Ormernm, 9To B padorax [1, 2] npu n = 2 Ha 3a7aHHOM KOHEYHOM TOPH30HTE
IUTAHUPOBaHUsl MakcuMusupyercs dyraknuonan J = zo(7T). Bazaua (1), (2) pacemor-
pena B [3, 6]. Banaga (1), (3) paccmorpena B [4, 5].

B paccMOTpeHHBIX 3a/1a9aX IPUMEHSIeTCs IPpUHIKIa MakcumyMa [loaTpsruna s
[IOMCKA 9KCTPEMAJILHOIO PElIeHHs] U BOBMOXKHBIX OCODBIX PEKUMOB. DKCTPEMAJIbHbBIE
pellleHnsl ONUCHIBAIOTCS KOHCTPYKTUBHO. BO BCex cilydasix 0OOCHOBAHA ONTUMAJIb-
HOCTb TIOCTPOEHHBIX SKCTPEMAJIbHBIX PEIEHUH Ha OCHOBE JOCTATOUHBIX YCIOBUIl.
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ONTUMAJIBHBIE CTPATEI'UU ITIOJABJIEHN A
KJIETOYHOI'O JEJIEHUS B AHTUPAKOBOW TEPAIINU
(OPTIMAL STRATEGIES FOR SUPPRESSING CELL DIVISION
IN ANTI-CANCER THERAPY)

A. . KimmenkoBa (A. D. Klimenkova)®,
A. Kopob6eiinukos (A. Korobeinikov)?’,
E. H. Xaiinos (E. N. Khailov)®

% Mockosckuti 2ocydapcmeennviti ynusepcumem, Mocksa, Poccus
CIlenmp mamemamuneckux uccaedosaruti, Bapcerona, Uenanusa

klimenkovaad@mail.ru, akorobeinikov@crm.cat, khailov@cs.msu.su

B mnocnennue necatuiierusi HaOJIIOAETCSA MIPOIPECC B BBIABJIEHUHM U OObSCHEHUN
IIPOIECCOB, BO3HUKAOIINX IIPU PA3BUTHUN PAKOBBIX 3abojieBaHUil, & Tak»Ke B pa3pa-
6OTKE METOJIOB U CPEJICTB MX PAHHEH NUATHOCTUKY U JIEUEHUs. SHAYNTE/IbHBII BKIIAT
B pellleHne JAHHON TPOOIeMbl BHOCAT MATEMATHIECKOE MOJIEIMPOBAHNE, KOTOPOE 03~
BOJISIET CMOJEIMPOBATH IIOBEICHNE KJIETOK U OPraHOB 10 OOJIE3HU, IIPU €€ Pa3BUTHHU U
snedennu. Hanbostee pactpocTpaHeHHBIMU SABJISIIOTCS MATEMATUYIECKUAE MOJIEJIH, OTIH-
CBIBAIOIIINE PA3BUTHE IJIOTHON PAKOBOHN OIYXOJH C IMOMOIIBI0 OOBIKHOBEHHBIX (-
depennnanbHbIX ypaBuenuii. IIpegcraBiisier mHTEpeC PacCMOTPETh MPOCTPAHCTBEH-
HO€ M3MEHEHUsI OIYXOJU C TOYKHW 3PEHUdA JTMHAMWKU MOyl 37J0POBBIX U PaKO-
BBIX KJIETOK, IIPUMEHsIS MOJesb KOHKypenmmn JIlorku—Boabreppsr. [Ipu orbickanun
3bEKTUBHBIX B TOM WJIM WHOM CMBIC/IE CTPATEruil JledeHnsi PaKOBBbIX 3a00/1eBaHUi
MIIIPOKO UCIIOJIB3YETCsT TEOPHUs ONTUMAJILHOTO YIIPABJICHUSI.

Pacemorpum Ha 3amanHOM oTpeske Bpemenu [0, T'] HeJMHENHHYO yIPABISIEMYIO CH-
cremy auddepeHnuaIbHbIX YpaBHeHU I

i(t) =r(l — rw(t)) (1 —2(t) — ar2y(t))z(t) — miz(t),
y(t) = (1 — row(t))(1 — y(t) — a21z(t))y(t) — may(t), (1)
z(0) =z0, y(0)=yo, To,y0 >0,

KOTOpasl ONHUCHIBAET B3aUMOJICHCTBHE 3/I0POBBIX U PAKOBBIX KJETOK YEJOBEIECKOTO
OpraHmu3Ma IpU aHTUPaKOBOi Teparmu. B 3Toii cucreme x(t) — KOHIEHTPAIWS 3710-
POBBIX KJIETOK, y(t) — KOHIEHTPAIWsI PAKOBBIX KJIETOK, o U Yo — COOTBETCTBYIOIIUE
HAYaJbHBIE YCJIOBHS, 413, A1, M1, Ma, K1, k2 — 3aJaHHBIE TOJIOKUTEIbHDBIE Mapa-
merpbl. Takzke cucrema (1) comepkuT yupasisomyo GyHKIu0 w(t), NOAIUHEHHY O
OrpaHIYCHUAM

0 < w(t) < wmax < min{ry ', Ky '} (2)

VYupasienue w(t) 3a1aeT UHTEHCUBHOCTb AHTUPAKOBON TepAlMU, HOAABJSIONIEH je-
JIEHWEe KJIEeTOK. 1101 MHOXKECTBOM JIONYyCTUMBIX YIPABJIEHHUH MBI MOHUMAEM BCEBO3-
MOKHbIEe u3MepuMble 10 JleGery dyuknuu w(t), Koropsie upu nouru Beex t € [0,T]
YZIOBJIETBOPSIFOT OTpaHnIeHusIM (2).

Cunraem, 9TO B JAJbLHEHIX PACCY?KICHUAX BBITOJIHEHB HEPABEHCTBA

a12~a215£1, meo > My, Ko > K1.
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Bsenem muoxkecTBo
A={(z,y): 0 <z <zpe"™, 0 <y <yoe}.
TOF,ILa. Ol"paHI/I“IeHHOCTI)7 ITIOJIOZKUTEJIbHOCTDH U IIpO‘ZLOJ'I}KI/II\/IOCTb peIHeHI/II‘/JI CUCTEMBI (1)

YCTaHaBJIMBAIOTCS CJIEYIOME JIeMMOIL.

Jlemma 1. Ilyemo cnpasedauso exmouenue (xo,yo) € A. Jas npouseosvhozo
donycmumozo ynpasaerus w(t) coomeememeyrowue pewenus x(t), y(t) cucmemos (1)
onpedenenv na ecem ompesxe [0,T] u ydosaemeoparom exaouwenuro (z(t),y(t)) € A
npu ecex t € (0,T].

It cucrembr (1) HA MHOXKECTBe JIONYCTUMBIX yIIPABJICHUH PACCMOTPUM 3aJady
MUHUMU3AIUE QYHKITOHAIIA

J(w) = y(T) — ax(T), (3)

KOTODBIII IpeJIcTaBIsieT coO0it B3BEIIEHHYIO PA3HOCTH KOHIEHTPAIUI PAKOBBIX U 370-
POBBIX KJIETOK B KOHEUIHBIH MOMEHT 1. 31ech o — MOJIOXKUTEJILHBIN BeCOBOi K03 bu-
I[FIEHT.

Jlemma 1 rapaHTHpYeT B 3ajade MUHUMU3AIWMU (3) CYyIIECTBOBAHUE ONTHMAJBHO-
ro yrnpasieHHus W, (t) W OTBEYAIONINX €My ONTHUMAJIBHBIX pemeHuil . (t),y.(t) cu-
crembl (1). g ux aHajun3a OpuMeHUM HpuHIMO MakcumyMa Ilonrpsruna. Torma
cyuiecrByer Takast BeKTop-byukus ¥y (t) = (7 (L), ¥5(t)), uro

o 1, (t) SABISETCS HOTPHBHAILHBIM PEIICHIEM CONPSKEHHOH CHCTEMEI

Gi (1) = r(1 = mrw. ()2 ()97 (1) + agi (1 — row, (f)) (Vs (t) +
—{r(1 = 1w () (1 = 2. (t) — a12y.(t)) — ma J9b1 (1)

P3(t) = raa(1 — wrws ()2 (Y7 (8) + (1 — ffzw*(t))y*(t)%(t) - @
—{(1 = rows (1)) (1 = yu(t) — a2+ (t)) — m2 J3(t)

Vi) =a, P3(T)=-1

e yupasieHue Wy (t) yJ0BIETBOPSET COOTHOIIEHUIO

)

Wmax; ecit Ly, (t) > 0,
wy(t) = { moboe w € [0, Wmax], ecau L, (t) =0, (5)
0, ecm L, (t) <0,

B KOTOPOM (DYHKITHS
Lo(t) = =rra (1 = 24 (t) — @12y« () ()91 (1) —
— r2(1 = yu(t) — az1m. (8))y« (£) Y5 (1)

stBisiercst byHKImen nepeksouennii. OHa onuchiBaeT ¢ OMOIB0 GopMyas (5)
NOBeJIEHNE YIPABJIEHUsT Wy (t).

(6)

AH&J’[I/IS (i)Opl\ly.HbI (5) ITOKa3bIBa€T BO3MO2KHBIE BU/IbI OIITHUMaJIbHOI'O YIIpaBJICHUA
Wi (t) OHO MOXKET UMeTh PeJIEWHBIN BUJ| M IEPEKJII0OYAThCS TOJBKO MEXKJy 3Hade-
HusMA 0 U Wiax. DTO UMEET MECTO, KOTJA IIPU IIE€PEXOe Uepe3 TOUKU, B KOTOPBIX
dyukiusa nepeksouennii Ly, (t) obpariaercs B Hyjlb, IPOUCXOAUT CMEHA 3HAKA ITOM
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dynkmuu. Kpome Toro, momMuMo yuacTKOB pesieffHOro Tumna, yrnpabieHne wsy(t) mMo-
JKEeT COZEePKaTh 0Cobble yyacTKH. Takoe MPOUCXOIUT, KOT1a (PYHKINS [TEPEKITI0YEHII
L, (t) obpamaercsa TOXKIECTBEHHO B HyJIb Ha HEKOTOPOM uHTepBaJie orpe3ka [0, T].

JI1s1 yIIpoIIeHus: TOCIEAYIOINX PACCy?KICHHH BBEIEM HOBBIE CONPSZKEHHBIE TI€pe-
MEHHBbIE

o1(t) = —z (YT (t),  d3(1) = —y(O)P3()
1 ¢ HX [IOMOIIBIO TIEPEIIHIIIeM COOTBETCTRYomme cretemy (4) i dopmysy (6):
G(t) = r(1 — k1w ()24 ()87 (1) + a21 (1 — Kow. (8)) 2. (1) B3 (1),
G5 (t) = rarz(1 — k1w, ())y- ()67 (1) + (1 — raw. (t))y.(t) 3 (1), (7)
¢1(T) = —ax.(T), ¢5(T) = y.(T);
Ly(t) = rk1(1 — 2. (t) — a12y:(8)) 91 (t) + £2(1 — yu(t) — a1z (1)) P3(t).  (8)
Ananus crcremst (7) IPUBOAHT K 0GOCHOBAHMIO CIGAYIONIEH JIEMMBL.

JIemma 2. Conpsoicennvie nepemennvie ¢f(t), ¢3(t) snarxoonpedeaenv, 1na ompes-
ke [0,T], m.e. umerom Mecmo HEPABEHCEa

¢1(t) <0, ¢53(t) >0,  t€l0,T]

Ucnonbsys nuddepenimanbupie ypasaenus cucrem (1) u (7), a rakxke dopmy-
ay (8), HaxouM BbIpaxkeHue jyist npousBoanoit L, (t) dyukimuu nepekmodennit Lo, (t):

Ly (6) = aa(t), e ()61 (6) + Bl (1), - (1) 653(0),
rue dyakuun a(z,y) u f(z,y) 3a1aHbl COOTHONIEHUSIMU
a(r,y) = re1(miz + aigmay) + (k2 — k1)azy(l —y — anz),
Bz, y) = K2(azimiz + may) — r(k2 — K1)azi1z(l —  — aizy).

TaK)Ke IIOJIE3HBIMU B ﬂaﬂbHeﬁHIel\T aHaJIN3€ OKa3bIBAIOTCHA @OI)I\/IYJ‘H)I7 BbIpazKarolue
npoussogHyto Ll (t) uepes dyrkuuio Ly, (t):

i1 (1 = 2. (t) — a12ys (1)) Le, (1) = (@ (1), yu () Lo (1) — (2 (
Ka(l — yu(t) — agiws(t)) L., () = B(@a(t), yu(t)) Lun (t) + P (s (t

rue dynkuusa P(x,y) onpeseieHa COOTHOMIEHUEM

NN
* *

~+ ~+
% N ¥
~+ ~+

O(z,y) = rmng{(mlx + a1omay)(l —y —ao1x) — (aaymiz +moy)(l —x — alzy)} +

+ (ke — k1) {rr1agiz(l — z — a12y)* + koaioy(l —y — a21$)2}.

Tenepp U3y4YuM CyIIECTBOBAHME OCODOrO ydacTKa y ONTUMAJILHOIO YIIPABJIEHHS
wy (t). pemnmonoxkum, aro unrepsan A C [0,7] — Takoii y4acTok. 3HAYWUT, ClIpa-
BEJIJINBBI PABEHCTBA

L,(t) =0, L, (t) =0, teA. (10)

Paccmorpum a1n cooTHOINIEHNST KaK CHCTEMY JIMHEHHBIX OJ[HOPOJIHBIX YPaBHEHHIT OT-
HOCUTEJIHHO NIepeMeHHBIX ¢ (t), ¢4 (t), KoTopast Garomapst JeMMe 2 IpH KasKJI0M 3Ha-
geHnn t € A rMeeT HeTPUBHAJILHOE perteHne. DTOT GAaKT MPUBOJIUT K PABEHCTBY

(. (), 4 (1) =0,  tEA, (11)

136



ozHavawmmeMy, 9To Kpusast ®(z,y) = 0 sBasercs ocobbiM MHOXKeCTBOM. B n0KIa1€e
006Cy K 1aeTcst BUJ 9TOH KPUBOH TP PA3IMIHBIX 3HAYEHUSIX IapaMeTpoB cucreMsr (1).

Hasee uccaegyeM Ha uHTepBase A Bropyio npoussognyio LI (t) dyukuuu mepe-
ksovgenuii L, (t). Jns sroro nponuddepennupyem dbopmyint (9) ¢ ucnoib3oBanuem
coorromennii (10) u (11). B pesynbraTe HAXOAUM BBIPAsKEHUST

rr1 (L= (t) — arays (1)) Ly (1) = =P (2. (t), v« (1)) 95 (1),
Ra(1 = yu(t) = a1, (£)) Ly (1) = @4 (2. (1), 4 (1)) 07 (1)

Pasencrso L! (t) = 0, Bbrrekatoniee u3 coornomenuii (10), npumenennoe B opmy-
aax (12) BMecTe ¢ pesyabraTaMu JeMMbL 2, TpuBoAuT K hopmyse ®)(x.(t), y.(t)) = 0.
B meit unTepec mpejcTaBIseT 3HAKOOIPE,IeJeHHOCTh CJIaraeMbIX, COJIeprKalliX YIIpaB-

(12)

JeHne W,y (t). B 1oKIa/1e IPUBOAATCS PE3YIIBTATHL COOTBETCTBYIOIIErO YUCIEHHOTO UC-
CJICJOBAHNS 3TOH 3HAKOOIPEIEICHHOCTH JIJIS PA3IUYHbIX 3HAYEHWI IapaMeTpOB CHU-
creMbl (1), 9TO 1103BOJISIET U3YyYUTDH BBHIIOJHEHUE UM HEBBIIOJHEHUE HEOOXOIUMOIO
YCJIOBUS ONTUMAJIBLHOCTHA 0COOOT0 ydacTKa.

Haxkonern, B J0KJIaje IpeJCTaBICHBI PE3yJIbTaThl YUCJIEHHBIX PACUYeTOB PEHICHHUs
3ajaun MuHIME3armn (3), BeinosnHeHHble B cpeje “BOCOP-2.0.57.

(GUARANTEED RESULT OF CONTROL
OF A DIFFERENTIAL INCLUSION WITH MIXED CONSTRAINT

R. V. Konstantinov

Moscow Institute of Physics and Technology, Moscow, Russia

konstantinov.rv@mipt.ru

Formulation of the problem. We consider the differential inclusion

dfl—it) € F(t, z(t), u(t)), t € [to, T, (1)
where x € R” is a vector, u € P C R™ is a control, and P is a compact set containing
the zero vector. The set-valued map F is defined on [tg,T] x R™ x P and has convex
and compact values in R™. In addition, F' is continuous in the Hausdorff metric and
is Lipschitz in € R™ with a constant L > 0 uniformly with respect to ¢ € [tg, T] and
u € P. The piecewise continuous functions u: [tg, 7] — P will be called admissible
controls. Hence for any admissible control u(-) there exists a partition w(u) = {t;}_,
of [tg, T], where tg < t; < ... < tn =T, such that u(-) is continuous on every interval
(tk,tk+1) and has one-sided limits at its ends. The set of all admissible controls will
be denoted by U.

Under all these conditions, for any vector o € R™ and for any admissible control
u(-) € U there exists a piecewise continuously differentiable function x: [tg, T] — R™,
x(tp) = g, that has a continuous derivative on the intervals of the partition w(u)
and satisfies the inclusion (1) on them (see [1, §38]). Any such function will be called
a solution of the inclusion (1). The collection of all solutions of the inclusion (1)
corresponding to an admissible control «(-) and an initial vector zp will be denoted
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by X (u(-), o). We assume that the possible values of the vector x(tg) = xo belong
to a compact set Xg C R".

Let a closed set R C R™ x P with R” x {0} C R be given. In terms of the set R we
will determine a mixed constraint for the vector # and control u in the following way.
Let u(-) € U and z(-) € X (u(-), zo). The pair {z(-),u(-)} will be called R-admissible
if the following inclusion holds:

a(t)
R Vvt . 2
SHE ¢ w(w) 2
Denote by Xr(u(-),zo) the set of all z(-) € X (u(-), zo) for which the pair {z(-),u(:)}
is R-admissible.

Let continuous functions g: R™ — R and G: [ty,T] x R™ x P — R be given. For
any admissible control u(-) and function z(-) € X (u(-),zo) define the value of the

functional
T

J(@(-),u(-),w0) = g(x(T)) + | G(t,2(t), u(t))dt. (3)

to

The purpose of controlling the differential inclusion (1) with mixed constraint (2)
consists in obtaining a value of the functional J as small as possible with a control
u(+) € U such that for any corresponding solution z(-) the inclusion z(-) € Xg(u(-), zo)
holds. We construct a control of the differential inclusion (1) within the piecewise
programmed strategy.

Definition 1. By a piecewise programmed control strategy of the differential
inclusion (1) with mixed constraint (2) we will mean a partition w = {tx}4_, of the
segment [to, T'] and a function u** giving for any k € 0, N — 1 a constant value uy, € P
of the control u(-) on (tx,tx+1) by the information of the value of the solution z(ty)
realized at tj, such that the inclusion (2) holds for any solution z(t) of the differential
inclusion (1) that corresponds to the control u(t) = uy, for t € (g, tg41)-

Definition 2. By a guaranteed result of control of the differential inclusion (1)
with mixed constraint (2) we will mean a function v: Xy — R such that for any
vector zp € Xo and any a > y(x¢) there exists a piecewise programmed strategy us'™
which leads to the construction of a control u,(-) € U such that for any solution

x(+) € X(ua(+), o) the inequality J(z(-), uq ("), o) < o holds.
Construction of the guaranteed result. We denote by B, the closed ball
in R™ of radius r > 0 centered at the origin.

Proposition. There exist real numbers r > 0 and d > 0 such that for any vector
xo € Xo, control u(-) € U, and solution z(-) € X (u(-),xo), the inequality |z(t)] < r
and inclusion F(t,z(t),u(t)) C Bq hold for all t € [to,T).

We fix an arbitrary § > 0 and define a set Rs = R = (Bgs x {0}), where the
operation * is the geometrical difference of two sets in R™ (see [1, Ch. 1, §4, p. 37,
Definition 4.3]). Note that the inclusion R” x {0} C R implies the inclusion R" x {0} C
Rs. For any z € R™ we define a compact set

Ps(z) = {UE P: <Z> € 35}.
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The inclusion R™ x {0} C Rs provides the inclusion 0 € Ps(x) for any € R™. We
recall that for any compact set K C R”™ its support function is

K) = R™
s(p, K) ggg(p,x), p R,

where (p, ) denotes the scalar product of vectors p and x in R™.

Theorem. Let there exist a continuously differentiable function
ps: [to,T] X B = R
such that for all t € [to,T] and = € B, the inequality

ap5<ta .’L') . ap5<ta .’L')
oA/ < 4
Y + uen?%l(lm) s e JE(z,u) ) + Gt z,u) ) <0 (4)

holds together with the boundary condition
g(x) < ps(T, x) Vo e B,. (5)

Then the function y(x) = ps(to,x), © € Xo, is a guaranteed result of control of the
differential inclusion (1) with mized constraint (2), and for any vector xo € Xo and
a > ps(to,zo) there exists a partition w = {tp}i_, of [to,T] with refinement less
than § and a piecewise programmed strateqy realized by the formula

. Ops (tg, x(t
= anganinep, o (5( 22D i a0 ) + Gttt )

the application of which guarantees the inequality J(T,z(T)) < « for any solution
z(+) € X(u(-), zo).

This theorem is based on the Hamilton—Jacobi equation method [2, §3.7] in a
problem of finding a solution of the differential inclusion that minimizes a terminal
functional (problem Pp in [2, § 1.3]), generalized for the considered problem of control
of the differential inclusion (1) with mixed constraint (2).

Example. Consider F(t,z,u) = A(t)x + a(t)u + b(t)[— 3, ], where the functions
A(t) e R™*™ qa(t) € R™, and b(t) € R™ are continuous on [to, T] and a(t) and b(¢) are
eigenvectors of A(t) with eigenvalues A\, (t) and Ay (t), respectively, for every ¢ € [to, T].
Let also f > 0 and u € P = [—a, o] where o > 0. The set R C R™ x P for the mixed
constraint (2) consists of all vectors (¥) satisfying the inequality |u| < f(|z|), where
f:]0,400) = (0,q] is a decreasing continuous function. Let the functional (3) be
given by the formula J(x(-),u(-),z0) = (2(T),q), where ¢ € R™. If we consider the
function

c(t,z) = = (I(a(t), 2)|f(r + do) —|(b(t), 2)IB),  t€[to,T], z€R",

S| =

and the cone K (t) = {z € R": ¢(t,z) > 0} for every t € [tg, T], then one can show that
the function ps(t, z) = (z, 2(t)), where dz(t)/dt € B 1)) — AT (t)2(t), 2(t) € K(t)
for t € [to,T], and z(T') = ¢, satisfies inequalities (4) and (5). Applying Theorem I-2
from [3], one can show the existence of such a function z(t) if the conditions ¢ L b(T)
and A, (t) < Mp(t) hold for all ¢ € [tp,T]. Then the function vy(z) = ps(to,z) is a
guaranteed result, and the value uy € P at the moment ¢ € w(u) under the realized
z(tx) is calculated by the formula uy = —sign(a(tx), z(tx)) f(|z(tg)| + db).
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Pabora mocssiena mOCTPOSHUIO aCUMIITOTUKH PEIIEHNsT OOBIKHOBEHHOTO Jaudde-
PEHINAIBLHOTO YPABHEHHUsI C TOJIOMOPGMHBIMEA KO3 DUIMEHTAMI B OKPECTHOCTH OECKO-
neuaroctu. Kak m3BecTHO, 6E6CKOHEYTHOCTH, BOODIIE TOBOPsI, SIBJISETCS UPPETYISpPHOit
ocoboit Toukoil JimHeitHOTO nuddepeHnnaIbHOTO YPpaBHEHUsI, UMEHHO 3TOT CJIydait
MBI U OYJIEM PACCMATPHUBATH. ACUMITOTUKY PEIIeHrsT OY/IEM CTPOUTH METOIAME Pe-
CYPreHTHOrO aHAJIM3a, OCHOBBI KOTOPOIO M3JI0XKeHbl B KHure [1], a rakxke merozom
[IOBTOPHOIO KBaHTOBaHuUs [2].

Paccmorpum obbikHOBEHHOE mddepeHInaIbHOe yPABHEHHE C TOJIOMOP(MHBIME KO-
s durmenTamu

H<x, %)u(x) =0, rue H(z,p) =p" + ; a;(2)p'. (1)

Yepes a;(z) obozuadennt rojoMopdubie GyHKIMUA B OKPECTHOCTU GECKOHEIHOCTH. DTO
O3HAYAET, YTO CYIIECTBYET TaKasl BHEIIHOCTL KpyTa. || > a, B koropoii dyHkImn a;(x),
1=0,1,...,n—1, pazaraiorca B CXOJINUECs CTEHEeHHbIe PAJbL a;(x) = Zjio bl /.

3asaua MOCTPOEHNST ACUMIITOTUK perennii ypapHerus (1) siBJsieTcst KIaccuIeckoi
3a/1a9eil AaHAJMTUIECKON Teopun JHHEHHBIX Juddepennnaibubix ypapaenuit. O Hoi
U3 TEPBBIX PaboT, B KOTOPO#i GbIIM OCTPOEHBI ACUMITOTHKY PellieHus: ypasaerus (1)
B OKPECTHOCTU GECKOHEUHOCTH, dBJisiercs pabora [3]. B aroit pabore ObLin 110CTPOEHDI
ACHMIITOTHYECKIE PA3JIOXKEHUsI PEIIeHNI HEKOTOPBIX OOBIKHOBEHHBIX Tu(MdOEPEeHITH-
AJIbHBIX yPaBHEHWI B ciydae, Korma muHorowieH Hy(p) = H(0,p) mmeer mpocreie
KOPDHHU. DTU ACUMITOTHKN OBLIN MOJIYYI€Hbl B BHJIE IIPOM3BEJIEHUIT COOTBETCTBYIONINX
9KCIIOHEHT Ha PacCXOoAdIuecsd psAabl, OJJHAKO BOIIPOC 06 UHTEepHIpeTaluy MOJIyY€HHbIX
PACXOJISAIIMXCS PAJIOB OB OCTABJIEH OTKPBITHIM, WHBIME CJIOBAMM, METOJ, CYyMMHUPO-
BAHUS ITUX PACXOJSAIINXCS PAIOB OTCYTCTBOBAJ. TaKie aCHMITOTUKY B JTaJbHENIIEM
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TOJIYYINJIN Ha3BaHUA BKB—a.CI/H\/HITOTI/IK. 9TO Ha3BaHNE IIOABUJIOCH IIPpU pEHI€HNN HEKO-
TOPBIX 3a/1a9 KBaHTOBOM MeXaHUuKH, I'/ie 6I)IJ'[I/I IIOJIYy9€HbI aCUMIITOTUYIECKHNE PA3JI0XKe-
HUsI TAKOTO THUIIA.

B xonrme 80-x rosoB mponuoro Beka ObLI MOIYYeH ANMapaT, TPUTOMHBIA [T CyM-
MHUPOBaHUs MOMOOHBIX PS0B, OCHOBaHHBIN Ha mpeobpazoBanunn Jlammaca—bBopens u
MIOHSITUU PECYPreHTHON (DYHKIINM, BIIEPBbIE BBEJIEHHOM (DPAHILY3CKIM MaTEMATUKOM
ZK. Dxaznem [4]. Brociencrsum JaHHBINA amnmapar aKTHBHO NPUMEHsUICS B paborax
B.-B. Ilyubue, B.}O. Crepuuna u B.E. Ilarasnosa [5] ajis ucciienoBanus BoIPOXK IAI0-
IIUXCs YPABHEHUH, TOJLY YAIOIIUXCS TP PACCMOTPEHUH SJUIMIITUICCKUX yPABHEHUH Ha
MHOT000pa3usAX C OCOOEHHOCTSIMU TUIIA KJIIOBA, 8 TAKZKE JIJIs IOCTPOSHUIT aCHMITOTHAK
yPaBHEHU C MaJIbIM I1apaMeTPOM.

IlycTh BBITIOJIHEHO YCJIOBHE b? =0,7=0,...,n — 1, UHBIMU CJIOBaMU, OCHOBHOI1
cumBOJI indbdepenimaabHoro oneparopa H (w, %) SIBJISIETCST OHOPOIHON DYyHKITHEN.
Bagaua (1) myrem 3amenbl © = 1/r CBOAMTCA K yPABHEHUIO C BBIPOXKJIEHUEM THIIA
KJIIOBa BTOPOT'O MOPSIIKA, KOTOPOE MOXKHO 3aIiCaTh B BUIE

d n d k d k—1
2 m_ 2" m+1[_ 2%
( r dr) u(r) + bor ( r dr) u(r) + byr ( r dr) u(r) + ...

m

n—1 j n—1 1
. X d J ) d 7
m+k 7 7 2 h+1 7 2 _
o b () £ ) Eh bj (—7“ J) u(r) 4 r EO a'(r) (—r 5) u(r) = 0.
J="ni 1=

=1

Bmech i + hi > m + k, uepes b;, b} obosmatensr cooTBeTCTByIONTIE TWHCTA, 0 (1) —
roiomopdubie dyarmun. Jucio h = m + k Ha3blBaeTCd WHIEKCOM CHHTYJISSPHOCTU
ypasaerns (1). IlycTs BBIIONHEHO HepaBeHCTBO h; +1i — h > (m — z)"_kT_m Torua
BEpHA

Teopema. Acumnmomuxa pewenus ypasuenus (1) 6 oxpecmuocmu beckoneuro-
cmu umeem eud

n—k n—k—m 0o ko 1 j 0o
S o S . T
u(x) =~ E exp g al xwF | TR E Alx™7"F + g (ln —) ™ g blz™,
x
j=1 i=1 1 §=0 i=0
] . _ _ n—k i
ede o, . j=1,...,n—k, — xopnu noaunoma p"~* + (%) ag, a A}, oy,
bl, ko ual,j=1,...,n—k—1, — nexomopuvie wucaa.

Ecin ocHOBHO#T CMMBOJI He SBJISETCA OJHOPOMHON (DYHKIMENH W MMeeT HECKOJBKO
KOpHE A1,..., Ak, TO HQJO, TOCTIEIOBATEIHHO CABUATAS KAXKJbIT U3 KOPHEH B HYJIb
IIyTeM 3aMeHBbI U] (7‘) = e/\i/ru(r), JUIS KaXKJI0OT0 U3 KOPHEH BBbIYMC/IATL WHJIEKC CUH-
TYJIAPHOCTU U C IIOMOIIBIO IIpI/IBe)ZLeHHOfI BBIIII€ T€OPEMBI ITOCTPOUTH aCUMIITOTUKY.
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IIpu BBIBO/IE HEOOXOMMMBIX YCIOBUI ONTAMAJIBLHOCTH, OGOCHOBAHUY YUCJIECHHBIX Me-
TOJIOB OITUMHU3AIIMN U BO MHOI'UX JPYI'HUX CJIydasxX BarkKHYIO POJIb UI'DAIOT yCJIOBUS
yemotinusocmu (IO BO3MYIIEHUIO YIIPABJEHUsI) CYULCMBO8AHUA 2A00ANbHUL DelLe-
nud (YCI'P) yupasisembix KpaeBbix 3a1a4 (cM., Hanpumep, [1-3]; ucropust Bonpoca
kparko omcana B [3]). Yeaosuam YCT'P kpaesbix 3a1a4 Jjisl Oy IMHERHBIX apabo-
JINIECKUX yPaBHEHMH TIpu (PUKCHPOBAHHON TJIABHON YACTH C yIPABJIEHUEM B ITPABOii
9aCcT! TOCBsIeHbl paborsl [4; 1, rr. 2, §5; 2; 5; 6], ¢ ynpasieHneM B HAYAJIBHOM
ycoun — [7]; caryuail ynpasiasieMbIx riagkux K03 hUIMEHTOB IIABHOM| YacTu pac-
cmarpuBasicst B [8]. B moksase Takme ycioBusi bOPMYJHPYIOTCS B Clydae IE€PBOH
KpaeBoil 3a1a9u JJIsT MapaboImIecKOr0 yPaBHEHUST C yIPABIAEMBIMA U3MEPUMBIMA
IJIABHBIMU KO3(buiimeHTaMu.

IMycre 3amanst uucaa T > 0,d; > 0, de > 0 (dy < do) v orpanryentas OIHOCBA3HAS
obmacts Q C R™ (0Q € Cy); Touxn obactu Q obosnauaem uepes z = {xt ... 2"};
I, = Q@ x (0,0), 0 € (0,7); I = IIy; D — HEKOTOPOE MHOXKECTBO 3JIEMEHTOB
npocrpancTBa Lo (I1). Huzke ucmosbsyrorest o6o3HaueHUsT (DYHKIMOHAIBHBIX IPO-
crpancTs u3 [9]. Pacemorpum, HapuMep, 3a1a49y € OMHOPOAHBIMY HAYAJIBHBIM U I'Da-
HUYHBIM yCJIOBHSIME

L[y] = yz/ﬁ - Z (Cm(xvt)y_{w);z = g({x,t},y(:z:,t)), {xvt} € H? (1)
y(:E,O)z&), T € Q, ylx,t) =0, 2€0Q, 0<t<T, (2)

rae ¢;; — yupasienus, 1 < 4,5 < n; dyukuua g({z,t},y): I x R — R 3anana.
[peamomaraem, 4To HyHKINE g U g, HEIPEPLIBHLI 1O Y, H3MEPUMBI 110 {x,t} 1 orpa-
HUYEHbI Ha JII000M OrpaHrYeHHOM MHOXKecTBe. MuoxkecTso D momycTuMbix yrpasiie-
muit ¢ = {¢;j, 1 < ¢,j < n} cocrour u3 Bcex Tex HAOOPOB, IS KAXKIOTO U3 KOTO-
peIx ¢;; € D, 1 < 4,5 < n, n BBIIOJIHAETCH YCJIOBHE PAaBHOMEPHON IapaboImIHOCTH
di)€? < szzl cij(m, )€ < dy|€|?, {z,t} € 11, £ € R™. UT06bI ONIpe/Ie/ T HOHATHE
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perenus 3aga4n (1), (2), paccMOTPHM BCIIOMOTATENHHY IO HAYATBHO-KPAEBYIO 3818y
JUIsl ypaBHeHUsI

Lly] = z(x, 1), {z,t} €11, (3)

¢ yeaosusivu (2). dost mobeix y € V3 O(IT), n € Wy''(IT), 2z € Loo(I), € € [0,T)]
MOJIOKIM

f n
() n(), (), €] = / i /Q {—yn£+ Zcijy;m;i—nz}m /Q y(z, €)n(z, €) dz.

ij=1

Cuenyst [9, . 3], bynkumo y(-) n3 V,"°(I,), 0 < 0 < T, HasoBeM peleHmeM 3a-
naan (2), (3) ma nmmmaape I1,, orBevatoumM yrnpasienuto ¢ € D, ecau oHa orpann-
gena Ha Il u s moutn Beex § € [0, 0] yaoBieTBOpsieT MHTErPAIBLHOMY TOXKIECTBY
Jly(),n(),2(-),€ = 0,7 € Wy (IL,). Jlna mobpix ¢ € D u 2 € Loo(IT) sanaua (2), (3)
MMeeT eMHCTBEHHOE orpanmuennoe 06o6mmennoe knacca VO (I1) pemenue na, -
ape I (em. [9, 1. 3]). Oneparop, crapsinmit B cOOTBETCTBAE (DYHKIUHI Z ITO PEIIEHHe
IpU JJAHHOM €, 0603HaTUM [uepes Ag:

y(z,t) = Aclz](z, 1), {z,t} €I, 2z € L(II). (4)

U3 pesynbraros [9, ru. 3, Teopemsr 2.1, 4.2, 7.1, 8.1] u [1, ru1. 2, § 5] caemyer, uro npu
aro6oMm ¢ € D onepartop Ae — 9TO JMHENHHBIH OrpaHuIeHHbI onepaTtop B Lo (I1); on
KBA3MHUJILIIOTEHTEH. DTOT OLIEPATOD BOJLTEPPOB B TOM CMBbIC/IE, YTO Jijid Jroboro 11,
cyxenne Alz]|r, He 3aBUCAT OT 3HaYeHWIT z|m\11, (371€Ch MCTOB3yeTCA MHOTOMEPHOE
0606menne [1] ussecrroro onpezenerns A.H. TuxoHoBa QyHKIIMOHATIBHOTO OIIEPATO-
pa tuma Bosbreppa).

Pemennem 3amaun (1), (2) va mumaape I, 0 < o < T, orBevaromum HAGOPY € €
€ D, nazosem byukmio y(-), gBJsmontyocd upu ganaom ¢ u z(z, t) = g({z, t},y(x, t)),
{z,t} €I, orpanmuennbiv 0606mennbmv knacca V% (1L, ) pemennen sazaqu (2), (3)
uHa oM muauaAape. Ha mobom mummaape Il,, 0 < o < T, mabopy ¢ € D He moxker
oTBedaTh OoJlee OHOrO Takoro perienus. Kaxnomy Habopy ¢ € D npu jgocraTodHo
MaJIOM ¢ OTBEYaeT eMHCTBEHHOE Takoe pertenne Ha 11, 3amaqan (1), (2).

Dopmyna (4), KOTOPYI0O MOXKHO Ha3BaThb (OPMyJION OOpAaIleHHs TJIABHOW dYacTu
HadaabHO-KpaeBoil 3aqaan (1), (2), ycraHaBIuBaeT B3aMMHO OJHO3HATHOE COOTBET-
crBre MeXKIy KiaccoM Lo (I1) dyuxumii z(xz,t), {x,t} € I, u kinaccom yzoBjeTBopsi-
fomux ycaosuam (2) dbyuknmit y(z,t), {z,t} € I, nupocrpancrsa 1721’0(1_[). TToaromy
zazada (1), (2) sxBUBaJEHTHA BOIBTEPPOBY (DYHKIMOHAIBHO-OIIEPATOPHOMY YPaBHE-
HUIO

z(x,t) = g({z, t}, Acl2] (2, 1)), {z,t} €T, =z € Lo(II), (5)
HaJ|, IPOCTPAHCTBOM Lo (IT).

ITycts © — Ta gacth D, KaxKIOMy 3JE€MEHTY € KOTOPOIl OTBEYAeT €IUHCTBEH-
Hoe ryobasbHoe (T.e. Ha numHape II) pemenne y.(-) 3amaun (1), (2). s ¢ € D,
co € Q mosoxuM r(c, co) = ||[Ac — Aco || L (1) L. () - Bosmbrepposa dynkumonaibmHo-
onepaTopHas repedopmympoeka (5) 3amaun (1), (2) mosossier meromamu pador [1-4]
nokazaTh ciaemyromryio Teopemy Y CI'P.

Teopema. Jlaa a06020 co € Q0 cywecmsyrom wucaa 6 > 0 u C > 0 maxue, wmo
ecau daa nexomopozo ¢ € D ewnoansemca nepasercmeo r(c,co) <, mo ¢ € , npu

amom ||y — yC0||V21,o(H) < Cr(c,co).
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METO/I CUHTE3A OIITHMAJIbHOT'O VIIPABJIEHUSA
B YCJIOBUAX HEOIIPEAEJIEHHOCTU
(SOME OPTIMAL CONTROL DESIGN UNDER UNCERTAINTY)

B. B. Kynarun (V. V. Koulaguin)

Hnemumym npobaem mawunosedenusn Poccutickol axademuu nayx,
Canxm-Ilemepbype, Poccus

wkoula@gmail.com

Basaua cuHTE3a ONTUMAJIBHOTO yIIpaBjeHnus, chbopMyaIupoBaHHas B pabore [1], pac-

CMATPUBAETCS KAK METOJ OOPHOBI ¢ HEOIIPE/IEIEHHOCTHIO HAYAJIbHBIX JTAHHBIX JIBUKE-

HU¢, UCIIOJIb3YIONIUI IIePexX0/] OT ONITUMAJIBLHOTO YIIPABJIEHHUS KaK (PYHKIINN BPEMEHN K
yIpaBJIEHUIO ¢ 00paTHOM CBSI3bI0. B KadecTBe pa3BuTHs JJAHHOTO METOJIa JIJIsI HeOIIpe-
JleJIEHHOCTElH 0611ero Buia (HEOIPEeIeIeHHOCTb IIOHUMAETC s KAK HAJMYUe YIPABJICHHs
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CHCTEMOIi CO CTOPOHBI IPUPOJIBI, CJIyUas, IPOTUBHAKA) TIPEJJTATaeTCsl IIOCTAHOBKA 3a-
JIAYN CHHTE3a ONTUMAJBHOTO YIPABJIEHHsI, BBISICHSONAS BO3ZMOXKHOCTH YIIPABJIEHUS
COXPaHATh MUHUMYM (DyHKIMOHAJA KAYECTBA JJIsi MAKCUMAJIBHO BO3MOXKHOI 00J1aCTH
U3MEHEHUI IapaMeTpa, ONUCHIBAIONIErO HEOIlPEJeJIEHHOCTh. B oblieM Buje 3ajada
UCCIIeIyeTCsT KaK 3a/1a9a MATEMATHIECKOrO TPOrPAMMUPOBAHNUS Il (DYHKIMHA C W3-
GBITOUHOI mepeMeHHOH [2, 3], paccmaTpuBaeTcs ee IPUMEHEHNE K 3a/1a9aM yIpaBe-
Hust [4-9], Teopun npunsaTus pemennii [10], reopun urp [11-13], Teopun HageRHOCTH
TEeXHUYECKUX cucTeM [14].

3asada cuHTE3a ONTUMAJILHOrO ynpaBjieHus. llycTh u — yIopaBjeHue, v —
HEOIIPE/IEIEHHOCTD, napa (U, v) — aKT X COBMECTHOIO BO3/IEHCTBUS Ha CUCTEMY, KO-
TOpBIi onennBaercs Gyukuuonagamu g;(u,v), hj(u,v), J(u,v).

ITycrs A — MHOXKecTBO 1ap (4, v) TAKUX, 9TO

gi(u,v) =0, (1)
hj(u,v) <0, (2)
J(u,v) = min J, (u,v), (3)

rae Jy(u,v) — ceuenne dyukimn J(u, v) nupu GUKCUPOBAHHOM ITapaMeTpe HeOpe ie-
JIGHHOCTH v. 3aMeTuM, 4To 1npu puKCUpoBanHoM v 3agada (1)—(3) ecTsb 3amava yciaos-
HOI MuHUME3aIMH. KasKI0My yIPABIEHUIO U CTABUTCS B COOTBETCTBUE MHOYKECTBO

V(u) ={v | (u,0) € A},

HA3bIBAEMOE MHOKECTBOM POOACTHOCTH YIPABJIEHUS U. 381848 COCTOUT B HAXOK ICHUH
yIpaBjeHus u* Takoro, 4ro Jubdo

V(u*) D V(u) Yu, (i)

Jaubo

f(V(u?)) = max f(V(u)), (i)

rae f(-) — HekoTopast byHKIMS MHOXKECTBA. YIPaBJIeHHe U* HA3bIBACTCS MAKCHMAJIb-
HO pobGacrubiM. Muoxkectso V(u*) u Besmuuna f(V(u*)) Ha3bIBAIOTCA MAKCHMAJILHO
JOCTU2KUMBIMU ITOKa3aTeJIAMN pO6aCTHOCTI/I ﬂaHHOﬁ yIIpaBJ‘ISIeMOf/'I CUCTEMBbI.

IIpumeuanunsi. 1. B kagecTBe ynpaBieHuit pacCMaTpUBaOTCs Bee DYHKIMHA BPe-
MeHH, (DA30BBIX KOODJAMHAT ¥, BO3MOXKHO, YaCTHU [IapAMeTPa HeOlPeIeJeHHOCTH (ecsn
JIOIyCTUTH K PACCMOTPEHUIO (DYHKIIUU OT BCErO ITapaMeTpa HEOIIPEIeJIeHHOCTH, TO 3TO
O3HAYaeT, UTO yIPABJISIONAs CTOPOHA 3apaHee 3HAET 3HAYEHHE HEOIPE/IeJIeHHOCTH,
T.€. HEOIPEJIEJIEHHOCTh OTCYTCTBYET).

2. IlapaMeTp HeOIpPEIEIEHHOCTH MOYKET IPUHIMATH 3HAUEHUS U3 BCETO MTPOCTPAaH-
CTBa& CBOMX 3Ha4YeHWi (B M3BECTHBIX IIOJXOJaX K paboTe C HEOIPE/EJ€HHOCTHIO TPe-
OyeTcsl OrpaHNYIEHHOCTh MHOYKECTBA 3HAYEHUN MapaMeTrpa HeOIpPEeJ/IeIeHHOCTH, KAk,
HAIpUMepP, B MUHMMAKCHBIX 33/[a9aX).

3. Ilpakruka pemenus 3ana4 (i), (i) nokasbiBaer, 9T0 MHOMXKeCTBa POOACTHOCTH
V(u) ma dyHxnumit BpeMeHn 0ObIMHO IycTHL. Permemnne, ecau 0OHO CyIIeCTBYeT, JOCTU-
raeTcs Ha yIpaB/eHusx ¢ 0OpaTHoil CBA3BIO.
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4. Pemenne 33,141 CHHTE3a ONTUMAJBHOTO yrpasieHus B dopme (i) cyrmecrsyer
He Bcerza. Bonpocs! cylecTBoBaHUs perenust uccaeyiores B [2, 3]. B [9] mia oxuoit
32290 MEXaHUKH yIPABJISeMOro JABIKEHUsI PellleHue oLy deHo B (opme (i).

5. B kauecTBe mapamerpa HEOIPEJIEJIEHHOCTH MOYXKET BBICTYIIATH BHEIIHEE BO3JICH-
crBue Kak QyHKnus Bpemenu [6].

6. @yHK1us MHOKeCTBA f(+) MOXKET OBITh MOCTPOEHA, B YACTHOCTH, CJIE/ys TEXHUKE,
n3noxkeHHolt B [4], korga 3amaua (i) npuHIMaeT B

max root p(u, v) = root max p(u, v), (4)
u v v u

rae root p(u,v) €CThb KOPeHb (PYHKITUU p(u,v) npu (PUKCUPOBAHHOM YIPABJICHUH U,
UMEIOIUI CMBICJI PaJidyca Iapa, BOMCAHHOIO B MHOXKEeCTBO V(%) U OIEHMBAIOIIETO
s10 MHOKecTBO. CoorHomienue (4) 103BOJISIET OT MCXOAHOM 3a/@9u CUHTE3a IepeiiTu
K 0oJiee TIPOCTOI SKBUBAJICHTHON 3a/1a1€.

7. Coornomenne (4) Beipaxkaer [11-13] paBHOBecHe B aHTATOHHCTHYECKOI HIpe
JBYX JIUIL C HYJICBOM CyMMOI M OrDaHMYEHHON IIJIATON UTPHI.

3akiiodenue. JaHHBI METOJI CHHTE3a ONTHUMAJIBLHOTO YIPABJIEHUS JOIMYCKAET
K PaCCMOTDEHHIO B KadeCTBe yIIPaBjeHUs JI0Oble (DYHKIUU BpeMeHH, (ha30BBIX KO-
OpJIMHAT U YaCTH [apaMeTpa HeOIPeIeJIeHHOCTH, 9TO [I03BOJISIET BBISIBUTH OCHOBHYIO
XapaKTEePUCTUKY ITPOEKTUPYEMOI CUCTEMBI — €€ TIPeeTbHbIE BO3MOXKHOCTH OCTaBATH-
cst paboTOCIIOCOOHOM TTPY 38 TAHHOM BUJI€ HEOIIPEIEJIEHHOCTH.
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MOJIE/Ib PABPABOTKU HEBO3OBHOBJ/ISEMOT'O PECYPCA
(MODEL OF NONRENEWABLE RESOURCE EXTRACTION)

A. B. Kynesckuii (A. V. Kulevsky)

Mocxosckuti 2ocydapecmeennviti ynusepcumem um. M.B. Jlomonocosa,
Mocxkea, Poccus
Qunarcosviti yrnusepcumem npu Ipasumenvcmese Poccutickot Pedepayuu,
Mocxsa, Poccus
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Pabora mocBstimena mpobsiemMe MOIEIUPOBAHUS ONTUMAJBHBIX O0BEMOB J100BIYH

HEBO300HOBJISIEMBIX pecypPcoB. TaKOBBIMU HA3BIBAIOT IIPUPO/IHBIE PECYPCHI, 00PA30BaAH-

HbIE B OKPYZKaIOIIeH Cpejie B TeUeHne MHOTHX JIET, BOCCTAHOBJICHHE KOTOPBIX HEBO3-
MOKHO HJIM HECPABHUMO MejyleHHee norpebienust. IIpumepaMu ciryzkar HCKOIaeMoe
TOIIJINBO U ChIPbe JyIst Hero (HedTh, yroiib, ras), Py/ibl METAJLIOB, APArOLEHHbIC KaM-
mu. ITponece HoGbIMM U3ydaeTcst OTAEIBHO OT UHOIL gestresbHoCTH. Mogens onucana
B [1, Sect. 10.1].

Omnmcanue mMozesm. B 3a/1a4e UCHOMB3YIOTCS ClIeytone 0603HATEHNSI:
R(t) > 0 — obmmuit Texkymmii (He JOGBITHIN) 3aaC NCIEPIIAEMOTO PECyPCa;
Ry > 0 — xom1ecTBO pecypca B HAYAJbHBIN MOMEHT BpemeHu t = 0;

E(t) — xosmuecTBo pecypca, J0ObIBAEMOE B €JIMHUILY BPEMEHHU;

p(t) > 0 — pbIHOYHAS [EHA eJMHUIBI JOOBITOrO PeCcypca;

r > 0 — kK03 DUIUEHT TUCKOHTUPOBAHUS;

C(t) > 0 — 3arparsl Ha 100bITY (Ce6ECTOMMOCTD) €IMHUIIBI PECYPCa.

®upma (oTpacisb) JOGBIBAET U IIPOJIAET PECYPC KAaK CBOI €IMHCTBEHHBIN TPOIYKT.

Murencusnocts 10061 E — BHyTpenuee yrnpasienne. OCBOEHHE HOBBIX MECTOPOXK-
JEHWIT UTHOPUPYETCsl, IPOIECC TOOBIYN OMMUCHIBAETCS MIPOCTON JI€TEPMUHIPOBAHHOM
MOJIEJIBIO



®upma BeIOUpPaeT crparernto no6erau E(t) ¢ 1eap0 MAKCUMU3UPOBATH CBOK 00-
Y} JUCKOHTUPOBAHHYIO NPHUOBUIL HA KOHEYHOM Topu3oHTe mianuposanus [0, 7],
T < +o00. Nmenno, nieneBast GyHKINS UMeET BUT

T
J(E,T) = / e [p(t) E(t) — C(E(#), R(t))] dt — max.

0 T.E(")
rae obmas cebecrommocts exmaunbl pecypca C(E, R) 3aBUCUT OT MHTEHCHUBHOCTU
noberan u 3anaca pecypea. Koukpernsiit sun C(E, R) MOXKeT ObITh pPas3JIMIHBIM,
upu roM Heorpunaresbias dbynkiua C(E, R) HenpepbiBHA U BBIIOJHEHBI YCJIOBUSI
0C/OE > 0, 0C/OR < 0, 110 KOTOPBbIM ce6ECTOMMOCTh, BOOOIIE MOBOPs, BO3PACTAET
KaK B IIPOIIECCce JOOBIUM, TaK U C POCTOM MHTEHCUBHOCTH. IloBeieHe pBIHOYHOMN 1IEHBI
eJIMHUIIBL JIOOBITOrO pecypca p(t) cauTaercss HaNepe], U3BECTHBIM U HE 3aBUCSIIIM
OT JIesITeJILHOCTH paccMarpuBaeMoii dupmbr; R(t) — dasoBasi mepeMeHHasT 3a/1a9H.
Crparerus no6brau E(t), t € [0,7], aBisercs yupap/sdiONUM IapaMeTpoM 3a/a4Hu,
yaossersopsiomum orpannderusaM 0 < E(t) < Eypax. 3aJaHHoe MaKCUMAJIbHOE 3HA-
YeHHe MHTEHCUBHOCTH J00bIIn Ep .y > 0 onpejiessiercss TeXHUIECKUMU U (DUHAHCO-
BBIMH OrpaHuvYeHusiMu. MOMEHT OKOHYaHHSI MPOIEeCcca pa3pabOTKH MeCTOPOKIEHUSI
T > 0 MoKeT BBITh KaK HAIEPeJT 3aJJaHHBIM (YTO COOTBETCTBYET MAKCHMHU3AINN TIPH-
ObLIM K KOHKPETHOMY CPOKY), TaK U IIPOU3BOJIbHBIM ((DUPMaA CTPEMUTCH [OJIYIUTh B
[IPUHIUIE MAKCUMAJIBHYIO OTAa9y OT MECTOPOXKICHMUS).

HoﬂyqaeM 3a/1a1y OITHUMAJIbHOTO YIIDpaBJIECHU: HalTH OIITUMAJIbHYIO MHTEHCUB-
HOCTh J06braun E* () (ympaBiieHHe) M ONTUMAJBHBIA MOMEHT 3aBepINEeHUs! IPOIEcca
paspaborku T™* (upu nedbukcupoBannoM T'), a TaKzKe COOTBETCTBY IOLIHME ONTUMAJBLHOE
u3MeHeHne 3anaca pecypca R*(t) (Tpaekropus) U MaKCUMAJbLHBIA pasmMep NpUObLIK
J* = J(E*,T*) (bynkiuona).

JInneitnas mopgesib 6e3 3arpar Ha AoObIdy. PaccmarpuBaercs Mozesb Ipu

C(E,R)=0:

R(t) = —E(t),

R(0) = R,

R(t)>0, tel0,T],
(

t) €U =[0,Emax|, t€][0,T7,

T
J(E,T :/ e "p(t)E(t) dt — max .
(B.1)= [ e ple)B0) dt > o
3necs Ry > 0, 1 > 0, Epax > 0 — 3aaHHbIe KOHCTAHTHI. YupasieHune F(-) usme-
pumvo, E(-) € L2[0,T]. Moment T > 0 paccmaTpuBaeM Kak (bUKCHPOBAHHBIM, TaK U
nedukcuposanubiM. Oyuxims p(t) > 0 3azana.
Cdopmynupyem oCHOBHBIE pe3ysbTaThl 1Jist 3agaqu (1).

Teopema 1. B sadaue (1) npu moboti dynwyuu p(-) € L2[0,T] u mobom purcu-
posarrom T > 0 cywecmeyem onmumasbHOE YNpasaeHUe.

JIemma 1. Pasencmeo R(T) = 0 — neobxrodumoe ycaosue OKOHWAHUA ONMU-
MaAvHO20 Npoyecca npu HePurcuposarrom T > 0.

JIemma 2. Ilpu ceo6odnom T > 0 u nocmosnnot p(t) = po > 0 onmumasvroe
pewenue 3adavwy (1) umeem eud T* > T = Ry/FEmax,

148



Euax, t€10,7], Ro — tEmax, te€]0,1],
gy = e PEID ey o B 1
0, te (1,77, 0, te [T, T,

J* = J(EB*,T*) = LE;’W (1—eT).

Jlemma 3. FEcau npoussedenue e "'p(t) cmpozo monomonno yoweaem, @ymnx-
yus p(t) dugppeperyupyema u T c60600n0e, Mo onmumasvroe pewenue 3a0a4u (1)
umeem eud T* > T = Ry/Emnax,

Fmax, t€]0,7], Ro — tEmax, t€0,1],
gy = e PEID ey o B 1
0, te (1,77, 0, te[T,T7],

~

7
J* = J(E*,T*) = Emax / e "p(t) dt.
0

Sameuanne. Ilo cubicay 3azadn (1) B emmax 2, 3 MoxkHO cuntars T* =T

Mopgesb ¢ 3arpaTamMy Ha J00bIdy, He 3aBUCSILIMMU OT pecypca. 3ech
sarparsl Ha 106b1dy Buna C(E, R) = C(E) ue 3aBucar ot R:

R(t) = —E(t),
R(0) = Ro,
R(t) >0, te][0,T], @)
E®t) €U =0, Emax], t€][0,7T],
r rt
J(E) = /0 e " [p(t)E(t) — C(E())] dt — max.

Hapamerpst E(-), Ro, 7, Fmax, p(t) monHoCTHIO anagornanbl 3agade (1). @ynkims
C(E) meupepbiBaa na U, moment T > 0 dbukcuposa.
CdopmysupyeM 0CHOBHbIE PE3YJILTATHI Jjis 3aja4u (2).

Teopema 2. Ecau ¢ynrxyus C(E) nenpepuena u sunykaa wa U, mo 6 s3adaue (2)
ona mo6oti dynwuuu p(-) € L2[0,T] cywecmeyem onmumanvhoe ynpasienue.

Teopema 3. B zadaue (2) das npoussonvroti gynvuuu p(-) € L0, T] u xeadpa-
muunoti pynxuuu C(E) = co+c1E+caE?, 2de co > 0, ¢1 > 0, ca > 0, onmumanvroe
YNPABAEHUE CYUELCTNEYEM U eOUHCMEEHHO.
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ATTACKER-DEFENDER—TARGET PROBLEM
AS A 2 X 1 LINEAR DIFFERENTIAL GAME*

S. S. Kumkov

Krasovskii Institute of Mathematics and Mechanics,
Ural Branch of Russian Academy of Sciences, Yekaterinburg, Russia

sskumk@gmail . com

Let us consider a situation of a space intercept with three objects: the attacker A,
the defender D, and the target 7. Usual assumptions are supposed to be true:

e the vectors of objects’ nominal velocities belong to one plane;

e the initial lines-of-sight attacker—defender and attacker—target are almost parallel
to the objects’ velocities (that is, the angles between the longitudinal axis and
the objects velocity vectors are close to 0° or 180°);

e the objects can maneuver applying lateral accelerations, but the accelerations
are relatively small; thus in general the longitudinal magnitudes of velocities
stay almost the same during the entire process.

All these assumptions allow one to linearize motions along the nominal trajectories.
After linearization, the longitudinal motions become uniform and define only the in-
stants of nominal rendezvous of the attacker with the defender and target. Neglecting
the longitudinal motions, one can consider only lateral one-dimensional motions of
the objects, which are described by linear dynamics:

zcr = Acrzcr + Bcruch
t>ty, 2z, €R"™, w,€P, CRP, oe{A DT},

(1)

Here, z4, zp, and zp are the phase vectors of the attacker, defender, and target,
respectively. The objects’ controls u 4, up, and ur are constrained by convex compact
sets P4, Pp, and Pr in their own spaces. The matrices A4, Ap, and Ar are square;
B4, Bp, and Br are, generally speaking, rectangular matrices; if some object has a
scalar control, then the corresponding matrix is a column.

Denote by z4, zp, and zp the first components of the vectors z4, zp, and zp
assuming they are the objects lateral geometric coordinates.

Fix two instants tp and ¢ that are the instants of the nominal rendezvous of the
attacker with the defender and target. Naturally assume ¢t > tp. The interest of the
attacker is not to be intercepted by the defender at the instant ¢p and to intercept
the target at the instant ¢p. Denoting by dp the capture radius of the defender and
by dr the capture radius of the attacker (the radius within which the target can be
captured), we can formally define the objective of the attacker:

|24(tp) — 2p(tp)l Z dp,  |zaltr) — 2r(tr)| < dr. (2)

Consider a zero-sum differential game (called later the ADT game or ADT prob-
lem): the first player (attacker) using the control u4 tries to guide system (1) to the

*This work was supported by the Russian Foundation for Basic Research (project no. 18-01-
00410).
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target set (2); the second player, combining the defender and the target, tries to hinder
this by using the controls up and ur. During the game, both players know the exact
values of all phase coordinates. It is necessary to construct the set of initial positions
in which the first player guarantees the achievement of its objective (solvability set).

The considered problem arises when studying a pursuit in upper atmosphere layers.
J. Shinar is one of the first authors who addressed the problems of ADT type (see, for
example, [1]). ADT type games with many attackers and/or defenders are considered,
in particular, by I. Rusnak in [2]. In [3] the same author considers an ADT game
without constraints on the objects’ controls, but with an integro-terminal payoff (the
integral part of the payoff contains a penalty for large-valued controls). In [4], a
situation with attacker and defender with simple motion dynamics and passive de-
fenders in the plane is studied: there are moving obstacles which cannot be passed
through by the attacker. The obstacle motion law is known. The authors suggest a
numerical algorithm for constructing solvability sets in games of this type. In [5] an
ADT problem is considered with objects having simple motion dynamics in the plane.
In the paper, the authors suggest an explicit suboptimal solution of the problem.

Let us pass to new coordinates 1 and x5 that are the values of the relative co-
ordinates z4 — zp and za4 — zp forecasted to the corresponding instants tp and tr,
respectively, under zero players controls:

w1 (t) A
zo(t) = X4 (tr, t)2a(t) — X3 (tr, t) 2 (t).

Here, X1(t,0), 0 € {A, D, T}, are the first rows of the fundamental Cauchy matri-
ces X,(t,0) that correspond to the differential equations z, = A,2,.

Differentiating the values x;(t) with respect to ¢, we obtain the dynamics in the
new coordinates:

(3)

XA(tp,t)za(t) — Xp(tp, t)zp(t),
T

i1 = X4 (tp,t)Baua — X3 (tp,t)Bpup,

iy = X4(tr,t)Baus — X3(tp, t)Brur, @
tE[to,tT], UAEPA, UTEPT, UDGPD,
|z1(tp)| > dp, |z2(tr)| < dr.

From the results of the differential game theory, it follows (see, for instance, [6-8])
that the differential game (4) is equivalent to the differential game with dynamics (1)
and target set (2). The equivalence means that the first player can successfully finish
the game (1), (2) from some initial position (¢,2z4(t),zp(t),zr(t)) if and only if the
first player can successfully finish the game (4) from the position (t,z1(t),z2(t)),
where 21 (t) and z2(t) are computed by formula (3). Computations with dynamics (4)
are more convenient since the dimension of the phase vector x = (w1, z2)" is 2 and
the phase vector x is absent on the right-hand part of system (4).

The author applied numerical algorithms for constructing solvability sets in linear
differential games with two-dimensional state vector and a non-convex target set at
a fixed termination instant. By means of these algorithms, a series of ADT problems
has been numerically investigated for different variants of the game dynamics and
parameters. The results of these investigations will be presented in the talk.
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The most part of publications devoted to singularly perturbed optimal control

problems deals with a non-critical case when an equation for a fast variable in the
degenerate state equation is resolvable with respect to the fast component of the state
variable (see, for instance, the reviews [1-3]).

We consider the problem P. of minimizing the functional

1

Jew) = /0 (&, W (t,)z) + 2a, g(t, &) + e (u, R(t, e)u)) dt (1)

*The work of the first author was supported by the Russian Science Foundation (project no. 17-
11-01220).
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over trajectories of the system

d
52d—f = A(t,e)x + 2B(t,e)u +ef(t,¢) (2)
with the condition
2(0,¢) = a°. (3)

Here (-, -) denotes the scalar product in the corresponding real spaces, ¢t € [0,T], T > 0
is fixed; x = z(t,¢), g(t,e), f(t,e) € X, dim X =m, and v = u(t,e) € U, dimU = r;
the real-valued matrices W (t,¢), R(t,¢), A(t,€), and B(t,¢e) of corresponding dimen-
sions and the vector-functions g(t, ) and f (¢, ) are sufficiently smooth with respect to
their arguments; the matrices W (¢, ¢) and R(t, ) are symmetric; moreover, the matrix
W (t, ) is positive semi-definite for sufficiently small € > 0 and the matrix R(t,0) is
positive definite. Under these assumptions the problem P. is uniquely solvable for
sufficiently small € > 0.

Further the prime means the transposition, I is the identity operator, and the
coefficient of £’ in an expansion of a function D(t,¢) in powers of ¢ will be denoted
by Di (t)

We will assume that the matrix Ag(t) has m eigenvalues A (t), Aa(t), ..., A (¢) for
all ¢ € [0, T that satisfy the following conditions:

L \j(t)=0for j=1,2,....k, k<m.
IT. All k eigenvectors vi(t),va(t),. .., vg(t) of Ao(t) corresponding to A;(t) =0,
j=1,2,... k, are linearly independent.

Let V(i) = (v1(t),...,ve(t)) and S(t) = (s1(t),...,sk(t)), where s1(t),..., sk (¢)
are eigenvectors of the matrix Ag(t)’ corresponding to eigenvalues \;(t) = 0, j =
1,...,k, such that V(t)'S(¢) is the identity k x k matrix. It is easy to see that
Po(t) = V() (V@) V(1) 1V (t) and Qo(t) = S(t)(S(t)'S(t))~1S(t)" are orthogonal
projectors of the space X onto the subspaces ker Ag(t) and ker Ag(t)’, respectively,
corresponding to the decompositions of the space X into the orthogonal sums

X = ker Ag(t) ® im Ag(t)" = ker Ap(t)" @ im Ap(t).

Let us introduce the notation M (t) = Qo (t)A1(t) Po(t).

We also assume that the following conditions are satisfied for all ¢ € [0, T:

ITI. The operator (I — Py(t))Ao(t)(I — Po(t)): im Ag(t)’ — im Ag(t)’ and the op-

erator (Qo(t)Po(t)) 1M (t): ker Ag(t) — ker Ag(t) are stable.

IV. The equalities Py(t)Wo(t) =0 and Py(t)go(t) =0 are valid.

The asymptotic solution of problem (1)—(3) is sought in the form

z(t,e) =z(t,e) + Z (ILiz(7, ) + Qiz(0i,€)), (4)
i=1,2
where 2 = (2, ') 7 = t/e', oy = (t = T)/e", i = 1,25 Z(t,e) = 3;506"%Z5(t),

ILiz(7i,6) = > 450 elll;2(mi), Qiz(0i,e) = 2i>0 e9Q;j2(0;); Z;(t) are regular func-
tions; I;;2(;) and Q;;2(0;) are boundary functions of exponential type in the vicini-
ties of t = 0 and t = T, respectively, that satisfy the inequalities

1Lz (73)|| < cexp(—sr;), 7 >0, Qijz(03)|| < cexp(x0;), 07 <0,

with some positive constants ¢ and s independent of 7; and o;.
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It should be noted that an asymptotic solution to the initial value problem

52%:A(t)x+af(x,t,a), te[0,T], z(0,e) =",
where the matrix A(t) is singular, has been constructed in [4].

In contrast to this paper, a projector approach is used here, which helps us to make
the algorithm for constructing the asymptotics clearer.

To construct the asymptotics, we use the so-called direct scheme method [5], which
consists in substituting the postulated asymptotic expansion of a solution immediately
into the condition of the problem and obtaining problems for finding the asymptotic
terms.

Substitute the series (4) into (1) and present the integrand as an asymptotic sum
of terms depending on ¢, 7;, and o;, ¢ = 1,2. We can pass in the integrals of functions
of 7; and o4, i = 1,2, to infinite integrals over the corresponding intervals [0, +00)
and (—o0, 0].

The functional (1) is represented as

Jo(u) = Zaij. (5)

Substituting (4) into (2) and (3) and equating in expansions in powers of & the coef-
ficients with like powers of ¢ depending on ¢, 7;, and o;, i = 1, 2, separately, we obtain
relations for finding the terms of the series (4). From these relations, using the projec-
tor approach, we first get a zero-order asymptotic approximation for the state variable
and the functions (I — Py(¢))Z1(t), (I — Po(0))I112(m1), and (I — Po(T))Q112(01)-
For instance, from the equation Ag(¢)To(t) = 0 we have (I — Py(t))To(t) = 0. The
coefficients Jp and J; in (5) become known.

Transforming the expressions for Jo, J3, and Jy, we obtain the problem Py for
finding @o(t) and Py (t)T1(t), two performance indices for the constructed optimal
control problems Il1o P and Q19 P, and three performance indices for the constructed
optimal control problems P, oo P, and Q20 P, respectively.

The following theorem is valid.

Theorem. Using the direct scheme method, the zero-order asymptotic solution of
the form (4) for problem (1)—(3) has been constructed. Moreover, the functions Ty (t)
and Po(t)Z1(t) can be found as a solution of the minimization problem Py, the func-
tions Iiou(m) and Py(0)II112(m1) can be found as a solution of the optimal control
problem 1o P, the functions Qiou(o1) and Py(T)Q112(01) can be found as a solution
of the optimal control problem Q10P, the functions Magu(r2) and (I — Py(0))a0z(12)
can be found as a solution of the optimal control problem IlogP, and the functions
Q20u(o2) and (I — Py(T))Qa2x(02) can be found as a solution of the optimal control
problem Qoo P.

References
1. Vasil’eva A.B., Dmitriev M.G. Singular perturbations in optimal control problems //
Itogi Nauki Tekhn., Mat. Analiz. 1982. V. 20. P. 3-77 (in Russian).
2. Kurina G.A. Singular perturbations of control problems with equation of state not
solved for the derivative (a survey) // Izv. Ross. Akad. Nauk, Tekhn. Kibern. 1992.
No. 4. P. 20-48 (in Russian).

154



3. Dmitriev M.G., Kurina G.A. Singular perturbations in control problems // Avtom.
Telemekh. 2006. No. 1. P. 3-51 (in Russian).

4. Butuzov V.F., Nefedov N.N. A problem in singular perturbation theory// Diff. Uravn.
1976. V. 12, No. 10. P. 1736-1747 (in Russian).

5. Belokopytov S.V., Dmitriev M.G. Direct scheme in optimal control problems with fast
and slow motions // Syst. Control Lett. 1986. V. 8, No. 2. P. 129-135.

O JVUHAMUKE CHUCTEM I10/] BO3JAENCTBUEM UMITYJIbCHBIX
BXO/I0OB BBICOKOI'O ITOPAAKA U BBICTPBIX VIIPABJIEHUN
(ON THE DYNAMICS OF SYSTEMS UNDER THE INFLUENCE
OF HIGH-ORDER PULSE INPUTS AND FAST CONTROLS)

A. B. Kypxanckwnii (A. B. Kurzhanski)

Mockosckuil 2ocydapcmeernnuti yrnusepcumem um. M.B. Jlomonocosa,
Mocxsa, Poccus
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PaccmarpuBaercs Kpyr ciielyonux 3a/1ad:
e yIIpaBJIeHUE 110J], BO3/IeICTBIEM MMIIYJIbLCOB BBICOKOT'O TOPSIKA;

® JIOCTHKUMOCTD TPU UMITYJIbCHBIX YIPABJICHUAX U OTPAHUICHUIX HA (Ha30BbIE
TPaeKTOPUH;
® JIBOIICTBEHHBIE IIEPEMEHHBIE TIPU ONITUMUBAINYN UMITYJIbCHBIX yIIPABJIEHUIT;

® OITHMAJIbHOE yIPaBJIEHNE IIPHU YIbTPAIVIAKUX YIIPABJIEHUAX U HaJIn4nu Hha3o-
BBIX OIDAHUYCHUIA;

® BO3DACTAIOIINE ¥ YOBIBAIOIINE IIKAJbI HUCIOJIb3YyEeMbIX IIPOCTPAHCTB B TEOPUU
JBOUCTBEHHOCTH /i1 YKa3aHHBIX 3a/1a4;

® BOMICTBEHHOCTb B TEOPUH YJIbTPAOBICTPHIX YIIPABJIECHUIA.
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SUB-FINSLER PROBLEMS ON CARTAN AND ENGEL GROUPS*
E. Le Donne, Yu. L. Sachkov

University of Jyvaskyla, Finland
Program Systems Institute, Pereslavl-Zalessky, Russia

ledonne@msri.org, yusachkov@gmail.com

We consider the ¢, left-invariant problem on the 5-dimensional free nilpotent Lie
group of rank 2 and step 3 (the Cartan group). The problem is studied as a time-
optimal problem via geometric control techniques [1].

We apply the Pontryagin maximum principle and describe optimal abnormal tra-
jectories.

Further, we characterize singular arcs; all singular trajectories are shown to be
optimal.

Finally, we study bang-bang trajectories. We construct the bang-bang flow that
generates these trajectories. Via second-order optimality conditions, we prove upper
bounds for the number of switchings for bang—bang and mixed controls.

As a corollary of the above results, we obtain a uniform upper bound on the number
of switchings of optimal trajectories for all terminal points in the Cartan group.

We also obtain similar results for a one-parameter family of left-invariant sub-
Finsler problems on the Engel group (4-dimensional nilpotent Lie group of rank 2
and step 3).
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PROGRAM-PREDICTIVE CONTROL FOR DIFFERENTIAL GAMES
Yu. S. Ledyaev

Department of Mathematics, Western Michigan University, Kalamazoo, USA
Steklov Mathematical Institute of Russian Academy of Sciences, Moscow, Russia

ledyaev@wmich.edu

We consider a differential game with dynamics

'i::f(x7u7/v)

where x € R" is a state vector, u € U is the control of the player @) which minimizes
the value of the functional

{(x(T))

*Yu.S. was supported by the Russian Science Foundation under grant 17-11-01387. E.L.D. was
partially supported by the Academy of Finland (grant 288501 ‘Geometry of sub-Riemannian
groups’) and by the European Research Council (ERC Starting Grant 713998 GeoMeG ‘Geom-
etry of Metric Groups’).
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while v € V is the control of the player @) which maximizes the value of the func-
tional £(z(T)).

It is well known that under general assumptions such a differential game has a
saddle point in discontinuous feedback control uw = k(¢,x) and v = m(t, x).

In this talk we discuss a new program-predictive method for a design of e-optimal
feedback k(t, z).

This method is based on a solution of some nonstandard boundary value prob-
lem for an extended adjoint system and a generalized e-maximum principle which
characterizes an e-optimal non-anticipating strategy in the differential game.

SOLUTIONS OF TRIANGULAR SCHLESINGER EQUATIONS
V. P. Leksin

State Social-Humanity University, Kolomna, Russia

lexin_vpC@mail.ru

Let B;(a), i = 1,2,...,n, be a collection of p X p functional matrices defined in
some neighborhood U C C} = C" \ U, <;j<,{(a1,a2,...,an) | a; — a; = 0} of some
point a® = (a¥,a3,...,a%) € U of the complex linear space C". The Schlesinger

equation [1] is the system of Pfaff equations

dBi(a)=~ Y (Bi(a), By(a)) 2% = %) (1)

@ —a
=1, j#i L

with some initial conditions B;(a") = BY.

Here [B;, B;] = B;B; — B;B; denote the ordinary commutator of matrices.

The Schlesinger equation [1, 3] is the condition of the isomonodromic deformation
with respect to parameters a = (a1, ag, ..., a,) of the Fuchsian system

) _§ g0y 2

d Z—a;

The Schlesinger equation is written as the system of partial differential equations

0B, [Bi, Bj] L
=14 =1,... 2
Ja,  a—a i#j, 4j=1...n, (2)
0B; "\ [B;, Bj] .
= — == ]_ “ e . 3
Fa. Z o  i=Lem (3)
J=1,j#i

In the general case the Schlesinger equation is integrable in the Frobenius sense [1].
Locally in a neighborhood of any initial point a° it has a holomorphic solution
B(a) = (Bi(a), B2(a),. .., B,(a)) that by the Malgrange theorem also has an analytic
continuation to the whole universal covering @} as a meromorphic function with polar
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singularities on the Malgrange ©-divisor. The Malgrange ©-divisor is defined by the
zeros of the Miwa tau-function 7(a), which is a solution of the equation [1]

dlog7(a) =k Z tr(Bi(a)Bj(a))M.

@ —a,
i#], =1 L

We consider the Schlesinger equation in a special case when all matrices B;(a),
i =1,2,...,n, are upper triangular or lower triangular. Under additional conditions
on the eigenvalues of the initial matrices B;(a®), i = 1,2,...,n, we prove that the
Malgrange O-divisor is empty and the entries of all matrices have an integral repre-
sentation of hypergeometric type. We prove the following theorem (see also [2-5]).

Theorem. Let ai,as,...,a, be pairwise different complexr numbers. If for

all i = 1,2,...,n the sequences of eigenvalues A}, A2,..., N of the upper trian-

gular solutions B;(a) of equations (1) form an arithmetic progression with fixed

difference A, then the entries ul'(a) of the components of the solutions Bj(a),
i =1,2,...,n, have the hypergeometric integral form
dt
W a, .. an) = Ai/ (E—a)™ . (= )

~; t— a;

J
where \y = dg = -+ =X, = (I —k)A. When A =1/N € Q, N € Z, it holds that
u?’m+k(a) = kA f,y ;”iiz is a period of the meromorphic form w; = kA% on the

algebraic curve T' = {(z,w) € C? | w" = [[j=1(z — ai)}. The singularities of all
integrals are contained in the union of hyperplanes U, <;_;<,{a; —a; = 0} and the
Malgrange divisor © is empty. -
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AJITEBPAMYECKUME HAJICTPOUKU
B KOHCTPYKIMM ITOTOKA PAHTA 1
1 IPOCTOI CIIEKTP TEH30PHBIX ITPOM3BEJEHUI TIOTOKOB
(ALGEBRAIC SPACERS IN A CONSTRUCTION OF A RANK 1 FLOW AND
THE SIMPLE SPECTRUM OF THE TENSOR PRODUCTS OF FLOWS)*

M. C. Jlo6anos (M. S. Lobanov)

Mocxosckuti eocydapcmeennoti yrusepcumem um. M.B. Jlomonocosa, Mocksa,
Poccus
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B pabore [1] BbICKa3bIBaIaCh TUHIOTE3A O TOM, YTO CYIIECTBYIOT IIEPEMENIUBAIOIIIE
notoku 13 Takue, 4To ponsBenenus 1 ® T, IMEIOT IPOCTO# CIEKTp IpHU BeexX o > 1.
Ham ya10¢h yCTaHOBUTD, YTO aHAJIOIMYHAS TUIIOTE3a BepHa B 60J1ee NIMPOKOM KJIacce
C.Ha60 IIepel\ieHII/IBaIOH]‘I/IX IIOTOKOB.

OnHonapamerpudeckuM 0ToKoM 13, t € R, Ha3bpIBaeTCs HEIIPEPBIBHOE BJIOXKeHHe R
B rpyuiy Aut(X, 1) aBromopdusmos npocrpancrsa (X, u). Iorok T}, coxpausiomuii
Mepy, urpynupyer yuurapubiii norok 1 f (x) = f(Tix) na Lo (X, 1), 06a moToka majee
0003HAYAIOTCS OIMHAKOBO.

T; umMeeT mpocToii criekTp, ecau cymectsyer f(x) € Lo(X, 1) Takass, 90 3aMbIKa-
Hue smHeitHoi obooukn {T:f: t € R} maer Lao(X, p).

Oueparop B Lo(X, ), sBiIstionuiicss OpTOroHAJIbHON MPOEKIHeil Ha MOAIPOCTPAH-
CTBO KOHCTAHT, 0b03HagaeTcs uepes O, I — ToxkmecTBeHnbIit oneparop, H — oproro-
HAJILHOE JIOTIOJTHEHUE K MOIIPOCTPAHCTBY KOHCTAHT.

ITorok T} HA3BIBAETCS HCECMKUM, €CIIU JJIS HEKOTOPOH IIOCIIEA0BATEIBHOCTH T; —
— 0O UMEET MeCTO cabasi CXOUMOCTh

Tr —w 1.

Eciu ke, kpome Toro, mias Jjoboro € € (0,1) u soboit nocrenosarensuocru {t;},
t; € [eTj, (1 — €)7;] BBIIOMIHEHO yCIIOBHE

th —w 67

TO MBI Oy/IeM TOBOPUTH, UTO IIOTOK O0JIAZAET AGKYHAPHOU HCECTVKOCTNDBIO.
Omneparop P sBisiercst cneyuaavhoim caabvim npedesom noroka Ty, ecau jis Jiio-
Goro uucsia o > 1 Hafiercs moc/e 0BaTeIbHOCTD {t;} Takas, 1To

th —w P, Tatj —w P.

IIpsmbiM niponsBesenneM MOTOKOB 1y U T, Ha3bIBaeTCs MOTOK 1 @ Toy, eHCTBY-
formuit Ha npoctparcTBe (X X X, 1 ® () caeayomum o6pa3om:

Tt oy Tat (I, y) = (Ttxa Taty)'

OTpeuaromuii eMy yHUTApHBIH NOTOK Ha mpocTpaHcTBe Lo(X X X, pu ® p) siBisiercst
TEH30PHBIM Tpou3BeienneM 1y Q Tiyy.

*Pabora BbINOTHEHA IpU (DUHAHCOBOW mozjep:kke rpanta llpesmgenra P® (npoexkr HIII-
6222.2018.1).
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Teopema. Cywecmsyem nomox Ty ¢ npocmuvim cnexmpom, obaadarowuti ceol-
CMBOM AAKYHAPHOT dcecmrocmu, npudem oas ecex B > 0 onepamopot

(T +2I+T_g) /4

ABAANOMCA CNEYUAADHBMY cAGObMU npedeaamu nomoka Ty. [aa maxozo nomoxa
menaoproe npouseedernue Ty @ Ty umeem npocmoti cnexmp npu arbom o > 1.

VKasaHHBII B TeOpeMe IIOTOK ObLI IIOCTPOEH C MCIIOJIb30BAHMEM KOHCTPYKIMH I10-
TOKa paHra 1 ¢ pasHbIMHM THIAMH HAJCTPOEK HA PA3HBIX IOIIOC/IEI0BATETLHOCTSIX
sranoB. B yacrHOCTH, JUIsi MOJIyYeHUs] YKA3aHHBIX CIEIUAJIBHBIX CJIA0bIX I1PEJeIOB
OBLIM MCIIOIBL30BaHbl HAICTPONKMU, BBHIOPAHHBIE C HCIOJIL30BAHNEM OTOOparKeHUs B
KOHEUHBIX TOJIAX, 33aBAEMbIX (PYHKIHEH Caea.

PesynbpraTsl moydeHbl HOKJIAIIMKOM COBMecTHO ¢ Basepmem BasienTunoBmaem
PrikukoBbIM.

Crmcok Jureparypsbl

1. Pwotcuxos B.B. IlpocToil ciekTp TEH30PHOIO IMPOU3BE/IECHUsI CTEIIEHE epeMelInBaio-
mero asromMopdusma // Tp. Mock. mar. o-Ba. 2012. T. 73, Ne2. C. 229-239.

CONVEX TRIGONOMETRY
WITH APPLICATIONS TO SUB-FINSLER GEOMETRY™

L. V. Lokutsievskiy

Steklov Mathematical Institute of Russian Academy of Sciences, Moscow, Russia
Lomonosov Moscow State University, Moscow, Russia

lion.lokut@gmail.com

I plan to speak about a new convenient method of describing an arbitrary flat
convex compact set £ by special functions cosq and sing which generalize the classical
trigonometric functions cos and sin from the unit circle. Apparently, this method may
be very useful for explicit description of solutions of optimal control problems with
two-dimensional control lying in . Using this method it is possible to explicitly
integrate a series of sub-Finsler problems with two-dimensional control lying in an
arbitrary convex set ). Namely, sub-Finsler problems on the Heisenberg, Engel, and
Cartan groups as well as Grushin’s and Martinet’s cases are considered. New functions
can be easily computed for a wide class of compact convex sets including arbitrary

polygons.
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(ON THE CONTROLLABILITY PROBLEM WITH STATE CONSTRAINTS)*
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IIpuBesieHb! OCTATOYHBIE YCIOBUS Ha IapaMeTpPhl HEJIMHEHHOW CHCTEMBI, IIPU KO-
TOPBIX /I HAYaJIbHOM IIO3UIINU CYIIIECTBYET pellleHue 3a/1a49U yKJIOHEHU OT CTOJIKHO-
BEHU C IIPENATCTBAEM IIPU JIBMKEHUN K II€JIEBOMY MHOXKecTBY. KOHCTpYKIus yrpas-
JICHUSI, PEIIAIONIEro Takylo 3a/1a4y, Olupaercs Ha ucciaeaoBanus [1-8].

IlocTtanoBka 3agaun. PaccmarpuBaercs quHaMUYecKas yupaBisgeMasi CHCTEMA,
onuceiBaeMas JuddepeHInaIbHBIM yPABHEHHEM

(t) = Ax(t) + By(z®)[v(t) — a(z(t))],  =(0) =2", (1)

rnet >0,z € E", v € Q@ C EP, E™ ectb n-MepHOE €BKJIAJIOBO ITPOCTPAHCTBO,
() — BBIYKJIOE KOMIIAKTHOE TejiecHoe MHOX)KecTBO B FP, Int Q 5 0, v — mapamerp
yupasjenust, A, B — IOCTOsIHHbIE MATPUIILI PA3MEPOB 1 X N, 7 X P COOTBETCTBEHHO,
byukun ax): E™ — EP, y(x): E™ — EP*P oupenenennl B objgacru D C E™,
coziepzKalieil Hadano KoopauHar u (p X p)-marpuia y(r) HEBBIPOKIECHA JJisd BCEX
z € D. Tlox momyCTUMBIMA yIIpABJICHUAMEA Oy7eM MOHUMATh U3MepuMble 110 JleGery
dyukmn v(t) co 3HaUeHNsSIME B MHOX)KecTBe (). B npocrpancTse E™ 3a1aHbI 1ies1€Boe
MHO)KecTBO M7 u mpensrctsue M. /g nx 3aanus BBeJIEM HEHYIEBYIO MaTPHUILY 70
pasmepa ¢ X n, 2 < g < n. Hpemnonozkum, uto M; = M + M?, i = 1,2, rae
M ={z € E": 7z = 0}, M? — 3Be3n0e |9] orpanuvennoe OTKPLITOE MHOKECTBO U3
nognpocrpanctsa 7E™ = LY 20 ¢ M;, i =1,2, My N My = @.

Onpenenenne. s Hava bHOI HO3UIUU 20 JuHeHHON JMHAMIYECKOH CHCTe-

mbl (1) cymecTByer pewerue 3a0auu YKAOKEHUL OM CIMOAKHOBEHUA C NPENATNCMEU-
em Ms npu deusrcenuu sexmopa x(t) ® muoocecmsy My, ecam HalyTCsT JOMYyCTMOE
yupasjenue v(t) u KoHedHblii MomenT Bpemenu T > 0 rakue, uro z(T) € M; u

2(t) ¢ Mo, t € [0,T).

PaccmarpuBaercst 3a1a9a 0 HAXOXKIEHUU JOCTMAMOYHBLL YCAOBUL HA TAPAMETPBI
cucremsl (1), IpU KOTOPBIX /Il HAYATbHOM To3uiue 1 CyMecTByeT pelienne 3a1aqm
YKJIOHEHUS OT CTOJIKHOBEHUS ¢ MPensTCcTBUEM Mo TIpH IBUZKEHNN K MHOXKeCTBY M.

Onucanue ymnpaBJ/ieHUs], PEMIAIOIIEro 3aJady. B cujy olpejejeHusl MHO-
KectB My, My BbIlIOJIHEHUE BKJIFOUeHUS T € M; 3KBUBAJIEHTHO COOTHOINEHUIO T €
€ M2. O6oznaunm uepes k > 0 Taxoe nenoe uncio, uro TA¥B # 0, a TA'B = 0 npn
1=0,....k—1,ecmk > 1.

IIpennonoxkenne 1. CymecTByer BBILYKJIOE KOMIIAKTHOE TEJIECHOE MHOZKECTBO
P B EP taxoe, uto ;i Beex x € D crpaseymso BKitodenne Q O a(z) + vy~ (x)P.

*Pabora BoinosiHena npu dunancoBoi noguep:xkke PH® (mpoekt Ne14-11-00539).

161



[Ipenaraemplii TOIX0/ K PEIIEHUIO TOCTABIECHHO 33,1491 COCTOUT B BBIOOPE YIIPaB-
Jienust v B popme

v=az) +y 2)(ur + uz), u, € P, 1=12 P+ P,CP, (2)

TJIe U1, U2 BBIOUpAIOTCS cieayoruM oopasoM. [Iycts Py, Po — BBIMYK/Ible KOMITAKTHI,
P=P+P, IntPL #2, IntP, #3,0€ P,0€ P, uy € P, us € Po», my € M;.
TlocTpoenue ynpassieHus 11, PENIAIONIErO 3aJa4y YIPaBIaeMocTu it cucreMbl (1)
Ha MHOXKeCTBO M1, IpoBeJieM Ha OCHOBE METOA MOTPYKAomuX (hyHKIUH, OMIpaio-
nierocs Ha pes3yJibTarThl pador |7, 8].

Ecmn metz® ¢ M? nna scex t > 0, To ynpasienne ug(t) € Py, u dbyHKIHMIO
wm1(t) € ME upu t € [0, 0] BbiGepem Kak pellenue ypaBHeHUs

ﬂ'eA(eft)Bul(t) = —X(0,t,2°, P)(me??2" — am(t)). (3)

Bnech A(t, 5,20, Py) — neorpurarenbnas dynkims, onpeenennas npu etz ¢ ME
JUtst Beex ¢ > 0, m3MepumMasi 0 COBOKYITHOCTH apryMeHTOB t, s € [0,t] u Takas, 910

—A(t, s,2°, P)(mea® — M2) N 7weAt=*)BP, # @. (4)

Oynxmmo A(t, s, 20, P) naqee HazoBeM noepyoicaroweti dynxyueti 1 TapaMeTpoB
yupasisiemoii cucremsl (1). Tlorpykaromummy QyHKIMSIMEA SIBIISIFOTCST MAKCUMU3UDY-
formme (HYHKINH, TpUMeHeHHbIe B pabore [7, ¢. 95|, u paspematomue byHKIUN pa-
Gorbl [8]. OrcyrcrBue cBOCTBA IKCTPEMyMa y IIOrpyzKaioiieil GyHKIUU JeaeT ee
yIOOHOM JIJTsl IPUMEHEHUsI B 33J1a9aX ¢ (pa30BLIMEU OMPAHUICHUSIMHU.

Oyuxmusa A(t, s, 2%, P;) cormacuo (4) pasHoMepno orpammuena mo s € [0,t] u,
cienoBaTesibHo, cymmupyeMa na orpeske [0,t] (em. [3]). Takum obpazom, dynkius
A(t, s,2°, P|) uarerpupyema 1o s, 94TO MO3BOJIAET ONPEICTUTH /is t > 0 DyHKIIIO

Bt,z%) =1— /Ot A(t, s, 2%, Pp) ds. (5)

IIpeanonoxenne 2. g nosunmm z° cucrembr (1) cymecTByIOT MHOMKECTBO

P, C P u norpyxatomas bynxmuas A(t, s, 2", Py) Takue, uro ypasuenue 3(t,2°) = 0
IMeeT TOJIOKUTeTbHBII KOpeHb 6.
: B _
Honoxum y(t) = meta® + [[meA=9) Buy(s)ds, t € [0,6]. Muoxecrso M3 no
MOCTAHOBKE 3]t sABJIAeTCs 3Be3/IHBIM MHOXKecTBoM. Ha 1oseieHne ormopHoit KpuBoi
y(t) oTHOCHUTEILHO MHOMKeCTBa M HAIOXKHUM ClIe/lyIoliee YCIoBHe.

Ilpenmnonoxxenue 3. CymectByor menoe ancao N U KOHCTAHTHI ti1, tio, ¢ =
=1,...,N: 0<t1; <t1o<to <tog <...<tj1 <tin<...<tny1 <ty <T, Takue,
49TOo y(t) S Mg, te [til,tig], i=1,...,N, y(t) ¢ Mg, t ¢ [til,tig], i=1,...,N.

Ecym MuoxecTBo M2 siBjisieTcst 3Be3/THBIM TeJIOM 1 ONopHas Kpusas y(t) mepeceka-
€T ero mpu HeKOTOPbIX ¢ € [ti1,tie], i = 1,..., N, TO H0Ka3bIBAETCs, YTO CYIIECTBYET
touxa a € S.(b) C M2 raxas, uto y(t) # a maa t € [ti,tia), i =1,...,N.

Ecm MHoKecTBo M2 AB/ISETCS TOMBKO 3BE3HBIM MHOYKECTBOM M He ABJIACTCS Te-
JIOM, & OTIOPHAast KpuBasi Y(t) mepeceKkaeT ero Npyu HEKOTOPBIX t € [ti1, ], i =1,..., N,
TO HAJIOKUM CJIEJyIOIIIee

IIpennosioxkenne 4. y(t) # a, t € [t;1,ti2], TOe & — NEHTP 3BE3IHOI0 MHOXKe-
72
crBa My
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VYupasienne us(-) Ha orpeske [0, §] BbIGepeM Kak PEIleHNe NHTErPAJLHOTO yPaBHe-
HHs TIEPBOro pojia Tuna Bosbreppa

/0 7eA=9) Byy(s) ds = o(8)(y(t) — a) (6)

B KJacce u3MepuMblx GyHKImi us(-) € U, rae U — Kiace p-MepHBIX U3MEPUMBIX 10
JleGery BekTOpHBIX (DYHKIMI, OrPAHUYEHHBIX 110 MOy o Ha [0, 6].

Baecs ¢(t) — enadkasn ouenownasn Pynryus mia Gyakuuu (4(t), yIOBIETBOPIIO-
nag caepyromum yeaosusm: o(t) > p(t), ¢(t) muddepennupyema k 4+ | + 1 pas,
p(0) = ¢'(0) = ... = T (0) = 0, p(6) = 0.

Dyuxiys (1(t) umeer BU

0, ecJjm t¢[ti1,ti2], iZl,...,N,
w(t) =S I(y(t) — a, MZ — (7)
(y() a4 2 a)—l, ecJm te[til,tig],izl,...,N,
ly(t) — all

I(n,G) — nydesas bynkuums 38e3aH0r0 MHOXKecTBa G (eM. [9]).

JIemma 1. Jlaa dynruyuu o(t)(y(t) — a) cywecmeyem pewenue ypasnenus (6)
npu t € [0,0] 6 xaacce U, u das amozo pewenus cnpacediusa ouerxa

luz ()] < [|(wA* B)*[|Ae®,
2de (mA*B)* — ncesdoobpamman mampuua oas mampuys 7A* B,
dk+1
A= max [[fO)l,  f(t) = g (e(O)((E) - a)),

te0,0]

A= max |rAFTlet=)AB(rA*B)T|.
0<s<t<6

Iycts ¢ € [t tia], Ai = maxeeps,, 1,5) A(t) /"2, Cormacno mocrpoenmo A(t) = 0,
t €[0,t11], A(t) =0, t € [tn2,0], t11 > 0. Takum o6pazom, A\; KOHEUHO.

®yukiusa ¢(t) MOKeT OBITh MOCTPOEHA € MCHOJB30BAHUEM Cpe3alomeil byHKImH
&(t,0,4) orpeska [tin — 20, tia + 2],

uz ()] < Rs(t) = Ax(1 4 Q)2 (8)

Ipu 3agannbix byaxnuax ¢(t), 72(t) u3 coorHorenus (8) MOLyYaeM BEJIUUUHY Orpa-
HUYeHWsl Ha ynpasyeHue us(t), t € [0, 7], npu KOTOPOM MOXKHO PEaN30BATh MAHEBD
00X071a, COOTBETCTBYIONIU 3TUM (DYHKIHIM:

Py 2 5¢(0). (9)
3aecs Si(0) — cdepa paguyca G ¢ nearpom 0, G = min(Gy, Ga),
Gi = max Ri(t), 1= 1,2, Rl (t) = AeAt, Rg(t) = AleAlt.

IIpeanosioxkenue 5. MuoxecTBo Py ynoBiierBopsieT BKIIOYHHIO (9).

Cdopmymupyem docmamounsie Yeao8UA CYWELCMBOBGHUA PEUEHUSA B 3a1a9€e YKIIO-
HEHUs OT CTOJKHOBEHHUS C IIPENATCTBAEM B BH/IE 3BE3/IHOTO MHOXKECTBA.

163



Teopema. FEcau muoocecmso M22 ABAACNCA 36E30HBIM MEAOM U OAA cucme-
mor (1) 8 nosuyuu 20 evinoanenv. npednososicenus 1-5, mo das nosuyuu x° cy-

Wecmeyem pewerHue 3adayu YKAOHEHUA O, CTNONKHOBEHUA.

Asrop Beipazkaer 6iiaronapuocts mpodeccopy M.C. Hukombckomy 3a 00CyKaeHTE
paboThL.
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OPTIMAL GUARANTEED RESULT IN CONTROL PROBLEMS
OF NEUTRAL-TYPE SYSTEMS*

N. Yu. Lukoyanov, A. R. Plaksin

Krasovskii Institute of Mathematics and Mechanics, Ekaterinburg, Russia

nyul@imm.uran.ru, a.r.plaksin@gmail.com

Within the positional approach [1-7], we consider a problem of control under dis-
turbances for the functional differential system of a neutral type

= (alr) — g(r o () = Flr, 2 () ulr)u(r)), 7€ ft0, ],

z(r) €R™,  wu(r)€UCR*,  w(r) e VCR™,
the initial condition
z(t+¢&) =w),  §e[=h0],
and the quality index
v = o(sl]).

Here 7 is the current time; t € [tg,?) is the initial time; z(7) is the state of the
system at the time 7; () is the motion history on the interval [T — h, 7] defined by

*This work is supported by the program of the Presidium of the Russian Academy of Sciences
no. 01 “Fundamental Mathematics and its Applications” under grant PRAS-18-01.
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2 (&) = (1 + &), £ € [—h,0], where h > 0 is the delay constant; u(7) is the current
control action; v(7) is the unknown disturbance action; U and V are given compact
sets. The goal of the control is to minimize the quality index .

Below, (-,-) denotes the scalar product, ||-||, the Euclidean norm, Lip(]a, b] R™ ) is
the space of Lipschitz continuous functions from [a, b] to R™, Lip = Lip([—h, 0], R™),
and G = [tp, ] x Lip. The space Lip is equipped with the uniform norm |- ||OO

The initial motion history is Lipschitz continuous, i.e., z;(-) = w(-) € Lip. The
mappings g: G — R" f: G x U xV — R”, and o: Lip — R are continuous and
satisfy the following conditions:

e there exist A\, € (0,1), ho € (0,h), and ay > 0 such that

lg(r,w(-)) = g(&r( NI < A ne[f_n,gﬁho]HW(n) =1l + g (1 + w()loo) |7 = &

e there exists oy > 0 such that
It w(),u,v)|| < ap(1+ w()lls);
e for any v > 0, one can find A¢, A, > 0 such that
1f(tw(-), u,v) = f(E,7(),u )] < Agllw() = r()]loo,
lo(w(-)) —o(r()| < Asllw() = ()]l
for any w(-),r(-) € D,, where
= {r() €Lip: [r()llec < v, [[r(7) = () S v|r — €|, 7,6 € [=h,0]}.

By an admissible control strategy, we mean a pair {U, A} where U is a function
from G to U and A is a partition of the control interval [t, 9], i.e

A= {7'1-: =1t T < Tip1, i =1,k Tpp1 = 19}.
The strategy {U, A} determines the control actions according to the feedback rule
u(r) = U(mi, zr,(4)), 7€ [ri,Tiy1), i=1k.
The value of the optimal guaranteed result is defined by

plt;w()) = inf, Sup7,
where sup is taken over all measurable functions v(-) = {v(r) € V, 7 € [t,9]}.
The paper is devoted to the study of infinitesimal properties that characterize the
value functional ¢: G — R.
One of the main results is the following.
Let (t,w(:)) € G, t < ¥, z(-) € Lip([t,¥],R™), and let L be a nonempty convex
compact set in R™. Define

H(t,w(-),s) = I&rlelrbl111)r168€/<<f(t,w(-),u,v),s>7 seR",

= {a(-) € Lip([t — h, 9, R"): x(t +&) = w(§), £ € [-h,0]},
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D {e(t.w() |20, L} =ty int | tim g AL = 2wl

+ w(-)) | (- =lim sup limsu P () = et w()
b {Sﬁ(tv ( )) | ( )7 L} 1@0 x(')GI;ZE l‘rﬁtwL(IJ) T—1

)

)

where

Q. = {CE() € X(t,w(-)): (;1—7_(:10(7) —2(7)) € [L]® for ae. T € [t,ﬁ]}.

Here [L]¢ denotes the e-neighborhood of the set L in R™.
Let Z(-) € X (t,w(-)) be such that T(r) = w(0) for 7 € [t,J]. Put

(1 |tw() =g(r,2:(),  Teltd]

Theorem. Let P and Q be nonempty sets. Let the convexr compact set-valued
mappings F* = F*(t,w(:),q) CR™ and F, = F.(t,w(:),p) C R™, where (t,w(-)) € G,
p €P, and q € Q, be Hausdorff continuous with respect to (t,w(:)) € G for any p € P
and q € Q and satisfy the following conditions:

(i) there exists ap > 0 such that

sup{[|fll: f € F*(t,w(),q) U Fu(t,w("),p)} < ar(1+[lw()]o0);
(ii) for any (t,w(-)) € G and s € R", we have

su min ,8) = H(t,w(-),s) = inf max ,8).
qe(g fer~ (tvw(')vq)<f > ( ( ) ) peP fGF*(t,w(-),p)<f >

Then, a functional ¢: G — R is the functional of the optimal guaranteed result in the
considered control problem if and only if it is continuous, satisfies the condition

<p(19,w()) = U<w('))’ w() € Lip,
and satisfies the following differential inequalities:

iggD_{(P(tvw(')) | Z( | tﬂ“’('))vF* (t’w<')7Q)} <0,
inf D {ip(tw(-) | = | w(), Fu (b w().p)} 2 0

fop (t,w(-)) € G and t < 9.
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JM®PEPEHIUAJIBHBIE UT'PHI [TPECJIEJOBAHUA
AJId IBYMEPHOI'O YPABHEHUA TEIIJIOITPOBOJHOCTU
C INTPOU3BOAHBIMHM APOBHOI'O IIOPAIKA
(DIFFERENTIAL GAMES OF PURSUIT FOR THE TWO-DIMENSIONAL
HEAT EQUATION WITH DERIVATIVES OF FRACTIONAL ORDER)

M. III. Mamaros (M. Sh. Mamatov)

Havyuoranroroi ynusepcumem Ysbexucmana um. M. Yayebexa,
Tawxenm, Ysbexucman

mamatovmsh@mail.ru

PaccmarpuBaercs ynpasisgeMmasl paclipesieJieHHas CUCTeMa, OIMChIBaeMas ypaBHe-
HUSIMU JIPOGHOTO mopsizika. [1]

Dz =C,DE =+ CyDgyz —u+w, (t,z,y) € Q, (1)
Z|t:0 = w(way)v (l’,y) € éa (2)
Z|L = w(xvy)a (l’,y) € 67 (3)

e z — HemsBecTHas byHkmas u3 knacca C?(Q), @ = Gx (0,7],G={0<2<1,0<
< y < 1} — npamoyrosibuuk ¢ rpauuneii L, ¢t € [0,T], T — npousBoJibHas 110JI0-
JKUTeTbHasA KoHcTaHTa; Cp, Cy — KoaddummenTts! Tennonposoguoctn; 0 < a < 1,
1<p<2

0 0

. o . 2 2
D z(t,x,y) = &I(}t ) Dgzz(tvxvy) = <%> IOQx ﬁ? Dgyz(t,x,y) = <6_y> IOQyﬁ

— vacTHbIe JpobHbIe TTpon3Boauble Pumana—JInyBusiist;

I§ z(t,x,y) = o) /0 =5 ds

— 4acTHbIE JIpobHbIe nHTErpasibl PuMana—/InyBuiiist o cOOTBETCTBYIONIEH TIepeMeH-
HOIl [2], u, v — yupaBJgIOIUe IAPAMETDbI, U — YIPABJILAIONMA [IapaMeTp IpecJie-
JIYIOIIero urpoka, v € P C R, v — ymupaisiomuii mapamMerp yOeraromero urpoka,
v € Q CR, Pu@ — xomnakrel. Kpome Toro, B npocrpancrse R" BbijiesieHO Tep-
MuHasIBHOE MHOMKecTBO M = M + S, ty1ie € > 0, S = [—1, 1]. Iens npecetyromero
UIPOKA — BBIBECTHU 2z HA MHOXKeCTBO M, yOeraroriuii urpoKk CTPEMUTCs 3TOMY TOMe-
maTh. Urpa canraeTcs OKOHYEHHOMH, ecau z monajaeT B M: z € M.
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ITycrs f(x) — Hekoropast byHKIMs ¢ 06aacThIO Onpe/ienenus (2. Torma nmeeT MecTo
KOHEYHO-DA3HOCTHOE OIIPEeJIeJIeHne MPOnu3BOHON mopsizika 3 € R B Touke z € D(f)

(em. [3]):

n
8 s n \8 z—a
= () Swr (e 55 %),
mel < B<2q=1qg = (-DF3(B—-1)...(8 -k + 1)/k!. Cornacro [3] ecm
f € C?*(Q), o npoussoanas ['proHBaibia COBIAAET ¢ MPOU3BOAHON Pumama—/In-
yBuLIst. JJist annpokcuManuu ApoOHBIX MPOU3BOAHBIX Pumana—J/Inysusis mo nepe-
MeHHBIM I,y ipu 1 < 8 < 2 na orpeske [0, 1] Bocnosb3yemes dbopmysioii I'pronsasibia—
JlerHukoBa co cmemenueM [4, 5|:

[z/h]
Dif= lm -5 > auf(e—(k—1h), (4)
k=0
rae h = 2 /M. @opmyaa (4) obecrieunBaer 6osiee TOUHYIO ATITPOKCAMAITIIO, Y€M CTAH-
naptHas dopmysta ['pronBasibia—/leraukosa.
Bocnosbzosasucs dpopmysioit (4), 11t IPOU3BOAHBIX APOGHOTO 1opsiika Pumana—
JInyBurJLIsI 110 TPOCTPAHCTBEHHBIM [IEPEMEHHBIM B ciiyuae 1 < < 2 mosydnm

n+1
Dng(tvxvy)|$n ~ he ZQjZ(tvxn—j-‘rlvy)’ (5)
=0
m—+1
Dgyz(tvxvy”ym ~ he Z sz(tvxvym—j-‘rl)’ (6)
3=0
L€ Tpn—j4+1 =~ Tp — (4 —Dh, Ym—j+1 = Ym — (j — Dh.
[Tosb3ysICh MOCTATOYHBIM MPU3HAKOM CyINECTBOBAHUSA JPOOHON IpOm3BOAHON Pu-
mana—JIuysms [3] npu 0 < a < 1 Ha oTpeske [ty, ty41] moayanm

Diettr. )l = ey (2t /ﬂi’d) ™)

F(]. — a) tht1 — tk) tht1 — S)O‘
e

I(a) = /O el gy (8)

Ipexncrasisisa npousBonyto 2’ (7,2, y) Ha oTpeske [ti,tx4+1] B BHUe KOHETHON pas3-

HOCTHU
% ~ Z(tk+1,I,y)*Z(tk,I,y)
dr )}, T

)
PA3HOCTHYIO AIITPOKCAMAIIIIO ITPOU3BO/HOMN JPOGHOTO OPsiIKa (v Ha OTPe3Ke [tk, tit1]
MO>KHO 3alliCaThb B BHJE
«
D0t2<t’ €T, y)ltk ~

! ( Z(tk,x,y) + Z(tk+17x7y) - Z(tkvxvy) /tk+1 ds )
ty

- F(l — a) (tk+1 - tk)a T (tk+1 - S)a

_ 2tk 7 y) — az(te, T, y)
T T Tl (9)
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Jst Haxoxennst pemenust 3amaun (1)—(3) B obmacru
Q={(z,y,1): 0<2<1,0<y<1, 0<t<T}
BBEJIEM CEeTKY

Why hyr = {(xn,ym,tk): Ty = nhy, Ym = mhy, ty =k7, n=0,1,...,no,
hy =1/ng, m=0,1,...,mg, hy =1/my, k:O,l,...,T/kO}
¢ marom h, 1o z, hy, o y u 7 1o t. Beesem oboznavenus
z,(f,)n ~ 2(tk, Tny Ym), z,’i_jﬂ ~ 2 (ks Tnejt1, Ym)s z,kn_jH ~ 2(tky Tns Ym—j+1)s
Un]fzn ~ U(ty, Tn, Ym), Uv(zkr)n R V(s Tns Ym)-

Bocnosbsosasimucs pasencrsamu (5), (6), (9) aisa ypasuenus (1), 3anunieM siBHYIO
PA3HOCTHYIO CXEMy

(k+1) (k) ntl
Zn,m = T Zn,m Cy k (k)
T2—a)ye P ( Znt1m = Bzl + Z qun—j—i-l,m) +

C m+1
PO (st St ) - ot 0

y j=2

UssecrHO, uro pasnocrras cxema (10) ycroituusa, Korjaa

Cy Cy a—+1
e + AT )’ me 0<a<l1l 1<p@g<2
(hﬁ hﬁ) 21 Are —a) g

R+l k41 k k1l k41 k4l "
i1 Zig 0 Figr Ficlge %ig4+1s Zij—1 B pan Teitiopa u noa-

CTaBJIsIsl TIOJIyYeHHbIE COOTHOIIEHNST B PA3HOCTHYIO cxeMy (10), mosryamnm

0%z 2%z 2%z
6ta (t xlvy]) O 8 ﬂ( :E7f7yﬂ)+cya ﬂ(t x“y])

Paznaraa dynknun z

s+ ol 4+ a(r®m ) + b(h2) + c(h?),

riue a, b, ¢ — mekoropole koucrauTsl. CienoBaresbHo, pasHocTHag cxema (10) an-
npokcuMupyeT ypaprerue (1) ¢ mopsiIikoM 2 — v 10 BpeMeHH U BTOPBIM MOPSIIKOM 10
KOOD/INHATAM X, .

B cnywae xBampaTHoit ceTkn, T.e. Korjga hy = hy = h, C; = Cy = C, nasa pasHocT-
Hoit cxembl (10) nmeem

n+1 m—+1
k k k k
27(:'7:11) = (a— 275)27(51)71 + (Zr(hzlm + Z ‘szr(z—)j+1,m + 27(1,1)n+1 + Z qur(z,zn—j—i-l) +
=2 =2

+T(2 = a)r(—ul), +0l"), (11)
k k
2o = @0, ym). 2 = (L),
k k
r(L()J = p(an,0), r(LJ)w ¢(@n, 1), 1(102n = P(Tn, Ym),
e v =I'(2 — a)rC/h°.

(12)
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PasznocrHas cxema (11) yeroitunsa, Korja

< (a+1)h?
T 2+8T2-a)C’

TOt

rme 0<a<l, 1<p<2.

Huckpernas urpa (11), (12) anupokcumupyer muddepenuanbayio urpy (1)—(3).

Huckpernast urpa (11), (12) cunraercss OKOHUEHHOH, €CJIU /IS HEKOTOPBIX N, M, k

& -
Oy/1eT BBITIOJTHEHO BKJIIOYUEHUE z,(”)n € M. Nmeer MeCcTO CJeIyIonas TeopeMa.

Teopema. FEcau 6 uepe (11) uz nauaavrozo noaooscernusn (12) eoszmoorcno sasep-

wenue npecaedosarus, mo 6 uzpe (1) 603mosicho 3asepuierue npeciedosanus U3 Ha-
wanbrozo nosodcenus (2), (3).
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We consider a linear model of a rotating Timoshenko beam [1]

1 1
wtt(xyt) - _wzr(zvt) + _gz(xvt) = gl(iﬂ,t),
Y 0 (1)

1 1
Gt (@, t) — Guu(x, t) + ;g(x,t) — ;wx(x,t) = go(z, t).

Here the X-axis coincides with the beam when it is at rest, w(x, t) is the displacement
of the center line of the beam in the direction that is perpendicular to the X-axis
and ¢(z,t) is the rotation angle of the cross-section area at « € [0,1] and time ¢. The
controls are introduced as forcing terms g1 (x,t) and go(x,t) in the right sides of both
equations. Assume that for all ¢ > 0

1
/ (g3 (x, 1) + g3 (, 1)) do < 1. 2)
0
The initial state and the boundary conditions of the beam are

’LU(:Z?,O) = wo(x), wt(xv 0) = wl(x)v g(x, 0) = §0(I), gt(xv 0) = §1($), (3)
w(0,t) =¢(0,t) =0, wy(1,t) —¢(1,¢) =0, < (1,¢)=0. (4)

The boundary conditions (4) mean that the beam is clamped at the left end and free
at the right end. We study the minimization problem for the deviation of the beam
from the equilibrium state in the sense of the functional

/OO /1(w2(x,t) +6%(z,1)) dz dt. (5)
o Jo

Problem (1)—(5) with the external forces in the form g;(x,t) = u(¢)f;(x) was con-
sidered in [2, 3]. The optimal synthesis containing singular extremals and extremals
with accumulation of switchings was constructed. In this talk we show that for some
initial conditions, the solutions of (1)—(5) have similar singularities. Using the Fourier
method, we reduce the control problem for partial differential equations to a control
problem for the corresponding Fourier coefficients. Then we apply the technique
developed in [4] and the results obtained in [5].

*This research was supported in part by the Russian Foundation for Basic Research, project
no. 17-01-00805.
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EXISTENCE AND UNIQUENESS OF SOLUTIONS
FOR THE FIRST-ORDER NONLINEAR DIFFERENTIAL EQUATIONS
WITH MULTIPOINT BOUNDARY CONDITIONS
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The multipoint boundary value problems for ODEs and their systems are inten-
sively investigated in the recent years. This is associated with their strong relation
to a wide range of applications in different fields of physics and mathematics [1, 2].
As examples of applications, one can note the vibrations of a uniform cross-section
string composed of N parts of different densities, some problems in the theory of
elastic stability [3], etc. In mathematical formulations these problems are described
by multipoint boundary value problems.

The study of multipoint boundary value problems for linear second-order ordinary
differential equations was initiated by Il'in and Moiseev [4]. Since then, nonlinear
multipoint boundary value problems have been studied by several authors using the
Leray—Schauder continuation theorem, nonlinear Leray—Schauder alternatives, coin-
cidence degree theory, and the fixed point theorem in cones.

In this work for the first time the Green function is constructed for the first-
order nonlinear differential equations with multipoint boundary conditions and the
considered problem is reduced to equivalent integral equations. Unlike the works of
Multy and Sivasundaram [5], we do not use the fundamental matrix of the equation.
The advantage of this fact is that we do not require the existence of the derivative of
the right-hand side of the equation with respect to the phase coordinates.
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We study the existence and uniqueness of solutions of nonlinear differential equa-
tions of the type

&= f(t, ), te€0,7], (1)

with multipoint boundary conditions

lex(tz) = Q, (2)

where lg,l1,...,l, are constant square matrices of order n such that det N =
det (31" L) #0; f:[0,T] x R" — R™ is a given function; a € R™; and to,t1,...,tn
are points satisfying the condition 0 =ty < t; < ... < typ—1 < t,, = T. We denote
by C([0,T],R™) the Banach space of all continuous functions from [0, 7] into R with
the norm ||z| = max{|z(t)|: ¢t € [0,T]}, where | - | is the norm in the space R™.

The purpose of this paper is to prove new existence and uniqueness results using
the Banach contraction principle and Schaefer’s fixed point theorem. We define the
solution of problem (1), (2) as follows.

Definition 1. A function z € C([0,T],R"™) is said to be a solution of prob-
lem (1), (2) if @(t) = f(t,x(t)) for each ¢t € [0,T] and the boundary conditions (2)
are satisfied. For the sake of simplicity, we can consider the following differential
equation:

= y(t), t €10,T]. (3)

Lemma 1. Let y € C([0,T],R™). The unique solution of the boundary value
problem for the differential equation (3) with boundary conditions (2) is given by

z(t) = N la +/0 G(t, m)y(T)dr,

where
Gi(t,7), tel0,t),
G(t,T) _ Gg(t,T), t e (tl,tg],
G (t,7), tE€ [tm,T],
with
Nﬁllo, to < 71 <1y,
N l(lo+ll), t1<7'<t2,
i
NS i, 6 <T<t,
k=0
Gi(t,7) = Ul for i=1,2,...,m.
D=9y Dok ST <t
k=i+1
m
-N~! Z Iy, tiy1 <7 <tiyo
k=i+2
—~N71,,, tmo1 <7 <T,




Lemma 2. Assume that f € C([0,T] xR™). Then the function x(t) is a solution
of the boundary value problem (1), (2) if and only if x(t) is a solution of the integral
equation

T
z(t) = NlaJr/O G(t,7)f(r,x(7)) dT.

We introduce the following conditions.

(H1) There exist a continuous function M (t) > 0 such that
|f(t,x) = f{t,y)| < M(8)]x —y|

for each t € [0,T] and all z,y € R™.
(H2) The function f: [0,7] x R™ — R™ is continuous.

(H3) There exists a constant Ny > 0 such that |f(¢,z)| < N; for each ¢t € [0,T]
and all z € R".

Theorem 1. Assume that assumption (H1) holds and
L=TSM <1,

where

M =maxM(t), S= max [|G(t7)].
[0,7) [0,77x[0,T]

Then the boundary value problem (1), (2) has a unique solution on [0,T].

Theorem 2. Assume (H2) and (H3) hold. Then the boundary value prob-
lem (1), (2) has at least one solution on [0,T].

Similar problems for two-point boundary value problems are considered in [6, 7].
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OPTIMAL CONTROL OF LARGE BUILDINGS
USING A HYBRID MODEL PREDICTIVE CONTROL APPROACH
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The microclimate and energy consumption control system of a modern building
includes both continuous (heat exchangers, radiators, convectors) and discrete (ther-
mostats, fans, pumps) elements operating on the on/off principle. In addition, the mi-
croclimate of buildings can be influenced by various internal or external events related
to people’s living functions, equipment operation and other factors. From the point
of view of the mathematical description, the modern building is a continuous—discrete
or hybrid dynamical system consisting of interacting elements of various nature whose
behavior is described by both continuous and discrete processes.

Formally, logical-dynamical models can be described as discrete hybrid automata
(DHA). A special case of DHA is the class of piecewise affine (PWA) systems. Such
systems are also often called switched linear systems. According to [1], the system of
logical conditions can be transformed into a system of integer linear inequalities, and
the logical-dynamical model, into a mixed logical-dynamical one (MDL). As shown
in [1], the MDL model form encompasses a large class of hybrid dynamic systems.

At present, in the scientific literature, optimal control systems, model predictive
control (MPC) systems, as well as systems based on fuzzy logic, neurocontrollers
and some others are widely proposed for climate control and energy consumption of
buildings [2]. At the same time, the greatest number of publications deals with the
systems using the MPC approach. These systems allow for better management of
the building’s microclimate, taking into account the constraints, with a minimum of
energy costs.

In cases when some of the system variables are discrete in nature (e.g., some ac-
tuators can only be turned on/off), the use of the so-called hybrid MPC approach is
required. To implement a hybrid MPC controller using the MDL model, it is necessary
to solve the problem of mixed-integer programming (MIP). One of the drawbacks in
the hybrid MPC lies in the resulting computational burden that may be prohibitive
for real-time implementation. This is the case in large scale applications. In such
situations, the resulting hybrid MPC optimization problem is hard to solve given
restrictions on computational resources in terms of time and memory. On the other
hand, it can be unsuitable to centralize the calculation of the optimal solution of a
large process in one controller.

To control large buildings consisting of multiple interconnected zones, distributed
versions of MPC are used, such as distributed MPC and hierarchical distributed
MPC [3]. Of these, only hierarchical, distributed MPC algorithm allows to achieve a
minimum of the global quality criterion for the whole system, with due regard to the
interrelations between the subsystems. When implementing a hierarchical distributed
MPC algorithm, within each step of its implementation, there arises the problem of
coordinated solution for the mathematical programming problems for each of the
subsystems.
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The author proposes a method for solving the global mathematical programming
problem, performed at each step of the hierarchical, distributed hybrid MPC algo-
rithm, based on the decomposition method via resource sharing [4]. The author proves
that under certain assumptions on sets of admissible solutions for local problems, if
the local optimization problems have a solution, then the coordination problem will
have an admissible optimal solution. If random factors influence the fulfillment of
constraints in local problems, then a one-step stochastic programming problem with
soft constraints can be put in place [5].

The author used the proposed method for solving the problem of managing energy
consumption and the microclimate of large multi-zone buildings. The mathematical
model of the microclimate of a large multi-zone building is based on the equations of
thermal and material balance, and is described by a system of ordinary differential
equations. To ensure the required microclimate in the building, various types of energy
resources, including renewable ones, can be used. For each type of energy resources,
there are restrictions for both individual zones and the entire building. Therefore,
the energy input for managing the microclimate within a building will depend on
the consumption of energy resources for other, including domestic, needs. Since the
consumption of energy resources for domestic needs is accidental, the restrictions on
the consumption of energy resources for managing the climate will be accidental as
well.

The results of numerical experiments showed the advantages of using the method
proposed by the author for controlling the microclimate of large multi-zone buildings.
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SUB-RIEMANNIAN GEODESICS
ON THE GROUP OF RIGID BODY MOTIONS*
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We consider a sub-Riemannian problem on the Lie group SE(3) of rigid body
motions in R3. Given two orthonormal frames No = {vg,v3,v3} and Ny = {v],v?, v}
attached respectively at two given points g9 = (zo,¥o0,20) and ¢1 = (21,¥1,21) in
space R, we aim to find an optimal motion that transfers ¢y to ¢; such that the
frame Ny is transferred to the frame N;. The frame can move forward or backward
along one of the vectors chosen in the frame and rotate simultaneously about the
remaining two (of the three) prescribed axes. The required motion should be optimal
in the sense of minimal length in the space SE(3) = R? x SO(3).

The problem is to find a Lipschitzian curve «: [0,¢;] — SE(3) such that

¥ =uzAs + ug Ay + usAs,
7(0)=1d, ~(t1) =g,

t1
I(y) = / &2u3 + ui + u2 dt — min,
0

where A; are left-invariant vector fields in SE(3), the controls us, ug, us are real-
valued functions in Ly (0,¢1), the terminal time ¢; > 0 is free, Id is the identical
transformation of R?, and & > 0 is a parameter balancing the spatial and angular
displacement.

The vertical part of the Hamiltonian system of the Pontryagin maximum principle
is given by
Ul = —UsUs,
Ug = UzUa,

U3 = UUs — U2Uy,

. U2U3

Uy = 52 — UsUe,
. uius
Us = UqUp — 5—27
ug = 0.

We prove Liouville integrability of the Hamiltonian system of the PMP and present
explicit formulas for the extremal controls ui,...,us in the particular case ug = 0.
This case is important in applications: in tracking neural fibers and blood vessels
in MRI and CT images of human brain, and in a motion planning problem for an
aircraft that can move forward/backward.

*This work is supported by the Russian Science Foundation under grant 17-11-01387 and per-
formed in Ailamazyan Program Systems Institute of Russian Academy of Sciences.
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Next, we show a relationship between the sub-Riemann problem in SE(3) and prob-
lem Pcurve of minimizing the compromise between length and absolute curvature
for a curve in R3 with fixed boundary points and directions. We give explicit formulas
for extremals in problem Pcurve and investigate their geometric properties.

The talk is based on joint works [1, 2] with R. Duits, A. Ghosh, T. Dela Haije and
A. Popov.
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Given a closed topological n-manifold M™, n > 2, we introduce the class of Smale
semi-chaotic homeomorphisms SscH(M™) of M™ and give necessary and sufficient
conditions of conjugacy of homeomorphisms from SscH(M™). The class SscH(M™)
contains the class of Smale regular homeomorphisms SRH(M™), which contains all
Morse-Smale homeomorphisms and diffeomorphisms of M™.

The study was implemented in the framework of the Basic Research Program at
the National Research University Higher School of Economics in 2018.
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METHOD IN DYNAMIC GENERAL EQUILIBRIUM MODELS)*
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B nmokname Oymer man 0030p YMC/IEHHBIX METOIOB M HOBBIX BO3MOXKHOCTEH, CBsI-
3aHHBIX C HCIOJIb30BAHUEM TAPAJIICIbHBIX BBIYUCICHUI B JUHAMUYIECKAX MOJIEJISAX
O0IIIEro 9KOHOMUIECKOTO PABHOBECHS.

JuaamMudyeckast MOJIEJIb ODIIEro SKOHOMAIECKOTO0 PABHOBECHUSI IIPEICTABIISIET COOOM
HEJIMHEHHYIO KPaeByo 3aJady Ha OeCKOHEYHOM IpoMexyTke Bpemenu. llocse mwmc-
KPeTHU3aIluu U OIPAHAYIEHUs] HA KOHEYHBI OTPE30K BPEMEHU IOy IaeTCs HeJIMHeHA s
cucreMa ypaBHeHuit 6051b110i pasmepHocTu. s pemennst TaKux 3a/1a9 B OCHOBHOM
HCIIOJIB3YIOTCS METO/Ibl HIOTOHOBCKOTO Tuna. 1Ipn ymepeHHoll pa3zmepHOCTH 3a1a4u
9T METOJAbl JalOT BBIUI'DBIII B 6bICTpO)1€fICTBHH 110 CpaBHEHUIO C METOJlaMU IIEPBOTO
nopsizika tuna kobu u Taycca—3eiinens (cMm., nanpumep, [1]). OxHako B MHOroCek-
TOPHBIX U MHOTOPErHOHAJIBHBIX MOJIEJISX IIePEMEHHBIE 33189l MOTYT MMETb Pa3HbII
[IOPSAJIOK BEJIMYUHBI U UX TPYJIHO oTMacmTabupoBaTs. B pe3sysiprare y METOIOB HbIO-
TOHOBCKOT'O THIA BO3HUKAIOT IMPOOJEMBI CO CXOTUMOCTDIO.

Jutst yaydimeHusi CXOIUMOCTH B MHOTOCEKTOPHBIX X MHOTOPEIMOHAIBHBIX MOJIEJISAX
ucnosb3yercst Mogudunuposanubiii Meros, Pes—Teitnopa [2]. Merog siisiercst KoM-
Oounarmeil Mmeroja Tuma Laycca—3eiiesist (BHemHI/If/’I LU/IKJI) U METO/I0B HBIOTOHOBCKOI'O
TUOA JJIs PEIIeHus CUCTEM yPABHEHUl, BOZHUKAIONNX HA OYEPEHOM IIIare MeTO-
na Taycca—3efigens (Bayrpennuit nuki). Meron Pea—Teiiiopa obianaer ycroidu-
BOCTBHIO K BO3MYIIEHUSAM IIAPAMETPOB MO/JIEJIN, HO He 00/Ia[aeT JOCTATOIHBIM OBICTPO-
JleficTBUEM.

Cytp napasieasaoro meroga Pes—Teitiopa cocTOUT B TOM, 9TO CHCTEMBI yPaBHE-
HU BHYTPEHHETO ITUKJIa, OTBE€Yalolue Pa3HbIM Bpel\leHHb’IlVI nHTEepBaJlaM, PelIaroTCA
HezaBucuMO. B pabore [3] onmcana peanuszanus napasutesnsHoro Metoa Pes—Teitnopa
JIJIsE cUCTeM ¢ oDIeii naMsAThio. Ha rnpuMepe odnope2uorasbhoti MOJEIN ODIIEro 3Ko-
nomuueckoro pasuosecust PET [3, 4] 6bu1o mokasano, 9ro OblcTpogeiicrBue mapad-
sesibaOoro Merona Pes—Teitsopa mpuMepHO Takoe XKe, KaK ¥ METO/IOB HbIOTOHOBCKOTO
TUTA.

Iiist manbHERIero aHaJm3a yCKOPEeHns, KOTOPOe JIaeT apaJuiebablii Mmeton Pes—
Teityiopa M0 CpaBHEHUWIO C IOCJIEIOBATEIHLHON BEpPCUEN, MCHOTB3YETCS MHO20PE2UO-
HaAvHAA MOJENb oblero skonomudeckoro pasuosecus PET [2]. Paccmarpusaercs
TunoBas 3aja4a. CHava & mapamMeTpbl MOJE/M KaJuOPYIOTCA TaKUM 00pa30M, YTOOBI

*PaboTa BBIITOJIHEHA C UCIOJIB30BAHHEM PECYPCOB CYIIEPKOMIILIOTEPHBIX KomiuiekcoB MI'Y u Ha-
[MOHAJILHOTO TieHTpa aTMocdepHbix uccaenoBanuit (Boynnep, CIIA).
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Puc. 1. Yckopenune npu ucnosns3oBanuy napasiesnsbroro merona Pes—Teitiopa B Mo-
nenmu PET: a — cynmepkommbrorep Jlomonocos; 6 — cymepkomnbioTep Ilaitenn

BOCIIPOM3BECTH OJIMH n3 6a30BbIX creHapues, SSP5 [2]. 3arem GepyTcest BO3MyIIEHHBIE
3HAYEHUS TIAPAMETPOB, JIJIsl KOTOPBIX HEOOXOINMO BBIYUCIUTH HOBOE paBHOBecue. [Ipu
9TOM paBHOBecHe, OTBevaolee 6azoBoMy crieHapuio SSPH, ncmomb3yercss B KadecTBe
HAYAJIBHOrO IPHOJIIKeHUsT (II0POOHOCTH M. B [5]).

Pacuersr mposogmuck gy mojgenu PET ¢ hukcnpoBaHHBIM 9UCIOM BPEMEHHBIX
MHTEPBAJIOB, MPEBBIIIAIONINM YUCJIO JIOCTYIHBIX TIOTOKOB. YCKOPEHUE TapaJIeTbHOTO
AJICOPUTMa PACTET JIMHEWHO [PU UCIOJb30BAHUU JI0 BOCBMH MOTOKOB OOBITHOIO y3J1a
Ha cynepkomibiorepe Jlomorocos [6] (puc. 1, a). Yekoperune mpogosKkaer pacTu MovTn
JIMHEHHO BIUIOTH J10 36 MOTOKOB Ha OOBIYHOM y3ie cynepkomubiorepa [Ilaiienn [7]
(puc. 1,6). Ilpu nasnpueiineM yBeJIUYeHUH YUC/IA IIOTOKOB IPOUCXOJUT HACBIIICHHE,
CBSI3AHHOE C WCIIOJIb30BAHUEM I'UIIEPIIOTOYHOCTH.

Ucnonwszosanne mnapasienbuoro meroga Pes—Teitiopa MO3BOIUIO 3HAYUTETHHO
YCKOPHUTB IIpoliece Kaaubposku napamerpos Mogean PET B npukiagubix 3agadax [2,

5, 8].
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OB UHBAPUAHTAX JIATIJIACA
JIJ1s1 TUMIEPBOJIMYECKUX YPABHEHUI
(ON THE LAPLACE INVARIANTS FOR HYPERBOLIC EQUATIONS)

A. H. Muposos (A. N. Mironov),
JI. B. Muponosa (L. B. Mironova)

Kasanexut (ITpusoasceruti) dedepanvrod yrusepcumemn,
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JluHeifiHbIMU ypABHEHUSIMU C JIOMUHUDYIOIIEH JaCTHON IIPOU3BOIHOM HA3BIBAIOT [1]
YPaBHEHUS BHUJA

O"Mu(x oy (x
L) = g St % %) g S I@ W
. n | <m—1 ce n

as<mg, s=1,n

rje (wl,xg, R ,xn) — JI€KapTOBbI KOOPJAMHATHI TOYKHU T, M = M1 + ...+ My, 0 =
= (a1,..., ), la| = a1 + ... + an, ms, a5, s = 1,n, — HeJIbIe HEOTPUIIATEIIBHBIE
qucna, m > 1, u(x) — uckomas, a ao, f — u3BectHble GyHKIUK. JIpyruMu ciaoBa-
Mmu, ypasrenue (1) comep:KuT JOMUHUDYIOILYIO IIPOU3BOIHYIO (IIepBOe ciaraeMoe B
paBoil 4acTu), a BCe OCTajbHble BXOAsme B (1) IPOM3BOHbIE TIOJIYyYAIOTCs U3 Hee
oTOpachIBaHUEM 110 KpaiiHeil Mepe omHOro anddepeHnupoBaHus M0 KaKOH-11mbo u3
HE3aBUCHMBIX IlepeMeHHbIX. [Ipocreiiimum npejicraBuTesieM 9TOro Kjaacca ypaBHEHUI

ABJIAeTCA FI/IIIep6OHI/Iq€CKO€ YpaBHEeHUE BTOPOTI'O IIOPsA/JIKa C JIByMs HE3aBUCUMBIMU I1€-
PEMEHHbIMHI

Uzy + a(,y)us + (2, y)uy + c(z,y)u = f(2,y).

IIpu ms = 1, s = 1,n, ypasnenue (1) naswpisaercs ypasnenuem Buanku |2, c. 5-13].

YacrHble ciayvdan ypaBHeHui (1) BOSHHKAIOT IIPH MOJIEJIMPOBAHNY IPOIECCOB BUO-
paluu 1 UrpaioT CYIIECTBEHHYIO POJIb B TEOPHUH AIIPOKCUMAIINN, TEOPUU OTOOPaKe-
HUil, K HIM CBOJMTCS 3312494 NWHTErPATHLHOTIO TPEJICTABICHUS TPEOOPA3OBAHUS OTHAX
JuHEHHBIX AuddepeHnnaIbHBIX ONEPATOPOB B APYTHE, OHU IPUMEHSIOTC B TEOPUH
YIPYTOCTH, IIPA U3yIEeHUN (PUIBTPAIIH >KUJIKOCTH B TPEIIUHOBATHIX II0POJIaX, BJIaro-
[IEPEHOCA B TI0YBE, NIEPEIady TEIIA B FeTEPOTEHHBIX CPEIaX, MOJCJUPOBAHUI PA3JINI-
HBIX OMOJIOTUYECKUX MPOIECCOB U SIBJCHUI, IPU U3YIEHUU PACIPOCTPAHEHUs BOJH B
JIACTIEPTUPYIONIAX CPEJAaX, & TAK’Ke B TEOPUH ONTHMAJBHBIX MPOIECCOB M O0PATHBIX
zazadax (cM., Hanpumep, 6ubuorpadbudeckue cCbUIKU B [3]).
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IIpunoxkenust muBapuanToB Jlammaca B Teopun ruepoOOTUIECKUX YPABHEHNUNH XOPO-
110 U3BeCTHBI. B "acTHOCTH, MHBapraHTHI Jlanjiaca UrparoT ONpeessioniyo POJIb B
KJTacCH(UKAINN YKA3aHHBIX YPABHEHUN METOJAaMM IPYIIIOBOrO aHa/m3a auddepeH-
UaJIbHBIX ypaBHenuii [4, ¢. 116-125]. Musapuants! Jlamwiaca mis ypaBuenuii Buanku
TPETBETO W YETBEPTOrO MOPSJIKA U UX IPHJIOXKEHHsI paccMoTpeHsl B [3, 5-7]. B [§]
[IPE/IJIOZKEH AJITOPUTM IIOCTPOeHusI MHBapuaHTOB Jlamaca jjst ypaBHeHuil Buanku
MIPOU3BOJILHOTO TOPSAKA. I THIIepOOIMIeCKNX CUCTEM TaKKe IIPEJICTAB/IsIeT UHTE-
pec nocrpoenue uHBapuanTos Jlamaca [9].

Hannrast paboTa MOCBAINEHa HHBApUAHTaM Jlamiaca u nX IPUIOXKEHUSIM I yPaB-
HEHW# ¢ JOMHHHUPYIOMEH JacTHON MPOM3BOMHOM, comepxKaleil KpaTHoe auddepen-
uposanue. HekoTopele u3 3TuX pe3ysbraros omybnukosassl B [10-12]. B wactrOCTH,
rnocTpoenbl nuBapuanTel Jlammaca hq, ..., hiy 11 ypaBHenus

U:c:cyz + a210(I7 Y, Z)uzzy + a201(x, Yy, Z)uxxz + alll(x7 Y, Z)uxyz +

+ a200(7, Y, 2)Uze + a110(T, Y, 2)Uay + a101(2, Y, 2)Usz + a011(2, Y, 2)uy- +
+ a100(2, Y, 2)uz + ao10(x, y, 2)uy + +ago1 (2, y, 2)us + aooo(z,y, 2)u =0, (2)

KOTOpOe u3yvasocsh B [13, 14].
Omupesensitonmue ypaBHEHUs! JJisl ypaBHEHUs (2) BBIYUCIISIFOTCS TI0 CTAHJIAPTHOMY
asropurmy [4, c. 66]. IIpuMeHeHre IPOJIOIIZKEHHOTO OlIepaTopa a( , TJIe

X =& (2,y,2)0, + E(x,y,2)0y + & (2,y,2)0. + oz, y, 2)udy,

K ypaBHEeHUIO (2) U pacIleIvieHue OTHOCUTENbHO CBOOOIHBIX IIAPAMETPOB [IPUBOJIAT K
OIPEETIAIONIUM YPaBHEHUAM

&=0, &=0, &=0, &=0, =0, =0
20, + (a11161)s + a1114€% + a111:.6* — €L, =0,
oy + a2012€" + (a20162)y + a201:6* = 0,
s + a2102€" + a210y6” + (a201%). = 0,
Orz + a1110 + (a011€Y) s + a011y€% + a011:€° + ap11€L =0,
204y + 2020104 + a1110y + (0101€")e + (010162)y + 101:€° — a201&5, = 0,
204 + 2421005 + a1110% + (a110€") s + a110y€” + (a110€°) — a210&4, =0,
Oyz + 2100y + 2010 + a200:€" + (a2006%)y + (a2008%): = 0,
Oy 0201000 +011102y +010102+00110y + (00018 )2+ (a001£2) y +a001-€° +a0015 = 0,
Ozzz+0210022+011100: 011002 + 001102+ (20108 ) 2 +a010yE2 + (0010€%) - +a010€L = 0,
203yz + 2021002y + 20201052 + A1110y> + 202000, + 1100y +
+a10105 + (a100€") 2 + (a1006?)y + (a100€%) s — az00él, =0,
Ozzyz T 0210022y T 02010z2z + A11102y2 + 0200022 + @411002y + @1010z2 + A0110yz +

+a1000z + a0100y + a0010> + (1006 )z + (a100€%)y + (a100€%) 2 + aoooés = 0.
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Bce onpegensitonye ypapHeHusl (HAYAHAS C CEJbMOTO) MOT'YT OBITH 3AIllMCAHBI B MH-
BapuaHTHOI dopme (B TepmuHax nuBapuanrtos Jlamraca). Hanpumep, cemuasaroe
yPaBHEHUE U3 BBIIUCAHHBIX BBINIE MOYKHO IIPEICTABUTH B TPpex (popMax

1.

10.

11.

12.

13.

14.

hséaz + (h15€ e + haséy + (h15€%)y + (h15€%). = 0,
hobaa + (h16€")a + h16éy + (h16€7)y + (h16€”). = 0,
h10ea + (h17€")e + h17&y + (h17€%)y + (h17€°). = 0.
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O MOJIHOTE CUCTEM CHUHYCOB M KOCHHYCOB
B ITIPOCTPAHCTBE NMHTEI'PUPYEMBIX CDyHKLH/IPI
(ON THE COMPLETENESS OF SINE AND COSINE SYSTEMS
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PaccmarpuBaeTcst BOIPOC O TOJHOTE CUCTEM CHHYCOB U KOCUHYCOB C HENEJOYNCIIEH-
HBIMH 1, 60JI€e TOTO, KOMIIEKCHBIMA WHIEKCAMHA B TIPOCTPAHCTEE HHTETPHPYEMBIX 10
Jlebery dbyukumit. Haiiiensl Kpurepun Ha BeJIMMUHY OTKJIOHEHUS OT TEJOTO THCIIA,
IPA KOTOPOM CHCTEMBI CHHYCOB W KOCHHYCOB MOJTHBI.

B npocTpancTse uHTerpupyeMbix (byHKIUI U3BECTeH CJIeyIONMil pe3yIbTaT jijist
dyukun f(x) uarerpupyemoii o JleGery ua [0, 7). Ecim

/ f(x)sin(nx) dz =0, n=12 ...,
0

To f(x) nourn BCromy pasHa Hyso Ha [0, 7).
Ananornanblii pe3yIbTAT TIOTyHYeH IS CHCTEMbI KOCHHYCOB. Econ

/ f(z)cos(nx)dx =0, n=0,1,2,...,
0

To f(x) Takxke mouTH BCIOY paBHA HyJo Ha [0, 7.
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WEAK AND STRONG NILPOTENTIZABILITY
IN THE MONSTER TOWERS HOSTING FLAG DISTRIBUTIONS
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Control systems linear in controls, with linearly independent generators of vector
fields, sometimes happen to be locally nilpotentizable. That is, to locally possess bases
that generate (over reals, not over functions) nilpotent algebras of vector fields. The
existence of a nilpotent basis may be somehow mischievously hidden in the nature of a
system. When it exists and is at hand, a number of key control problems related with
the system (e.g., motion planning) become much simpler. As Lafferriere & Sussmann
put it in a 1990 report: ‘(...) that one look for new classes of nilpotentizable systems,
and also that one improve the existing nilpotentization results by making them as
explicit as possible.’

We call nilpotentizable systems (for 15 years already [3]) weakly nilpotent. When
a system 3 is given globally on a manifold M, by weakly nilpotent points in M we
mean those around which ¥ is weakly nilpotent.

In turn, strongly nilpotent are those points p in M around which ¥ is equivalent to
its milpotent approximation at p. Naturally, ‘strongly’ implies ‘weakly’, but not vice
versa: ‘strongly’ appears to be a much more stringent property (cf., in particular, the
paragraph after next).

An important class of weakly nilpotentizable distributions are Goursat distribu-
tions—members of Goursat flags which live on so-called Monster Manifolds [2]. Local
nilpotent bases found for Goursat distributions allow for more—in the line of Laf-
ferriere & Sussmann’s suggestion—the effective computation of the nilpotency orders
(sometimes also called ‘indices’, sometimes ‘steps’) of the real Lie algebras generated
by those bases; details are in [3].

It was among Goursat distributions where the first examples of weakly but not
strongly nilpotent points were exhibited. They were found in the fourth stage of
the Monster. Not strongly nilpotent points form a codimension 1 hypersurface in
that stage. In the kinematic presentation of Laumond—Risler—Jean (cf. more on it
in, e.g., [6]) those were instantaneous configurations of three trailers and a car such
that 6y — 01 = +7/2 and (62 — 01)(03 — 02) # m2/8. The nilpotency order of those
points is 7, while the analogous order of the nilpotent approximation at those points
is 6. In other words, using the notion of tangentiality |3, Definition 4], those were not
tangential points in that Monster’s stage.

In my abstract to the Pontryagin’s 100th Anniversary Conference in 2008 there
was put forward the following

Conjecture. ‘Strongly nilpotent’ and ‘tangential’ are synonyms in the Goursat
world.

This conjecture is by now confirmed. All strongly nilpotent points in the
Goursat Monster are already known; in particular, their equations in the kinematic
presentation angles are effectively known. We would like, in the first place, to present
and recapitulate those findings during the conference.
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In parallel, much ampler classes of globally weakly nilpotent distributions are being
furnished by so-called special m-flags, m > 2. Those are induced by rather particular
rank-(m + 1) subbundles D C TM, dim M = (r 4+ 1)m + 1, r being the length of a
flag. The defining conditions demand that the tower of consecutive Lie squares of D

Dc [D,D]cC[[D,D],[D,D]]C---CcTM (1)

grow in ranks, at every point of M, in the arithmetical progression m + 1,2m + 1,
3m+1,...,(r+1)m+1 = dim M and that the associated subtower of Cauchy-
characteristic subdistributions L(D) C L([D,D]) c L(|[D,D],[D,D]]) C --- also
grow in ranks arithmetically m,2m,3m, ..., (r — 1)m,rm. (The biggest term in this
subtower is, strictly speaking, not Cauchy-characteristic but is a so-called covariant
subdistribution of the one before last term in the main tower (1). For more on that
see, e.g., [1] and [4].)

Much like for Goursat structures, there exist huge manifolds locally universal for
the special m-flags of any fixed length r. Upon floating r, one gets a tower of such
manifolds. Each member of any special m-flag is locally materialized—up to the local
diffeo equivalence—somewhere on a certain stage of the tower. This is precisely the
mentioned local universality of the tower. All such distributions are globally weakly
nilpotent, and relevant local nilpotent bases for them can be effectively constructed.
They depend on a natural stratification of germs of special m-flags into so-called
singularity classes [5]. The Lie algebras that are generated depend but on singularity
classes, and the same, obviously, holds for the nilpotency orders. Those orders are
effectively written down and computed in [4].

In contrast, the following is not known (except for a number of relatively simple
sub-cases):

e What points in the Special m-Flags’ Monster Towers are strongly nilpotent?

e What are the dimensions of the nilpotent real Lie algebras mentioned in the
present abstract, both for Goursat flags and for special multi-flags?

The nilpotency orders of the underlying Lie algebras are tractable (cf. again Laf-
ferriere & Sussmann’s suggestion of 1990), but not the real dimensions.
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Psoriasis is a chronic, long-lasting skin condition characterized by inflammatory
patchy skin and erythematous raised plaques. It is a T-cell mediated disease initiated
by an abnormally overactive immune system that ultimately triggers uncontrolled
differentiation of keratinocytes (skin cells). The mechanism of regulatory T cells in
inhibiting psoriatic inflammation justifies a crucial role by restraining the activation
of a T-cell generated pro-inflammatory environment. Here, we have formulated a
mathematical model exploring the interplay between the immune suppressive role of
regulatory T cells with activated NK cells and lymphocytes. We have further observed
the impacts of the bidirectional cross-effect between activated NK cells and Treg cells
during disease progression. The ultimate prevention of excessive keratinocyte growth
induced by the Treg mediated control of pro-inflammatory immune response has been
investigated, followed by the numerical and analytical study of the system. Finally,
the therapeutic dimension of the system has been explored using UVB radiation
exposure by emphasizing its ability to induce regulatory T cell proliferation for the
better management of the normal keratinocyte cell population growth.

The mathematical model. To formulate our mathematical model, we con-
sider four cell populations, i.e., lymphocytes (excluding NK cells and Treg cells) L(t),
activated Natural Killer (NK) cells N4(t), regulatory T (Treg) cells T,.(¢), and ker-
atinocytes K (t). In our model, we have considered a constant growth rate of lym-
phocytes in the human immune system, denoted by 1. A parameter « is assumed
to be the rate at which Treg cells suppress the growth rate of lymphocytes. The
natural rate of apoptosis of lymphocytes is denoted by 1. Thus, the dynamics of the
lymphocytes are governed by the following equation:

Cfi_f =r; —all, —u L.
Since activated NK cells and Treg cells form a major part of the family of lymphocytes
in the human immune system, it is obvious that their proliferation will be dependent
on the population of lymphocytes. It is assumed that the family of lymphocytes

*The research is supported by the Indo-Russian joint research project no. INT/RUS/RFBR/306
organized by DST-RFBR 2018, Govt. of India and Govt. of Russian Federation.
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contributes to the populations of NK cells and Tregs at rates ro and r3, respectively.
Keratinocytes release the cytokine IL-15, the effect of which leads to the proliferation
of activated NK cells at the rate 1. Due to the suppressing effect of Treg cells, the
population of activated NK cells decreases at the rate 12. Further, the suppression of
NK cells by Treg cells is responded simultaneously by a negative cross effect of NK
cells on the Treg cell population, which finally inhibits the growth of Treg cells at
the rate & . The release of IL-2 by lymphocytes enhances the growth of Treg cells at
a rate . Activated NK cells and Treg cells possess natural decay rates puo and g,
respectively. The equations representing the growth of NK cells and Treg cells are
given by

dN

d—tA = ’I”QL —+ ThKNA — 772NATT - /'LQNAv
dT,
pral ral — & T, Na+ ET.L — psT.

Due to the constant migration of cells from the dermal layer to the epidermal layer,
it is assumed that r4 is the growth rate of keratinocytes. The positive effect of the
vast IFN-v released by activated NK cells helps to proliferate the keratinocytes at a
rate 31, and at the same time, Treg cells inhibit the proliferation of keratinocytes at
the rate of B3 due to its immune suppression role in the entire immune system. The
entire family of lymphocytes comprises cells, some of which release pro-inflammatory
cytokines and others release anti-inflammatory cytokines. However, since the overall
pro-inflammatory effect of lymphocytes largely exceeds the anti-inflammatory effect
on the immune system, it has been considered that it ultimately causes the prolifer-
ation of keratinocytes at rate v. The apoptosis rate of keratinocytes is represented
by the term u4. The dynamics of keratinocytes are thus denoted by the following
equation:
dK B1Na

— =raK+

PIA LK — K
dt 1+ 6,1, 7 HiaSs

Thus we have the following mathematical model:

dL
L =r1—all, —u L,

dN

d—tA =roL+mKNa—1maNAT, — p2Na,
dT,
prai r3L — &1 Na + &T L — psT,
dK B1Na
K+ A TR - K
PR Hats

with the initial conditions L(0) > 0, N4(0) > 0, 7;.(0) > 0, and K (0) > 0, and all the
parameters are assumed to be non-negative.

Control induced mathematical model. In this section, we want to analyze
our formulated model with addition of a control parameter, the effect of UVB radia-
tion, but we do not study the deviation or side effects of this therapy. By optimizing
a particular performance, we usually solve these types of problems through finding
the time dependent profiles of the control variable. It is apparent from our preceding
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discussion that to control psoriasis, it is obligatory to increase the regulatory T cell and
its immune suppression effect. We have taken our control set, defined on [tstart; tinish)
subject to the condition 0 < w™" < u(t) < u™™* < 1, where tgary and tgnisn are
starting and finishing time of treatment, respectively. Thus we have the following
control induced model:

dL
e uialTy — pui L,
dN
— =L+ mENa —winNaT, — paNa,
dT,
prai uirsl — &1 Ny + &1L — p3Ty,
dK B1Na
e 1— Bt S _ ]
p ra K+ ( ul)1 BT +~yLK — iy K

Here L(0) > 0, Na(0) > 0, T.(0) > 0, and K(0) > 0, and all the parameters are
assumed to be non-negative. The cost function is formulated as

J(u) :/tf[K(t)—i—OﬁB(u(t))Q] dt.

s

In this problem, we are seeking the optimal control parameter u* such that
J(u*) = min{J(u*): v e U}.

Here U is the control set and we determine the optimal control w*. If u*(¢) is the
optimal control, then the Pontryagin minimum principle may be functional for the
reversed control approach.

Conclusion. Our analytical and numerical findings reveal that UVB radiation
therapy enhances the regulatory T cell population which effectively limits the ker-
atinocyte population growth under control.

O FEOMETPUU MHOYKECTBA JOCTUYKUMOCTU BEKTOPHBIX [OJIEN
(ON THE GEOMETRY OF THE REACHABILITY SET
OF VECTOR FIELDS)

A. 4. Hapmanos (A. Ya. Narmanov)

Hayuonaronwii ynusepcumem Ysbexucmana, Tawxenm, Yzbexucman

narmanov@yandex.ru

IMycrs M — ruagkoe muoroobpasue pasmepuoctu n, V(M) — MHOXKeCTBO Bcex
[IQJIKMX BEKTODHBIX HOJiell, onpenesennnpix na M. O6o3nauum depes [X,Y] ckobky
JIu BekTopHbIX noseit X, Y € V(M). Ornocurensro ckobkn Jlu muOKecTBO V(M)
siBjisiercst asiredpoit JIu. [ajgkocTs B qaHHO# paboTe 03HaYaeT riiaJiKocThb Kiaacca C™.

Pacemorpum muoxkectBo D C V(M), uepes A(D) 0603HaIMM HAMMEHBIILYIO LOJAJI-
rebpy Jlu, comepxkarntyto muoxkectBo D. CemeiictBo D MOXKET cOepKaTh KOHEIHOE U
GECKOHEYHOE IUCJI0 TVIAJKUX BEKTOPHBIX IOJIEH.
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st rouxu x € M 4epes t — X'(z) 0603HaMMM HHTErPAILHYIO KDUBYIO BEKTOPHOTO
nosist X , Ipoxoianyto yepes Touky x 1pu t = 0. Oro6pakenue t — X' (x) onpeesneno
B HekoTopoit obuactu I(x) C R, koropas B obuiem ciaydae 3aBucutr ot nojd X u Or
Ha4YaJIbHONA TOYKH .

B mambueiimenm Berogy B hopmynax suga X £ (x) Gyaem cuntars, uro t € I(z). Ecin
I Beex Touek x € M obmacts onpenenenus [(x) xpusoit ¢ — X'(x) cosmamaer
¢ 9HCJIOBOH OCBIO, TO BEKTOPHOE TOJe X HA3BIBAETCH IMOJHBLIM BEKTODHBIM TOJIEM.
B sTOM CiIyvuae moTOK BEKTOPHOTO MOJIS MMOPOKIACT JUHAMAYIECKYIO CHCTEMY.

Onpepenienne 1. Opbura L(x) cemeiictBa D BEKTOPHBIX MOJEH, TPOXOAIIAST
gepe3 TOYKY &, OIPEJesseTcss KaK MHOXKECTBO TaKUX TO4YeK y u3 M, Jjist KOTOPBIX
CYIIECTBYIOT AEHCTBUTENIbHBIE YUCTA t1, 19, ..., r U BeKTOPHBIE oad X1, Xo, ..., Xi
u3 D (rme k — Ipou3BOJIBHOE HATYDPAIBHOE UUCIIO0) TAKUE, UTO

y= XX (X @) ),
Omnpenenenne 2. Touka
y = XX (- (X (@) ) € Lix)

HasbIBaeTCst T-10CcTIKIMOl U3 Toukn © € M, ecom Y, t; =T

O6osnauum uepe3 A, (T) MHOKECTBO TOYEK, KOTOPbIE T-I0CTUKUMbI U3 TOYKHA .

N3ydennio cTpyKTYpPhl MHOYXKECTBA JIOCTHKUMOCTH U OPOUTHI CUCTEM TJIAIKIX BEK-
TOPHBIX ITOJIEH TOCBAIIEHBI UCCJIEIOBAHNST MHOIMX MATEMATHKOB B CBSI3U C €€ BaXKHO-
CTHIO B TEOPUM ONTUMAJIBHOIO YIPABJICHUS, TUHAMUYCCKAX CUCTEMAaX, PTeOMETPUU U
Teopnu caoeHnit [1-5].

B paborax [4, 5| nokazano, 9410 KaxKast opouTa ceMeiicTBa BEKTOPHBIX 1moJiel (KJjac-
ca C", r > 1) ¢ Tonosnorueii Cyccmana obuagaer quddepeHIuaibHoil CTPYKTYpoii,
10 OTHOIIEHWIO K KOTOPOil OHa SIBJISIETCsI TVIQIKUM MHOroobpasueMm kjiacca CT, TyiagaKo
IOTPy>KeHHBbIM B M.

Ucnonbaysa uneto paborsl [5] Cycemana, rie OH Jjiokasaj, 9ro OpOUTa ABJISETCS
DKM MHOTO0OPA3UeM, MbI JIOKA3AJH CJIEYIONLYI0 TEOPEMY.

Teopema 1. Munooicecmeo Ay (T) das kasicdoeo x € M npu aobom T seanemca
nozpystcertvim nodmmozoobpasuem opbumur L(x) xopasmeprocmu 1 uau 0.

HamomuammMm, ato eciim B ompenesiernnu 1 moTpedboBaTh, 9ToObl uncaa tq,ta, ..., 1t
OBLITN HEOTPUIIATETLHBIME, TO MBI IIOJIYYIUM OIPEJIeJICHNE TTOJIOKUTETLHOMN TT0TyopOu-
o1 LT ().

Eme oguum cymecrBenabiM BKiagoM [ CyccMmana B u3ydeHne reOMETPUN MHOYKE-
CTBa JOCTUKUMOCTH SIBJISIETCSI CJIeTyIONIasl TeopeMa, KOTopasl JIoKa3aHa UM COBMECTHO
¢ H. JlesurTom |[3].

Teopema 2. Ilyemv M — 2aadkoe c6a3Hoe MHO02000pA3UE PASMEPHOCTIU M.
Cywecmeyem cucmema D, cocmoswan u3 08yxr 6eKMOpHuT noael, makas, “4mo
Lt (z) = M 0an kaorcdolc mouku x € M.

C moMoIbIo TeopeMbl 2 HaMU JOKa3aHa CJIEIYTOMAsT

Teopema 3. I[lycmo M — zaadkoe ceasnoe MHO2000pasue pasmepHocmu n > 2.
Cywecmeyem cucmema D, cocmoswas u3 mpexr SeKMOPHBIT MOAET, MaKAA, MO
Az (0) = M dan xasrcdotd mouku x € M.
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st MHOTOOOpA3Wil ¢ HEHYJIEBOH 3IEPOBOH XapaKTEPUCTUKON TOJIYIEH CJIEIYIO-
Uil pe3yJsIbTaT.

Teopema 4. Ilycmos M — 2aa0dk0e KOMNAKMHOE CEAZHOE MHO2000PA3UE PA3MED-
HocU N > 2, 2UAEPOBG TAPAKMEPUCTNIUKAG KOMOPO20 0MAUYHG om Hyasa. Cywecmey-
em cucmema D, cocmoswasn us deyr sexmopnwx nosed, makas, wmo A, (0) = M
oas xastcdot mowku x € M.

Crenytomuii npuMep TMOKa3bIBAET, YTO HA KOMIAKTHOM CBSI3HOM MHOTooOpasun M
C HYyJIEBOII #11epOBOil XapaKTEPUCTUKON TaK»Ke MOYKET CyIleCTBOBaTh cucrema D, co-
CTOSAIIAST U3 JIByX BEKTODHBIX moJeil, takast, uro A,(0) = M mas Kaxoil Toukn
reM.

ITycrs Tpexmepnas cdepa S C R* sanana ypasnennem x2 + y? + 22 +w? = 1, tue
Z,Y, %, W — JIEKAPTOBBI KOOPIMHATH B R:.

PaccMoTpuM cucreMy Ha S3, COCTOSNILYIO X JIBYX BEKTOPHBIX TI0JIeit

¥ 0 0 0 0 0 0
R T TR PR IRCTR

HeprﬂHO OPOBEPUTDH, YTO 3TU BEKTOPHBbIC IIOJIA ABJIAIOTCHA IIOJIAMUA I{I/IJ’[J’[I/IHI"&7 T.€.
Jokasbable auddeomopbusmbl © — XH(z), x — Yi(x) upm kaxjom t gBasgroTCs
msomerpusamu cepnr S°. Crobka JIu [X, Y] Bekropnbix nosteit X, Y umeer cieyio-
Uit BAJT;

[X,Y] = fwg - zﬁ erg Jra:i.
z Y 0z ow
Bexkropasie nosst X, Y, [X, Y] npunanrexar nonanarebpe Jlu A(D), Koropas siBiser-
¢l MUHEMAJIbHOM nogasre6poit JIu anrebpot JIu V' (M), conepxaineii Maoxkectso D.

B rouke p(1,0,0,0) € S® sexropst X(p), Y(p), [X,Y](p) sumeitno nezasucumbl,
T.e. mopnpocrpanctso A,(D) = {X(p): X € A(D)} tpexmepuo. ITostomy opbura
L(p) sBasgercs rpexmepnoii. B cuiy Toro, yro X, Y — Bekropuble nois Kuunra,
opbura L(p) aBisieTcst 3aMKHyThIM TIoMHOKecTBOM B R* (citenosarensuo, 5 S3) [2].
C apyroil cTOPOHBI, KaK BBITEKAET U3 J0KA3aTe/IbCTBa TEOPEMbl 1, B CHUJIy MaKCH-
MaJILHOCTH pa3MepHOCTH opbuta L(p) sBJIseTcst OTKPLITBIM IMOJMHOMKECTBOM B S°.
CremoBaTenpHo, opbuTa coBmagaer ¢ S°.

Teneps pacemorpum mMuoxkectsa A, (0) mist ¢ € S3. Ecam MuoxkectBa A, ABIAIOT-
¢S TIOZIMHOTO00PAa3HAMEI KOPa3MEPHOCTH 1, B CHJIy TOTrO, 9TO BEKTOpHBIE moys X, Y
ABJISIOTCS BEKTOPHBIMU MOJAMA KHILIMHTA, OHM TIOPOXKIAIOT JIBYMEPHOE PUMAHOBO
crnoerne na S° [2|. Kax cieayer s pesysbrartos paboTs [7], Ha TpexmepHoit cdepe
He CyIIeCTBYeT JBYMEPHBIX PUMaHOBBIX cioenuil. CienoBarenbao, Muoxecrso A, (0)
coBmayaer ¢ S3 st Beex ¢ € S3.
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ASYMPTOTIC METHOD OF DIFFERENTIAL INEQUALITIES
AND ITS APPLICATIONS IN NONLINEAR WAVE THEORY"

N. N. Nefedov

Department of Mathematics, Faculty of Physics,
Lomonosov Moscow State University, Moscow, Russia

nefedov@phys.msu.ru

We present recent results for some classes of initial boundary value problems for
some classes of Burgers-type equations, for which we investigate moving fronts by
using the developed comparison technique. We also present our recent results on
singularly perturbed reaction—advection—diffusion problems, which are based on a
further development of the asymptotic comparison principle (see [1-4]). For these
initial boundary value problems, the existence of moving fronts and their asymptotic
approximation are investigated. The results are illustrated by the problem

0%u ou Ou
—_— — —_—— — T <
AP N e, e, 0<t<T, (1)
u(0,t,e) = uo(t), u(l,t,e) = ul(t), t €[0,T],
u(z,0,¢) = upit(x, €), z €10,1].

An asymptotic approximation of solutions with a moving front for specific forms of
equation (1) in the case of modular and quadratic nonlinearity and nonlinear am-
plification is constructed. Such problems are typical in numerous applications of
nonlinear wave theory (see [5] and references therein). Note that the applications
make use of a more natural formulation of problem (1) in which the coordinate and
time are swapped (“wave formulation”). Then the equation describes quadratically
nonlinear or modular waves propagating in a non-dispersive medium with cubically
nonlinear amplification. The influence exerted by nonlinear amplification on the front
propagation and collapse is determined. The front localization and the collapse time
are estimated. In particular, we have shown that the following Burgers-type equation
with cubic amplification exhibits the blow-up of the front-type solution:
0u  Ou ou 4
Comr o =Ygy
1 7 x—1/4 5

u<05t) = _2? U/(l,t) = g, u(:C,O) = EtanhT — 6

*This work was supported by the Russian Science Foundation (project no. 18-11-00042).

. ze(0,1), te(0,0.3],
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The following case of modular nonlinearity and cubic amplification was also inves-
tigated:
9?u  Ou O|ul 3

Ew—a—x:—w—u, ZEE(O,d), te[to,tl],
u(z, tg,e) = u’ <0, u(z,ty,e) = u' >0, x € [0,d], (2)
w(0,t, &) = umit (¢, €), t € [to, t1].

The functions ¢' and ¢" have the form

| 1 1/2 . 1 1/2 . 1 1
= —| — = where cop — — CcC1 = .
(P 2t+ Co ’ SD 2t+ C1 ’ 0 (’U,())Q7 ! (U1)2

Blow-up points for ¢! and ¢* are t = —co/2 > 0 and to, = —c1/2 < 0, respectively.
The equation of front motion is

dto ¢*(to) + ¢'(to)

0= U T E Y y(ty),  to(0) =too,  too € (ter,tel). 3

dr o (to) — ¢l (to) (o) 0(0) = too, too € ( ) (3)
Thus, problem (2) has a solution with a sharp front, and its observation time depends
on the coordinate and is determined by problem (3).
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OB OLEHMBAHUM MHOYKECTBA JIOCTUYKUMOCTHU
/1711 HEKOTOPBIX VIIPABJISSEMBIX OBbEKTOB
(ON ESTIMATING THE ATTAINABLE SET
FOR SOME CONTROL OBJECTS)

M. C. Hukoasckuii (M. S. Nikolskii)

Mamemamuveckuts uncmumym um. B.A. Cmexaosa PAH, Mockea, Poccus

mni@mi.ras.ru

B MareMaTnueckoil TeOpUM yIPABJIEHUS BAXKHYIO POJIb UTPAET MHOXKECTBO JIOCTH-
JKUMOCTH ylpasisieMoro oobekra D(xzg,T), rje g — HAYaJbHOE COCTOSHUE yIIPaB-
Jggemoro oobekra pu t = 0, T > 0 — BpeMs JBUKEHUS ITOr0 06beKTa (CM., HAIPU-
mep, [1]). Buanue D(xzg,T) wiu ero onenku upu T > 0 1103B0JI€T, HAIPUMED, OLIEHUTD
JIMTHAMWYECKIE BO3MOXKHOCTH YIIPABJISIEMOT0 00BEKTA, 9TO MPEJCTABIISIET UHTEPEC IS
PA3JIMIHBIX PUJIOXKEHUiT. B simreparype N3BeCTHO HECKOJIBKO ITOCTAHOBOK 3a/1at Ol1e-
nuBanust D(xzg,T) (cm., Hanpumep, [2-4]). Ormernm, uTo B JmHEHHOM cirydae IJist
ormcannss MHOXkecTBa D(xg,T) U ero OleHOK MOYKHO C YCIIEXOM MPUMEHSIThH AIIapaT
onopubix dbyHKImil (cM., Hapumep, [5]).

B aroii pabore mbl Oyjem 3anuMarbea onenusanueM D(xo,T) cBepXy 10 BKJIOYe-
Huo. Pacemorpum ynpasisiembiit 0obekT (em. [1]) Buma

= f(z,u), x(0) = =y, (1)

rmex €ER*" n>1,ueR",r>1,uec U, U — xomnakt u3 R". Ha #nemuneitnyio pyHk-
o f (2, u) HAKJIAIBIBAIOTCS OObIYHBIE TPEOOBAHUS TIIAIKOCTH (CM., HanpumMep, [1]).
OrMmeruM, 9TO OJHA U3 IIEPBBIX OLEHOK CBepXy g Muoxkecrsa D(xo,T) 6buia 1o-
crpoena B [6] B Buze mapa ¢ nenrpom B Hyse. Jpyroit obmuii m0axo K OleHBAHUIO
ceepxy D(zo,T) ¢ nomomuipio dbyuxiwmii V() JISIlyHOBCKOrO THIIA U3JI0XKEH B pabo-
re [4]. IIpu TakoM moxo/ie BasKHO YJIAUHO MOI06paTh moaxoasyo Gyaknuo V(x).
TyT MOTYyT HOMOYb MHOI'OYHUCJIEHHbIE Pe3YJILTATHI 110 KJIACCUIeCKO TeOPUU yCTORIN-
BOCTH HeyIIpaBJIseMbIX cucreM (CM., Hanpumep, [7]). B pabore [8] 6bw10 ncnosnszosano
CBOMCTBO BarkeBCKOro KBA3MMOHOTOHHOTO HEyObIBAHUS BEKTOPHON (DyHKIAM JIJIsT TI0-
JIyYEeHUs IIOKOOPAUHATHBIX OIEHOK CBEpXY il u3ydaemMoro muoxkecrsa D(xg,T).
IIpusenem jBa npuMepa, UIIOCTPUPYIONIUX CKa3aHHOe.

IIpumep 1. PaccMoTpuM JBYMEPHBIi yIIpaBJIsieMblil 00bEKT BUIA
i1 =x2,  d2=g(x1,72)tu,  2(0)=um, (2)

rie g(x1,r2) — HenpepbiBHO mucddepenupyemas dbynknus ua R u € [p,q], p < ¢
I[Ipe/monoyKnM, 9T0 YacTHAS TPOM3BOHAS §,, HeoTpunaTe bHa Ha R? U BBINOIHEHO
HepaBeHcTBO T2g(w1,72) < c(1 + |z|?) npm x € R2, tme ¢ — HekoTOpas HEOTPH-
naTesbHast KoHcTanTa. OTMETHM, UTO M3 HAJIOKEHHBIX Ha (DYHKIWIO ¢ TpeGOBaHMIA
BBITEKAET, ITO BeKTOpHAas DyHKIWs (1, T2) ¢ KOMIIOHEHTAMH X, §(T1, L2) sIBIsIETCS
KBa3MMOHOTOHHO HeyObiBatomei B cMbicyie Bazkesckoro. C MoMOIIBIO pe3yibTaTos [8]
0BOCHOBBIBaeTCsl Cieayiomuit (hakT: JJIsT BEKTOPOB Z, TPAHAJJIEIKAIAX MHOXKECTBY
moctukuMocTu D(xg,T'), BBIIONHSIIOTCS BEKTOPHBIE HEPABEHCTBA

1) <= <n(T), (3)
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rae &(t) — pemenne 3amaun Komm

& =&, €y =g(&1,&) +p

¢ HauasbHbIM yeaosueM £(0) = xg, n(t) — pemenne 3anaan Komn

=12, no = g(n,n2) +q

¢ HavasbubM ycsioBueM 1(0) = xo. Hanomuum, aro u € [p, q]. Bekropubie HepaBeH-
crBa (3) obecneunBaiOT MOKOMIIOHEHTHBIE OIEHKU BEKTOPOB 2 € D(xg,T). Onu oupe-
nesisitor upsmoyrosibiuk P(T'), comepxkamuii MHOXKecTBO gocrumkumoctu D(xg,T).
HerpynHo BHIETH, 9TO CpeJy BCeX comeprKaiux MHOXKecTBO D (g, T) mpsiMoyrossb-
HUKOB CO CTOpOHalVH/I, IIapaﬂﬂeﬂbH]ﬂMH OCAM KOOp‘]lI/IHaT, IIOCTpOeHHbIﬁ HpHMOyFOJIb—
Uk P(T) nMeer HAUMEHBIIYIO [IOIIATH.

IIpumep 2. PaccmoTpuM JByMepHBIH yrpaBisieMblii 00bekT (cm. |7, ¢. 66])
&1 = 2, o = —g(x1) — h(x2) + u, x(0) = o, (4)

e bynxumn g(z1), h(xe) Henpepbisro muddepenmupyemsr Ha R, u € [p, ], mpuaem
p < q. Paccmorpum dynknuio Jlsanynosa Buga (eMm. [7, c. 66])

$2 T
V(zy,x2) = ?2 +/0 g(s)ds. (5)

[Torpebyem BBIOTHeHNs HepaseHcTs g(21)z1 > 0 i Beex z1 u3 RY, h(zg)wy > 0
JUTs Beex oo u3 RY. TIpu cleTaHHbIX IPe/IIIoIoKeHIsIX (DYHKIIIS V(z1,22) HEenpepsIB-
Ho muddepentmpyema n Heorpunarenbia va R2. Ncnombsys Bukaagku us |7, c. 66],
s HenpepbiBHo auddepentupyemoit dyuknun v(t) = V(w1 (t), z2(t)), rue x1(t),
22(t) — KOMIOHEHTHI pernenus 3aja4du Kommwm (4), COOTBETCTBYIONIETO MPOU3BOJIBHO-
My HemnpepblBHOMY ympasieHnioo u(t) € [p,q] n HagampHoMy yeaosuio 2(0) = xo,
nostyaaeM Ha [0, 7] HEpABEHCTBO

0(t) < wa(t)ult) < ro(t)'/?, (6)

_ 51/2
re r = 21/ max(|p|, |q|)-
ITocTaBMM B COOTBETCTBHE STOMY HEPABEHCTBY yPaBHEHNE CPABHEHUS

w = rlw['/? (7)
¢ HAYATBHBIM YCJIOBAEM
w(0) = Vo = V(21(0), 22(0)). (8)
MozkHO 060CHOBATD, UTO JIJId MAKCUMaJIbHOro pertenus w(t) 3anauu Komm (7), (8)
npu t € [0,T] cupaseggusa dopmymna

rt

() =V 5 )

Tenepb ¢ NOMOIIBIO U3BECTHON TeopeMbl cpabHenus (cMm. [9, ¢. 40, Teopema 4.1])
nostyaaem nipu t € [0, T] mepasenctso Buga v(t) < w(t). OTciona, UConb3ys onpeje-
nenve dbyuxmmit V(z1, 22), v(t), noxyuaem npu t € [0,T] HepaBeHCTBO

|z ()] < b(t) = 2/2 <v01/2 + %t) (10)
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ITpu BBIBOZE OneHKM (10) MBI cumTaM, 9TO JOMyCTUMOE ypasieHue u(t) Hempe-
poisHO Ha [0, T']. M0o2KHO 060CHOBATH, UTO U sl K3MEPUMBIX JIOIYCTUMBIX YIPABJIEHUH
u(t) mepasenctso (10) mmeer Mecto. Vcnonb3ys nepBoe n3 ypaBHeHUI cucTeMsl (4), Ha
OCHOBAHHM CKA3AHHOTO MBI HOJIyYaeM IPU IPOM3BOJIBHBIX JIOIYCTHUMBIX H3MEPUMbIX
yupaBieHusx u(t) OneHKy BuUIa

T
|z1(T) — 21(0)] < /0 b(s) ds. (11)

Takum o6paszom, ¢ nomomipio HepaseHeTs (10), (11) BosHUKaeT OIEHKa CBEpPXY TI0
BKJIIOYEHUIO MHOKECTBA JIOCTHKUMOCTH JIJIs yIIPABJIsAeMoro obbekra (4) B BHJe 1psi-
MOYTOJTHbHIKA CO CTOPOHAMH, MaPAJLICILHBIMU OCAM KOOD/HHAT.
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SA,ZLA‘—IA O ®OPMHNPOBAHNHN OBLIECTBEHHOI'O MHEHI#
NHBECTOPOB B PAMKAX TEOPUM MEAN FIELD GAMES
(THE PROBLEM OF FORMING THE INVESTOR PUBLIC OPINION
WITHIN A MEAN FIELD GAMES FRAMEWORK)
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Mpur paccMmaTpuBaeM PBIHOK, HA KOTOPOM JEWCTBYET OOJIBIIOE YHCI0 HWHBECTOPOB,
YIIpaBJIAIONINX CO6CTBeHHbIM IIOpTCbe.Hel\’I IIEeHHbIX 6}11\’1841"7 COCTOAIIUM U3 PUCKOBOI'O
aKTHBA 1 HAHKOBCKOTO Jlerno3uTa. KaKiblit ”HBECTOP peraer 3aa1y 0 MAaKCUMUABAIIUT
obrmeit 1yist Bcex HARA-dyHKIINT 0JIE3HOCTH OT KamuTajia mopTdess K HEKOTOPOMY
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momenTy Bpemern T > 0 (cm. [1]). CTomMoCTh PHCKOBOTO aKTHBA ONMCHIBAETCS, KAK
00bIUHO, cToxacTudeckuM ypasHeHnem Opamrrelina—Yiaenbeka dS/S = pdt + o dw,
rje w — CTaHJAAPTHBIA BUHEPOBCKUI mporiece, i u o > 0 — IOCTOSTHHBIE TPEH U BO-
saTuabHOCTD. Crienudukoil 3a/1a49n ABJIAETCSI TO, YTO HHBECTOPHI YIIPABJISIOT TOPTdhe-
JIEM, OIIMpadCh Ha CO6CTB€HHI)Ie npeJacTaB/IeHNd O 3HaAYCHUU TPpeH/a U BOJIaTUJIbHOCTH,
KOTOpbIE MOI'YyT HE COBIIa/IaTh C IIPDUHATBIMU Ha HavaJIbHbIM MOMEHT BpeMeHU 3Ha4e-
HUAMU 9TUX BEJINYUH. C“II/ITaeTCH, 9TO MHEHHA MHBECTOPOB O IMPAaBUJIBbHOM 3HAYE€HUN
TPeH/Ia pacupee/ieHbl HOPMAJIbHO Ha BCEl OCH, MAKCHUMYM IT€PBOHAYAIHLHO HAXOJUT-
CsI B TOUKE [lp. SHAYEHUSI BOJATUIBHOCTH HOIHMHEHBI HEKOTOPOMY IIOJIOXKHTEIHHOMY
paCIIPeieJIEHUIO0 U TaKXKe MMEIOT MAaKCHMyM B HEKOTOpPOH Touke gg > (. B mporec-
ce yIpaBJIeHUsI HAYAJbHBIE PACIIPEICJICHIS TPEHA ¥ BOJATHIHLHOCTH MEHSIOTCS [IPU
CTpeMJIEHNN MaKCUMU3UPOBATH TEMII POCTa KalluTaJia. HpI/I 9TOM HMHBECTODBI IIOJIY-
qaroT IHTpa(b KaK 3a OTKJIOHEHHE OT MHEHUA 6O.J'II)HII/IHCTBa7 TaK U 3a OTKJIOHEHHUE OT
“UCTUHHBIX” 3HAYEHUN TPEH]Ia M BOJIATWILHOCTH, HHBECTOPAM HEM3BECTHBIM. 3a/1a9a
COCTOUT B W3yYECHUU MTOBEJIEHUS MAKCUMYMOB PACIIPEIEEHUNl TPEHIA U BOJIATHIHHO-
CTH B 3aBUCUMOCTHU OT BPpEMEHU, T.€. B OTCJIE2KUBAHUU TOI'O, KaK MHEHUE 60.HI)HII/IHCTBa
WHBECTOPOB O XapPaKTEPUCTUKAX AKTHBA MEHSIETCS B OTBET HA CIOCOD YIIPABJIEHUS.

Mg pemaem 3Ty 3azady B pamkax Teopun Mean field games [2, 3], T.e. uccaemyem
CHCTEMY JIByX yPaBHEHWII B YACTHBIX IIPOM3BOJHBIX, OJHO U3 KOTOPBIX — ypPaBHEHUE
Kosmoroposa—®oxkepa—Ilianka onuceiBaeT mIOTHOCTH pacupele/ieHns MHEHUN 00
xapakrepucrukax akrusa (m(t, p) wim m(t, o)), a ngpyroe — ypasuenue L'aMuibroHa—
Axobr-BesiMaHa BO3HUKAET IIPU PENIEHNN ONTUMHU3AIMOHHOI 3anaqn. s nepsoro
ypaBHEHUsI cTaBuTCs ycsoue pu t = 0, a jyrst Broporo — npu t = T'.

IIpu HEKOTOPBIX AOIYIIEHUSIX ONMMCAHHAS 33298 UMEET aHAJUTAIECKOE PEIIeHue
U CBOJUTCS K PEIIEHUI0 MATPUIHOTO ypaBHEHUsS PUKKaTh ¢ HaYaJbHO-(PUHATBHBIMA
ycaoBusimu. Mbl HAXOIUM YCJIOBHUs, TP KOTOPBIX 9TO YPABHEHNE UMEET PEIeHUE IPU
Bcex T' > 0. Ilpu srom eciim T' 10CTATOYHO BEJIUKO, TO MAKCHMYM PaCIpeJIEIeHHs IPH
0< Ty <t< Ty <T 6au30K K “UCTUHHOMY 3HAYEHHUIO COOTBETCTBYIONIUX BEJTUUINH.
DT0 UPOUCXOUT, €C/Ii MTPpad 3a OTKJOHEHHE OT “UCTUHHOTO’ 3HAYEHUs BeJIUK. 1a-
KM 00pa30M, ODIIECTBEHHOE MHEHIE HAXOIUT IIPABUILHOE 3HAUCHUE XaPAKTEPUCTUKI
AKTUBA.

B ocraspHBIX ciydasx cucrema ypaBHeHnT PUKKaTh mMeeT pellleHue He IIPHU BCEX
T > 0. Tem He MeHee IOJIOXKEHNE MaKCUMYMOB pacIIpejiesieHnil MOXKeT ObITh Halijie-
HO 111 Bcex 1 > 0, oHO KoJsiebiieTcst BO3JIe “HCTUHHOTO 3HAYEHUs XapPaKTEPUCTUKH,
BO3MOKHO, CUJILHO OTKJIOHSISICH OT Hero. MIHbIMK cjioBaMH, Ha PBIHKE HE MOXKET CJIO-
JKATBHCS IPABUJIbHOE MHEHIE 00 aKTHBE.
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SINGULARITIES OF MINIMUM TIME CONTROL-AFFINE SYSTEMS
M. Orieux, R. Roussarie
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This talk will focus on recent developments on optimal time control-affine control
systems, with in mind application to the controlled Kepler and circular restricted
three-body problems (CRTBP). We are interested in minimizing the final time for
affine control systems,

&(t) = Fo(x(t)) + ur(t)Fi(z(t)) + uz(t) Fa(x(t)), te€[0,t], we B,
x(0) =z, x(t) = z, (1)
ty — min,

where the control u is contained in the euclidean ball B, the F; are smooth vector
fields, and the phase space M is a four-dimensional manifold. (Most results are valid
for 2m-dimensional manifolds with m controls.) The Pontrjagin Maximum Princi-
ple provides the following necessary condition: Optimal trajectories are projections
on M of so-called extremals, that is, of solutions of the Hamiltonian system defined
on T*M by

H*(z) = Ho(z) + 1/ H}(z) + H3(2), z=(x,p) € T*M,

with H;(x,p) = (p, Fi(z)), i = 0,1,2. The associated control is

u = ; (Hl, H2)
VH} + H3
The set ¥ = {z € T*M, Hi(z) = Hz(z) = 0} defines a singular locus, and we are
interested in the behaviour of the Hamiltonian flow in the neighborhood of ¥. When
this set is crossed, the control admits a discontinuity, called a switch. We partition X
into three subsets ¥ _, 3, and 3¢, on which we study the flow. We make the following
generic assumption:

det(Fy (), Fa(x), Foi(x), Foa(x)) £ 0 for almost all x € M. (A)

This assumption is in particular valid for every second-order controlled mechanical
system of the form (V denotes a potential)

i+ VV(g) = u. (2)

We use a blow-up and give a normal form for the extremal system, which allows us
to prove

Theorem 1. Assume (A) holds; then there is a unique extremal (with a switch)
passing through each zZ € ¥_; the extremal flow is locally well defined and there exists
a stratification of the phase space such that the flow is smooth on each stratum. Fur-
thermore, when crossing the strata, the flow admits log-type singularities (and thus
belongs to the log-exp category).
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In a tubular neighborhood of ¥, the flow is smooth and no extremal crosses
(there is no switch, thus). Actually, we will show that the whole situation can be seen
as a bifurcation around a point zZ € ¥y. For those points we have

Theorem 2. For generic systems (1), either there exists a unique trajectory pass-
ing through z, or there exists a unique trajectory going out of ¥o at z. In the first
case, this trajectory is connected to the singular flow in Xg.

Furthermore, the flow is regular in the following sense.

Theorem 3. In a neighborhood Oz of a point Z € 3, the flow is well defined,
continuous, and piecewise smooth. More precisely, there exists a stratification

Oz =SpUS; U S?

where

o SV is the submanifold of codimension 2 of initial conditions leading to Xo;

e 51 is the submanifold of codimension 1 of initial conditions leading to X _;

[ SO = Og \ (S?USl)

The extremal flow z|5yx[0,t] 2|51 x[0,t:]\A> 289 % [0,t\AO 1S smooth, and

A(O) _ {(Z(ZO),ZO)v 20 € S%O)}
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CONTROL SET SMOOTHING METHOD
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A fixed-time package guidance problem on a convex and closed set for a linear
controlled dynamic system [1] is considered. A (program) package is a family of open-
loop controls with their values in the predefined convex compact, parametrized by
admissible initial states from a predefined finite set and satisfying the non-anticipatory
condition for the linear observations of system (1) described by a function y(t) =
Q(t)x(t), where Q(t) is piecewise left-continuous matrix function. These observations,
in general, do not give full information about the exact initial state of the system

&(t) = A(t)x(t) + B(t)u(t) + c(t), z(to) = x0, wu(t) € P, teto,¥]. (1)

*Supported by the Russian Science Foundation under project 14-11-00539.
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The solvability criterion for this problem comprises a finite-dimensional problem of
maximizing a concave function over a convex compact set [2], which can be solved
with standard optimization methods. If the problem is solvable, the modified method
of successive approximations can be used for calculating the program package ele-
ments [3]. However, this method can be applied only to regular clusters of the initial
state set.

Definition. A cluster of initial states Xo;(7x), j = 1,...,J, is called regular when
the left-hand side of the minimum condition is non-zero for the entire [rx_1, 7%], i.e.,

S BYWFTW. 0, A0, € [m1,m);

20€X0; (k)

here 74, k = 1,..., K, are the uniform signal (which corresponds to the cluster
Xo;(7%)) splitting moments, I}~ are support vectors for the corresponding initial
state xg, and F(9,t), t € [tg, ], is the fundamental matrix of system (1). Clusters
which are not regular are called singular.

To calculate the program package elements for singular clusters, a modification
of the method for singular controls [4] was proposed. However, the computational
difficulty of the method and limited classes of problems addressed (in which the control
set is a parallelepiped) hinder its effective use.

In general, the challenges associated with computing the guiding program package
elements for singular clusters of the initial state set are associated with a non-strict
convexity of the attainability set and an empty interior of the set (B(t)P) e x,, Wwhich
implements the non-anticipatory conditions on the control set reflecting the incom-
plete information about the exact initial realization of the initial state of system (1).
These properties do not allow to use the Pontryagin maximum principle in the method
of successive approximations.

To circumvent the issues with singular clusters, it is proposed to approximate the
control set (B(t)P)z,ex, (the set P is assumed to be a polyhedron, a more general
case than the one considered in [4]) by a sequence of smoothed strictly convex sets
with non-empty interiors using the methods presented in [5]. For instance, for a
special case of the symmetric segment [—b, b] in n-dimensional space and for a small
parameter € > 0 the smoothed set with non-empty interior will be a set with a support

function
€
D= 4/IT(ecE 1—— |obT L.
0 \/< +(1-pp)m)

We prove that the method of successive approximations applied to a sequence
of package guidance problems with smoothed sets approximates the guaranteeing
program package of the initial package guidance problem with singular clusters.
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ITens paboTbl — moJTydeHUe MPUOIMKEHHOTO PEeIeHns CJAeIYIONeil 3a1aau OTH-
MaJIbHOI'O YIIDABJICHUSL:

T =1lcosb, y =1sin6,
d [EEt) py) Y2 Y2
= — drdy = =—xi = =zl cosf
=g " /0 sydedy = 5ot = =-alcosd, (1)
z(0)=0, y(0)=1, 2(0)=0, z(1)=1, y(1)=0, =2(1)=0,
! — min.

3aJlaya COCTOUT B IIOMCKE KPUBOH MUHUMAJbLHOI JymHbl | ¢ HadagoM B Touke (0,1),
KOHIIOM B TOuKe (1,0) 1 HyJIeBBIM 3HAUEHUEM MHTErpaJa ff zy dx dy 1oy KpuBOii.
Jannas 3a7a4a gBJIAETCd 3aj@adeil Ioncka Kpardailllneii KpuBoii Ha TPEXMEPHOM
CcyOpUMaHOBOM MHOT000pa3uu riiyouHs! 4. MI3BecTHO, 9TO €CTH POBHO OHA aHOPMAJIb-
Has reojie3nyeckas (T.e. KpUBasl, YIOBJIETBOPSIONIAs IPUHIUILY MakcuMyMa [TonTps-
runa ¢ A\g = 0) — 910 KpuBas JUIMHBL 2, WIYIIas BIOJL KOOPIUHATHBIX oceil. Oua
He MOXKeT ObITh ONTHMAJIBLHOl, Tak Kak cojepkut yrod (cm. [2, Theorem 3.1]). dpy-
I'nX aHOPpMaJIbHBIX I'€O/I€3NIECCKNX, COCIMHAIONMUX JaHHbI€e TOYKU, HET, IIO9TOMY KpaT-
yanmast KpuBasd (KOTOpaH JO0JIZKHa CYIIIEeCTBOBATH 110 TeopeMe @I/IJ’H/HIIIOB&) ABJIdEeTCA
HopMmautbHOM. [Ipuanun makcunmyma IlonTpsrnna ¢ A\g = 1 IPpUBOIUT K ypPaBHEHUIO

do
— =1
ds Y,
rae s = tl urpaer posb jymHBL Kpuboil. Oxnako pemenue cucrembl (1) meromom

crpesbObl 110 7 1 0(0) sABJIsieTcs 3aTPYHATEIbHBIM H3-33 HEYCTONYNBOCTH, BO3HUKA-
oIeil B CBSA3M ¢ Xa0THIHOCTHIO cucreMbl (cM. [3, Theorem 2]).
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IIpubnuzkennoe pemtenue 3anaan (1). IlseTamMu BbIaeIeHbI
IEePBBbIA U BTOPOUA yYaCTKH JIOMaHOU

Tewm HE MeHee yIaJI0Ch IOy YU Th TPUOJIMPKEHHOE PellIeHIe 331291 B BU/IE JIOMAHOI ¢

ucnosb3oBanuneM sesmand 0(t;), t; = 7i,i =1, N, 7 = 1/N = 0.001, xak ynpasjieHus,
a bl | < [, Kak mapamerpa.

Jlomanas ObLia pa3duTa Ha JBa YIACTKA: IEPBLIA YYACTOK IJIMHLI || HAYMHAJCH B
rouke (0, 1), a Bropoii jymubl I Hadunascs B Touke (1,0). Tak kak | = I + 1o < lyin,
TO PACCTOSTHUE MEKJY IE€PBBIM U BTOPBIM YYACTKOM BCErJIa OBLIO MOJOKUTEIHLHBIM.
Ero kBajipat u 66171 BEIOPAH B KaYeCTBe MUHUMU3UPYEMOTO (DYHKITTOHATIA:

(z1(1) = 22(1))* + (y1(1) — y2(1))* — min.

Oryckast jilerajim, OTMETHM, YTO CUCTEMbI yPABHEHUT JIJIsl IIEPBOIO U BTOPOr'O y4aCT-
K& PEIIauch I00YEPETHO METOIOM ITOKOMIIOHEHTHOTO T'PAINEHTHOrO CILYCKA.

[Tosygennoe pemrenne n3o0pakeHo Ha pucyHke. jmHa m300pakeHHON JIOMAHON
cocrasisier | ~ 1.98714, a 6(0) = 0.16 — 7/2.

CXOJII/IMOCTI) K JaHHOMY DPeEIIeHUIO Ha.6J'IIO)Ia.eTC5{ KaK IIpU Ha4daJIbHbBIX JTaHHBIX C
OJTHOIT TPOU3BOJILHOI'O Pa3Mepa MeTJiell Ha IMPOU3BOJIBLHOM BBICOTE, TAK U IIPUA HAJTHIUN
B HaYaJI€ HECKOJIBKUX IETEJIb.

Buauenus r B 00/1aCTH TN U B 00s1acTu 2, y < 1 pasmuuanucs mexee yeM Ha 4%.

HecMmorpst Ha TO, 9TO TOYHOCTH HaliJIEHHBIX T U 0y HEJIOCTATOYHA JJIs IPSMOI 1IpO-
BEPKU HANJIEHHOTO PEIIEHNs METOOM CTPEJIBOBI, YCTORINBOCTD PEIIEHNs TUCKPETHOMN
3a7a9u U HEOOJIbITOE pa3indre B KOI(MDMUIMEHTE I MO3BOJISIIOT IPE/IIOJI0KUTh, ITO
Haii/leHHOe pelleHne OJIM3KO K JIOKAJbHOMY HJIM JlaXKe IJI00AJIbHOMY MHHHMYMY IIO-
CTaBJIEHHOI 3a/1a4U.

Wcnonb3oBanubie B JaHHON 3a/a4e IIPUEMbl MOTYT ITO3BOJIUTD ITOJIYYUTDH IIPUOJIHU-
JKEHHBIE DeIleHusi 1 B 00JIee CJI0KHBIX HEYCTONINBBIX 3a/1a9aX ONTHMAJIBHOTO YIIPaB-
JIEHUSI.
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The problems of control of the ensemble of trajectories of discrete and continuous
dynamic systems are well studied in numerous works by different authors. Let us
mention some of them [1-6]. Those works consider both smooth and nonsmooth
functionals separately. The main feature of the current paper is the use of a combi-
nation of smooth and nonsmooth functionals [7, 8] for the problem of simultaneous
optimization of the program motion and the ensemble of disturbed motions [9, 10].
That sort of problems can occur in modeling and optimization of the dynamics of dif-
ferent entities. In this paper the problem of the optimization of the charged particle
beam dynamics in a linear accelerator is considered [6-12].

Let us introduce a controlled dynamic system, described by the following ordinary
differential equations:

d

T =few, 20 =, 1)

dy

% = F(tvxvyau)v y<0) =%Yo € MO- (2)
Here zg and yo are the initial conditions, t € Ty = [0,7] C R! is an independent

variable (as a rule, time); € R™ and y € R™ are phase vectors with respective
dimensions n and m; u € R" is an r-dimensional control vector function; T is a
fixed value. The vector functions f(¢,x,u) and F(t,x,y, u) are assumed to be smooth
enough. The set My is a compact set of nonzero measure.

Jointly with system (1), (2) let us consider the equation for the particle distribution
density p = p(t) = p(t,y(t)) along the trajectories of subsystem (2) (see [6]):

o _

i —pdivy F(t,z,y,u), (3)

with a density distribution law po(yo) given on the initial set Mpy:

p(0) = p(0,y(0)) = po(yo), Yo € M.

Here po(yo) is some nonnegative continuous function.
Let us suppose that the allowed controls u = u(t), t € Ty, comprise a class D
of piecewise continuous vector functions on [0, 7] with values in a compact manifold
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U C R". Let us also assume that system (1), (2) has a unique solution of the Cauchy
problem with a fixed x¢ and arbitrary yg € My on the interval T, for all allowed
controls u € D.

Here and further let us call the solution of subsystem (1) the program (or se-
lected/calculated) motion. The solutions of subsystem (2) with initial conditions
Yo € My and a fixed program motion will be called the disturbed motions.

It should be especially noted that the choice of the control function and, as a
consequence, of the program motion influences the solutions of subsystem (2), which
depends on them directly and which in particular can be considered as an equation
in deviations from the program (calculated) motion. That is why it is not always
reasonable in a step by step manner to search first for the program motion and then
to solve the problems of optimization and stabilization of transition processes, caused,
for instance, by the deviations of the initial data. Hence the problem of simultaneous
optimization of a program motion and an ensemble of disturbed motions arises.

Let us proceed to the mathematical statement of the problem of simultaneous
optimization. On the solutions of system (1), (2) and equation (3) with given initial
conditions and a control vector function (t) let us introduce the following functionals:

T T
Il(u):/o d1(t,x(t),u(t)) dt + g1 (z(T)), Iz(u)z/o O (w1 (1)) dt + G(ws),

I3(u) = max g3(yr, p(T,y7)),

yr EMT oy

where

w1 = ¢2(t7$(t)7ytvp(tvyt)au(t))dyta w2 :/ g2<yT7p(T7 yT))dyT
My Mt

U

Here set M, ,, is the cross-section of the beam of trajectories of subsystem (2), evolving
from the initial set My with a given control u(¢) and corresponding program motion
x(t) at the moment t. The functions ®, G, ¢1, @2, g1, g2, and g3 are nonnegative
continuously differentiable functions of their arguments.

Let us introduce the following functional:

I(u) = 111 (u) + cola(u) + esls(u), (4)

which allows to evaluate simultaneously the dynamics of the program motion and the
ensemble of trajectories considering the particle distribution density for the subse-
quent joint optimization. Here c1, co, and c3 are nonnegative constants.

We shall call the problem of minimizing the functional (4) on controls u € D the
problem of simultaneous optimization of the program motion and disturbed motions.

In the current paper the variation of the functional (4) is presented as well as the
necessary optimality conditions, allowing to construct various methods of directional
optimization.

References

1. Ananyna T.F. The problem of control in case of partial data // Diff. Eqns. 1976. V. 2,
No. 4. P. 612-620.

2. Vinogradova T.K., Demyanov V.F. On the minimax principle in optimal control prob-
lems // Dokl. Akad. Nauk SSSR. 1973. V. 213, No. 3. P. 512.

204



3. Kotina E.D. Discrete optimization problem in beam dynamics // Nucl. Instrum. Meth-
ods Phys. Res. A. 2006. V. 558, No. 1. P. 292-294.

4. Kurzhansky A.B. Control in case of uncertainty. Moscow: Fizmatlit, 1977.

5. Owsyannikov A.D. On one class of optimizational problems in a electrostatic field //
Dokl. Akad. Nauk. 2013. V. 453, No. 4. P. 383.

6. Ovsyannikov D.A. Mathematical methods of beam control. Leningrad: LSU, 1980.

7. Balabanov M. Yu., Mizintseva M.A., Ovsyannikov D.A. Beam dynamics optimization in
a linear accelerator // Vestn. Sankt-Peterb. Univ., Prikl. Mat. Inform. Prots. Upravl.
2018. V. 14. No. 1. P. 4-13.

8. Mizintseva M., Ovsyannikov D. Minimax problem of simultaneous optimization of
smooth and non-smooth functionals // Constructive non-smooth analysis and related
topics: Proc. Conf. CNSA 2017. IEEE, 2017. P. 218-222.

9. Owsyannikov A. D. Control of program and disturbed motions // Vestn. Sankt-Peterb.
Univ., Prikl. Mat. Inform. Prots. Upravl. 2006. No. 4. P. 111-124.

10. Owsyannikov A.D. Control of the beam of charged particles considering their interaction
// Vestn. Sankt-Peterb. Univ., Prikl. Mat. Inform. Prots. Upravl. 2009. No. 2. P. 82-92.

11. Owsyannikov, D.A., Altsybeyev, V.V. On the beam dynamics optimization problem for
an alternating-phase focusing linac // Phys. Part. Nuclei Lett. 2016. V. 13, No. 7.
P. 775-779.

12. Owsyannikov D.A., Ovsyannikov A.D., Vorogushin M.F., Svistunov Yu.A., Durkin A.P.
Beam dynamics optimization: models, methods and applications // Nucl. Instrum.
Methods Phys. Res. A. 2006. V. 558, No. 1. P. 11-19.
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ISl OTHOM HECTPOT'O TUITEPBOJIMYECKON CUCTEMBI
(ON THE STRUCTURE OF SOLUTIONS OF THE RIEMANN PROBLEM
FOR A NON-STRICTLY HYPERBOLIC SYSTEM)

B. B. INaymu (V. V. Palin)
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Paccmorpum 3anaay Pumana

¢t = 07
s + (%zﬁ‘ +¢) 0, (1)

Plio = —0(z), uli=o = u— + (uy —u_)0(z),

rje U_ U U4 — U3BeCTHbIe KOHCTaHThl, O(z) — dbyuknus Xesucaiina. Herpyauo su-
JETh, ITO MATPHUIA KOI(DDUIUEHTOB IPHU ITPOU3BOIHBIX IO X JIJIst ITOM CHCTEMBI IMEET

BUJ
9%;\ (0 0
A= (o) = ()

205




OJIHO U3 COOCTBEHHBIX 3HAYEHHIT MATPUILI A BCer/ia paBHSIeTCs HYJII0, BTOPOE COBIIa1a-
er ¢ u, u cucrema (1) siBasiercst Heerporo runepbosmaeckoii mo Ilerposckomy (T.e. Bee
ee cobcTBeHHbIE 3HaYeHus BemecTBeHnbl ). Oanako npu w = 0 MmaTpuna A CTaHOBUTCS
JKOPJIAHOBOII KJIETKOH, U moroMy cucreMa (1) He gBJisieTcss HeCTPOro runepoOInIeCcKOi
no @puzpuxcy (T.e. He CyIIECTBYeT MOJHOTO (a3mca n3 coOCTBEHHBIX BeKTOpOB). ITo
9TO¥ IPUYMHE CTAH/APTHAsS TEXHUKA [OCTPOEHUs PEIeHUl HEeIIPUMEHUMA.

Jlutst TOTO 9TOGHI HOCTPOUTH 0600IIEHHOE pererne 3a1a4n (1), mpe/iaraeTcst HOBBIi
METO/I.

Teopema. Iloanas cmpykmypa muoxcecmea pewenuts 3adauwu Pumana (1) 6 sa-
BUCUMOCTNU OM HAOOPA KOHCMAHM, U_, Uyt UMEEM CAedYwul 6UO.

1. ITpu u— >0, uy = /u? +2 uau u_ <0, uy = —/u? +2 — odnofpormosoe

pewenue, cosnadaowee ¢ HaHaAbHOLMU OGHHOLMU
u=1u_+ (uy —u_)0(x).

2. Ipu u_ >0, —vV2 <uy < J/uZ +2 usuw u_ >0, —/uZ +2 <uy < —/2 —

06YTPPOHMOBOE HEMOHOMOHHOE PEUWECHUE:
uz +2
u=u_+(Vuz +2—u_)0(z)+ (uy — /u2 +2)0(z—ot), a:%.
3. Hpu uy < —V/2, [u_| < /u2 —2 — deyzdponmosoe moromonmoe pewerue:
U_ —Jusz —2
w=u_— (Vul —24u_)0(z—ot)+ (uy +/ud —2)0(z), 0:%.
4. pu u_ >0, uy > 4/u® +2 — 604Ma PA3PENCEHUA C NOCACOYOULUM CKAMKOM:

u=u_+(y/u + 2—u_)9(:1c)+(%— u? + 2)0(90— u? + 2t)+(u+—%)9($—u+t).

2 _
5. IIpu uy < —V/2, u_ < —y/ug —2 CKAYOK € MOCAEIYIOWUM TOCTILOAHHBIM
COCTNOARUEM U BOAHOTL PA3PEHCEHUA:

T T
u= U,Jr(?fu,)ﬂ(:rfu,t)f(?qL u? — 2)9(:17+ u? — 2t)+ (ugp++v/ud —2)6(x).
6. IIpu u_ <0, uy = —V/2 — cKauox ¢ NOCAEIYIOWET 80AHOT PASPEHCEHUS:

u=1u_+ (% - u,>0(x —u_t) — (\/§+ %)H(x)

2

7. Ipu u_ <0, up = /2 — ckauox ¢ nocaedyroweti 60an0t Paspesrcenu:
u=u_+ (% - u_>0(gc —u_t)+ (\/5— %)0(95)

8. Ipu u_ < 0, Juy| < V2 — dsa craura c nocaedyroweti 60410t Paspescenus:

u= u_+(%—u_)G(x—u_t)—i-(\/5—%)0(95)4—(1@—\/5)9(;5—%), o= #

9. ITpu uy > V2, u_ <0 — d6e 60AHbL PAZPENCENHUA CO CRAUKOM MENCOY HUMU:

u=u_+ (% —u_)G(x —u_t) + (\/5— %)9(:15) +

+ (% - \/5)0(95 —V2t) + (u+ - %)9(33 — uyt).
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USING THE PONTRYAGIN MAXIMUM PRINCIPLE
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V. S. Patsko, A. A. Fedotov

Krasovskii Institute of Mathematics and Mechanics,
Ural Branch of the Russian Academy of Sciences, Yekaterinburg, Russia
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In the work, the Pontryagin maximum principle (PMP) [1] is used for constructing
reachable sets at instant for the nonlinear control system called the Dubins car. Usu-
ally, when someone uses the term “Dubins car”, this implies a certain model of motion
regardless of the type of task (payoff functional, etc.). For the history of the topic,
we give references to works by A. A. Markov [2], R. Isaacs [3, 4], and L. Dubins [5].

Let the dynamics of a controlled object (Dubins car) in the plane z,y be described
by the third-order system of differential equations

T = COos p,
Yy =singp, (1)
o =u, uw € [ug,ug], uz=1, wu €[-1,1).

Here, x and y are the coordinates of the geometric position of the object; ¢ is the
velocity direction angle counted counterclockwise from the axis x; w is the scalar
control; u; and wuy are parameters. The magnitude of the linear velocity equals 1.

Representation (1) with us = 1 can be obtained from an arbitrary controlled system
of the third order with constant magnitude of the linear velocity and given range of
the turn angular velocity. To this end, one should scale geometric coordinates and
time. Without loss of generality, at the initial instant ¢y = 0, the initial phase state
is the origin: 9 =0, yo = 0, o = 0.

*This work was supported by the Russian Foundation for Basic Research, project no. 18-01-00410.
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As feasible controls u(-), we consider measurable functions depending on the time
and having their values u(t) in the segment [u1,us]. It is assumed that the angular
coordinate ¢ takes its values in the entire axis (—oo, 00).

For the Dubins car, by the reachable set G(tf) at instant t¢ we will mean the
collection of all points of the three-dimensional phase space such that the system can
reach each of them at the instant ¢¢ from the given initial state (which is assumed to
be the origin, without loss of generality) under some feasible control. The reachable
set at instant should be distinguished from the reachable set up to instant. The latter
is the union of all reachable sets at instant corresponding to the instants from 0 to t;.

It is known [6] that the controls which guide the system to the boundary of the
reachable set G(t) obey the PMP. Namely, this makes it possible to effectively con-
struct and investigate the structure of the reachable set.

Depending on the parameter u;, we distinguish three principally different cases:
up € [—1,0), u; =0, and w1 € (0,1). For each of them, we have obtained sufficiently
complete results.

The following facts have been established.

1. The case u; < 0. We consider the “symmetric” variant with vy = —1, and
the “asymmetric” variant with u; € (—1,0). For each of them, a piecewise constant
control leads to the reachable set boundary (taking extreme values or zero value) with
at most two switches. Only the following six types of control sequences are possible:

(1) U/Q,O,’LLQ; (2) u1307u2; (3) u2307u1;
(4) u1,0,u1;  (5) ug,ur,uz;  (6) ur,ug, us.

Justification of this fact is available in [7-9].

For any instant t¢, the whole three-dimensional reachable set and its sections with
respect to the angle coordinate ¢ are nonconvex. Sets of the values u; and t; have
been found for which the set G(t¢) is not simply connected. A control satisfying the
PMP does not always lead the system to the boundary of the reachable set. So, in
the case u; < 0, the PMP is a necessary condition for transfer to the boundary, but
not a sufficient one.

2. The case u; = 0. It is proved [10] that in this case any point on the boundary
of the set G(¢¢) can be reached by means of a piecewise constant control with at most
two switches. With that, the following two types of control sequences are possible:

(1) u2,0,u2;  (2) 0,u2,0.

The three-dimensional reachable set is nonconvex for any t;. Nevertheless, every
p-section of it is convex, and such a section represents either a circle or a circular
segment. Every piecewise constant control satisfying the PMP leads to the boundary
of the reachable set. However, there is no uniqueness of the controls leading to the
boundary.

3. The case u; > 0. Here, we can only claim the finiteness of the number of
switches of controls leading to the boundary. There is an upper estimate for the
number of switches. This estimate shows the growth of the number of switches with
increasing instant t;. Four control types are used to construct the boundary:

(1) Uy, U2, UL, - .., U3 (2) U2, U, U2, - . ., UL;

(3) UL, U2, Uty ..., U2,UT; (4) U2, UL, U2y ..., UL, UD.
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Ellipsis means a sequence of alternating controls u; and us.

The convexity of ¢-sections of the reachable sets is proved. It is also established
that all p-sections can be separated into nine types [11]. The boundary of every
@p-section is smooth for ¢y > 2m. For the values of ¢ that are multiples of 27, the
boundary is a circle. As in the case u; = 0, the maximum principle is a sufficient
condition for transfer of the system to the reachable set boundary. Moreover, the
corresponding control is unique among piecewise constant controls.

In all these three cases, fragments of the boundary of the reachable set can be
specified as a two-parameter family of points. This makes it possible to draw the
reachable set G(t¢) in the three-dimensional space with coloring its boundary accord-
ing to the types of controls leading to the corresponding points. On the whole, the
reachable set is similar to a snail shell.

As mentioned above, we assume that ¢ € (—oo,00). If the angle ¢ is calculated
modulo 27, then the corresponding reachable set can be built very simply with the
help of cuts of the set G(t¢) constructed under the assumption ¢ € (—o0, 00).

The results of numerical constructions of the three-dimensional reachable sets are
presented.
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Ms1 npejicTaBiisieM HeJIaBHUE PE3YJIbTaThl 00 OCOOEHHOCTSX I'e0JIe3MIECKUX IT0TO-
KOB B Me€TpHKaX IIepel\/IeHHOﬁ CUTHATYPbI, 9aCTO Ha3bIBa€MbIX IICEBIOPUMaHOBBIMUA.
1o Merpuku ¢ riagakumu KoadbduuenTaMu, BhIpoxK aaronyecs (B CuTyamnuu obIero
TOJIOYKEeHNsT) Ha HEKOTOPOM TIoiMHOTooOpasun 1| kopaszmeproctn 1.1

T'eonesudeckuit MOTOK, MMOPOXKIEHHBIHN TICEBIOPUMAHOBON METPHUKOM, IMEET 0COOEH-
HOCTH B TOYKaX BbIPDOXKIECHUA. B 9TUX TOYKaX HapPYIIalOTCd CTaHJapTHBIE YCJIOBHUA
CylieCTBOBaHUA U € JUHCTBEHHOCTH, YTO IIPUBOJUT K UHTEPECHOMY ABJIEHUIO: I'€0/1€3U-
YeCKMe He MOTYT BBIXOJUTDH U3 TOYKHU BBIPOXKJEHWUS B MPOU3BOJLHBIX HAIIPABJIEHUSIX
(kaK B ciydYae PUMAHOBOI WJIM JIODEHIIEBON METPUKH), HO JIAIIb B OIPEIEJCHHBIX
donycmumvlr HaTpaBJeHUAX. [IpH 9TOM KaK YHCIO TeOJE3UIECKUX, BBIXOJSIINX C
Pa3HbIMU HallpaBJICHUAMU, TaK U UX CBOI‘/’ICTB&7 MOI'yT paJuKaJbHO OTJINYIaTbCH.

Mp1 npejicTaBisieM pe3yJIbTaThl B PA3MEPHOCTSX 2 (MCCIIe0BAHBI BCe OCOOEHHOCTH
KopasMepHocredt 1 n 2, cMm. [2, 3]) u 3 (YacTHYHO MCCIIEOBAHBI JIAIIH OCOOEHHOCTH
kopasmepHoctu 1, cum. [4]). Bee upencrasiennbie 3/1eCh pe3ysbTaThl UMEIOT JIOKAJIb-
HBI XapakTep, HEKOTOPBIE TJI0DAIbHBIE CBOWCTBA Me0JIE3UYECKIUX B TICEBIOPUMAHOBBIX
METPHKaX PACCMOTPEHHI B [5].

Haunem ¢ gBymepnoro ciydast. B JIOKAJIBHBIX KOODJMHATAX T,y METPHUKA MMEET
BUJL
ds* = a(z,y) dz® + 2b(z, y) dedy + c(z,y) dy?, (1)

ko3 dunmenTsl a, b, ¢ npeanonararorca C*°-riankumu. Beens koopaunary p = dy/dzx,
yDABHEHHE HellapaMeTPU30BAHHBIX reojie3nvdecknx B Merpuke (1) ymob6Ho 3ammcarh
B BUJIE
3
dy dp M .
—~ =p, — = M(q,p) = ) i 9
=P TR (¢,p) ;_0 pi(q)p (2)

rie A = ac — b*> — rnagkas dbynkius Toukn ¢ = (z,y) u M — Kybudeckuit MHOTO-
qIeH 10 p, KO3 UIMEHTHI KOTOPOro BBIPAXKAIOTCS 4Yepe3 a,b, ¢ U UX IIPOU3BOJIHBIE
[epBOro TopsijKa. ByJieM mpejmonaraTh, 9ro Kpusas Beipoxkaenus I = {A(q) = 0}
peryisipaa u (JIOKaJIbHO) pasjessier (&, y)-IUI0CKocTh Ha objactu R u L ¢ pumaHoBOii
U JIOPEHIIEBOI CUIHATYPOI COOTBETCTBEHHO.

*Pabora BoinosHena npu duHaHcoBo nopuepxkke PODU (npoekt 17-01-00849).
1 PaspriBHbIE METPHKI TaKyKe PaccMaTPHBAJIHCD (manpumep, B [1]).
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B kaxnoit Touke obsactu L ompejiesieHbl JIBA U30MpPOonHobLr HapaBIeHUs, o0pa-
IIAIOIIIe METPHUKY B HyJb, HA ' OHI CJIMBAIOTCS B €IMHCTBEHHOE U30TPOIIHOE HAIIPAB-
nenue pg = —a/b = —b/c. Obmacrb L 3am0JHEHA CETBIO U30MPONHHIT AUNUT (HyITb-
KPUBBIX ), KOTOPBIE UMEIOT OCOOEHHOCTDb B TOUYKAX KpUBOil Boipozkaenus ['. Tlouru Bee-
I'Jla 9TO KacCIl (TO“IKI/I TUIIQ C), HO B OTJCJIbHBIX TOYKaX CEThb JIMHUNA KPpUBU3HbBI UMEET
GoJtee CJIIOKHYIO OCOOEHHOCTD: CJIOXKEHHBIH y3eu1, ceuio nim Gokyc (HA30BeM MX TOY-

KaMH TUIIa . 30TPOITHbIE JIMHUU ABJIAIOTCA I'€e0JIESUYECKUMU (H ﬂeBOﬁ JIMHBI ).
D). 1 I ¥, P 2

ITpengioxxenme 1. Jlonycmumovie nanpasaenus 6 mowke ¢ € I' cymov me, xo-
MOPLLE ABAANMCA BEULLCTNEEHHBMU KOPHAMU mHozouaena M (q,p). pu smom uso-
mponwnoe nanpasaerue py 6cezda donycmumo: M(q,po) = 0 das amoboti g € T'. Tou-
xu munos C u D pasaunaromes mem, 4mo 6 Nepeur usomponHoe HAnpasieHUue Po
mpanceepcasvho kpueot I' (po — npocmoti kopernv M), a 60 emopwxr — kacaemcs ee
(po — deotinoti xopenv M).

Teopema 1. U3 w060t mouku muna C 6 kascdyro ud obaacmeti R uw L 6 uso-
MPONHOM HANPABACHUY 8bixodum nywok (odnonapamempuieckoe cemeticmso) zeode-
BUMECKUT, UMEOWUT 6U0 NOAYKYOueckuT napabos ¢ obwed xacamesvnol. Ilywox
2eodesuneckur, eurodsuwur 6 L, codepocum ece mpu muna: 00HY U30MPONHYIO 2€0-
desuneckyro u OECKOHEWHOE YUCAO BPEMEHUNOJOOHBIT U NPOCNPAHCMEEHHON0000HBIX.

Touku tuma C' nenarcs va Tpu tuna Ch, Cy, C3 B 3aBUCHMOCTH OT YHCJIa BEIIECTBEH-
HBIX KOpHell Kyonaeckoro muorowiena M. B ciaygaae C) reosie3amaeckux, OTIUIHBIX OT
OTMCAHHBIX B Teopeme 1, Her.

Teopema 2. B cayuae C3, kpome po, cywecmeyom 066 HeU30MponHur 0ony-
CTMUMDLT HANPABAEHUA P1.2. B xastcdom uz smuzx nanpasaernuil npoxodum odna pezy-
AAPHAA 2€00€3UMECKAA, MPAHCEEPCAALHAA NUHUY BHLPOHCOCHUA.

Tunuunas (kopadmeprocru 2) rouka Tuna Co JOKAJLHO JAEIUT KPUBYIO BBIPOXK/Ie-
HUA F Ha JAB€ 9aCTH, O/ITHa U3 KOTOPDBIX IEJIMKOM 3all0JITHEHa TOYKaMN Cl, a gpyrasa —
toukamu C3. B camoit Touke tuma Cy MHOrowieH M wMeeT TPOCTOW KOPEHb py U
JBOMHON KOPEHb P = P2, KOTOPOMY OTBEYaET HEM30TPOITHOE JIOIYCTIMOE HaIlpaBJie-
HUE, Kacatoreecss Kpupoii [

Teopema 3. /M3 munuunot mouku muna Cy 8 HEU30MPONHOM JONYCTUMOM HA-
NPABAEHUU BLLLOOUM 00HA 2€00€3UMECKAA — NOAYKYOUNEKAA NAPadosa, 6EMEU KOMO-
potli Kacaromes kpusol I u aestcam mo paznovie cmoporvt om Hee. Imo noayKyouvexas
napabosa 6uxodum 6 cmopony, 3anoinerkyro moukamy muna Cs.

®Daz0BbIe TOPTPETHI 'EOJE3NIECKAX B OKPECTHOCTSX TOYEK Tuma ) yCTPOEHBI ro-
pa3ao cJjIozKHee, CM. [6] OTI\/IeTI/II\’I JIMIb, 9TO Yepe3 TOYKU THUIIa D B HEU30TPOITHOM
JIOIYCTUMOM HAIpaBieHnu (IIPpoCcToit KopeHb M) IIPOXOIUT OJiHA PEryJIsipHAsI Fe0Ie3U-
YecKasl, TPaHCBepCcasbHas I, & B M30TPOIIHOM HalpaBJIeHnn po (JBOiHOMN Koperb M) B
00J1acTh L BBIXOJIAT OJHO- WJIK JBYIIAPAMETPUIECKOE CEMECTBO re0Ie3NIECKIX, KacCa-
romuxcst I, a B obacts R He BhixonuT Hu ojHOM. Takum o6pazom, B Toukax D nmeercst
CTpaHHasl aCUMMeTpust Mexk 1y obsiactsimu R u L, koropoiit HeT B Toukax Tura C'.

B rpexmepHOM citydae cuTyalus CyliecTBeHHO ciioxkuee. B [4] nokazano, 4ro B Tu-
NUYHOI BBIPOXKJIEHHOU TOYKe BCerjia CYIIECTBYeT OJHO M30TPOIHOe HallpaBjeHHe, B
KOTOPOM U3 JaHHOI TOYKU BBIXOJIUT JIByIIapaMeTpUIecKoe CeMelCTBO Ieo1e3nIecKux,

2STO YTBEp2KAeHNE BEPHO TOJIBKO B JABYMEPDHOM CJIyvae. B pa3MepHOCTHU 3 u BbIIIE CymieCTBYOT
U30TPOIIHbIEC JINHUU, HE ABJIAIOIIHECA I'€OJEe3NIECCKUMU.
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aHAJIOTUYHOE I1yuKy u3 TeopeMbl 1. (OTMeTHM, YTO B TPEXMEPHOM CJIydae YHCIIO U30-
TPOIHBIX HAIIPABJIEHUI B BHIPOXKEHHOI TOYKe paBHO 1 mim 00.)

Kpome sToro HampapjeHus, ele MOXKeT ObITb KOHyC A, IeJIMKOM COCTOSIIUi 3
JOIIYyCTUMBIX HaIIpaBHeHHﬁ. B Ka2K/I0OM U3 HUX, KPOME TeX, KOTOPbI€ KaCalOTCsd TaK2Ke
7 HOBEPXHOCTHU BBIPOXKJEHUs I, IPOXOIUT oJiHA pery/sipHas reojesntdeckas. B Ha-
paBJIeHNN KOHyca A, KacaromeMcs OBEepXHOCTH ') n3 JaHHOM TOYKHM BBIXOIUT OJIHA
reojIe3ntecKasi, NMeIOIasl BUJI [0JIyKyOrn1IecKoil 1apaboJibl, BETBA KOTOPOI JIeXKaT 110
pa3Hble cTOPOHBI OT I
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FOR CONTROL OF OPEN QUANTUM SYSTEMS
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apechen@gmail.com

Control of atomic and molecular systems with quantum dynamics attracts high
interest in connection with both fundamental problems and various existing and
prospective applications in quantum technologies. Applications of quantum control
range from laser assisted isotope separation to control of chemical reactions and quan-
tum information [1-4].

Quantum systems can be closed, i.e., isolated from the environment, and open, i.e.,
interacting with the environment. Consider a quantum system which has n energy
levels. If this system is open, then its state is described by a density matrix p, an n xn
complex Hermitian matrix which is positive, p > 0, and has unit trace, Tr p = 1. There
are two types of control for open quantum systems: coherent controls (e.g., a shaped
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coherent laser field) which enter the Hamiltonian part of the dynamics and tend to
preserve quantum coherence, and incoherent controls (e.g., produced by an engineered
environment) which enter the dissipative part of the dynamics and generally tend to
induce decoherence in the system. An example of incoherent control is spectral density
in frequency w at time ¢, n(w,t), of incoherent photons surrounding the system [5].

If the system evolves under the action of coherent control u(t) and interacts with
the environment of incoherent photons, its density matrix in the Markovian approxi-
mation satisfies the master equation

dpy

pr —i[Ho 4+ Hpuw,t) + u)V, pt] + Lutyn(w) (pr)- (1)

Here Ho, Hy(,+) and V are the free and interaction Hamiltonians (n x n Hermitian
matrices) and the dissipative superoperator £ describes the influence of the envi-
ronment of incoherent photons with spectral density n(w,t); it may also depend on
coherent control wu(t).

One typical class of quantum control problems is steering the initial density ma-
trix po into a predefined target density matrix parges in minimum time. The principal
possibility to realize steering of an arbitrary initial density matrix into an arbitrary fi-
nal density matrix for systems governed by (1) was shown under certain conditions [6],
without attempts to minimize time. For the problem of minimal time control, the
natural method is the Pontryagin maximum principle [7]. It was applied to various
problems in control of quantum systems, e.g., in [8-10]. We will discuss applications of
this method to the problem of minimum time state-to-state control of open quantum
systems evolving under the action of coherent and incoherent controls [11] based on
the model [5, 6].
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OPTIMALITY CONDITIONS FOR DIFFERENTIAL GAMES
WITH CONTINUOUS UPDATING*

O. Petrosian

St. Petersburg State University, Saint-Petersburg, Russia

petrosian.ovanes@yandex.ru

Fundamental models considered in the classical theory of differential games are
related to the problems defined on a fixed time interval (players have all the in-
formation on a closed time interval) [4], problems on an infinite time interval with
discounting (players have information on an infinite time interval) [1], and problems
defined on a random time interval (players have information on a given time interval,
but the terminating instant is a random variable) [3]; also one of the first works in
the theory of differential games is devoted to the pursuit—evasion game (payoff of the
player depends on the time of catching opponents) [8]. In all the above models and
suggested solutions, it is assumed that players at the beginning of the game know all
the information about the dynamics of the game (motion equations) and about the
preferences of the players (payoff functions). However, this approach does not take
into account the fact that in many real life processes, players at the initial instant
do not know all the information about the game. Thus, existing approaches such as
the Bellman equation [2] or the Pontryagin maximum principle [5] cannot be directly
used to construct a sufficiently large range of real life game-theoretic models.

Most of real life conflict processes evolve continuously in time, and their participants
continuously receive updated information and adapt. In this paper, the approach
for constructing optimal strategies is presented for the first time and the question of
constructing the optimal control for game models with continuous updating is studied.
In the game models with continuous updating it is assumed that the players

(1) have information about the motion equations and payoff functions on the trun-
cated time interval [¢,¢ + T'] with length of information horizon T' and current
time instant ¢;

(2) continuously receive updated information about the motion equations and util-
ity functions (payoff functions) with time ¢ € [to,T], and as a result continu-
ously adapt to the updated information.

Obviously, it is difficult to obtain optimal controls due to the lack of a fundamental
approach for control problems with moving information horizon. Until now only a
class of games with dynamic updating was studied in the papers [6, 7], where the
authors laid the foundation for further studies of the class of games with dynamic
updating. It is assumed that the information about the motion equations and payoff
functions is updated at discrete time instants, and the interval on which the players
know the information is defined by the value of the information horizon.

In the current work, a game model with continuous updating is defined and opti-
mality conditions in the form of Hamilton—Jacobi-Bellman equations for the feedback
Nash equilibrium are presented.

*The research was supported by the Russian Science Foundation (project no. 18-71-00081).
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Game model with continuous updating. Consider an n-player differential
game ['(zg,t9,T) defined on the interval [ty, +00), where 0 < T < +o0.
The motion equations have the form

x(s) = f(s,z,u),
z(t) =z (2(to) = x0), tE [to,+0), s€[t,t+T), (1)
zeR!, w=(Uty...,Up), ui:ui(t,s,x)EUiEComka.

The payoff function of the ith player (i € N) is defined as

t+T
Kz}, t;u) = /t 9'[s, x(s),u(s, z(s))] ds, i€ N. (2)

The time parameter ¢t € [tg, +00) evolves continuously; as a result, the players
continuously receive updated information about the motion equations and payoff
functions.

An essential difference between the game model with continuous updating and the
classical differential game I'(xg,T — tp) is that the players in the initial game are
guided by the payoff that they will eventually obtain on the interval [to,T], but in
the case of a game with continuous updating they at each time instant ¢ are guided
by the expected payoff (2), which is based on the knowledge of the process on the
interval [t,t + T1.

Problem statement. By optimal strategies in the game I'(zg, o, T) (in partic-
ular, the feedback Nash equilibrium) we will mean strategies u*(¢, ) = (ui(¢, x), ...,
u’(t,x)) that are optimal for each ¢ in the game defined on the interval [t,¢ + T.

It is necessary to determine optimal strategies (feedback Nash equilibrium) such

that

e for each t € [to,T], u*(t,xz) = (ui(t,x),...,ul(t,x)) are optimal in the game

defined by (1), (2) on the interval [¢, ¢ + T.

A direct application of the classical optimization techniques is not sufficient, be-
cause of the following problems:

e consider two intervals [t,t + T and [t +e,t +T + €], € < T}

e according to the problem statement, u*(¢,x) should be optimal on the interval

[t,t + T], and u*(t + €,z) should be optimal on the interval [t + €,t + € + T,
te [to,T].

Hamilton—Jacobi—Isaacs—Bellman equations with continuous updating.
In order to find the feedback Nash equilibrium @V (¢, x) = uNE(t, s, x)|s=¢ in the game
I'(zo,to,T), we use a modernized or adapted method of dynamic programming. We
define Bellman functions V(¢, 7, x) as the payoff of the ith player in the feedback Nash
equilibrium aNE (¢, s, ) in the subgame starting at the time instant s in position  of

the game defined on the interval [¢,t + T.

Theorem 1. uN®(t,z) = uN®(t,7,2)|;= is a feedback Nash equilibrium in

the differential game F(xo,tOLT) if there exist continuous differentiable functions
Vi(t,r,x): [to,+00) x [t,t + T] x R — R, i € N, satisfying the following system
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of equations:

i

~Vit,T,x) = H}ﬁax{gi (7,2, %) + Vi(t, 7, 2) f (1, 2,u2F) }
=g (T, x, 'ENE) + V;(t, T, x)f(T, x, 'ENE), (3)
Vit,t +T,z) =0, ieN,

NE (al::]E?"'?gbi?"'?agE)'

where U
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COOPERATIVE DIFFERENTIAL GAMES
L. A. Petrosyan
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Game theory has greatly enhanced our understanding of decision making. As
socioeconomic and political problems increase in complexity, further advance in the
analytical content of the theories, methodology, techniques and applications as well as
case studies and empirical investigations are urgently required. In the social sciences,
economics and finance are the fields which most vividly display the characteristics of
games.

The origin of differential games traces back to the late 1940s. Rufus Isaacs modeled
missile versus enemy aircraft pursuit schemes in terms of descriptive and navigation
variables (state and control).

For various reasons Isaacs’ work did not appear in print until 1965 [3]. In the
meantime control theory reached its maturity in the optimal control theory of Pon-
tryagin et al. [9] (1962) and Bellman’s dynamic programming [1] (1957). Research in
differential games focused in the first place on extending control theory to incorporate
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strategic behavior. First papers about differential games appeared in the Soviet Union
in 1962-1967 (Pontryagin [8], Krasovskii [4], Petrosyan [5]).

Research in differential game theory continues to extend over a large number of
fields and areas. Some non-zero games were first investigated by Petrosyan and Mur-
zov [6] (1967), Case [2] (1969), and Starr and Ho [10] (1969), where as a solution the
Nash equilibrium was considered.

It is well known that non-cooperative behavior among participants would, in gen-
eral, lead to an outcome which is not Pareto-optimal. Worse still, highly undesirable
outcomes (like the prisoners dilemma) and even devastating results (like tragedy of
commons) could appear when the involved parties only care about their self-interests
in a non-cooperative situation. In a dynamic world, non-cooperative behavior guided
by short-slighted individual rationality could be a source for series of disastrous con-
sequences in the future. Cooperation suggests the possibility of obtaining socially
optimal and group efficient solutions to decision problems involving strategic actions.

However, dynamic cooperation cannot be sustainable if there is no guarantee that
the participants will be always better off within the entire duration of the coopera-
tion. More than anything else, it is due to the lack of this kind of guarantees that
cooperative schemes fail to last till their end. Dynamic cooperation represents one of
the most intriguing forms of optimization analysis. To ensure that the cooperation
will take place in the game during the whole time interval, the solution concepts
(optimality principles) must be time or subgame consistent. But unfortunately solu-
tions taken from the classical one-shot cooperative game theory are time or subgame
inconsistent. And by using them in differential cooperative games we cannot be sure
that the cooperation will be sustained on the whole time interval.

To overcome this problem, we introduced in 1979 a new control variable IDP
(imputation distribution procedure) which prescribes a payment distribution over
time in such a way that cooperation at each time instant is more preferable than
non-cooperative behavior of players. For different game-theoretical models, the ap-
proach was successfully used by Petrosyan and Zaccour [7] (2003) and Yeung and
Petrosyan [11, 12] (2012, 2016).

In this presentation we shall stress our attention to new directions and problems
in cooperative differential and dynamic games and show the way of constructing
time-consistent (subgame-consistent) and strongly time-consistent cooperative solu-
tion concepts.
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K 3AJAYE T'PYIIIOBOTO MPEC/IEJOBAHUS
C JIPOBHBIMH TPOU3BO/IHBIMU
(TO THE PROBLEM OF GROUP PURSUIT
WITH FRACTIONAL DERIVATIVES)*

H. H. ITerpos (N. N. Petrov)

Vomypmcexuti 2ocydapemeennoti yrnusepcumem, Howcescr, Poccus
kma3@list.ru

OjtHuM W3 HaIpaBJIEHUIT COBpEMEHHON Teopun JuddepPEeHINaIbHBIX UI'D IIPecie-
JOBaHUs SBJISIETCS pa3pabOTKa METOJIOB PEIleHus 3a/1a9 KOH(MINKTHOTO B3anMOeii-
CTBHUS TPYIIILI OpeciegoBaresiell ¢ rpyunoil yoerawommux [1-3]. Ciemyer ormerursn,
9T0, KpOMe YIUIyOJIeHUS KJIACCMYIECKHX METOJIOB PEIeHHs], aKTUBHO BEJETCs IIOUCK
HOBBIX 3318, K KOTOPBIM IIPUMEHUMBI YK€ pa3paboTaHHble METOJbI. B 1acTHOCTH, B
pabore [4] paccmarpuBasach 3a/ada IPECIeOBAHAS JBYX JIAIL, OIUCHIBAEMAsT yPaB-
HEHUSIMUA C JPOOHBIMHU ITPOU3BOIHBIMU, TJi€ OBLINA IOJIYyIEHBI JOCTATOYHBIE YCJIOBUS
IIOUMKH.

B nammoit pabore paccmaTpuBaeTcs 3a/1a9a IPECJIEI0OBAHNS IPYIIION IPECIe0Ba-
TeJsieill TpyIIbl yOeraux ¢ PAaBHBIMA BO3MOXKHOCTSIMUA BCEX YYACTHUKOB B mudde-
PEHINAIBHOM Urpe, OIUCHIBAEMON YypaBHEHUSIMU ¢ JPOOHBIMEU Tpon3BoaHbIME. 1lesibio
IPYIIBI IIpecyeoBaTesell ABJISeTCA ONMKA 3a/IaHHOI0 YHCJIa YOeraromux, IpuiemM
IIOMMKY KaXKJIOI'O yOeraromiero JOJKHBI OCYIIECTBUTH 33/ JaHHOE YHCJIO IIPECJIe[0Ba~
TeJiei.

Omnpenenenne 1 [5|. Ilycrs f:[0,00) — R*¥ — cdbynxuusa Takas, aro f' a6-
cosoTHO HemnpepbiBHa Ha [0, +00), u € (1,2). IIpoussognoit 1o Kamyro nopsiaka g
dbyuxiun f Hazesaercs byuaknus D f puma

(D(”)f) (t) = F(21— 0 /0 i { 8(;2_1 ds, rne T'(B) = /0 e *sPLds.

*Pabora BblnosiHeHa npu duHaHcoBol nopuepxkke POOU (mpoekr 18-51-41005) u Munucrep-
cTBa obOpasoBanusi u Hayku PP B pamkrax 6a30Boil yacTu roczaganusi B cdepe Hayku (Ipo-

ext 1.5211.2017/8.9).
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B npocrpancrse R¥(k > 2) paccmarpusaercs juddepennmaibaas urpa n -+ m
JIMI: M mpeciiesiopareneit Py, ..., P, u m yoeraoomux Fi, ..., E;,. 3aKoH JBUXKeHUsI
KaxKJIoro u3 mpecienoBareseir P; nmeer Bu

DWWy, = ax; + u;, z;(0) =29, #(0) ==, w €V (1)
BakoH JBrKeHns1 Kaxk0ro n3 yberaomux E; nveer Bug
DWy; =ay; +v;, 500 =), %(0)=y!, v;eV. (2)

3aecy x4, Y5, Ui,V € RF iel={1,...,n},j€J={l....,m}, V— sourykbr
kommakT B R¥, a — Bemecrsennoe wmncio, p € (1,2). Kpome Toro, z) # y;) s
BCEX 1, j.

Hesnp rpymmsr mpecienoBaTesieil — OCYyIECTBUTD MIOUMKY HE MeHee deM ¢ yOeraro-
UX, TPUYEM KaKJIOTO YyOEraroIiero MO0KHbI IOUMaTh HEe MEHee 9eM I° IIPECJIeI0Ba-
Teaeit (7‘ >1,1<q< m) IIpY yCJOBUU, ITO CHAYAJA yOerarone BLIOUPAIOT CBOU
ympaBieHusi cpasy Ha [0,00), a 3aTeM Ipeciie/loBaTeJ Ha OCHOBe MHMOpMAIUH O
BBIOOpE yOeraronux BEIOMPAIOT CBOU YIIPABJIEHUS W, KPOME TOTO, KaXKIbIil IIpecyieno-
BaTe/Ib MOXKET MoiMaTh He bosiee omuoro yoerarormero. Cauraem, 9to n > rq, m > q.

MHuorokparHasi IOUMKa yHeraronero uccieoBaiach B paborax [6, 7], a 3agaga o mo-
MMKe 33JI]aHHOTO 9rCJia yOeraimux B 3a/iade MPOCTOTO MPEC/IeIOBAHNUS IIPU YCIOBUH,
4910 yOeraroniie MCIOJb3YIOT IIPOI'PAMMHBIE CTPATErnH, & KazK/IbIil IIPeciie/I0BaTe b
JIOBUT He GoJiee oiHOTO yGeraromero, — B paborax [8, 9]. 3amaua npecieoBanust oJ-
HOTO yOeraromniero ¢ (pa30BbIME OTPAHUICHUSIME U JIPOOHBIMA ITPOU3BOIHBIMU TOPSIKA,
u € (0,1) paccmarpusanacs B [10].

Bwmecro cucrem (1), (2) pacemorpum cucremy

D(“)Zij = azij + u; — vy, Z”(O) = Z?J = {B? — y?, Z”(O) =2 =T; —Y;-

?J Zz'lj)-

Onpepenienne 2. B urpe npoucrodum r-xpamuas noumka (npu r = 1 noumka)
yberatomero Eg, ecim cymectByer 1 > (, IpH KOTOPOM Il JIIOOBIX IOIYCTHMBIX
yupasienuit v;(t), j € J, t € [0,00), yberatomux Ej;, j € J, HallnyTca DomycTHMBLE

[onoxxnm 2° = (2

yupasienus u;(t) = u;(t, 2% v;(s),s € [0,00),7 € J) npecrenosareneit Pi,..., P,
MOMEHTBI BPEMEHHU Ti,...,7, € [0,7] n momapHo pasjnvHBIE HATYDPAJIbHBIE UUCIIA
i1,...,% € I Takue, 9TO ZiPB(Tp) =0 s Becex p=1,...,r.

Ounpegnesienne 3. B urpe npoucrodum r-kpamnas noumka (upu r = 1 noumxa)
He menee q ybeearowux, ecau cymecrsyer 1' > 0, mpu KOTOPOM Jjist JII0DO# COBO-
Ky[IHOCTH JOIYCTHMBIX yIpasienuit v;(t), t € [0,00), j € J, yberaiomux Haiixyrcs
nonycrumble ynpasienus u;(t) = u;(t, 2°,v;(s),s € [0,00),j € J) upeciemosareneit
Py, ..., P,, objnajgatomnye CJIeIyONUM CBORCTBOM: CYIIECTBYIOT MHOYKECTBA

McJ, |M|=q, {Noa€M}, N,CI, [Ny =r ansasceex a€ M,

No N Ng =@ nist Bcex o # 3,

Takue, IT0 rpyuia upeciegosareseii { Py, o € Ng} He nozanee momenta I’ oCyIecTs-
JIFgeT r-KpaTHyIo TOMMKY yOerarormero g, IpmdeM ecm IpeciefoBaTens P, ToBuT
yberatomero Eg, To ocTajbHble yOeraromue CUuTalOTCA UM HeIIOMMaHHBIMU.
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Bsezem ciieytomue oboznadenus: Int A u co A — cOOTBETCTBEHHO BHYTPEHHOCTD
U BBIIMyKJIasi 060JI09Ka MHOYXKeCTBa A,

Az, v) =sup{A > 0] - z eV — v},
Qn(p) ={(i1,...,%p) | ta € N mnaBcex o= 1,...,p U NOHAPHO PA3IUIHBI},

] = min min max min\(yzls,0).
~(B) vE€{—1,1} vEV A€QN(r) a€A (v of )

Teopema 1. IIyemv m = 1, a < 0 u 6;(1) > 0. Toeda 6 uepe npoucrodum
T-KPAMHAL NOUMKG.

Teopema 2. ITyemv a < 0 u daa xasrcdozo p € {0,...,q — 1} swnoaneno cae-
dyrowee yeaosue: Oasn 406020 muoocecmsa N C I, |[N| = n — pr, natidemes mmo-
orcecmeo M, |M| = q — p, maxoe, wmo dn(B) > 0 dan ecex § € M. Toeda 6 uzpe
npoucrodum r-KpamHas NOuUMKG He MeHee q YOe2aouur.

Teopema 3. Ilycmv a <0, V — cmpozo sunykavili Komnaxm ¢ 24a0K0l epanu-
yet u dasn xaotcdoeo p € {0,...,q — 1} evnoaneno caedyrouee ycaosue: 0ai 4106020
mmoorcecmea N C I, |[N| =n — pr, cywecmsyem mmoocecmeo M C J, |[M| = q —p,
maxoe, 4mo

0e ﬂ Int Co{zéﬁ, a €A}
AEQN (n—r+1)

oas ecex B € M. Toeda 6 uepe npoucxodum r-Kpamuas nouMka He menee q ybezaro-
WUL.
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TOIOJIOTUYECKASA KJIACCUOUKAIINA CUCTEM MOPCA-CMEJIA
(TOPOLOGICAL CLASSIFICATION OF MORSE-SMALE SYSTEMS)*

O. B. ITounnka (O. V. Pochinka)

HUY “Buicwasn wxoaa axonomuxy”, Huorenuti Hoseopod, Poccus

olga-pochinka@yandex.ru

Cucrembr Mopca—Cwmeiisia — CTPYKTYPHO-YCTOWYINBBIE CHCTEMbBI ¢ KOHETHBIM MHO-
2KECTBOM HeOJTy 2K JAIOIINX OPOUT — ABJIAIOTCA DYHIaMEeHTaIbHBIM 00bEKTOM B TEOPUU
muaaMudeckux cucreM. Omupenenenne cucrembl Mopca—Cwmeiina BOCXoauT K HEOOXO-
JIUMBIM ¥ JIOCTATOYHBIM YCJIOBUAM IPyboCTH (T.€. COXPAHEHUS KaYeCTBEHHBIX CBOHCTB
pelleHuii P MAJIbIX U3MEHEHUAX IPABBIX Y4acTeil) cucreM nudepeHIuajbHbIX ypaB-
HEHUM, 3a/]aHHBIX B KOHEYHOI YaCTH ILJIOCKOCTH, MOJiydeHHbIX B 1937 . A.A. Anj-
porosbiM u JI.C. Iorrpsiruabiv [1]. JuHaMuueckasi cucremMa ¢ HENPEPBIBHBIM WA
JICKPETHBIM BPEMEHEM Ha 3aMKHYTOM MHOroobpasum Ha3bIBaeTcsd cucmemoli Mopca—
Cmetinag, ecau ee HEOIyXKIAIONee MHOYXKECTBO COCTOUT M3 KOHEYHOTO YHUCJIA HEIO-
JBUYKHBIX U TEPUOIUIECKUX OPOUT, BCE OHU TUIIEPOOINIECKUE, & UX YCTONIUBBIE U
HEYCTOIYMBBIE MHOI00Opa3usl MMEPECceKaloTCs TpaHcBepcaabHo. IIpn 3ToM OKa3bIBa-
€TCd, 9YTO KazK/lad TOYKa O6’]3€1\IJ'IIOHL€FO I\’IHOFOO6pa3I/IH JIE2KUT KaK B HeyCTOﬁqI/IBOI\”{
MHOT000PAa3WH, TAK U B yCTONINBOM MHOTO0OOPA3WHU KaKOW-HUOY /Ih IEPUOTITIECKON OP-
6uret. [Ipocreitmum npumepom noroka (auddeomopdusma) Mopca—Cwmeitsa saBiser-
sl PPAJIMEHTHBIN OTOK (CABUI HA €JIUHUILY BDEMEHU I'PAJUEHTHOrO IIOTOKA) TUIUIHO
dyukmn Mopca.

Ha IIepBI)IfI B3IJIA IIPEACTABAACTCA, YTO I‘J'[O6aJ'H)HaH JAMHaMHKa CUCTEMbI MOpC&*
Cl\leﬁﬂa 1 TOIIOJIOrUs HeCYIero 1\1HOFOO6pa3I/I5{ XOpOoIIo OIIpeIejdoTCd JIOKAJIbHbIM
MTOBEJIEHUEM CHCTEMbI B OKPECTHOCTH MEPUOUIECCKIX OPOUT 0 AHAJOTUH C TEM, KaK
TOIIOJIOTUSI MHOTO00OPa3us OIIpeiesisieTcst nHpOopMaIueil 0 KpUTHIECKUX TOUKaX (PyHK-
nuu Mopca, 3a1aaHoit Ha 9TOM MHOTOOOpa3uu. [ljis cucreM ¢ HeNPEePHIBHBIM BPEMEHEM
9TH OXKHJIAHUST OTIACTHU ONPABJBIBAIOTCS B KJIACCE 2PadueHmHo-nodooHbir TIOTOKOB —
norokos Mopca—Cwmeitna 6e3 nepuogmieckux rpaekropuii. C. Cwmeiin [2] nokaszad, 94to
TAKOHN TIOTOK SIBJIIETCS T'PAIAUEHTHBIM JJsT HeKOTOpo#t (pyuxmuu Mopca, ecyt oH J10-
KAJIbHO I'DAJINEHTHBII B OKPECTHOCTU HEIIOABUYKHBIX TOYEK.

B caydae muckperHOrO BpeMeHHU maxke B Kitacce 2paduenmio-nodobnur muddeo-
MopduzmoB — guddeomopdpuzmor Mopca—Cwmeiiia, pasMePHOCTh IT€pECevYeHns] UH-
BapHUaHTHBIX 1\1HOFOO6p33Hﬂ Pa3/IMIHBIX IIEPUOJUIECCKUX TOYEK KOTOPOI'O OTJIUYIHa OT
HYJI, CKJIEelIKa, JIOKAJILHOI JUHAMUKHN B OKPECTHOCTAX IMEPUOJINIECKUX TOYEK MO2KET
OBITH BeCbMa HETPUBUAJIBHON C TOIOJOTMYECKONW TOYKHW 3peHusi. leM He MeHee -
HaMUYIECKHe XapaKTepucTuku kKacka1oB Mopca—Cwmeitsia IMEIOT TECHYIO CBS3b C TO-
mojiorueit Hecyiero MHOroobpasusi. Ordactu 3TUM 0OCTOSTETBCTBOM O0bSICHSAIOTCS
npucrajbHoe BHUMaHne K cucremaM Mopca—Cwmeiisia u 60J1b110e KOJIMIECTBO paboT
1o JaHHO# TemaTuke (cM., Hapumep, 063op [3]).

Kpome Toro, cucrembr Mopca—Cwmeitsia ecrecTBEHHBIM 00Pa30M BO3HUKAIOT B IIPU-
JIOXKEHUSIX TIPU MATEMATHIECKOM MOJIEJTMPOBAHUN IIPOIECCOB C PEryJIsIDHON JTMHAMU-
koit. Harmpumep, B 1iemovukax CBI3aHHBIX OTOOPaYKEHMIA, OMMCHIBAIONINX PEAKITUN Tud-
(bySI/H/I (CM. [4])7 WJn IIpyu U3YYEeHUU TOIIOJIOTUMN MalHUTHBIX moJieii B HpOBO)lHIII‘teI

*Pabora BbInOSIHEHA IPpU (pUHAHCOBON mojepkke rpanta PH® 17-11-01041
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cpegsie (cM. 0630p aBTOPOB [5]), B 9aCTHOCTH IIPU UCCJIEOBAHAN BOIIPOCA, CYIIECTBOBA-
HUsI CEMapaTOPOB B MATHUTHBIX MOJISIX XOPOIIO MPOBOAAIIHUX cpes (eM. [6]).

ITockosbKy MaTemaTuaeckue Mozesn B hopme cucreM Mopca—Cwmeiisra HOSBIISIIOTCS
[IPU OIMCAHUU IIPOIECCOB, UMEIOINX PA3HYIO IIPHUPOJLY, IEPBBIM IIAroM B H3y4YeHUN
TaKUX MOJIEJIENl fIBJISI€TC BBIJEJIEHNE CBOWCTB, HE 3aBUCAININX OT (PU3UIECKOIO KOH-
TEKCTa, HO OINpPEJeISIoNuX pasbuerne $pa30BoOro mpocTpancTsa Ha Tpaekropun. OT-
HOIIIEHUE, COXPaHdAoIIee pa3drueHne Ha TPAeKTOPUH C TOYHOCTBIO JI0 FOMeOMOpdu3Ma,
HA3bIBAETCS MONON02UYECKOT IKEUBAAEHMHOCTDbIO, & OTHOIIEHUE, COXPAHSIOIIEe 10~
[OJTHUTEJILHO BPEMs JBUXKEHUsI 110 TPACKTOPUSAM (HEIPEPLIBHOE B CJIy4Yae MOTOKOB
U JIMCKPETHOE B CJIy4Yae KACKAJOB), HA3BIBACTCS MONOAORUNECKOT CONPANCCHHOCTDIO.
3ajiava TOIMOJIOTUYIECKON KJIACCU(PUKAIINN JTUHAMUIECKUX CHCTEM COCTOUT B IIOUCKE
UHBAPUAHIMO6, OJIHO3HAYHO OIIPEJIEJISIIOIINX KJIACC SKBUBAJIEHTHOCTH UJIH COIIPSI?KEH-
HOCTH JIJIsI 33/IaHHOU CHCTEMBI.

HacTrostimuit 0630p OCBSIIIEH N3I02KEHUIO PE3YILTATOB [0 TOIOJIOIMIEeCKOM KIaCCH-
duxanun cucrem Mopca—Cmeiisia Ha 3aMKHY THIX MHOT00OPa3UsIX, BKIIOYasl PE3yJIbTa-
TBI, ITOJIy9YeHHBIE aBTOPOM B IIOCJIE/IHEE BpeMsl. TaKrkKe IIPUBEJIEHBI HEJaBHHE PE3YIlb-
TaThl aBTOPA, OTHOCAIINECST K B3AMMOCBI3U MEXKY TJIO0AJHLHON JUHAMUKON TaKWx
CHCTEM U TOIIOJIOTUYECKON CTPYKTYPOI HECYIIUX MHOI000pa3nii.
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SYMMETRIES IN LEFT-INVARIANT OPTIMAL CONTROL PROBLEMS*
A. V. Podobryaev
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Geometric control theory (see, for example, [1]) deals with left-invariant optimal
control problems on a Lie group G. Consider a family of left-invariant vector fields F;,
that depend analytically on u € U C R". Consider also a left-invariant analytic
function ¢: G x U — R, a point ¢; € G, and a fixed time ¢; > 0. The problem is to
find a control u € L*°([0,¢1],U) and a Lipschitz curve g, : [0,t1] — G such that

/0 1‘P(QU<t)’u(t)) dt — min, ¢, (t) = Fu(t) (qu(?));  qu(0) =id, qu(t1) =q €G.

The Pontryagin maximum principle [2, 1] gives a necessary condition of optimality.
Let H be an analytic maximized Hamiltonian of the Pontryagin maximum principle,
and H be a corresponding analytic Hamiltonian vector field. Due to the left invariance
of the problem, the Hamiltonian system is triangular (the conjugate subsystem does
not depend on state variables).

Symmetries of the problem that are induced from symmetries of the conjugate
subsystem play a critical role in the investigation of optimality of extremal trajec-
tories. We get some conditions for the existence of an extension of symmetries of
the conjugate subsystem to symmetries of an exponential map. Let us give some
necessary definitions.

Definition 1. A Mazwell point for an optimal control problem is a point where
two distinct extremal trajectories meet each other with the same value of the cost
functional and the time. This time is called a Mazwell time.

Definition 2. The exponential map of the optimal control problem is the map
Exp: g xRy =G, Exp(p,t) =moef(id,p), (p1)€g* xRy,

where g is the Lie algebra of the Lie group G, and et is the flow of the Hamiltonian
vector field H.

Definition 3. A symmetry of the exponential map is a pair of diffeomorphisms

s: " xRy =2 g" xRy, S:G—=G such that Expos =S oExp.

It is well known (see, for example, [3]), that an extremal trajectory cannot be
optimal after a Maxwell point. That is why the description of Maxwell points plays
an important role in investigation of optimality of extremal trajectories. In particular,
the first Maxwell time is an upper bound for the time of loss of optimality (the cut
time). A natural reason for the appearance of Maxwell points is a symmetry of
extremal trajectories. Omne can try to find the first Maxwell time for symmetries
and then try to prove that this first Maxwell time is the cut time. This method

*This work is supported by the Russian Science Foundation under grant 17-11-01387 and per-
formed in A.K. Ailamazyan Program Systems Institute of Russian Academy of Sciences.
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does not guarantee success. But it works in several optimal control problems on Lie
groups: generalized Dido problem [3], sub-Riemannian problem on Engel group [4],
free nilpotent sub-Riemannian problem with growth vector (3, 6) [5], sub-Riemannian
problems on the Lie groups SLo(R), PSLa(R), SO3, and SU; [6], Riemannian problems
on the Lie groups SLa(R), PSLa(R), SO3, and SUs [7, 8], sub-Riemannian problem
on the Lie groups SEs [9, 10] and SHs [11], and the problem of a rolling sphere on the
plane without twisting and slipping [12]. In the problems listed above an extension
of symmetries of the conjugate subsystem to symmetries of the exponential map was
constructed by explicit formulas for the map Exp (i.e., an explicit parametrization of
extremal trajectories) or by an explicit form of the Hamiltonian system. The existence
of such an extension was not guaranteed a priori. We introduce conditions for the
existence of such an extension.
Consider the trivialization of the cotangent bundle via left shifts:

T: Gxg"=>T'G, 71(9,p)=dL,.peT,G, ge€G, peg,

where Ly: G — G is the left shift by an element g € G.
The Hamiltonian H is left-invariant, so we assume that H € C*°(g*). A Hamilto-
nian vector field is a sum of the horizontal and vertical parts [1]:

ﬁ(T(g,p)) = ﬁhor(T(g»p)) + ﬁvcrt(T(g»p))v

—

Hior(7(9,p) = dLydpH,  Hyext(7(g,p)) = dL}-: (ad” d, H)p,

where d,H € T,g" ~ g is the differential of H at a point p.
Recall that a Lie group G is called exponential if the map exp: g — G is surjective.

Theorem. Let G be an exponential Lie group, H be a left-invariant Hamiltonian,
and an operator o: g — g be such that oc* preserves the Hamiltonian H and one of
the following two conditions holds:

— —

(a) 0*(Hyert) = Hyert and o* is an inner automorphism of the Lie algebra g;
(b) o* (ﬁvcrt) = —Hyore and o* is an inner anti-automorphism of the Lie algebra g.

Then the pair of diffeomorphisms (ss,Sy) is a symmetry of the exponential map,
where

Sy(exp€) =exp (07E), €y

(op,t) in case (a),
sq(pt) =

(o_etﬁvcrtp’ t), m case (b),

Remark. The diffeomorphism S, is well defined, because the Lie group G is
exponential and the (anti)automorphism o* preserves fibers of the map exp.

Everywhere below we consider symmetries (s,,S,) of the exponential map such
that o satisfies the hypotheses of the theorem.

Corollary 1. Let G be a connected compact Lie group. If a normal extremal tra-
jectory meets a geodesic of the Killing metric, then the symmetric extremal trajectory
meets the symmetric geodesic of the Killing metric at the same instant of time.

Corollary 2. Let G be a connected compact Lie group. The Mazwell sets corre-
sponding to symmetries in the image of the exponential map are subsets of the Mazwell
sets corresponding to symmetries of the Riemannian problem for the Killing metric.
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Corollary 3. Assume that there are two left-invariant optimal control problems

on a connected compact Lie group. If two extremal trajectories corresponding to these
problems meet each other, then the symmetric trajectories meet each other as well
with the same values of time and the cost functional.

1.

10.

11.

12.
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B snamenuroii padore JI.C. ITourpsiruH u ero Kosuieru [1] mcmosb3oBasn odeHb
3bPEKTUBHBIN MPSMOI METO/T JI0KA3aTEeIbCTBA HEOOXOIUMBIX YCJAOBUN ONTUMAJIBLHO-
CTH, IOJIYIUBINNX Ha3BaHwue “‘npuHimn MakcuMmyma [lonrparuna”’. B ocHoBe sToro Me-
TOZa 3aJIO’KeHa JIMHeapu3alud HeJINHEHHON yNpaBiadeMOl JTUHAMUYECKONU CHUCTEMBI
OKOJIO OIITUMAJILHON TpaekTopuu. B pesysibrare [jis M0y IeHHON JIMHEHHON CUCTEMBI
uddepeHnnaIbHbIX yPABHEHNH B BApUANAAX OBbLIa IIOCTPOEHA COIPSZKEHHAST CHCTe-
Ma JuddepeHIaibHbIX yPABHEHUI U JOKA3aHO, YTO IIPHU OIPEJIeJIEHHBIX IDaHUY-
HBIX YCJOBUAX COOTBETCTBYIOIIEE PEIlleHre CONPAXKEHHON CUCTEMbI B KazKJIbIii MOMEHT
BpeMEeHU fABJIFAETCA HOPMaJIbHBIM BEKTOPOM K MHOXKECTBY JOCTUZKUMOCTU HCXOJIHOIZ
YIIPABJISIEMON CUCTEMBI B TOYKAX ONTUMAJIBHOI TPAEKTOPUH, UTO AaHAJIUTHICCKH OBLIO
3alMCcaHO B BUJIE [IPUHIIAIIE MAaKCUMYyMa, YCJIOBUN TPAHCBEPCAJIHLHOCTH M HEKOTOPBIX
JPYIUX CBOUCTB COIPAXKEHHON CUCTEMBI.

B nmanbmeiiem apyrue aBTopbl pu penteHnn 6oJiee OOIUX ONMTUMUBAIMOHHBIX 38~
na4 (Korja mpasas 4acTh YIPABJSIEMOIl CUCTEMbI HE sIBJIAETCs [JIAIKON 10 (ha3oBoil
[IEPEMEHHO) MCIIOJIB30BAJIH JAPYTUe MeTO/Ibl JI0Ka3aTeJbCTBA HEOOXOIMMBIX YCJIOBUIT
OIITUMaJIbHOCTH, OCHOBaHHbIC Ha PA3/IMYHbLIX THUIIAX I'JIQJIKNX aIHIpOKCI/H\laL[I/Iﬁ UCXO/I-
HBIX 3aja4 (cM., Hanpumep, [2—4]).

HepBI)Ie IOIBITKU Pa3BUTHUA IIPAMOTO METO/ a HOHTpHFI/IHa JJId uccjieJ0Banud OIl-
TUMHN3alIUOHHBIX 3a/a9 IIPU OTCYTCTBUU I'JIQIKOCTHU yIIpaBﬂHel\lOﬁ CUCTEMBI 6I)I.J'II/I clie-
nanbl B paborax B.H. Ilmennunoro [5] u B.U. Baarogarckux [6] mas yupasiasemoit
JIUHAMAYIECKON CHCTEMBI, IIPEJICTaBJIeHHON B Bue AudHepeHnnaaIbHOro BKIIOIEHNUS.
B.1. Brarogarckux moyIus HeoOX0 UMbl YCIOBUS ONTUMAILHOCTH HA S3BbIKE OMOP-
HBIX (PYHKIINI [IPX YCJIOBHUSAX, YTO IIPaBasi MHOIO3HAYHAs JacTh AU dEPEHITNaTIbHOIO
BKJIIOYE€HUA IIPUHUMAET BBIIIYKJIbIEe KOMIIAKTHbIC 3HaAYCHUA U €€ OIIOpHad q)yHKL[I/Iﬂ
yaIoBJeTBOpsieT ycaoBuio Jlummmia no ¢pa30Boil mepeMeHHOI.

Agprop u I.B. CymuprOB B paborax |7, 8] 0606mmIn IpsaMoii MeTO UCCIIeI0BAHMNST
7 TOJyIUJIU HEOOXOIWMBIE YCJIOBUS ONTHMAJBHOCTA B ONTUMHU3AIMOHHBIX 3a7a9aX
¢ nuddepeHInaJbHbIM BKJIOYEHHEM B CIydae, KOrja IpaBasi 9acTh mauddepeHi-
AJILHOTO BKJIIOUEHUS IPUHAMAET KOMIIAKTHBIE (BO3MOXKHO, HEBBIILYKJIbIE) 3HAYEHUS U
yJIOBJIETBOpsieT ycsioBuio Jlummmia B MeTpuke Xaycmopda.

B nannoit pabore, upojoszkasa ucciaegoBanus pabor [9-12], Mbl pazsuBaeM ps-
Moit meto [lonTpsirnna Ha ciyvail ONTUMHU3AIMOHHBIX 331249 ¢ JuddepeHInaaIbHbIM
BKJIIOY€HHMEM, MHOI'O3Ha4YHasd IIpaBasd YaCTb KOTOPOI'O IIpUMHUMaET HEOI'DaHNYICHHbIC
HEBBIIIYKJIblE 3HaYCHU A, USMEPUMO 3aBUCUT OT BPEMEHHN U IICEBJOJJIUIIINIIEBA I10 dpa—
30BOIi IEpEMEHHON.

*Pabora BeinosiHena npu dunancoBoii nogaep:xkke PODU (npoekr 18-01-00209a).
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C OIIEPATOPAMU DPJENN-KOBEPA
(I-PROBLEM OF MOMENTS FOR ONE-DIMENSIONAL SYSTEMS
DEFINED BY INTEGRO-DIFFERENTIAL EQUATIONS
WITH ERDELYI-KOBER OPERATORS)

C. C. ITocruos (S. S. Postnov)

Hremumym npobaem ynpasaenus um. B.A. Tpaneswuxosa PAH, Mocksa, Poccus

postnov.sergey@inbox.ru

Cerofast aKTUBHO IIPOBO/ISITCS MCCJIEOBAHNS JTUHAMUKHU CHCTEM, 33[AHHBIX yDaB-
HEHUSIMUA JPOOHOTO MOPSiJIKA, B TOM YHCJE CHCTEM C YIIPABJIEHUEM, JJIsI KOTOPBIX B
nocieanne 10-15 jeT ObLT MPeIoKEH eI PsIJl MOIXO0A0B K TOUCKY ONTHMAJIb-
Horo ynpasienust [1-4]. IIpu arom B GOJBIIMHCTBE CIyYaeB PACCMATPUBAJINCH MO-
JleJin, 3aJlaHHble YpaBHEHUAMU C ﬂpO6HbIMI/I IPOU3BOHBIMHA PI/IIV[&H&*HI/I}’BI/I.H.HH n
Kamyro. Mogenun ke peasbHbIX (DU3MIECKAX CUCTEM 3aUaCTYIO TPEOYIOT IIpUMeHe-
Husg GoJiee CJIOXKHBIX OIEPATOPOB, TAKUX Kak oneparopbl Dpueiin—Kobepa [5]. Dru
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onepaTopbl BO3HUKAIOT W IIPU aHaJIu3€e CUMMETPUH ypaBHEHUN C IIPOU3BOJHBIMU
Pumvana—JInysuis [6].

B nammoit pabore paccMaTpuBarOTCs ypaBHeHUs ¢ oreparopamu IDpaeiin—Kobepa,
cozieprKalue B MpaBoil 9acTu ynpasienne. st Takux ypaBHEHHA JTEMOHCTPUPYETCsT
BO3MOZKHOCTDH ITOCTaHOBKHU U PEIIEHUA l—IIpO6HeI\/II)I MOMEHTOB, K KOTOpOI‘/JI7 KaK U3BeCT-
HO [7], MOXKeT GBITH CBeJleHA 33/1a9a ONTUMAJIBHOTO YIIPABJIEHNUSI.

Bynem paccmarpuBaTh j1asee 0JHOMEPHBIE JIMHEITHBIE JMHAMIYECKIE CHCTEMBI TPEeX
TunoB. CuCTeMBbI IEPBOTO THIIA IIPEJCTABJISIOT COO0I MHTErPaTOP APOOHOTO MOPSIKA:

D§lq(t) =u(t),  te(0,T], (1)
rue dbyuxiun ¢(t) u u(t) — cocrognue u yupasienue coorsercrsento; T > 0. Oue-
paTop apobroro auddepeHITpOBaHT Dg"s, a €10,1], 6 € (0,1], 8 > 0, nornmaeTcs

KaK JIEBOCTOPOHHUIT oneparop jpobroro auddepernuposanust dpaeitn—Kobepa [8].
Jlpyroit THII CHCTEM OIIMCBHIBAETCH YPaBHEHUEM

D5 q(t) — Mg(t) = u(t),  t€(0,T], (2)

rae A — Koddduiment.
Tperuit Tun cucrem 3ajaercst UHTErpo-1uddepeHInaIbHBIM yPaBHEHUEM CJIE/LyI0-
IEero BUIA:

tODXPg(t) — MVIP T q(t) = u(t),  te (0,T). (3)

Paccmarpusaercsa ciydgait u(t) € Ly(0,7], 1 < p < oo, mmm u(t) € Loo(0,T7];
q(t) € Céu’ u>max(0,—a —46) — 1.

Hast ypasrennit (1)—(3) usBecTHbI TOUHBIE aHAIMTHUECKKE pemernst [9-11], Ha oc-
HOBE KOTOPBIX MOXKHO 3aIMCATH MPOOJIEMY MOMEHTOB CJIEJIYOIIErO BUJIA:

T
/0 o(ryu(r) dr = c, (4)

rae dyuxuus g(7) € Ly (0,T], 1/p+ 1/p’ = 1, u moMent (IeficTBUTEILHOE THUCIIO)
¢ # 0 oupegenstiorcst BuoM pertennii. Eciu 1o6aButs K ypasaenuo (4) orpanuyenue
Ha HOPMY yIPABJICHHSI

lu(®)[l <1 (5)

(I — pelicTBUTENBHOE TIOJIOKUTEIBHOE YUCIO), TO HOAYIUTCH [-pobaeMa MOMEHTOB,
K KOTOPOIi, KAK U3BECTHO, CBOJSTCS 3871298 [IOMCKA OIITUMAJIBHOIO YIIPABJIEHHsI C MU-
HUMaJILHOI HOPMO#i U 3311898 OBICTPOJEHCTBHS ¢ OrPAHMYEHUEM Ha HOPMY OITHMAJ/Ib-
HOTO yupasjenus [7, 12].

Nmeror MecTo ciieflyiomue yTBEePK ICHUS.

Teopema 1. IIycmo sadana cucmema (1). Toeda npobaema momermos (4), (5)
ona cucmemovs (1) mooicem Goimd NOCMABAEHA U ABAAEMCA PA3PEWUMOT NPU 6BINOA-
HENUU CACOYIOUUT YCAOBUT:

1 1
0> -, Bla+1) > -. (6)
p p
Teopema 2. IIycmo sadamna cucmema (2). Toeda npobaema momernmos (4), (5)
o cucmemovs (2) mooicem Gvimd NOCMABAEHA U ABAAEMCA PA3PEWUMOT NPU 6BINOA-
HENUU CACOYIOUUT YCAOBUT:

1
> -, Bla+d+1)>

1
’ o (7)
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Teopema 3. IIycmo sadana cucmema (3). Toeda npobaema momernmos (4), (5)
Ons cucmemvr (3) moorcem Goimbd NOCTNABAEHA U ABAACMCA PASPEUUMOT NPU BHINOA-
HEHUU CAEOYIOUUT YCA0BUT:

1 1

D=

Sameuanue 1. VYciosus (6)—(8) ocrarorcst cupaBeuBbiMu 1 B ciaydae u(t) €
€ Loo(0,T). TIpu aToM Hy»KHO nostoxkuts 1/p = 0.
Teopema 4. Ilycmov 3adana cucmema (1) u évnosnenss ycaosus meopemovy 1.

Tozda pewenue npobaemor momenmos (4), umernuwee MUHUMAALHYIO HOPMY NPU 30~
darnom unmepsaae t € (0,T], daemes popmyaoti

L (0)(TP — t8) @' =D (E=1)¢[Bla+1)—1](p'~1)

t) = ; 9
u(t) T(p/fl)[g(aw)q]B(%er/(aJrlf %),p’(é— 1)+1)7 (9)

pewenue npobaemv, momenmos (4), (5), umerowee murumasvHui nocumens t €
€ (0, T*], daemes dopmyrot

/

p—1
sign(c), (10)

’

u(t) =1P

B(T=)Plator B _ B8\9~1,8(a+1)—1
() T —7)" 't

2de T* maxodumca kax Haumerdvuiee OEUCMBUMENLHOE HEOMPUUGMEALHOE HUCAO,
ydosaemsoparousee npu 3adarnom [ > 0 ypasreruro

T|e|T(9) < 8 )/ »
B B(z+p(a+1-3),p(@0-1)+1)T o

Teopema 5. [Tycmo sadana cucmema (2), u(t) € Loo(0,T] u 6vinosnens ycaosus
meopemws (2). Tozda pewenue npobaemvi momenmos (4), umeruwee MUHUMAALHYIO
Hopmy npu 3adanrom unmepsase t € (0,T], daemesa dopmyrot

C
t) = ;
u(t) TAT(a + 6 + 1) Es a2641(NTP9)’

(11)

pewenue npobaemvr momenmos (4), (5), umerowee munumasonovil nHocumeav t €
€ (0, T*], daemes dopmyrot

u(t) = lsign(c), (12)

2de T* mazodumcesa Kax Haumenvuwee JeUCMBUMEALHOE HEOMPUUGMENLHOE HUCAO,
ydosaemsoparousee npu 3adarrom I > 0 ypasrenuo

]

=1
TAT (a4 0 + 1)Es o 2511(AT59)

B pabore usydens! cBOHICTBA MOy YEHHBIX AHAJUTAIECKUX DEIICHUI U MX 3aBUCH-
MOCTb OT IOKa3aTejieil oneparopos dpeiin—Kobepa.
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E. A. TloctuoBa (E. A. Postnova)

Hremumym npobaem ynpasaenus um. B.A. Tpaneswuxosa PAH, Mocksa, Poccus

postnova@ipu.ru

Hanmrasi paboTa SBJISIETCS MPOIOJIKEHIEM HUCCJIEIOBAHUS 33/1a9 00 ONTUMAJIbHOM

YiIpaBJI€eHUN JUHEeHHBIMU JANMHaMHUYeCKUMU CUCTeMaMUu J:[‘pO6HOFO IOpsAIKa [1]

1) ommoMepHOii cucremMbl 00IIErO BUIA;

2) JAByMEpHOil CHCTEMbI YaCTHOIO BUJA — JBONHOIO MHTEIPATOPA.
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IMoBe/ieHne 3TUX CUCTEM GBLIO PACCMOTPEHO JIJIsA JIBYX Pa3JIMYHBbIX caydaes: u(t) €
€ Lafto, T) u u(t) € Loo[to, T] (u(t) — ynpasienue). HauanbHble 1 KOHETHBIE YCIOBHUSI
ObLIM 3a/IaHBI TAPAMETPUIECKH, T.€. ABJAINCH HEKOTOPBIME (DYHKIASMHE, 3aBUCII-
Mu oT BpeMeHHOro napamerpa 1 [2].

ITepBasi U3 pacCMaTPUBAEMBIX CUCTEM OIIUCHIBACTCS yPABHEHUEM CJIEJLYIOIEr0 BH/IA:

¢ Dy q(t) = aq(t) + bu(t),

rie q(t) — dasosas koopauHaTa cucremsl, DY — oneparop apobHoro auddepernn-
poBanusd, HOHUMaeMblili B cMmbicsie Kanyro, u(t) — uckomasg (pyHKUIUS YIDPABJICHUS,
3aZlaHHas B IpocrpalcTBe Loo[to, T, a, b — HEKOTOpbIe KOHCTAHTHI.

Bropasg nmuneiinas cucrema HEIea0ro mopsKa (;:LBOI‘/’IHOI‘/’I MHTErPATOP) IIPEJICTABIISA-
eTcsd B BHU/JIE CUCTEMBI IBYX YPaBHEHU

CDEqu(t) = ga(t),
ng%(t) = u(t).

B pabore HauaspHbIE 1 KOHEYHbBIE YCJIOBUS OBLIN BBIOPAHBI /I Y€THIPEX Pa3JINd-
HBIX CJIy4YaeB, KOTOpble Ipu & = J = 1 COOTBETCTBYIOT IIEPEBO/LYy CUCTEM U3 COCTOSHUSI
[IOKOSI B paBHOMEPHOE, PABHOYCKOPEHHOE U IEPUOJIUYECKOE JIBUKEHUs, & TaKKe U3
PABHOMEPHOTO JIBUXKEHUS B PABHOYCKOpeHHOE [2].

UccemoBanacek 3amada moucka (GpyHKIUU YIPABIEHUsT ¢ MUHUMAJbHON HOPMOIA.
IIpu 5TOM IIPUMEHSLIICST METOJL MOMEHTOB [3], KOTODBIN CBOJUT MOCTABJIEHHYTO 3a/a Ty
K 3aJiave ycJIOBHON muHmMu3anuu. Jlajee 3aja4ua cBoauTCst K 0€3yCJIOBHON MUHIMU-
sanmu byakuun F(€2), KOTOpas UMeeT CJie Iy omuil BII:

20 [F(a + ﬁ)r/a <C2§2 - 1)_/3/(1 148/a

(1)

P& = apre o | o cr 2t
Th+e Cr6 —1 TP&,
"Te+s+r) & TG+ (2)

Koncranter C1 u Co onpeensiorcs Hada IbHbIMUA 1 KOHEYHBIMU YCJIOBUAMU, a TaK-
JKe TapaMerpamu 3aja9u [3].

Teopema 1. Munumym gynryuu (2) cywecmeyem mozda u mosvko mozda, Ko-
200 GHINOAHAIOMCA CACOYOUUE YCAOBUA:

0252 # 17

Ci& >0

B/
Ci&
Im =0, UAU, UMO IKEUBAACHINHO, — = >
C2ée — 1

C —1
. Ecau C1Co MO YCAOBUE TNEOPEMDBL HE GOINOAHAETNCS U
Caencreue 1. F Ci1Cy < 0,
bynkyua F(E) Hne umeem munumyma na mrodxcecmee deticmeumenvhus wuces. Ec-
au C1Cy > 0, mo mouka munumyma dynkyuu F(€2) npunadaesicum unmepsany
(—00; —=1/C%) npu Cy < 0 u unmepsaay (1/C2;+00) npu Cy > 0.
C.HeglyeT OTMETUTb, 9YTO penieHne 3a/1a49u OIITHUMaJIbHOI'O YIIPpaBJIEHUA JIJId CUCTE-
Mol (1), B KoTOpOIt oneparop Apo6HOro uddEePEeHIIPOBAHNS TOHUMAETC B CMBICJIE
Anamapa, cBomuTes K 3as1a9e MUHIME3AN QyHKIMKA BUa [4]:

F(&) = 1 & In T e -2 Do +a2) & (1 +ea)/en n
2 ch(al + as + 1) to F(a2) oy — 1
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7\ T az/on
n &2 [<ln _) _ 2( (1 +az) o ) ] . (3)
F(OéQ + 1) to F(OéQ) 6262 -1
Dyuknus (3) 3aBUCAT OT HEPEMEHHON 3 TakuMm »Ke 00pasoM, Kak u dyHKms (2).

Tlosromy jurst Hee MOXKHO cHOPMYINPOBATH AHAJOIUYHBIE YCJIOBHUS CYIIECTBOBAHUS
MHUHUMYMa.

Teopema 2. Munumym Pynrkyuu (3) cywecmsyem mozda u moavko mozda, Ko-
200 BHINOAHAIOMCA CACOYIOUUE YCAOBUA:

0252 7& 13

Ci& >0

Bl
C162 B
Im =0, UAU, YO IKEUBAAECHITIHO, —_— >
Ca6 — 1

C262 — 1

CaencrBue 2. Fcau C1Cy < 0, mo ycaogue meopemov, He 6bNOAHACNCA U
Pynryua F(E2) He umeem MuHuMyMa Ha mHodcecmee deticieumenvhux wucea. Ec-
au C1Cy > 0, mo mouka munumyma Pyrkuyun F (&) npunadaesrcum unmepsany
(—o00; —=1/C%) npu Cy < 0 u unmepsaay (1/C2;+00) npu Co > 0.

B x0j1e 1poBeIeHHBIX UCCIIe0BaHU ObLIN [TOJIyYeHbI CJIeYolIne pe3yabraThl. [1o-
CTPOEHO pEIeHNe TIOCTABIEHHON 3a/a9UN ONTUMAJIBHOTO YIIPABJICHAS [IBUKEHUEM, TI0-
JIyI€HBbI SBHBbIE (DOPMYJIbI JJIsi YIPABJIEHUS W BbIUHMCJIEHA ero HopMma. VcciemoBano
[IOBEJIEHNE HOPMBI U BPEMEHU ONTUMAJIHLHOTO YIPABJICHUS B 3aBUCHMOCTH OT ITOKA3a-
Teseit JpodHoTo MuddEePEeHITNPOBAHNS U TPOJIEMOHCTPUPOBAHO, UYTO BO BCEX CIIYUAIX
[I€PEeBO/IA CUCTEM U3 COCTOSIHUSI PABHOMEPHOT'O JIBUXKEHUsI B PABHOYCKOPEHHOE HOPMA
yIIPaBJIEHUs MMeeT IKCTpeMyM Ha Majblx BpeMenax (T < 1). Pusuyecku 310 MOXKeT
03HAYATH, 9TO CYIIECTBYIOT TAKHE IIAPAMETPHI, P KOTOPHIX BHEITHEE YIIPABJISIONIEE
BOB/IEHICTBHE JIOCTUTAET MUHUMAJIHHOTO 3HaYeHus. CpaBHEHWE HOPM YIIPABJICHUI It
HEKJIACCHIECKOTO M KJIACCHIeckoro caydaes (o = 1, § = 1) BBIIBUIIO Pe3KOe OTJIMIHE
B IIOBEJIEHNU CUCTEM Ha MaJIbIX BpEeMEHaX U aHaJIO'MYIHOE — Ha 6OJ'H>IIH/IX.

[Tonyyennsie B pabore pe3yiabraTbl MOI'YT OBITH HCIIOJIB30BAHBI IIPH pacyeTax
YIIPABJICHUS JIJIs CUCTEM HEIEJIOT0 opsiaKa. [l pakTrnaeckoe mpuMeHeHne pe3yibTaToB
MOXKET MMPUBECTU K IKOHOMUU SHEPTeTUIECKUX 3aTPAT HA yIPABJICHUE BCEH CHCTEMBI
B TIEJIOM.
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ONTUMAJIBHOE VIIPABJIEHUE U MMPMHINUII MAKCUMYMA
HJIA OIIEPATOPHBIX VPABHEHU ITEPBOI'O POJA
B BAHAXOBBLIX ITPOCTPAHCTBAX
(OPTIMAL CONTROL AND THE MAXIMUM PRINCIPLE FOR OPERATOR
EQUATIONS OF THE FIRST KIND IN BANACH SPACES)

A. U. Ilpunenko (A. I. Prilepko)

Mocxosckuii 2ocydapcmeernnnts yrnusepcumem um. M.B. Jlomowocosa,
Mocxsa, Poccus
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Jlanbl pedieKCUBHBIE U CTPOrO BBIIYKJIble OaHaxoBbl rpocrpancrsa U, E n nx
conpsizkernsle U™, E*.

Sagaua ynpasaenusi. Haiitu Tounoe penienne < mounoe ynpasaenue (HHade
ynpasaenue) u. € U n3 ypaBHeHUsI

Au=e, Ae L({U,E), ssieMeHT e € E 3asan.

MmuoxkecTBO Beex yrpasJjeHuit oboznauum depes U, C U, a MUHIMAJIBLHOE IO HOPME
YIPaBJICHAE HA30BEM ONMUMAALHOLM YNPaAeHuem W 0603HaINM depe3 uSP' = u2,
ol
Tak, uro ||ul||y = inf{||ue||v | ue € Ue}-
ConpsizkeHHY IO 3189y

Are* =u*,  AeL(B,UY),

Ha3bIBaeM 3adauets Habaroderus. OCHOBHAS TieJib JJIsl 3aja49u HaOJIIOJEHUsT — I0JIy-
YUTh 06PATHOE HEPABEHCTBO, COCTOsANIEE B HaxoxAeHun 4 > 0 rakoro, uro |[A*e*||y+ >
> plle*|| g« mas Beex e* € E*. IocieiHee paBHOCHIIBHO CYIIECTBOBAHUIO JIEBOTO 00-
parnoro ornepatopa (A*);! u semosmenuio onenku ||(A*); || < 1/u. B srom ciyudae
COTIPsIPKEHHAsT 381498 HA3BIBAETCS HENPEPLIEHO HaOA00aeMOT.

O6osnaunm vepes Jy € (U* — U) myanbnoe orobpaxkenue npocrpancrsa U*
wa U (cm. [1]). Beemem oneparop onrumansHoctu A € (E* — FE) no upasuiy
Ae* = AJy A*e* (em. [1]).

Teopema. Cywecmeosanue ynpasaenua ue # 0 npu e # 0 & nenpepusraa Ha-
611006eMOCTVD CONPANCEHHOT 304004 < CYUECMBOBGHUE BUEKMUBHO20 0MOBpaHCce-
nus A7 € (B — E*) & cywecmeosanue eQuncMEennozo onmumaisiozo ynpae-
nenua uS = Jyul, 2de ui = A*e* = A*A~le, npuuem evinoameno mepasencmeo
lus]] < ptlle|| & evmoanen npunyun makcumyma

max P(A, ue,ul, e*) = P(A,u,ul, ),
ue€Ue
2de P(Av uevu:7é*) = <u€7u:>UU* + <AJUU:75*>EE* - OZHUEH?], O‘vﬁ > 0.

Samevanue. B 3a/auax HAXOXK/ICHUs ONTHMAJBHBIX YIPABJICHHH ¢ IPUMEHEHHEM
TeOpUH MOJYIpyHI uian rpymi oneparop A € (E* — E) sBisiercss pasperiaoniuM
OLIEPATOPOM ClIeNuasIbHON o6parHoi 3anadu (cM. [2]).
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JIMHAMUKA ACUMMETPUYECKOTO BOJTUKA
[IPU U30TPOITHON SMUCCUU EF'O MOMEHTA MMITYJIbCA
(DYNAMICS OF ASYMMETRIC TOP UNDER ISOTROPIC EMISSION
OF ITS ANGULAR MOMENTUM)*

A. 3. Paccagun (A. E. Rassadin)

Huorcezopoderoe mamemamuueckoe obuecmso, Huoscnuti Hoszopod, Poccus

brat_ras@list.ru

Kax mpaBujio, B KJaccu4ecKoil MexaHHKe IPH OIMCAHUM JIBUXKEHUSI TBEPJOIrO Te-
Jla He JieJlaeTcsl HUKAKUX IIPeJIoJIOsKeHUI 0 XapaKTepe 3TOro TeJa ¢ TOUYKU 3PCHH
JIEKTPOIMHAMUKHY CILTOIMHBIX cpef [1]. Mexay tem B mokianax [2—4] mokazano, ato
€CJIM MaTepHuaJl TBEPJOro Tejia 00JIa1aeT CBORCTBOM CIIOHTAHHOM 1OJIsIpu3anun (J1eK-
TPUYECKOIl UJIM MATHUTHOM), TO TaKUe CHCTEMbI PUOOPETAI0T KAYECTBEHHO HOBbIE
CBOMCTBA 10 CPABHEHUIO C TeJaMU U3 METAJLJIOB WU JU3JeKTPUKOB TOii e (PopMbl 1
C TeM ¥Ke pacupejieleHHeM MacChl 33 CYeT BO3MOXKHOCTHU M3JIy4YeHUs] TAKUMU OObeK-
TaMM 3JIEKTPOMATHUTHBIX BOJIH (B TOM Ynciie XaoTnaecknx ). OIHAKO 3TO M3JIydeHre
[PUBOJUT K [OTEPE YHEPIUU U MOMEHTA UMILYJIbCA ITUM TEJIOM, 9TO B paborax [2—4]
HUKAK HE YIUTHIBAJIOCD.

B mpeicrapieHHOM J0KJIaJie PACCMOTPEHO JIBUKEHHE ACHUMMETPUYECKOTO BOJIY-
ka [1] ¢ deppoMarHUTHBIMYU ¥/UJIM CEMHETOIIEKTPUIECKUME BKJIIOUCHUSME, TEPIIO-

IEro CBOM MOMEHT MMITy/Ibca M coryiacHO ypaBHEHUIO

A G N = —v(M>*) M. (1)
dt

31ech V(M 2) — dynkmEs, TPUHUMAIONIAS TOTBHKO TIOJIOYKUTEbHBIC 3HAUEHHS, X —
CHMBOJI BEKTOPHOTO TIPOU3BEIEHNUs, (J — YIJIOBas CKOPOCTh BPAIIEHUS BOJIYKA, Yepe3
KOTOPYIO BBIPAXKAETCS €r0 BEKTOP MOMEHTA HMITYJIHCA M = (Iiwr, Iaws, Isws), Tae
I; < Iy < I3 — KOMIIOHEHTBI TE€H30Pa MHEPIIMH BOJYKA B TJVIABHBIX OCHAX WHEPIUU.

*Pabora BblnoJHEHa pu (uHAHCOBOH Hozep:kKke Poccuiickoro dbonna dbyHaaMeHTaIbHBIX HC-
crenosanuit (mpoekt 18-08-01356-a).
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CoryIacHO KJIACCUYECKOIT 3JIEKTPOJMHAMUKE CKOPOCTH MOTEPH MOMEHTa HUMILYJIHCA
CHCTEMOIi 2JIEKTPUYIECKUX 3apsiioB paBHa [5]
N |Rof?
dt’ 4r

/{ﬁxﬁﬁ-ﬁ+ﬁxﬁﬁ-ﬁ}do, (2)

e E u H — BEKTOPBI 3/1eKTPHUYECKOro U MATHHTHOLO HOJIeH COOTBETCTBEHHO B TOUKE
X HaGJIIOIEHNS C PAJIIyC-BEKTOPOM Ko, 7l — eIMHIYHBI BEKTOD B HAIIpAB/IeHHH Ko,
TOYKa 0603HATAET CKAIAPHOE TPOU3BEECHNUE JBYX BEKTOPOB, HHTEIPUPOBAHNE BEJETCS
IO BCEMY TEJIECHOMY YLy, a auddepeHupoBaHue 0 BPEMEHH TPOU3BOIUTCS MO OT-
HOIIIEHWIO K HETIOJ[BIKHOMN CHCTeMe KOOPANHAT (3TO 06CTOATENECTBO OTMEIEHO MITPH-
XOM).

OcCoGEeHHOCTH B3aMMHOTO PACHOJIOKEHUST (DEPPOMATHATHBIX M CErHETOJIEKTPHAIE-
CKHMX BKJIIOYEHUI B BOJIIKE MOTYT IIOTPEOOBATH yUeTa HE TOJIBKO JUIOJLHOTO W Mar-
HUTO-UTIOJBLHOTO BKJIAJIOB B HAIIPSXKEHHOCTH 3JIEKTPOMATHUTHOTO TIOJIS, U3JIy TaeMO-
ro paccMaTpHBaeMoil CMCTeMOii, HO U BKJIAJ0B BBICIIUX MYJIbTHUIIOJbHBIX MOMEHTOB,
YTO MOYKET TIPUBECTU K UPE3BBIUYANHO CJIOXKHOMY By BbhIparkeHwust (2). VImeHHO T10-
9TOMy B IIPaBYIO 9acTh ypabHeHus (1) BMmecro mHTerpasa (2), Hocsero dbyHIaMeH-
TaIBHBIH XapakTep, BBecHa denoMenonorneckas bynxmms v(M?2).

B sTOM ciyuae 3aBUCHMOCTH KBaJpaTa MOMEHTa MMITYJIbCA BOJYKA OT BPEMEHH

OIIpeJZLeHHeTCH I/IHTeraJ'IOM
T2 —
M dM?
*215 == I
sz M2 v(M?)

a MexaHmueckas sHeprus Bomuka F = (ME/I; + M3 /I, + M32/13)/2 ceasana ¢ ero
MOMEHTOM HMITYJIbCA CJIEYIOIIIM 00pa30M:
72

E(t) _ M (t) — mQ(t)

Ey M3 ’
rme wHAekcoMm ( obo3HatveHO 3HavUeHne (PU3NIECKON BEJIUYUHBI B MOMEHT BpeMe-
mn t = 0.

OkaspIiBaeTCs, ITO CIIPABE/JINBA

Teopema. Cucmema ypasnenui (1) umeem caedyrowee mounoe pewerue:

2de

_ 72 _ ¢
Q(t) _ @0 + (IS 12)<M0 2E‘Oll) / m<7_) dT,
I11>13 0

a MOOYAL dnsunmuveckur Pyrnkuuld Hdrxobu pasen

(I, — 1) (2Eo I3 — M)

fio = - .
(Is — I,) (M2 — 2E,I,)
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B npeacTaBJI€eHHOM JIOKJIa/Jle 9TO TOYHOE pelieHue IIO)lpO6HO uccJIeJ0BaHO JIJIsl
JABYX Pa3JIMIHBIX beHKHHﬁ m(t), COOTBETCTBYIONINUX ABYM Pa3/JIMIHBIM 3aBUCUMOCTAM

v = v(M?). A nmenno, aas npocreitmeit dynkmmn v(M?) = 1y HOPMUPOBAHHBIIT
MO/LyJTb MOMEHTA, UMITYJIbCA ACHMMETPUIECKOTO BOJTIKA €CTh
m(t) = exp(—vof). )

Oyuxrus v(M?2) = vy + 11 M? n0posxaer jis HOPMUPOBAHHOTO MOJLYJIs MOMEHTa,
uMILy/Ibca 6osiee CII0XKHOE BBIPAYKEHHE
V0 exp(—vot)
m(t) = — . (4)
\/1/0 + 1 ME[1 — exp(—2wpt)]

Takke B ZOKJIaJe PACCMOTPEHO NOBeeHUe yIiIoB Diinepa 0, ¢, ¢, olpenessonmx
[OJIO’KEHUE ACHMMETPHUIECKOr0 BOJTUKA B HEIIO/[BIXKHOM CHCTEMe KOOD/IMHAT, KaK [IPH
[OJICTAHOBKE B HallleHHOe TOYHOE pernieHre GyHKIWA (3), TaK U IPH HOJCTAHOBKE B
uero dyukimu (4).

[Tonyyenuble pe3ysIbTaThl MOI'YT OBITH IPUMEHEHBI HE TOJIBKO JIJIs TPYOBIX OIEHOK
IIOTEpU dHEPIru WU MOMEHTa HMITyJIbCa MEXaHO3JIEKTPOJUHaAMNYIECKNUMU CUCTEMaMH,
OIIMCAHHBIME B [2—4], HO U JIJI TIOCTPOEHUST TEOPHH KBAHTOBO-MEXAHIIECKOTO aCHM-
METPHYECKOro BOIIKa [6] ¢ smHeiiHOi moTrepeil MOMEHTa UMILYJIbCA B PAMKAX CXEMBI,
[IPEeJVIOKEHHOI B cTaTbhe [7].
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ON AVERAGE TIME PROFIT IN STOCHASTIC HARVESTING MODELS*
L. I. Rodina

Viadimir State University, Viadimir, Russia
LRodina67@mail.ru

Since the 1970s, problems of optimal harvesting of a resource in stochastic models
have attracted interest of scientists. One of the first works devoted to this subject is
apparently [1], in which it is shown that a stochastic fish population can be harvested
until a certain level (escapement level) is achieved that does not depend on the current
size of the population. A review of the literature devoted to questions of optimal
harvesting of populations given by various stochastic models is presented in [2].

We consider models of harvesting a renewable resource given by differential equa-
tions with impulse actions which depend on random parameters. In the absence
of harvesting the population development is described by the differential equation
% = g(z) which has an asymptotically stable solution ¢(t) = K, K > 0. We assume
that the lengths of the intervals 6y = 73, — T, —1 between the moments of impulses 73, are
random variables and the sizes of impulse actions depend on random parameters vy,
where 0, € Q1 C [a1,61], 0 < a1 < 81 < o0, and v € Q2 C [0,1], k = 1,2,....
It is possible to exert influence on the process of gathering by stopping gathering in
the case where its share becomes large enough, to keep some part of the resource to
increase the size of the next gathering. In this case the share of the extracted resource
will be equal to

v if vk < ug,
by, =

U if Uk Z Ul .

Thus, we consider the stochastic model given by the differential equation with impulse
actions

z = g(x), t # Tk,

1
a(m) = (1 — (v, ug))x(m% — 0), k=1,2,.... S

Let us denote U = {@: @ = (u1,...,ug,...)}, where ux € [0, 1],

G_i(el,...,ﬂk,...), 0 € Q4, 17i(v1,...,vk,...), v € Q,
W = (ek,vk), Zi (Zl,...,fk,...).

Let X = Xk(é, L, xo) be the amount of the resource before gathering at the mo-
ment 75, k = 1,2, ..., which depends on the lengths of the intervals 61, . . . , 85 between
the moments of gathering, the resource shares ¢; = £(v;,u;), ¢ = 1,...,k—1, collected
at the previous time moments, and the initial value xy. For any x¢ > 0 we will define
a limit

_ 1 n

HO L) = i S

*The author was supported by the Russian Foundation for Basic Research (project no. 16-01-
00346-a).

Xk(éa Z’ .’L'Q)ék, (2)
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which we call the average time profit from resource extraction. If this limit does not
exist, we will consider the lower limit.

We construct the control @ = (uq, . .., u, .. .) which limits the share of an extracted
resource at each time moment 75 so that the amount of the remaining resource,
starting with some moment 7, is no less than a given value x > 0. For a given
control, we estimate the average time profit and find conditions under which the
positive limit (2) exists with probability one. Thus, we describe a way of long-term
extraction of a resource for the gathering mode in which some part of the population
necessary for its further reproduction is constantly preserved and there is a limit of
the average time profit with probability one.

The stochastic model corresponding to the differential equation with random pa-
rameters (1) is described in [3].

Let ¢(t, z) be the solution of the differential equation & = g(z) satisfying the initial
condition (0, z) = x, where ¢t > 0 and « > 0. If § € Q, then the function (6, x) is
a random variable on the set Q. For any m € N we define 0,,, = (w1, ...,wy) and
random variables A, = A, (om,x) and By, = By (om, 2):

Ay = (b1, 2), Apr = (O r1, Ap(1 = £y)),
B =K, Bit1 = ©(0k41, Bp(1 —4)), k=1,....m—1.

Here
v if v < ug,

b, = U0y, x) = wp if ’Ukzuk?:l_L' )
Ar(ok, x)

We also define £, = €y (om, ) by (3). The letter M will denote the expectation of a
random variable, so M6 is the expectation of the lengths of the intervals 61,605, ... .

Theorem 1. Let the following conditions be satisfied:

(1) the equation & = g(z) has an asymptotically stable solution p(t) = K, and an
interval (K1, K2) is the area of attraction of this solution (0 < K; < K <
Ky < +00);
(2) Q1 C a1, B1] and Qo C [ag, B2, where 0 < a; < 1 < oo and 0 < ag < Bz < 1.
Then for all m € N, x € (K31, K), and xog € (K1, Ks), there is a control u € U
such that the inequalities

3

LS M(Ab) < Ha(8,0,20) < H*(8, 0,

m - M6 M(Byly)
k=1

are satisfied with probability one.

Theorem 2. Let the conditions of Theorem 1 be satisfied and ¢'(x) < 0 for all
x € (L1,Ls), where K1 < Ly < K < Lg. Then for all (x,z0) € (L1, K) x (K1, K3)

and some control u € U there exists with probability one a positive limit
= 7 1 1
H(0,¢,x9) = 70 nh_}n(io M(AnL,) = 70 nh_}n(io M (Bpty),

which does not depend on the initial value z¢ € (K7, K3).
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MATHEMATICAL STUDY ON CTL GENERATED CONTROL INDUCED
DELAY MODEL FOR HPV ASSOCIATED CERVICAL CANCER
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This article deals with a new mathematical model on cervical cancer dynamics
that describes the interactions between susceptible cell, cancerous cell, cytotoxic T
lymphocytes (CTL) and human papilloma virus (HPV). Intercellular delays have
been incorporated when the virus targets a susceptible cell, infected cell becomes
cancerous and also when CTL interacts with both infected as well as cancerous cells.
The qualitative analysis of the solutions of the delay system and the stability of
each possible steady state is described in this article. The occurrence of a limit
cycle of the system around the equilibrium point is discussed by the application
of Hopf bifurcation by using the delay as a bifurcation parameter. We also show
that the intracellular delay affects the value of the basic reproduction ratio Ry. The
theoretical and numerical outcomes have been supported through experimental data
from different publications. Furthermore, a delay induced control strategy has been
introduced based on two drugs which provides a significant prevention to overcome
the large enhancement of cancerous cells.

Formulation of the delay model. We formulate a human papilloma virus
(HPV) induced cervical cancer model at the cellular level considering susceptible
cells (5), infected cells (I), cancerous cells (C'), the CTL population (T') and HPV (V).

HPV infects the epithelial cells causing cervical cancer [1]. Here we consider the
epithelial cells as a susceptible cell compartment (S). During the time of HPV in-
fection the total number of epithelial cells gets constantly replaced every week [2].
To ensure this behaviour, we assume that the susceptible cell population grows in a
logistic fashion with intrinsic growth rate r and carrying capacity K (assumed as the
total epithelial cells of the cervix) which is related upon S and I.

Susceptible cells are infected by virus (V) via a mass action term A [3]. It takes
time for virus to infect the susceptible cell after entering to the cervix. To ensure
the time delay behaviour of virus, we include a delay parameter 71 at the interaction
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A diagram of the interactions between different populations.

term of susceptible cell by virus. At a rate aq, the infected cell population proliferates
producing new infected cells, and d; is the apoptosis rate of infected cells.

Once the susceptible cells transform into the infected, there is a risk of developing
cancer by high risk types of HPV. 3 is the progression rate at which infected cells
become cancerous. The progression from infected cell to cancerous cell passes through
different stages like CIN1, CIN2, and CIN3. Due to the in-between time it takes
the infected cell to pass through the intermediate stages before it converts into the
cancerous stage, we include a time delay parameter 7o in the progression term [.
When the cancer cells are formed, they also grow at a rate of ag, and ds is the natural
death rate by apoptosis of cancerous cells.

We assume the growth of the CTL population takes in a logistic fashion with
maximum per capita rate r1 and carrying capacity Ki. The parameters p and ~ are
the rate at which the CTL interacts with the infected and cancerous cells, respectively,
and kills them. CTL cannot kill infected and cancerous cells instantly, and there is a
time delay in the interaction with the infected and cancerous cells. We assume that
the interaction lags by a delay 73 with both infected and cancerous cells. And d3 is
the natural death rate of the CTL population.

New virus is produced from the dead infected cells upon lysis. In fact the cancerous
cells cannot produce new virus. The parameter 7 is the birth rate of virus, and dy4 is
the clearance rate of HPV.

Thus we have the following mathematical model:

5 _ r5<1 - %) CASV(E— ),

dt

dl

E = )\SV(t — T1) + a1l —did — ﬁ](t — TQ) — pI(t — T3)T(t — 7'3),
dc

e BI(t — 12) + asC — vC(t — 13)T(t — 73) — d2C,
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drT T
— =rIT(1— — ) —dsT
dt T1 ( Kl) 34

dav

— =ndiI —d,V,.

dt nay 4V,
with initial conditions V(t — ) =0, I(t — 72) =0, T(t —13) = 0, C(t — 73) = 0,
S(0) > 0, I(0) > 0, C(0) > 0, T(0) > 0, and V(0) > 0, and all the parameters are
assumed to be nonnegative.

Control induced delay model. Here we introduce two drugs us(t) and us(t)
in our mathematical model. We have considered that chemo reduces the prolifer-
ation rate of cancerous cells by 1 — w;(t) where uq(¢) is the control input doses of
the chemotherapeutic drug. IL-2 treatment is given by the control input parameter
us(t) which enhances the CTL population to help killing the infected cells as well as
cancerous cells.

Thus we have the following control induced delay model:

dsS S+1
rS( %

= 1—) —ASV(t —7),

dl

% = /\SV(t — 7'1) + a1l —did — ﬂ[(t — 7'2) — pI(t — T3)T(t — 7'3),
dC

E = 6I(t — T2) + a2(1 - ul(t))C - ’yC(t - T3)T(t — T3) — dgc,
dT T

E = T‘1[T<1 — E) +UQ(t)T —dsT,

dV

— =ndi I — d4V.

g~ Ml —daV.

Here S(0) > 0, I(0) > 0, C(0) > 0, T(0) > 0, and V(0) > 0, and all the parameters
are assumed to be nonnegative. The cost function is formulated as

tg
Thus (@), unlt)] = [ 3[Pad(0) + Qui(t) - T2 + 7] at.
ts

In this problem, we are seeking the optimal control pair (u}, u}) such that J(u}, ul) =
min{J(u1,u2): (ui,u2) € U}. Here U is the control set defined by U = U; x Us,
where Uy = Uy = {u(t): u; and uz are measurable, 0 < uy(¢) < 1, 0 < wua(t) < 1,
t € [ts,t]}. To determine the optimal control uj and uj, we use the Pontryagin
minimum principle.
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CAMOIIO/IOBHBIE TTOTOKH,
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(SELF-SIMILAR FLOWS, SOME SPECTRAL EFFECTS)*
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Coxpansiomnuit Mepy moTok T camMornomobeH, eciu st HeKoToporo a > 0 oH u30-
mopden motoky Ty:. 31ech, Kak u B pabote [1], mogpasymMeBaercst COXpaHsIIOIMUii Mepy
nzomopdusm. B ciayqae, eciin dpazoBoe mpoCcTpaHCTBO MOTOKA NMEET OECKOHETHYIO Me-
Py, yIobHO He TpebOBaTh OT M30MOP(PU3Ma COXPAHEHUS MEPbhI, & OIPAHUIUTHCS €0
HECHHTYJISIPHOCTBIO. DTO OCJIabJIeHUe TPUBOJINT K MHTEPECHBIM ITpUMepaM OecKOHed-
HBIX CAMOIIOZOOHBIX JMHAMUYIECKAX CUCTeM. B [2]| GBI MPeIoXKeHbl COOTBETCTBY-
fole KOHCTPYKIWHU panra 1, obyasatoniue camoriogobuem mipu a > 2. Pacemorpe-
HIU€ TayCCOBCKUX U IIyaCCOHOBCKUX HAJCTPOEK HAJI TAKUMU OECKOHEUYHBIMU CUCTEMAMUI
[I03BOJIIeT OOHAPYXKUBATH MIOTOKU HA BEPOSITHOCTHOM IIPOCTPAHCTBE C HEOOBITHBIMU
CIIEKTPAJIbHBIMI CBOICTBAMHU.

Teopema. A. Cywecmsyem nomox {T;} ¢ eepoammocmuoli uneapuanmmold me-
poti maxoti, wmo npoussedenus Ty @ Ty 0as 00no20 beckonewrnozo nabopa napamem-
POB @ UMENM, CUHLYAAPHBLT CREKMP, ¢ 0Af IpY2020 beckoHe w020 HabOPa NAPAMEMPOS
obaadarom aebe208ckol KomMnonenmotl 8 cnexmpe.

B. Jlaa amozo nomoxa mnabopul cnexkmpasvhoir kpamuocmet YHUmaphoir onepa-

mMopos, OMBEEUUMOWUT Inemernmam nomoka Ty, cywecmsenro 3a6ucam om epeme-
nu t > 0.
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AHOPMAJIbHBIE TPAEKTOPUU
B CYBPUMAHOBOW 3AJIAYE C BEKTOPOM POCTA (2,3,5,8)
(ABNORMAL TRAJECTORIES IN THE SUB-RIEMANNIAN PROBLEM
WITH THE GROWTH VECTOR (2, 3,5, 8))*
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PaccMaTpuBaeTcst HIIILIIOTEHTHAsI CyOPUMAaHOBa 3a/1a4a ¢ BEKTOpOM pocTa (2,3,5,8)
KaK 3aJla9a OITUMAaJIbHOI'O YIIPaBJIEHUA B BOCbMIMEDHOM IIPOCTPAHCTBE COCTOSTHUM €
JBYMEPHBIM JIMHEHHBIM yIIPABJICHUHEM. DTa 3aada SABJISETCH MMPOCTEHINeil HUIHIIO-
TEHTHOM CyOpMMAHOBOII 3a/1adeil paHra 2 Ha YeTHIPEXCTYIIeHHON rpynme JIu u 3amaer
HUJIBIIOTEHTHYIO aIlIPOKCUMAIIAIO ITPOU3BOIBLHON CyOPUMAHOBOM CTPYKTYPhI paHra 2
B BOCBMUMEDPHOM ITPOCTPAHCTBE COCTOSHUI B OKPECTHOCTH TOYKHU OOIIETO MTOJIOKEHUSI.

s mccaenoBaHus 3a/1a9u IpuMeHsieTcs npuHimn MakcuMmyma [lonrparuna. Ilo-
JIyYeHA ITapaMeTpU3alius aHOPMAJIbHBIX IKCTPEMAJIbHBIX [ap: BIPOXKIEHHBIX (AHHY-
JIPYIOIIUX Ky6 PACIpeIe/IeHnsI) U HEBbIPOK ICHHBIX.

PasnomepHO mpoberaemble aHOPMAaJIbHBIE SKCTPEMAaJIbHbIE TPAEKTOPUN HCCJIEI0BA~
HBbI Ha CTPOr'yI0O aHOPMaJIbHOCTb. ﬂOKaSaHO, 9TO BCE BBIPOXKJICHHbIE aHOPMAaJIbHbIC IKC-
TpeMaJIbHble TPAEKTOPUHM HECTPOrO aHOPMaJIbHBI. JljIsT mccienoBaHus HEBBIPOXK IEH-
HBIX aHOPMAaJIbHBIX 3KCTPEMAJIbHBIX TPAEKTOPHil JI0Ka3aH KPUTEPUil CTPOToil aHOP-
MaJIbHOCTH, KOTOPBII pa3/iesseT 3TH TPACKTOPUN Ha CTPOI'O M HECTPOI'0 aHOPMaJIbHbIE
COIJIACHO HEKOTOPOMY CBOMCTBY KPUBHU3HBI IIPOEKIIHIT 9TUX TPAEKTOPU HA IIJIOCKOCTH
pacipe/ieseHus.

PasnomepHO mpoberaemble aHOpPMAaJIbHBIE SKCTPEMAJIbHbIE TPAEKTOPUN HCCJIEI0BA~
HBI Ha ONTUMAaJbHOCTB. JloKazaHO, 9TO HECTPOro aHOPMAaJbHbIE TPAEKTOPHUH OITHU-
MaJIbHBI JINDO HA OMPEJIEJIEHHOM OTPE3Ke, JIN0O 10 OECKOHETHOCTH U 3AIIOJTHSIOT TJIa/I-
Kr€e TPEXMEPHOE U J[Ba CHMMETPUIHBIX JBYMEPHBIX MHOr00Opa3us. Bce aHopMasibHbIe
9KCTpeMaJIbHbIE TPACKTOPUU ABJIAIOTCHA Cy6pI/H\/IaHOBI)IMI/I I'e0Ie3NIYCCKUMMU.
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PErVIAPU3ALINS UHTEIPAJIBHBIX OIIEPATOPOB B CUHI'V/ISIPHO
BO3MVIIIEHHBIX 3AAYAX B METOJE C.A. JIOMOBA
(REGULARIZATION OF INTEGRAL OPERATORS IN SINGULARLY
PERTURBED PROBLEMS IN S. A. LOMOV’S METHOD)

B. ®. Cadonos (V. F. Safonov)

Mockosckuti anepeemuvecrkuts uncmumym, Mockea, Poccus

SafonovVF@yandex.ru

B pa6ore [1] nogaepkuBanocs, 14to npu 06o6mennn metosa peryaspusanuu C.A. Jlo-
MoBa [2]| Ha mHTerpasbHble 1 nHTErpoud depeHInaIbHbIE CHHIYJISIPHO BO3MYIIEHHBIE
3312491 TUIA

dy(t,e)
dt

y(o 5)_y (tE[O,T],O[:t,O[:T<+OO, ,LL(t)SO),

€

= A(t)y(t,e) + /OO‘ K(t,s)y(s,e)ds+ h(t, ), O

ey(t,e) = A(t)y(t,e) + /0@ K(t,s)y(s,e)ds + h(t), (1a)

OCHOBHAsl TPY/JHOCTH 3aKJIOYAETCS B PEryJsIPU3AIAN MHTErPAJIbHBIX OIEPATOPOB.
B ciywae ux orcyTcTBUS, T.€. IPU HATMYAU TOJIHKO AuddepeHInaIbHOrO OepaTopa
L. = 5% +A(t), peryssipusaliys COOTBETCTBYIONIEH CUHTY/IAPHON 339U IPOU3BOIUT-
cs1 06b1aHO 10 crekTpy {A;(t)} npenesnsroro oneparopa A(t) ¢ HOMOIIBIO U3BECTHOI
dopMyIIbl C.J'IO)KHOI‘O ;mcb(bepeHquOBaHHs{ IIpu sToMm pacmupenHsiit oneparop 6yer
umers B L = e2- o +Z \j(t) 22 o7; + A(t). Ijist mETErpasIbHBIX OIEPATOPOB AHAJIOTA
bOPMyYIIBI CITOKHOTO ,ZLI/I(b(bepeHLII/IpOBaHI/IH HET, TI03TOMY HAIIPSIMYIO MMOCTPOUTH Pac-
ImupeHne nHTEerpaJabHOIro orepaTopa He IIPpeICTaB/IA€TCAd BO3MOXKHDBIM. HpI/II\’IeHﬂH oI11e-
panyio HHTErpupoBaHUsd 110 9aCTAM K UHTEr'paJry OT KazK/I0T'0 dJIEMEHTa IIPOCTPaHCTBa
U={y=>2"1yi(t)e” +yo(t), y;(t) € C([0,T],C")}, ncronpzyemoro B mucpde-
PEHIMAILHBIX CUCTEMAX /I perenust ntepanuonnbix 3a1a4, C.A. JlomoB mpuxomuT K
BBIBO/Ly, YTO MPOCTPAHCTBO, HHBAPUAHTHOE OTHOCUTEHHO MHTEIPATHLHOTO OTIEPATODA,
JIOJIZKHO OBITH PACIIMPEHO M MMETh BUJ IpocTpaHcTBa U, HO B KOTOpOM K03 duIm-
eHTHI Y;(t) Kaxka0ro ero sjuementa y(t, 7) JOJIKHBI ObITH ACHMITOTUUECKUMY CTEIIEH-
HBIMH PSIJIAMH TI0 €, paBHOMepHO cxonsmumucs 110 ¢ € [0, T]. IIpu sTom paciumpenue
J MHTErpagbHOro orneparopa J OyIeT OIPeieeHO Ha MHOYKECTBE ACHMIITOTHUECKIX
psinos y(t,7,.e) = Y 2 efyr(t, 7) ¢ xoaddummenramu yi(t, 7) € U, a cam oneparop
J Gyer MeTh JOBOJIBHO CIIOKHYIO CTPYKTYDPY

tTE Z ZRuryrtT

rae Ry, : U — U — onepaTopbl NOPAIKA 1O £:

Roy(t,7) = RO(Z% Ye™ + yo(t ) /Ktsyo ) ds,

j=1
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Ruy(t,m) = (1) ’"*12[ (I (B (1 )95 (5)) ™ = (I (K (2 9)5(5))) oo

Temepb MOXKHO 3alUCaTh 3a/a4y, HOJHOCTBIO PEryJISPU30BAHHYIO 110 OTHOIIEHHIO K
ucxouoii (1):

T oy s
i > )\j(f)a—Tj —A)g — Jg=h(t),  y(0,0,¢) ="
=1

Ecsm ke xoTst 661 0/THO U3 COOCTBEHHBIX 3HAYEHUN OOPAIAETCs B HYJIb B U30JIAPO-
BamHO# Touxe orpeska [0, 7] (manpumep, ecmm A; (t) = —tFlo(t), lo(t) > 0Vt € [0, 7)),
TO BO3HHUKAIOT CYIIECTBEHHBIE TPY/HOCTU IIPU PEryJIsSPU3AINN NHTErPAJILHOTO Ollepa-
topa. Hanpsimyto pumenuts ujieio peryisipusaimu C.A. JlomoBa He 1peicTaBisieTcs
BO3MOZKHBIM, TaK KaK Ollepalis NHTeIPUPOBAHUSA 110 YaCTAM B 9TOM CJiydae He pabo-
taet. [losTOMy pa3BUBaeTCs PEryJIsIpU3AIUs ¢ IIOMOIIBI0 HOPMAJIBHBIX (POPM, OCHOB-
Hasl #Jiest KOTOPOil COCTOUT B TOM, YTO PEryJIpU3UPYIONIHE [I€PpEeMEeHHbIe BBOIATCS He
HEINOCPEICTBEHHO 10 CIIEKTDY IIPEesIbHOro oneparopa A(t), a BBIYUCIISIIOTCS O1Iocpe-
JIOBAHHO C roMoIbio uddepeHImantbHol HOpMaabHO hOPMBI

+1

du

Ed—tl =M (t)ur + Zg’”gr(t), u1(0,6) =1,
d
CZJ =\, (t)u;, u;(0,¢) =1, j=2n,

rue GbyHKImU g (t) BEIYUCISIOTCS B IPOLECCE IIOCTPOEHUST PETYJISIPU30BAHHOIO ACHMII-
TOTHYECKOrO penieHus ucxomuoit 3ajgaqdu (1). Pemenue s1oit hopMbl 3anucbBaoTcs
B KBaJZpaTypax. lIporeaypa peryasgpuzauym THTErpaJbHOTO OllepaTopa OCHOBaHA Ha
CJIEJTYIOIIEM Y TBEPXKIEHNH.

JIemma. ITyemo dynryuu a(t), u(t) € C[0,T] maxosw, wmo a(t) # p(t) npu
t € [0,T] u pynxyusn g(t,e) nenpepuena no t € [0,T] npu xaorcdom € > 0. Ecau
Pyrryus u = u(t,€) A6AACMCA PEWEHUEM YPAGHEHUSA

ety = a(t)uy + g(t, ),

mo npu mobuix t € [0,T] u & > 0 umeem mecmo paseHcmeo

ui(t,e) = ()Eu(t) exp(l/t (9)d0>; {exp< i/otu(H)cw)ul(t,e)} -

IIpumenenne 3TOi JeMMBI TO3BOJIMJIO MPOBECTU TMOJHYIO PETYJISPU3AIIAI0 HHTE-
IPaJIbHBIX OIEPATOPOB U IIOCTPOUTH DPETYJISPU30BAHHOE aCUMIITOTHYECKOE PellleHune
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JlaxKe B Cjliyvdae KOHTHHyaJ’IbHOﬁ HEeCTabUIbHOCTU CIIEKTPa, HallpuMep, B 3a/1a4e

5% — a(t)y + /Ot exp(é /St 10(6) d9) K(t, s)y(s,<) ds +

a0t [ expe [ m® de)q<s>y<s,a> ds + (),
y(0,¢e) = yo, te0,T)

(eM. [3]), ¢ BBICTPO M3MEHATONUMUCH $I/IPAMH, OJIHO U3 KOTOPBIX HMEeT HecTabu/IbHoe
cnekTpasbHoe 3nadenue (u1(t) =0Vt € S C [0,T]).
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KJIACCUDPUKALINA PACILINPEHUN
KBABUITEPUOANYECKUX ITOTOKOB HA TOPE
(CLASSIFICATION OF EXTENSIONS OF QUASIPERIODIC TORUS FLOWS)

A. H. Caxapos (A. N. Sakharov)

Huotcezopodekas 2ocydapcmeennas ceabCkoro3atlcmeeHtas akalemus,
Huotenuti Hoszopod, Poccus

ansakharov2008@yandex.ru

JloKJ1a/T TIOCBSIIIIEH BOIIPOCAM TOIIOJOTHIECKONH KJiacCu(UKAIUN ITOTOKOB HA TPEX-
MEPHOM TOpE, ITOPOXK/IaeMbIX BEKTOPHBIMU IIOJIAMU BUJIA

»=w, 0= ’U((p,@), (1)

rie (p,0) — yriaosbie KoopiuHaThl Ha Tope T3, BekTop w € R? mMeer panmoHa bHO
HE3aBUCUMbIE KOMIIOHEHTBI, v(p, ) — HenpepbiBHAsI [EPUOIUYECKAs 110 BCEM Iepe-
MeHHbIM (yHKnug. Takum o6pazom, cucrema (1) HOPOKIAET MMOTOK, ABJSIOMUICS
pacmupeHueM KBa3UIIEPUOJINIECKOTO IIOTOKa Ha TOpe.

Bynem paccmarpuBaTh 3a/1ady KaacCUMUKAIME JJI TOTOKOB C OJIHUM W TEM K€
BekTOpOM w. Kitacc takmx morokos obosznaumm uepes C,. Kiaccudukarnums noro-
KOB U3 3TOI'0 KJIaCCa IPOU3BOJAUTCA 110 OTHOIIEHUIO NOCAOUHOT TMONO0A02UNECKOT CO-
NPANCEHHOCTIU, T.€. TIOTOKU f' m g' CONpPSKeHBI, eCIu CyIecTByeT roMeoMopdusM
h: T3 — T3 rakoit, ato h(p, 0) = (¢, H,(0)), tae Hy: S' — S' — romeomopdusm S,
u h(f*(p,0)) = g' (v, Hy()). Ecam xe orobpaxenune H, He romeoMopdu3M, a TOILKO
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romomMopdusM (HenpepbIBHOE 0TOGPazKeHne Ha), TO TOBOPAT O NOCAOIHOT NOAYCONDA-
orcenmocmu TToTokos ft u gt.

s uccoeioBanus noToka f! € C,, yI06HO MCHOJIL30BAThL €ro HMOJHATHE Ha yHH-
BepcajibHOe HakpbITHe Topa TS, KoTopoe mpejcraBumMo B Buje ®(t,¢) = ¢ + wt,
O(t,,0) = 0 + F(p,0), rne F' — nepuoguueckas no o, 0 dyunxmus. UssectHo,
4TO M060i MOTOK U3 Kiacca C,, IMeeT eIUHCTBeHHDI 6eKmop 6pau,eHus

P = (w17w27 Q)v 0= tlig.lo Ft(@va)/tv (2)

rje o (wucao epawerus caoA) He 3aBUCAT OT HAYaJIbHBIX JaHHBIX (p,0) (cm. [1, 2]).
Jpyroit BayKHO# XapaKTEPUCTUKON, MCIIOJb3yeMOl NP KIACCUMDUKAINN, SBJISETCS
cBoficTBO pezyaspnocmu: notok f' € @, peryaspen, eciu cymecTsyer quciao ¢ > 0
TaKoe, UTo

[F*(,0) —to| < c. (3)

CaoiicTBo (3) 03HaYaer, YTO TPAEKTOPHs IIOTOKA HA HAKPBITUM UMEET KOHEYHOE OT-
KJIOHEHWE OT TIOJHSITUSI COACUMIITOTHIECKON T€0Ie3NIeCKOil Ha TOpe.

BekTop BpaleHus p Ha3BIBAETCS HEPE3OHAHCHBIM, €CJIH €I0 KOMIIOHEHTBI Pallio-
HaJIbHO HE3ABUCUMBI. B MIPOTHBHOM CjIydae OH HA3BIBACTCH PE3OHAHCHBIM.

Kiraccudukanus A. Ilyarkape moToKOB Ha JBy MEPHOM TOPe OCHOBAHA Ha, OIMCAHUN
JIMTHAMUKHI TOMeOoMOP(hU3Ma, OKPY>KHOCTH, ABJIsIomelicsa riobanbroil cexymeit!. Tlo-
Tox f! € C, Takzke MMeeT INIOOAIBHYIO CEKYIIyIo, HOITOMY HM3yHYeHHe MOTOKA MOXKHO
CBECTH K M3y4eHUIo ToMeoMopdusMa (0Tobpaskenns moc/ieosanus) Topa T2:

¢1:¢+OZ, 01:9+B(¢79)7 (4)

rie « = wy/wy. OueBnIHO, 9TO STOT TOMEOMOPMU3M TAKIKE UMEET BEKTOD BDAIIEHUS
(cv, 0/w2) M HACEIYET CBOMCTBO PErYIISIPHOCTA. DTH CBOWCTBA U OBIIIN UCIIOJIb30BAHBI
st (qactuaHolt) kinaccudukamun romeomopdusmon (4) (em. [3-5] u npusegeHHYIO
ram 6ubsmorpaduio). OCHOBHOI pe3yJibTaT, IOJIy YeHHBIN B yKA3AHHBIX [IyOJIUKAIUAX,
3aKJI0UAETCS B CIIETYTOIIEM.

IIpennoxenue. FEcau 2omeomopdusm (4) peeyaapen u 6eKmop 6pawserus Hepe-
30HAHCHDBIT, MO OH NOAYCONDPAIANCEH COBURY

$1=¢+a, 0, =0+ o/ws.

DTOT pe3yJbTAT, €CTECTBEHHO, CIPABEJIUB U JIJIA MOTOKOB 3 Gy, .

B nox1a,1e POPMYIIPYeTCs Psijl yTOIHEHHH , KACAIONINXCS KJIACCUMDUKAIIH TOTOKOB
n3 C,. Ilpu arom OymeM HUCIOIB30BATDH €IIe JIBE XAPAKTEPUCTUKU IUHAMUKHA ITUX
HOTOKOB. ByJsieM roBopuTh, uTo OTOK f! € Gy nocaotinoe ducmanen, ecyu I BCex
© € T? u 0; # 0, cymecrsyer §(01,02) > 0 Takoe, 9TO

t—ll?oo |®(ta ®, 91) - ®<t’ @, 02)' > 5(917 92)

Eciu xxe B ciosix CYyHIECTBYIOT aCUMIITOTUYIECCKHUE TPAaCKTOPHUHU, TO ITOTOK Ha3bIBACTCA
NOCAOUHO nNpoxcuUMaLbHbHBIM.

1B ciydae, paccmorpennom A. Ilyankape, CBOWCTBO PEryJIsIDHOCTH IIOTOKA aBTOMATUYECKH BbI-
HOJIHAETCS.
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Teopema 1. Ilycmv nomox f € C, peeyasapen u €20 6eKMOp 6PAULEHUA HEPE3O0-
nancuoutl. Toeda

(1) ecau nomox f' nocaotino ducmanen, mo on MonosvzuMECKkU Conpactcen sunel-
HOMY

(0,0) = (¢ +w, 0+ 0); (5)

(2) ecau nomox f' nocaotino npokcumanen, Mo on MONOAORUNECKU NOAYCONPAIHCEH
aunetinomy nomoxy (5).

IIycth BeKTOp BpaIlieHUs] PE30HAHCHBIH, T.€.
miwi + mows + mso = 0.

Torna samena
01 = m1<p1 + ’ITLQQOQ + ZG

npeobpasyer BeKTopHOe Tosie (1) B BEKTOpHOE T10J1e
Sb = w, 0.1 = 5(90791) (6)

Ha [-macTHOM HakpbITHE Topa T2, TIoTOK, ITIOPOYKAaeMblil STHM OJIEM, IMEeT HyJIeBOe
YUCJIO BPAIIEHUsI CJIOsI.

Teopema 2. Ilycmv nomox f € C,, peeyaaper u “ucao 6pawerus cioa o = 0.
Toz0a

(1) ecau nomox f! nocaotino ducmanen, Mo oH MONOAORUMECKY CONPAICEH AUNHETi-
HOMY MOMOKY

((p,@) = ((P +w, 9)7

(2) ecau nomox ft nocaotine npoxcumanen, mo on MONOAORUMECKU NOAYCONDAINCEN
NOMOKY, NOPOAHCAAEMOMY BEKTMOPHHIM TLOAEM

Y =uw, 0 = sin(m#).

Vreepxkienue (2) TeopeMbl 2 SBJISIETCS YACTHBIM CJIyYaeM TeopeMbl 3, copmyJiu-
posauHoii B [6].

JlokazaresibCTBa STUX PE3yJIbTATOB OMUPAIOTCS Ha 0000IIEHHY0 TeopeMy loTimast-
kKa—Xe ryH A [5] 0 CyIecTBOBAaHNN HENPEPBIBHBIX PENIEHUH aJ/IATUBHBIX TOMOJIOTU-
YeCKUX ypPaBHEHNUIA.
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OPTIMIZATION OF INTERPLANETARY FLIGHT TO PHOBOS
ON THE BASIS OF MAXIMUM PRINCIPLE
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V.A. Trapeznikov Institute of Control Sciences of Russian Academy of Sciences,
Moscow, Russia
RUDN University, Moscow, Russia

kipt35@gmail.com, parabolic.hyperboloid@gmail.com

The topical optimization problem of three-dimensional transfer to Phobos is con-
sidered [1]. In the first version of the Phobos-Grunt project, the combined propulsion
system comprising low thrust (LT) jet engines was supposed to be used [2]. Maneuvers
near Mars and the return stage were implemented with the use of a big thrust (BT)
engine. Later this promising scheme with combining BT and LT jet engines was
rejected [3]; however, the problem of designing and optimizing combined propulsion
schemes of interplanetary missions remains.

On the one hand, this problem is related to the real mission to Phobos, which
the Russian Federation is going to implement in the next few years. On the other
hand, development of the methods of the interplanetary trajectory optimization is a
question of present interest.

In other studies of such problems, planetocentric parts of trajectories are usually
neglected, and there is no through optimization of the whole mission. In this paper, as
an example of such a problem, the problem of designing the expedition to Phobos with
these features taken into account is solved by Pontryagin’s extremal design method.
Namely, the cosmodynamics problem is formalized as an optimal control problem:;
then the boundary problem of Pontryagin’s maximum principle is solved numerically
by the shooting method. Certain trajectories are designed.

Problems with the combined propulsion system and the efficiency of using LT in
interplanetary expeditions are known for a long time [4, 5]. The possible gain due to
using combined propulsion in comparison with using only BT engines is calculated
for the mission to Phobos.

We suppose that the spacecraft (SC) starts from the artificial Earth satellite orbit
corresponding to a start from Baikonur between 2020 and 2030 and arrives at Phobos
in some time. The total duration of an expedition is limited. The coordinates of
the Earth, Mars and Phobos correspond to ephemeris DE424 and MAR097. The
gravitational fields of the Sun, Earth and Mars are considered to be Newtonian. The
moments of the SC start and finish are optimized. The SC is equipped with BT and
LT engines. The control is realized by the value and the direction of a jet thrust vector.
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After the end of each trajectory part on which the propulsion system is used, it dumps
instantly. The SC angular position on an initial starting circle and the moments of
switching the thrust on and off are optimized. Weight losses are minimized.

Rigid conditions of phasing are supposed at two trajectory end points. The SC
lands on or flies up from the natural satellite. At the end of the mission, hit-the-point
type condition of rendezvous with the Earth is considered. The SC and Phobos are
supposed to be non-attracting material points; their coordinates and velocity vectors
at the time of meeting coincide.

The considered cosmodynamics problem was formalized as an optimal control prob-
lem for a variable structure dynamic system [6] and was solved on the basis of Pon-
tryagin’s maximum principle. The six-point boundary value problem was reduced to
the point-to-point problem and was solved numerically with the use of the shooting
method. The root of the vector function was found with the use of Newton’s method
with Isaev—Sonin’s modification and Fedorenko’s normalization in the convergence
conditions. The Cauchy problems of the shooting method were solved numerically
by the explicit eighth order Runge-Kutta’s method based on Dormand—-Prince’s 8(7)
calculating formulae with the automatic step choice. The external gradient optimiza-
tion methods were used in extremal creating. The calculation scheme is presented
in [7].

One of the main difficulties in solving such problems is to construct a good ap-
proximation for the initial parameter values. The original problem is multiextremal.
First, note that a launch window to the Earth from Mars opens every two years.
Therefore, at the beginning of the solution, global optimization was made: the SC
flight was approximated with a series of close Lambert’s problems with consideration
of different impulse numbers in the Mars sphere of influence [8]. The best years for the
SC start were calculated. A comparison to the absolute minimum of the maneuver
was made. In addition, a locally optimal trajectory exists for each revolution of
Phobos around Mars. The method of finding the best of them is represented in [9].
The external optimization with the use of a combination of gradient methods and a
method of continuation of the solution with respect to the parameter was made for
time optimization at the bound point with a phasing condition.

Then the problem was solved in a pulse statement on the basis of the Lagrange
principle with consideration of the Sun and Mars attraction on each part of the
trajectory. On the basis of the pulse solution, the extremals with limited thrust
in the original problem were constructed [10]. The transversality conditions of the
maximum principle were effective for the time optimization on the trajectory end with
hit-the-point condition.

Another difficulty to be overcome during the decision creation is the restructuring
of a trajectory. A specific method is given.

The through optimization with respect to the task parameters was made. The
possible gain from using the combined thrust in comparison with using only BT
engines was estimated.

Finally, the original problem has been solved, and specific numerical results are
given. Pontryagin’s extremals are singled out as a result of solving a boundary value
problem. The analysis depending on the problem parameters is carried out.

Note that using combined high and low thrust propulsion for space missions allows
to increase the useful weight and makes the project cheaper, which is important now.
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Expeditions to Mars and its natural satellites can help to provide a solution of a wide
range of physics problems of the Solar system.

Consideration of the complex trajectory optimization problems demanding the syn-

thesis of local and multiextremal optimization methods, optimal control, cosmody-
namics, mechanics of space flight, gravitational astronomy and numerical methods
makes a significant contribution to the theory of solutions of such problems.

1.

10.
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STATIONARITY CONDITIONS IN AN OPTIMAL CONTROL PROBLEM
RELATED TO AUTONOMOUS OBJECTS GROUP TARGET ORBITING
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In this work, we deal with the following problem:
&= f(z,u) on Ay = [ty,T],
y'i:gi(yi vi) on A; =1[t;,T), i=1,...,n,

P(u
Jai= J(z(to>,x(T>,y1(t1>,y1(T>,...,y"(tn>,y”<T>) ~ min_
u,vl, .. v
Here, 2(t) € R" is the carrier object state vector at time ¢ and y*(t) € R" is the
ith payload object state vector at time ¢t. We consider a situation when the carrier
moves from its initial orbit to its target orbit “dropping” payloads at times ¢;. The
base goal is to realize an optimal inter-orbit transfer which is set by the conditions

(P1<$(t0)’x<T)) =0, 902($(t0)»$(T)) <0

and drop payloads with respect to a prescribed “distribution” which is set by the
conditions

®;(x(t),y' (1) = 0, wx(ti),yi(ti))go, i=1,....n.

10 vnO)

)

For simplicity, for process w’ = (2%, 3, ...,y u% v we consider the
case of extended weak minimum. Our goal is to obtam statlonarity conditions. To
do this, introduce new (normalized) time 7 € [0, 1] and consider the time variable ¢
on the segments A; as a new variable t; subject to the equation

t.
é = pi (T)v

where p;(7) > 0 are additional controls. Then, on the segment [0,1] we introduce
variables

m=ati(r), ol =y(t(), i=1..n+1, j=1,...,i-1,
and new controls

G=u(tir)), w =v(t(r), i=1,...,n+1, j=1,...,i—1

*This work is supported in part by the Russian Foundation for Basic Research, project no. 18-
31-00091.
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Thus, we replicate the original variables and transform the original problem to a
problem on the fixed time interval [0, 1]:

dZi d’l]l 1 ; dti
a0 = Pif(zi,fi), = pig (775 wz)a - = Pi,

dr dr dr
i=1,...,n+1, j=1,...,i—1
zi(1) —24+1(0) =0, i=1,...,n—1,
—nl,0)=0, i=2...n-1, j=1,...,i-1,
—to, ta(1)=T, t;(1)—ti41(0)=0, i=1,...,n—1,
®;(z(0),mi(t;)) =0, W;(2:(0),mi(t;) <0, i=1,....,n+1,
0, ¥2(21(0),2,(1)) <0,
¢(€z)§ wj( )go i=1,...,n+1, j=1,...,i—1

)

0,
( Zﬂ+1 771 (0)7 77111+1(1)7 e 777711(0)7 anLl(]')) — ¢ HliIl

1
YW, w™

Formulating stationarity conditions for Problem B, we introduce Lipschitz adjoint
variables v, (1), wﬂf (1), ¢, (7) and measurable bounded functions h;(7), o) (7) gen-
erating the augmented Pontryagin function

n+1

o= Zm(%, zz,sz+2( o wl) = oleod (w]) ) + v, - io:(fi)).

Rewriting the stationarity conditions in the original time, we get the endpoint
Lagrange function

n

l= aoJ($(t0),$(T),yl<t1),yl(T), ce 7yn(tn)7yn(T)) + Z al(bl(w(tl)?yl(tl))
i=1
+04n+1§01( +Zﬁz i z )) +6n+1§02< (to),{B(T)),
the Pontryagin function
i—1
H=vof(z,u)+ Y bugly/,v?)  on Ay =[ti1,t],
j=1

and the augmented Pontryagin function
H =, f(x,u) + Z(wng(yj,vj) —miw! (v))) —ho(v)  on A; = [ti—1,ti],
j=1

where i = 1,...,n + 1 and by definition ¢, :=T.
The adjoint variables v, (t) and v, (t) satisfy the transversality conditions
Yu(to) = 0Ty (1) + Wt 191 (10) T Bt 19410
ba(T) = =007y = Ot 1915(1) — Br19251),
Yy (ti) = a0 dyi) + P,y + Bi¥i,), Yy (T) = —aodyip
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and the jump conditions
Aty (1) = Loy = i@l + Bi%oie,)-
The stationarity conditions take the form

wwfu_h(bu =0 on [t07T]a
¢ylg;, —o'w!, =0 on A":=[t;,T], i=1,...,n,

while the energy conservation law takes the form

1—1
wzf+z1/)yzglzc on Al = [tifl,ti], ’L:]_,,TL+].
Jj=1

An important modification of Problem A is Problem C with terminal cost related
to the “widest” final distribution of payloads. Here, we get payload dynamics in the
inertial form

§=9"9"0")
and the quadratic cost

n

Jo = *Z i (y'(T) — yj(T))2 — min.

i=1 j=i+1
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NHTErPUPYEMBIE JJUHAMUYECKUE CUCTEMBI
C IIEPEMEHHON JIMUCCUIIAIIUEN
(INTEGRABLE VARIABLE DISSIPATION DYNAMICAL SYSTEMS)

M. B. Ilamonuu (M. V. Shamolin)

Mocxosckuii 2ocydapcmeernnuts yrnusepcumem um. M.B. Jlomowocosa,
Mocxsa, Poccus
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B 3a/lav9ax JJUHAMUKU U3YyYdal0TCsd MeXaHUYeCKue CUCTEeMbl CO MHOI'MMU CTEIIeHA-
MH CBOOOBI C JUCCHUIIAIIAEH (C IPOCTPAHCTBOM IIOJIOXKEHUI — MHOT'OMEPHBIM MHOI'O-
obpasuem). Nx dbazoBbIME IPOCTPAHCTBAME CTAHOBSITCS KACATEIbHBIE PACCIOEHUST K
JAHHBIM MHOrooOpasusM. Tak, HampuMep, u3ydeHne n-MepHoTo 0000IIeHHOro chepn-
9eCKOr0 MAasTHUKA B HEKOHCEPBATUBHOM TI0JIE€ CHJI IPUBOIUT K JIMHAMUIECKOI cucTeMe
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Ha KacaTeJbHOM paccyioennn K (n — 1)-MepHoit cdepe, Ipu 3TOM METPUKa CIEIUAb-
HOTO BUJIa HA Hell WHJYIMPOBAHA JIONOJHUTEIBHON Tpynmoii cummMerpwuii [1].

B kavecrBe Kjacca M3ydaeMbIX JUHAMHYECKHX CHCTEM PACCMOTPHUM CJIELYIONIYIO
CHUCTEMY C TJIAJIKOU MPABON 9aCThIO ¢ JuccHanueil. A UMeHHO, HAJIMare JINCCUTIAIIAN
(BOOOIIIE TOBODSI, 3HAKOIIEPEMEHHON) XapaKTEePU3yeT JIOCTATOUHO TIaaKuil Kosdbdu-
1eHT bd(«) B IepBOM ypaBHEHUH CHCTEMBIL:

&= —zp + bi(),
o = F(a) + T (e, B) f* ()21 + T8y(e, B) f* () g*(B1) 25 + ..
A Tt 1 (@ B) 2 (@) (BB (Ba) - . i (Br—2) 1,
21 = [201(@) + Df ()] 2n-120 = Taa (e, B) f(@)g*(B1) 75 — -
o= (@ B) (@) g (BL)RP (B2) - - % (Bn—2)2i,

g = [2T1 () + D f()]za2n — [202(B1) + Dg(B1)] f(@) 22201 — . ..
e o (Bua) + Dr(Bua ) F(@g(BOMBD) . 5(Bu)aza — )
— 07 1 (@, B) f(@)g(B)h(Ba) - .. 7(Bn—3)i%(Bn-2)21,

21 = [2I'1(a) + Df(a)]z12n — [202(B81) + Dg(B)] fr(@)z12n-1 —
— [2T'3(B2) + Dh(B2)] f(a)g(B1)z12n—2 — . ..
o= 21 (Bn-2) + Di(Bn-2)]f()g(B1)R(B2) - . . 7(Bn-3)2122,

B =2 1f(@), Bo=zaaf(@)g(B1), Bs =z 3f(a)g(B1)h(Ba),

oy B = 2 (@g(B)R(B2) - -i(Bu2),

KOTOpas IIOYTH BCIOAY 9KBHBAJICHTHa CHUCTEME

G — bdé’(a) + F(a) + F?l(a’ﬁ)ﬁ.% +.. Fgfl,nfl(a’ﬁ)ﬁzfl =0,
B1 — bBr6(a)W (a) + 2Ty (@)dpy + Thy(e, B)B3 + ...+ T, 4, (e, B)Br 4 =0,

Br1 = bBn_16(@)W(a) + 21 ()afn_1 + 2T2(B1)B1Bn—1 + - .-
st 2Fn71(6n72)6n72ﬁ.n71 = 07 W(Oé) = 2F1(05) + Df(Oé)

IMapaJ/uteIbHO BBIIEJNM TAKKe KJIacC 3aJa9 O JABHKEHUH TOYKHU 110 MHOTOMEPHOI
MOBEPXHOCTH, TIPU 3TOM METPHUKA H& HEll WHyIUPOBaHA €BKJIMIOBONH METPUKON 06D~
eMJIIOITIETO TpocTpaHcTBa (cM. Takxke [1-3]).

IIycTth cpaBeTMBBI paBEHCTBA

'ty (o, B) = 5‘2(04,6)92(61) =...= Fz—l,n—l(aaﬁ)92(ﬁ1)h2(ﬁ2) co=Tala), (2)

2 (a) + w +Th(a)f?(a) = 0. (3)

255



ITocse 3amenBl IEpEMEHHBIX

_ — 2 2 —
Wn = Zn, Wn—1 = 2] +"'+2n—17 Wnp—2 = —,
z3 Zn—1

7, ey =
/52 2 -2

cucrema (1) pacnamaercs:
& = —w, +bi(a), i, = F(a)+T,(a)f*(a)w?_,,

din|f(o)|
T e

Wn—3 =

Wp_1 = |:2F1<O() :|wn—1wna

Ibs = j:wn_l vV 1+ wzf(a) v [2Fs+1<65) + D](ﬂS)]’

ﬂ'szi%ﬂa)..., s=1,....,n—2, (5)
wS
By = t——=" (@)g(B1)(Ba) . . i(Bn-s2), (6)

Vitwn,

rie B cucreme (5) MHOTOTOYMEM TIOKA3aHBI OJMHAKOBBIE “WieHbl, a dbyHKuus j(fBs) —

ojiHa u3 QYHKIUR g, h, ..., 3aBUCAIIAs OT COOTBETCTBYOIIEro yria [s. st mosHol

uHTErpupyeMocTn cucTeMbl (4)—(6) J0CTATOYHO yKa3aTh 1BA HE3ABIUCUMBIX HHTEIDAJIA

cucremsl (4), o oxHOMy — JIsi cucreM (5) (MeHsis HE3aBHCHMBIE HEPEMEHHBIE; MX
o)

KOJIMYECTBO PABHO N — 2) M MHTErpaJ, “npusgasbiBaiomuii’ ypasuenue (6) (T.e. Bcero
n + 1 nHTerpasos).

Teopema. Ilycmwv das nexomopur k, A € R cnpasediusvs pasercmaa
d 62

_ 4 &)
da 2

Tozda cucmema (1) npu evnoanenuu yeaosutd (2), (3) obaadaem noarvim HabOPOM
(n+ 1) nesasucumvr, 6006We 2060ps, MPUHCUEHOCHTVHBLT NEPELLT UHTNELPANOE.

Ca(0)f*(a) = cInls(@)],  Flo)

Tak, mpu k = —1 UHTErpaJIBI CIETYIONITE:
2wl ) —bwpd A62
91(’[1};0() — Wy, +wn—1 w (CY) + (Oé) — Cla
wp—10(a)
. _ Wn  Wnp-1 _
92(“}70() - G<6<a)7 5(0[)7 5(0{) ) - 023
V1+w?
@s+2<ws;ﬁs): mzcs—i-% s=1,...,n—2,
ﬂan C’n, b
@n+1(w;a,6) = 67171 :l:/ Z( ) db = On+1.

VO () - C2

Eciu dynximst 6(a) He sIBJISETCS TEPUOAUIECKON, TO PACCMATPHBAEMAS JICCU-
IIaTUBHAas CHUCTEMAa SBJISIETCSI CUCTEMOI C IIepel\/IeHHOfI IZLI/ICCI/IIIaI_[I/IefI C HeHyJIeB])H\’I
cpefHuM (T.e. OHA SIBJIAETCS WM COOCTBEHHO JMCCUIIATUBHON, WJIM CUCTEMOIN C pas-
POHAIONIMMYU CUJIaMu). TeM He MeHee U B 9TOM CJIydae MOXKHO HOJIYYUTh sIBHbIH BUJL
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TPaHCIIEHIEHTHBIX II€PBbIX MHTEI'PAJIOB, BbIPa2KalOIMUXCA Iepe3 KOHEIHYIO KOM6I/IHa—
U0 JIEMEHTapPHbIX (byHKLII/Iﬁ HOCﬂe)lHee TaK>Ke ABJIsI€TCA HOBBIM HETPHUBHUAJIBHBIM
CJTydaeM MHTErPUPYEMOCTH CHCTEM CO 3HAKOIEPEMEHHOM JMCcCHianueil B iBHOM BHJIe
(em. Takxe [4, 5]).
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We study properties of control systems that are stable with respect to perturba-
tions. These ideas go back to the notion of structural stability of autonomous systems
due to Andronov and Pontryagin. In contrast, control systems usually admit inputs,
and are therefore non-autonomous.

We study linear systems defined by partial differential or difference equations.
These are systems defined over the ring A = C[dy, ..., d,] of partial differential op-
erators, or the ring B = Clo1,0; Lo, o, 1] of Laurent polynomials, respectively.
More precisely:

(i) Let P C A* be an A-submodule, and suppose it is generated by p1,...,p,. Let
pi = (pi1(0), ..., pik(9)), and let P(9) be the £ x k matrix whose rows are the p;. Let
C* be the space of smooth functions on R™. Then

Pd): (C*)F = (), f=PO)f (1)

is an A-module map. The distributed system B(P) defined by P is the kernel {f |
P(0)f = 0} of the above map (it does not depend on the choice of generators for P
which defined the matrix P(9); indeed, B(P) ~ Hom 4(A¥/P,C>)).

Remark. More generally, we can replace C*° by any A-submodule F of the

space D’ of distributions on R™, and study the system Hom4(A*/P, F). Examples
include the spaces S’ of tempered distributions, S of rapidly decreasing functions, the

inverse limit ‘H of the Sobolev spaces, etc. The answers to the questions we address
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depend on the choice of F (see, for instance, [5]). We confine ourselves here to the
space C*°, and the classical result of Malgrange and Palamodov that it is an injective,
cogenerating A-module is of crucial importance [3].

(ii) Let Z" be the integer lattice, and let (C)2" be the set of all functions
w: Z™ — C. The term o; € B acts on w by shift:

oi(w)(my,...my) =w(my,...,m; +1,...,my,).

Composition then defines the action of a monomial, and by linearity extends to an
action of B on (C)%". The n-D system B(P) defined by a submodule P C BF is the
kernel of

P(o,071): (€5 — (€)™ (2)

where the ¢ rows of the matrix P(o,07!) generate P. Again, we have B(P) =~
Homp(B*/P,(C)%"). Here it is elementary that (C)%" is an injective cogenerating
B-module.

We interpret the above formulation: let R denote either the ring A or B, and F
denote C* or C%". A system is described by some k (C-valued) attributes at various
points of R™ or Z™, each such description is an evolution of the system. A priori,
perhaps the system could evolve according to any f € F*, but the laws governing
the system restrict the possible evolutions f to a subset of F*. Here the set of laws
governing the system is a submodule P of R, and to say that f must satisfy these
laws is to say that it lies in the kernel of equation (1) or (2) above.

Example 1. State space systems: the state 2: R — R’ of the system evolves

according to %x = Xz + Uu, where u: R — R™ is the input, X and U are ¢ x ¢ and
¢ x m matrices with entries in R. The possible evolutions f = (z,u): R — R‘*™ that

can occur are the kernel of

(%IM - X, —U) L (C®(R)™ > (CZ(R))".

We wish to study perturbations of such systems; hence we need to topologise the
set of all systems. In the context of (i), we need to topologise the set of all submodules
P c AF, and towards this, we need to first topologise the set M}, of all matrices with
k columns and entries from the ring A. We consider structured perturbations; here it
means that we consider matrices with a fixed number ¢ of rows. Denote this subset
by Mz,k.

Let Mg 1(d) be the subset of those matrices in My ;, whose entries are all bounded
in degree by d. There are ("Zd) monomials of degree at most d in n indeterminates;
hence we identify My, (d) with the C-affine space of dimension ¢k("1%) with the
Zariski topology. For dy < dg, My x(d1) < My i(ds) as a Zariski closed subspace,
and as d tends to infinity, the direct limit M, is equipped with the direct limit
topology. A similar construction equips the set of all £ x k matrices with entries from
the Laurent polynomial ring B with the Zariski topology. These topologies descend
to submodules of A¥ and B*, and hence to distributed and n-D systems, respectively
(details appear in [6, 7]).

We can now ask if a certain property of a distributed or n-D system is generic with
respect to the above topology. In other words, we ask if the property holds for an
open dense set of systems.
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In this talk, I ask whether the property of being controllable is generic for dis-
tributed systems [6]. The question whether the degree of autonomy of an n-D system
is generic is answered in [7].

Definition 1 [8]. The distributed system B(P) defined by a submodule P C A*
is controllable if for any two subsets U; and Us of R™ whose closures do not intersect,
and any two elements f; and fy of B(P), there is an element f in B(P) such that
f = f1 on some neighbourhood of U; and f = fs on some neighbourhood of Us.

This definition generalizes the definition of a controllable state space system (Ex-
ample 1) introduced by Kalman [1] in 1960, here in Moscow!

Theorem 1 [4]. The distributed system B(P) is controllable if and only if A¥/P
is torsion free.

Definition 2. The distributed system B(P) is strictly underdetermined if the
submodule P C AF can be generated by fewer than k elements (i.e., £ < k in the
notation of (i)). Otherwise, it is overdetermined.

Theorem 2 [6]. A generic strictly underdetermined system is controllable, for
this set of systems contains a Zariski open set. Conversely, a generic overdetermined
system is uncontrollable.

This follows from the following characterisation of controllability:

Theorem 3 [6]. Let P be a submodule of A*, and let P(d) be any £ x k matriz
whose £ rows generate P. Suppose the ideal iy of € x £ minors of P(0) is nonzero
(so that £ < k). Then the system B(P) is controllable if and only if the codimension
of the variety of iy is greater than or equal to 2.

The paper [7] considers the important notion of the degree of autonomy of an n-D
system, and shows that this degree is a generic property with respect to the Zariski
topology. To prove this, it is first shown that while it is difficult to calculate the
dimension of the variety of a specific ideal of the ring A, generically a variety is a
complete intersection.
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A basis for numerical analysis is discretization, that is, approximation of differential
equations by difference ones. Discretizations exhibiting exact (not just approximate)
conservation laws have been proved to be most successful for computational purposes.

Usually conservation laws are obtained from symmetries using the Noether theorem
of 1918. In particular, conservation of energy is obtained from the translational sym-
metry, which is necessarily broken during discretization. There was a folklore belief
that no conserved discrete energy—momentum tensor exists; e.g., in 2016 D. Chelkak,
A. Glazman, and S. Smirnov introduced a “halfway” conserved tensor. But we con-
struct an exactly conserved discrete energy—momentum tensor, approximating the
continuum one at least for free fields.

Most part of the talk is elementary. No knowledge of physics is required.
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The following model of chemotherapy of a malignant tumor [1] is considered:

d

d—? =g(m) —ymf(h), m(tg) =mo, = const> 0,

h (1)
i —ah +u(t), h(tg) =ho, «a=const >0,

where m is the quantity of malignant cells, h is the quantity of drug, and u(t) is a
restricted control:

0<u(t) <Q, t €10,T]. (2)
It is assumed that the tumor is growing according to the generalised logistic law

m\ B

glm) = rm[l - (5) }, 7,0, 8 = const > 0, (3)

and the non-monotone therapy function f(h) describing the influence of drug on the
tumor has the following properties:
Al. The function f(h) is continuously differentiable and positive on the inter-

val [0, L]. It has two maximum points hi and hs and one minimum point ho
inside this interval,

0<hy <hs<hsg<L.
Outside the interval [0, L] this function f(h) is equal to zero.
A2. If h < hy then f/(h) > 0, and if h > hs then f'(h) < 0.
A3. 0<ah; <Q,i=1,2,3.
Ad. f(h) = f(hs).
The goal of the therapy problem in to minimize the quantity of malignant cells at

the given final instant 7', namely, to minimize the terminal cost function o(m(T")) =
m?2 (T, to, mo, ho; u(-)). Here

to € [0, 77, mo = m(to), h(to) = ho,

and u(-): [to,T] — [0, Q)] is an admissible control, i.e., a piecewise constant function.
We denote the set of all admissible controls by U. By m(t) = m(¢;to, mo, ho, u(-)),
t € [to, T, and h(t) = h(t,to, ho,u(-)), t € [to, T], we mean the solutions of system (1)
with the initial conditions (tg, mo, ho), generated under the influence of an admissible
control u(t) € U.
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It is proved that the following formula is valid:
a(m(T)) = m*(T;to, mo, ho, u(-))

) 02m3 exp(2 [ [r — 7f (h(r))) dr} | "
(02 + Bmfir [} exp{8 [T — 1/ (h(y))) dy} dr)”

A construction of an upper estimate for the value function Val(¢,h,m) in the
problem of optimal control (optimal therapy) of the nonlinear system (1)—(3) with
piecewise monotone dynamics is suggested,

Val(to, mo, ho) = (il)lgUWQ(T;to,mo,ho»u('))- (5)

A continuous function (¢, h) is constructed by gluing together a finite number

of smooth functions obtained with the help of the Cauchy characteristics method

for the corresponding linear Hamilton—Jacobi equations [2, 3]. It is proved that the

constructed function (¢, h) coincides with the minimax (viscosity) solution V (¢, h) [4]
of the following Cauchy problem for the Hamilton-Jacobi-Bellman equation:

o av ov
gt~ “hgp HI+ max ugy =0, (6)
V(T,h) = 0.

The function (¢, h) provides an upper estimate for the value function Val(t, h, m)
in the problem of optimal therapy. A feedback on the base of the constructed upper
estimate [2] guarantees the upper estimation for any initial state.
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Korma mMbr Beziem pedb 00 yC/IOBHSAX ONTHMAJBHOCTH B 33/1a9aX HA YCJIOBHBIN 9KC-
TPEMYM, IIPEJICTABJISIETCS €CTECTBEHHBIM YIUTHIBATH CJIEYIOIINE IBa BAXKHBIX 00CTOSI-
TesibeTBa. [lepBoe U3 HUX MPOSIBIISIETCST B XAPAKTEPHOM CBOMCTBE KJIACCUIECKUX YCIIO-
Buii onrumasbHOCTH (KVYO), 3aKIII09ar0NEeMest B X HEYCTONIUBOCTH U COCTOSIIIEM B
TOM, 9YTO CKOJIb YyI'O/ITHO MaJIbIM BO3MYIIEHUAM HUCXOJIHBIX JaHHBIX OIITHMHB&HHOHHOﬁ
3329 MOTYT OTBEYATH CKOJIb YTOIHO OOJIbINME BO3MYIIEHUS BBIIEISEMBIX ITHUMHI
ycaoBusimu 3jeMentos [1, 2]. Ilpexkie Bcero 3To gBjsiercs CIeICTBUEM HEYCTONIUBO-
CTH CaMHUX ONITUMUIAIMOHHBIX 3a/la', pa3/JIMIHbIE COJIePzKaTEe/IbHbIE IIPDUMEPbI KOTOpOﬁ
MOXKHO HailiTh, Hanpumep, B [3]. B cBoro ouepeib, BTopoe 06CTOATENBCTBO CBSI3aHO C
BO3MOXKHO# HeBBITTOIHUMOCTHI0O KYO B paspemmMbix 3ajia9ax yCJIOBHOW OINTUMU3a-
K ¢ 6ECKOHEYHOMEPHBIMU OIPDAHUYEHUSIMU (T.€. ¢ OrPAHMYCHUSIMU, 38/1aBAEMbIMU
oreparopaMu ¢ GECKOHEYHOMEPHBIMU 00pa3aMu), Pa3/udHble IIPUMEPBI KOTOPOH XO-
POIIIO M3BECTHBI M MOTYT ObITh HaiizeHnl, B yacruocru, B [1, 2, 4]. Ykazauubie 06-
CTOSITEJILCTBA B IOJIHOI Mepe XapaKTeEPHBbI JIJId 3a/a9d OIITUMaAJIbHOI'O YIIpaBJICHN.
Saﬂa“H/I OIITUMAJIBHOT'O YIIpaBJICHUA, B KOTOPBIX NMeeT MeCTO HeyCTOﬁqHBOCTb KJIacC-
cuueckux npunnuna Jlarpamxka (ILJT) u npuniuna makcumyma [ourpsiruna (TIMIT), B
GOJIBIIIOM YHCJIe BOSHUKAKOT B PA3JIMIHBIX €CTECTBEHHOHAY YHBIX IIPUIOXKeHnsax. K Ta-
KAM 3aJiadaM CJIeIyeT HPeXKJe BCEero OTHECTH 3aJa4Yd ONTUMAJBHOIO YIIPABJIECHUS
C (baSOBI)IMI/I OI'PaHNYICHUAMMU. K 3a/la9aM OIITHUMaJIbHOI'O yIIpaBJIEHUA C q)aSOBbI]\/II/I
OI'PaHNYEHUSIMU-PABEHCTBAMHE, 110 CYTH JIeJIa, OTHOCATCS CaMble Pa3HOOOpa3Hble 00-
paTHBIE 33/1aYU eCTeCTBO3HAHUS, 6e3 yMeHus 3(PHEKTUBHO peIaTh KOTOpPbIe TPY/I-
HO IIPEJICTABUTH COBPEMEHHbBIE HAYJIHBbIE UCCJIEIOBAHUs. 1eM caMbIM HEYCTONYIMBOCTD
KVYO ne mo3Bosisier HENOCPEICTBEHHO UCIIOIB30BATE UX JIJIsi PENTeHUs OOJIBIIIOT0 KJIac-
Ca aKTYyaJIbHBIX €CTECTBEHHOHAYIYHbIX 3a/1a', B KOTOPBIX IIOI'PEHNTHOCTHU UCXO/IHbIX JTaH-
HBIX YKECTKO YBSI3BIBAIOTCH C (DU3UYECKOI CYyThIO MX HOCTaHOBOK. CJieiyrommii mpo-
CTOM, HO COAepzKaTEJIbHBIA IPUMeD XapaKTepUu3yeT CKa3aHHOe BhIIIIe.

IIpumep. Paccmorpum 337124y ONTUMAIBHOIO YIPABJIEHHUS C IOTOYEYHBIM (Da30-
BBIM OIDAaHUYEHNEM THIIA PABEHCTBA, HIPEJICTABJISIONIYIO cO00il, 10 CyTH Jiesa, Ipo-
CTEHIIyI0 0OOPATHYIO 3318y

[ul® = min, z[u] =p, @=u(t), x(0)=0, te€(0,1), ueD, (Py)

rne D € L3(0,1) — BBIIyKJIOE 3aMKHYTOe MHOXKeCTBO, p € Lo(0,1) — mapamerp.
PaccmorpuM nBa BapmanTa 3agadu (Pp).

Bapuanm 1. Homoxknm p = 0, D = {u € Ly(0,1): u(t) € [-1,1] upun.B. t € (0,1)}.
B srom ciyuae pemenueM 3aia4du sBistercs ug(t) = 0, ¢t € [0, 1]. Kak nokazano B [2,
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npumep 0.4], 970 onTEMAaNIbHOE yIpPaBIeHNe YA0BJIETBODSET IpH P = ( peryssipHOMY
ITJT (Trak Kak BbImyKJIas GyHKIUS 3HaUeHWH 3aa4n Kak QyHKIwms p cyOmuddepen-
mupyema upu p = 0)

Ly(uo,A) < Lp(u,\) Vue D, Ly(u,A) = [[ul|* + (X, Au —p), ue D,
rue Aful(t) = z[u](t) = fot u(s) ds, sxBuBaJIeHTHOMY perynsiproMy ITMII
(2uo(t) + () (v —u’(t)) >0 VYo € [-1,1] ms. ma [0,1], 7= A(t), n(l)=0.

B To e Bpems, KaK MOKazaHo TaMm e [2, mpumep 0.4, cymectsytor Takume p* — 0,
k — 00, 1 KOTOPBIX B ANIIPOKCUMHUPYIOIMX 3aJadaX 1pu p = pF crpasenmpbl
yrBepxienns peryiasapabix [1JT u IIMII, amamorunanasix copMyInpOBAHHBIM BBIIIE
st 3agaan (Pp), HO OJJHOBPEMEHHO ONTHMAJbBHBIE “alNPOKCUMUDPYIOUE’ yIpaBe-
HUsI HE CXOJIATCsI K DEIeHNI0 HeBO3MYIIEHHOM 3anaun (Fy) HU Mo apryMeHTy, HU 10
byHKINN.

Bapuanm 2. Tomoxum D = Ly(0,1). Tak kax oneparopst A: Ly(0,1) — La(0,1),
A*: L3(0,1) — L2(0,1) stBasirorcst TMHEHHBIME OTPAHUYEHHBIMYA U WHBEKTUBHBIM,

To ¢ ydyerom paseHcrBa (A*)* = A mmetor mecto paseHcrBa R(A) = L»(0,1),

R(A*) = L2(0,1), T.e. UCXOIHOE U CONPSI)KEHHOE YPaBHEHHUs TLUIOTHO Da3PeInMBbl,
HO R(A) # L2(0,1), R(A*) # L3(0,1). Ilycts @ € L2(0,1) \ R(A*) — upousBosb-
uprit snement. Torma ILJI B samave (Pyy)) npm p = x[u] we Bomosngerca. Ilpen-
MOJIOZKAM, 9TO 3TO HE Tak. Torja CymecTBYyeT HEBBIPOJKJIEHHAS Mapa MHOKHTEsei
(Ao, A) € RY x L(0, 1) rakast, uto 2Xg@ + A*A = 0. B srom ciyuae mpu Ao = 0 nouy-
gaeMm A = 0 B clily MHbeKTHBHOCTH A* ) a 1pu A\g = 1 COOTBETCTBEHHO IPOTHBOPEINBOE
paBeHcTBo 4 = —A*\/2, 4To U JOKA3bIBAET HEBBLIIOIHUMOCTH ILJI.

Urak, moxkuo yrBep:kaarh, uro Hu I1JI, am IIMII B nX MpUBBIYHBIX KJIACCHIECKUX
dopMax He MOryT OBITH HEIOCPEJICTBEHHBIMU WHCTPYMEHTAMM JIJIsi PEIleHUs 3aja-
un (P,), paBHO Kak ¥ JJIs PElleHds MHOIUX APYIUX CYIIECTBEHHO G0JIee CJIOXKHBIX
AHAJIOTUIHBIX OOPATHBIX 3aJad, 3a/a9 ONTUMAJIHHOIO YIIPABJICHUSA. JTO MOPOKIAET
MOTHBAIIAIO K UX TAKOU €CTECTBEHHOI “KOPPEKTUPOBKE”’, KOTOPast IIPUBOJUT K CJIEITY-
TOIIIM JBYM “OXKHUIAEMBIM~ CBOMCTBAM:

1) “ckoppeKTHpOoBaHHBIE” YCIOBUSI JIOJKHBI OBITh YCTONIUBBI K BO3MYIIEHUSIM HC-
XOJTHBIX JIAHHBIX ONTHMHU3AIMOHHON 33124,

2) oHU JOJKHBI ObITh CTPYKTYPHO YCTPOEHBI TaK K€, KaK MX KJIACCHYECKUe aHa-
JIOTH.

OueBuHO, YTO WCIPaBJIEHNE JAHHBIX IPUPOIOI “HejocTaTkoB” Kiaccudeckux 11JI u
TIMII nosizkHO OBITH CBA3AHO C IPUMEHEHHEM TEOPUHU DeryJIsipU3aIlUU.

B mokmane obcyxmaercs, Kak IPUMEHEHHE METOJIOB JBONCTBEHHOW PErysspu3a-
mun [1, 2, 5, 6] 1 ogHOBpEMEHHBIH Hepexo/ K HOHATUIO MUHUMHU3UPYIOIIEH mocie-
JIOBATEJILHOCTHU JIOMYCTUMBIX 3JI€MEHTOB (KAK OCHOBHOMY B ONTHMU3AIMOHHON TEO-
PHH) OTKPBIBAIOT BO3MOYKHOCTH TAKOH ecTecTBeHHOI Tpancdopmanun KYO, koropast
MIPUBOUT K UX CEKBEHIMAJIHHBIM OOOOIEHUSIM B TEPMUHAX KJIACCUIECKUX (DYHKITHIT
Jlarpamxka u lammibrona—IlorTpsiruna. Ykazanubie 06001eHMst

1) ofiazaoT yeTORIMBOCTHIO IO OTHOMIEHUIO K OITUOKAM UCXO/IHBIX JIAHHBIX 381a4;
2) NOJHOCTBIO COXPAHSIIOT OBIILYI0 CTPYKTYPY CBOMX KJIACCUYIECKUX AHAJIOTOB;

3) npuBoggar x Kiaaccudeckum KYO “B npegese”.
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Taxwne Tpancdopmuposannsie I1JI u IIMII Mbr Ha3bpIBaEM yCTORYNBBIME CEKBEHIINAIb-

HBIMH WJIM, IpyTuMHA cjioBamu, peryisipuzoadabivMu ILJT u TIMIT [6-10]. Tem cambim
rpanchopmuposanne KYO B yTBep:K/ieHNs CEKBEHIIMATIHLHOIO XapaKTePa, sIBJISIIOIINe-

cd

OJTHOBPEMEHHO yCTOMYMBBIMU K OIMTHOKAM UCXO/IHBIX JTAHHBIX PErYJISPU3UPYIONIAMA

aJITOPUTMaMU PeIleHns 33/1a4, [03BOJIsIeT IPUHINIINAJIBHO PACIHIUPUTH cdepy Jeii-

CTBUS ONTHMHU3AIMOHHON TEOPHUM, OCHOBAHHO! HA IPUBBIYHBIX KOHCTPYKIUAX (PYHK-

nnit Jlarpanxa un l'amunsrona—IlonTpsaruna.

10.
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B [1] 66110 IIPeIOXKEHO OLIICAHUE YNPABAAEMBIT Ha4aLbHO-Kpaesur 3aday (YHK3)
B BH/JIE 60ALMEPPOSHIT PYHKUUOHAALHUE Ypashenul (BDY)

z(t) = f(t, A[z](t),v(t)), tell, ze Ly =Ly (), (1)

e II C R™ u f(-,-,): Il x R x R® — R™ zagane;; v(-) € D C L — ynpasie-
nue; A: Ly — Lf] — JIMHEUWHBIA ONepamop, 60avmeppos Ha Hexomopol cucmeme 1’
nodmmootcecms II B Tom cmbicste, dro st moboro H € T cyxenuwe Alz]|g He 3a-
BUCHT OT 3HAYeHuii z|ip p (9TO HENOCPEJCTBEHHOE MHOrOMepHOe 0600IIeHne H3BECT-
Horo onpesesennst A.H. Tuxonosa dbyHKIMOHAIBLHOTO ollepaTopa THuia BosibTeppa);
D,q,k € [1,400]. KBODY (1) ¢ mocrarouno Gorarbivu cuctemMamu 1 o6palieHneM rias-
HOH 9acTu IPUBOAATCS camble paznoobpasubie Y HK3 jist HeTMHEHBIX 9BOIOINOH-
HBIX ypaBHEHUH (1apabo/InuecKuX, ruepOoInIecKUX, HHTErpo-1uddepeHnuajibHbIX,
¢ 3ana3/plBaHUsSME U JIp.; ¢M. [2-7]); Kak npasmio, yupasierue v(-) B (1) coorser-
CTBYyeT paclipejiejieHHoMy yiipasJienuto B Y HK3, a, Hanpumep, Hajm4ue yipaBiseMbIX
crapmmx Koaddurmerror Y HK3 o3nauaer, uro yupasisiembiM Oyjer u orneparop A.
Tepexoxn or YHK3 k sxsusanentaomy BOY (1) agexkBaren MHOrUM IIPOGJIEMaM TEO-
pUM ONTHMAJILHOTO YIIPABJIEHUS PACIPEICJICHHBIME cucTeMaMu. KakK 3KBUBAJICHTHI
YHK3 B Teopun onTuMusanuu ObBator yao0Hbl u apyrue BOY (cum. [7]). B noknane
JaeTcs 0630p 1osrydeHHbix MeTooM BDY pe3ynbraToB TeOpHH ONTUMUAZAIIE PACIIPe-
JeJICHHbIX CHUCTEM. KOpOTKO OCTaHOBUMCHA Ha HEKOTOPBIX U3 3TUX PE3YyJ/IbTaTOB.

IIpu BBIBOAE HEOOLOdUMBE Ycaosuli onmumasvrocmy (HYO), npu obocHoBaHUM
YUCJIEHHBIX METO/IOB pelleHud 3a/1a9 OIITUMaJIbHOI'O YIIPpaBJIEHUA U BO MHOTUX JIPYTUX
Cilydasix BO3HUKAET BOIIPOC O JOCTATOUHBIX YCJIOBUX Ycmoliuueocmu (IIpU BO3MYIIe-
HUM yUpPaBJIeHUs ) cyusecmeosanus nobasvhur pewernud (YCI'P) YVHK3. Eciu mis
COCPEIOTOYEHHBIX YIIPABJISIEMBIX CHCTEM TEOpPUsl TAKUX JOCTATOYHBIX YCJOBHUI HO-
BOJIBHO XOPOINO popaboTaHa, TO JJIsl PACIIPEIEIEHHBIX CACTEM ITO He TaK (MCTOPHSI
BOIpoca KpaTko onucana B [5]). Ilostomy B [2, 3, 8, 10] Gbu1a npecrabiena obmast cxe-
Ma [OJIy 9eHUsI KOHCTPYKTUBHBIX jtocraTodnbix yeiaosuit YCI'P YHKS3, ocnoBannast Ha
upusegennu Y HK3 k sxpusasenrnomy BOY (1); pasnoobpasublie KOHKPETHbIE IIPH-
Mepbl IPUMEHEHUsI CXeMbl CM., Hanpumep, B [2-6]. Pacupocrpanenue teopun YCI'P,
ucnonb3yomeit nepedbopmymnposky YHK3S B Bugie (1), ¢ m3HaYAIbHO paccMaTPUBAB-
merocst ciaydas p = ¢ = k = oo (em. [1-3, 5, 7]) Ha OXBATBHIBAIONIMI CYIIIECTBEHHO
6ostee mmpokuiit kpyr YHK3 o6muit caywait 1 < p,q,k < oo (em. [4-6, 8, 10]) norpe-
GoBaJio BBeieHus [8] 1 Topo6HOTOo n3ydenus [8, 10] HOBOro MOHATHS “pDABHOCTENEHHOM
KBa3WHUJIBIIOTEHTHOCTH CEeMeiCTBa OIepaTopoB”.
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B [2] ¢ nomompto Teopem YCT'P [1] 115t mmpoKoro Kacca ONTUMA3AIMOHHBIX 38,184
C OI'PaHUYIE€HHBIM MHO2KECTBOM JIOIIYCTUMBIX 3HaYEHU YiIpaBJI€eHU A 6])1.)10 JdaHO O6OC-
HOBaHWE IIPUMEHEHWIO I'DAJIMEHTHBIX METOIOB IIPU ITPOU3BOJILHBIX MOPAIKAX POCTA
kapareogopueBckux “mpasbix dacreit’” YHK3 mo “dazoeiM” u ympasisomum mepe-
MEHHBIM (KaK M3BECTHO, 9acTO IpuMeHsieMoe nuddepenimposanne dbyHKIMOHAIOB 10
YIIPABJIEHUIO B IIPOCTPaHCTBax Tula Lo Tpebyer, BOoOIIe IOBOPSs, INHENHBIX TOPSIIKOB
pocra).

ITpu BeiBOZe HYO nepexon or YHK3 k BOV (1) GeiBaet y06eH yxKe MOTOMY, 9TO
nuddepenimaibabie oneparopsl Y HK3, neficTByomnize B MpocTpaHCTBAX THUIIA Wzi,
3aMEHSIOTCSI Ha OIIePATOPHI, IeHCTBYIOMe B 60sIee yI0OHBIX JJIsl IOCTPOEHUS “‘COIpPsi-
xerHolt 3amaan”’ manHoro HYO seberoseix npocrpancrBax. Ilpu aToM compsizkeHHAsT
3ajada Takxke nMmeer Bui BOY, HO He 00s3aTesbHO MIEPENUCHIBACTCHA B mauddepeH-
uasbHON (nHTerpo-muddepennumanbroil) dhopme, o06HON hopMe TTIEPBOHATAILHON
YHK3 (cm. [13]).

2K.-JI. JTuoncowm [9] upemnoxeno YHK3 nazbiBaTh CUHIY/ISIPHOMN, B YaCTHOCTH, TO-
rJia, KOIJia HEKOTOPBIM TpebyembiM it nosydenuss HYO BapuanusiM ympaBiieHust
b0 He 0TBEeYaeT, TUOO HEM3BECTHO, OTBEYAET JIU €JIMNHCTBEHHOE TJI00ATLHOE PEIlIeHne
narsoit YHK3. B stom cayuae s seisona HYO B [9] npesiaraercst mepexoguTs OT
KJIACCHYIECKOT0 CJIydas “yIpaB/ieHne — COCTOSHNE” K PACCMOTPEHUIO SKBUBAJIEHTHON
ONTUMU3AIMOHHON 3a/1a9M Ha KJIacce map ‘yIpaBJeHue, COCTOSHIE U OrPAHUYEHUE B
BUJIE YIIPABJ/ISIEMOTO YpaBHEHUS “CHUMATEL METOJIOM aJIallTHPOBAHHOTO MTpada. Bor-
Bog, HYO 1pu s1OoM MOXKeT ObITh CyIIECTBEHHO 0OJIee CJIOYKHBIM, YeM aHAJIOIHIHBIHA
BBIBOJL 110 KJIACCUYECKOIl CXeMe BapbHPOBAHUs YIPaBJeHUil (CM., HApUMeEp, BBIBOJ
HYO rtuna npuniuna MakcuMyMa B CHHTYJISIDHBIX U HECHHTYJISIPHBIX MOJEIBHBIX 3a-
nagax onruMusanuu B [9, roi. 1, 2]). B [4] nokasano, uro pan YHKS3, paccmarpusa-
eMbIX B [9] KaK CHHIYJISIpHBIE, MOKHO K TAKOBBIM HE OTHOCUTDH U IIPU BBIBOJE COOT-
sercTByonmx HYO npuaepKuBaThest KIacCHIeckoil cxembl, ucnoib3ys BOY (1) u
reopembl YCT'P; Tax, B [4] yzamoch pemuTs psij IOCTaBIEHHBIX B [9] 38184 nosTyYeHnst
“currynsapasix HYO”.

B [11-13] nokazano, aro juist 3a7a4 onTuMusanuu cucreM (1) mocrarouHo xapax-
TEPHO “CHIIbHOE BBIPOXKJIeHNE” Tak Ha3bIBAeMbIX ocobuwx ynpasaenuti (OY), korma
BMecTe ¢ BoipoxkerueM HYO 1epsoro nopsizika (Haupumep, HOTOYEYHOrO IPUHIUIA
makcumyMa — HYO 1mepBoro mopsijika Opu MIoJIb9aTOM BapbUPOBAHUM) BBIPOXK A~
orca 1 HYO Broporo nopsiaka. Onucan koMmmakTHBIN crocobd BeiBoma HYO takmx
OV, ucnoJib3yoIuii TeH30pHbIE IIPOU3BE/IEHNUs] JIEOETOBBIX ITPOCTPAHCTB U [T03BOJIMB-
il ¢ eJIMHBIX TMO3UIUil B3MJIsiHyTh Ha u3BecTHble HYO OV 1151 cOCpeioTOYeHHBIX U
pacupeiesIeHHbIX 338, ToJIyIuTh P HoBbIXx HYO OV s pacnpeiesieHHbIX 3a/1a4.

Beiiiie KpaTko 1epednc/ieHbl HEKOTOPBIE 101y YEHHBIE aBTOPOM JINYHO U B COABTOP-
cTBe pe3ysbrarbl. Psiji MHTepecHBbIX pe3ysibTraToB II0 TeMe (MHOXKeCTBa IJI0DaJIbHOM
paspemumoctu Y HK3, obocHOBaHME YNCIEHHBIX METOJOB PACIPEIEICHHON ONMTUMU-
zanuu, cBg3annbie ¢ BOY “pacipeiesienHble” UIPhL U JIP. ) HOJLY YW B IOC/IEAHUE TO/IbI
A.B. Yepnos (cM., Hanpumep, 0630p [7]).
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The work is devoted to the stability analysis of the Hamiltonian systems arising in
the optimal control problems related to the growth models. Specifically, we establish
conditions guaranteeing the asymptotic stability of the Hamiltonian system in the
vicinity of a steady state by solving the matrix Riccati equation of special form.

In the study, we suppose that the growth model is described by the following
dynamic equations:

i(t) = Fz()u(t) + Ga(t)) = 2(a(t),u(t),  =(0) =", (1)

where x € R"™ is the vector of main production factors and the functional matrix
F(z) = {fij(2)};jZ, and the vector function G(z) = {g;(x)}}-, consist of twice
continuously differentiable functions. The symbol u = (uq,...,u,) stands for the
regulating parameter (or control). The quality of the control process is estimated by
a functional of the form

oo
J() = /O e~ In c(x(t), u(t)) dt, 2)

where ¢(x, u) is determined by the equality

eft) = [T(t = wit) — wila(#)) f (D). (3)
i=1
Here f(x) and w;(z) (i = 1,...,m) are twice continuously differentiable functions. In

the economic growth models, the function f(z) is called the production function. Due
to the structure of the quality functional (2), we impose an additional restriction of
the controls u; in (3), specifically

0<Y wi(t)<1 = Fu;€(0,1): wt)e0,m], i=12...,m (4
=1

In the growth models, these restrictions follow from the closedness assumption for the
designed system. Based on the introduced dynamics (1) and the quality functional (2),
one can formulate the following control problem.

Problem [P]. The problem is to construct a control process (z°(t),u°(t)) that
maximizes the quality functional (2) along the trajectories of system (1) under the
control restriction (4).

The problem is investigated within the framework of the Pontryagin maximum
principle extended to control problems with infinite time horizon (see [4, 1]).
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The stationary Hamiltonian function constructed for the control problem [P] has
the form

H()= Zln(l —u; —w;i(x)) +1n f(z) + qu)(x,u), (5)

where 1) € R" is a vector of adjoint parameters. Due to the strict concavity of the
Hamiltonian function with respect to the control parameters u (see [5]) and the re-
strictions (4), there exist controls u® satisfying constraints (4) that provide maximum
to the Hamiltonian function (5):

07 (x7 ’l/)) 6 A;?
uj(z, ) = § 1= wj(z) = Tj(z,¢), (x,9) € A, (6)
Uj, (x,9) € A?,

A ={(2,90): wi(zx) + Tz, ¥) > 1}, Lj(z,9) = W Fj(x) Y,
AF = {(z,9): 1-1; <wj(w) +Tj(,9) <1},
A?:{($,¢) U)J(I)+F](I,¢)Slfﬂj}, j:].,,m

As is seen, there exist 3" domains with different control regimes. Using the properties
of the functions generating the maximized Hamiltonian function

HO(va) :H(wivuo)v (7)

one can verify that the function Hy(z,v) is continuous and smooth in the variables
x and % in all domains corresponding to different control regimes.
The Hamiltonian system is determined as follows:

. (9H0(=’E,’l/1) aHo(!E,’l/J)

t) = o) iUk 8
i) = 292, i )
Assuming the existence of a steady state P* = (z*,¢*) of the Hamiltonian system (8)

with positive phase coordinates z* € RZ, we linearize system (8) in the neighbor-
hood Oj of the steady state P* and obtain the following system:

P(t) = pip

i = A%+ By, I(t) = x(t) — 2",

b= CT+ (pBy — AV),  D(t) = v(t) — ¥,

using the Jacobi matrix

(9)

«_ (A B
J' = (C pEn _ AT> ’ (10)
g CHPY o PH(PY L PH(PY)
o Ox o2 Ox?

Regarding the stabilization problem of the linearized dynamics (9), its solution can
be reduced to searching a matrix X that connects the phase and conjugate variables
1 = X7 in the vicinity Of and makes the following system asymptotically stable
(see [2]):

i=(A-BX)i, ¢ =Xi. (11)
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In order to prove the existence of a matrix X, we introduce an auxiliary linear system

= (A - gEn)f + Bz, =7 e (/22

T P T —(p/2)t (12)
>y = — — = —p
z=C¢ (A 2En>z, z = e ,

and suppose that the eigenvalues of the Jacobi matrix M of system (12) satisfy the
condition

p A—LE, B
[Re(A(M))] > 3 where M = ( 02 LR, — AT ) (13)

Finally, the existence of a matrix X is established in the theorem.

Theorem. A matriz X stabilizing the dynamics (9) does exist and can be found
as a solution of the following matrix Riccati equation:

o X(A . gEn) + (gEn - AT>X ~ XBX =0. (14)

Moreover, system (11) is asymptotically stable for any initial state xf such that
(xg, " + X (z§ — x*)) € Os if condition (13) holds.

Proof. A solution of the Riccati equation (14) is constructed by the eigenvectors
of the matrix M, which is a Hamiltonian matrix whose spectrum is symmetric with
respect to the imaginary axis [3]. Due to condition (13), the matrix M does not have
pure imaginary eigenvalues. As is well known, this ensures the existence of a matrix X
that stabilizes system (12). This implies that £(t) — 0 as ¢ — +oo. Moreover,
condition (13) guarantees the convergence of £(t)e?!/? to zero as time goes to infinity.
Consequently, Z(t) = £ePt/? — 0 as t — +o0o. Thus, the proof is complete. [

The theorem allows one to design a controller u = u®(x,9(z)) (see (6)) for
(z,¢¥(z)) € Of and Y(x) = ¢* + X(xr — 2*) that ensures the asymptotic stability
of the Hamiltonian system (8) in the vicinity of the steady state.
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B noxiraze Oymer paccka3aHO 0 HEKOTOPBIX TeMax, OOCY2KIABIUXCS HA CEMUHAPE
JOKJIQTINKA TI0 TEOPUU FKCTPEMyMa. PyKOBOIAIIME IEISIMU CEMUHAPA BCET 1A, ObLIN
6a30BBIe MPUHIUNBLL Teopun dKcTpemMyMa. OHu ocsemensl B KHurax [1-3]. B mokia-
Jie OyJeT cjesiaHa IOINBITKA B3IVISHYTH Ha BCIO MIPODOJIEMATUKY C COBPEMEHHOM TOYKU
3peHud n 0603peTb pe3y/ibTaTbl, O KOTOPLIX IllJla P€Yb Ha CeMHHape B II0CJ/IeIHUE
HECKOJIBKO JIeT.
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SUPERSTABLE SEMIGROUPS IN NONLOCAL PROBLEMS
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Let E be a Banach space with the norm ||-||. We consider the problem of finding
an unknown function u: [0, +00) — E from the relations

du(t)
dt

+oo
= Au(t), /0 n(t)u(t) dt = u;. (1)

Here A is a closed linear operator with the domain D(A) dense in E. Suppose that A
generates a semigroup U (t) of class Cy (see [1]). For the chosen weight function n(t),
the integral of |n(t)|- ||U(¢)|| over the interval [0, +00) must be finite. Problem (1) for
the given element u; € F is called a nonlocal problem.

We call the vector function u(t) = U(t)ug a generalized solution of the nonlocal
problem (1), where the element ug € E is found so that the integral of (1) gives the
true identity. In this case, if ug € D(A), then the solution w(t) = U(t)ug is called

*Supported by the Russian Foundation for Basic Research (project no. 18-01-00236).
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classical. For problems of this kind, see [2]. Recently it was found that the nonlocal
problem (1) admits a full study under two special assumptions.

Assumption 1. The semigroup U(t) is superstable in the space E; i.e., it has
infinite negative exponential type wo = —oo (see [3, 4]).

Assumption 2. The function 7(t) belongs to BV[0, 7] for each 7 > 0, and the
estimate Var {n(t)}|g < Ce7 is satisfied for some constants C' > 0 and v > 0. We
also require the value 3 = 1(0 + 0) to be nonzero.

Under the above assumptions, the nonlocal problem (1) reduces to the operator
equation fug — Bug = —Auy with respect to the unknown initial state ug = u(0).
The operator

+oo
B=—[ v )

turns out to be quasinilpotent. This gives the following result.

Theorem. Suppose that Assumptions 1 and 2 are satisfied. Then for each element
up € D(A) the nonlocal problem (1) has a unique generalized solution u(t) = U (t)ug
with the initial state

w=% 6’“1“ B*(—Au) € E. (3)
k=0

If uy € D(A?), then ug € D(A) and the solution u(t) = U(t)ug is classical. If
uy € E\ D(A), then problem (1) is not solvable.

Assumption 1 on the superstability of the semigroup U(¢) plays the main role. It
guarantees the quasinilpotency of the operator (2) and the good convergence of the
Neumann series (3).

The formulated theorem admits a number of additions and corollaries. The above
abstract scheme is of interest to nonlocal problems connected with the transport
equation. One of the possible examples is in [5], where the Neumann series (3) turns
into a finite sum.
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ON A QUANTUM HEAVY PARTICLE
D. V. Treschev
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We consider the Schrodinger equation for a particle on a flat n-torus in a bounded
potential, depending on time. The mass of the particle equals 1/u?, where p is a
small parameter. We show that the Sobolev H”-norms, v > 1, of the wave function
grow approximately as ¢” on the time interval ¢t € [0,¢,], where ¢, is slightly less
than O(1/p).

OHTI/IMI/I?)AHI/IOHHAH 3AIJAYA CTAPTOBOTI'O YIIPABJIEHUA
PACIIPOCTPAHEHUEM TEIIJIA B CTEP>KHE
(STARTING CONTROL OPTIMIZATION PROBLEM
FOR THE DISTRIBUTION OF HEAT IN THE ROD)*
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PaccmarpuBaercs cucrema TMHERHBIX nuddepeHINATIBHBIX yDaBHEHMIA
2= Cgz, (1)

rne z € R*, n > 1, C — nocrosinHasi KBajpaTHas marpurna. /lajee, 1mycTb gaHbI
nocrostHHast Marpuia B (mopsinka r X n), guciao T (> 0) u geficTBUTEIbHO3HATHAS
BekTopHas dyHkuus m(t) = (my(t),...,m,(t)), 0 <t < T (mTpux — 3HAK TpaHC-
[OHUPOBAHMUS ).

3ajiaua cTapTOBOrO YIPABJIEHNs COCTOUT B cieyiomeM. HaiiTin HauabHbIil BEKTOD
20 € R™ Taxoit, uTobbl st Beex t € [0,T] uMesI0 MeCTo paBeHCTBO

Bz(t) = m(t), 0<t<T,

rie z(t), 0 <t < T, — pemenue (1), ynosnersopsiomniee ycaosmio z(0) = 2°.

Paccevorpum cemeiicTBo

Y ={Be%, 0<t<T: acR"}.
Sajada cTapTOBOTO YIIPABJIEHUs] CBOJIATCS K M3Yy9YEHUIO CTPYKTYPhI MHOYXKECTBA,

R= {zo €R™: Bel¢20 = m(t), 0 <t < T}.

*Pabora BbIoOIHEHA U (DUHAHCOBOI NoaepKKe rpanTa Pecy6imku Yabekucran (OT ©-4-33).
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Bsemem B paccmorpenne sunelinbiit omepatop F: R™ — X,
F20 = Betczo, 0<t<T.

3ameTnm, 9TO OJHOTOUETHOCTh MHOXKeCTBA R sKkBuBasieHTHA TOMY, uTo ker F = {0}.

Teopema 1. Jas mozo wmobw ker F = {0}, neobrodumo u docmamouno 6vi-
noanenue ycaosus rank K = n, 2de K = (B, BC,BC? ..., BC"™ Y — mampuua
DPA3MEPHOCTIU TTL X .

IMycrs B cucreme (1) marpuna C TpexuaronajibHas, TOYHEE,

-2 1 o ... O 0

1 -2 1 ... O 0
C:

o o o0 ... 1 =2

Marpuna B cofepXuT B KaxXJI0il CTpOKEe TOJHKO OJWH HEHYJIeBO# 3jemeHT. Ec-
JIM uepes i1,142,...,1s (s < r) 0003HAYUTH HOMEpA CTOJOIOB MATPHIBI B, KOTOPbIE
coJiep:KaT HEHYJIEBOI 9JIEMEHT, TO UMEIOT MECTO CJIEJIYIONINe YTBEPKICHU.

Ilpensoxxenne 1. /laa mozo wmobv, mmooicecmseo R cocmosano u3 eduncmeet-
H020 INEMEHMA, HEOOTOOUMO U JOCMATNOYHO BHINOAHEHUE CAECOYIOULE20 PABEHCTIEA:

HO/(iy, s, ..., is, N +1) = 1.

Ilpenmoxxenne 2. Mmnooicecmeo R cocmoum u3 6eKmopos, pazHoCmb A100bix
deyxr u3 Komopuixr umeem 6uo

(al,...,ap,l,O,A—ap,l,...,A—al,...,ap,l,o,...x

2de a;, 1 =1,...,p— 1, — deticmeumenvrvie HuUciq.

Ciremyromast ONTUMHU3AMMOHHAS 387[a1a PA3PEITNMA:
min|ja|, a€R. (2)

Teopema 2. Pewenuem 3adanu (2) ssasemcs

-1 qg—1
1 S 7 . 7
Wy = EZ(_U FivGne-ne + D01
=1 i=k
k=24,...,q—1,
1, o
ARpij = 52(71)1+1731/)(j—1)(q—1)+1 + Z (=D"%G-1)(g-1)+1>
=1 i=k+1

k=0,2,4,...,q—1,

agpzw(q—l)(pq)%, k=12,...,¢q—1, 57=1,2,...,p—1,

2de wucaa i, 1 = 1,2,...,(¢ — 1)p, p, q, naxodames ¢ nomowwio dymxyut m;(-),
j=1,2,...,8, u ur npoudcooHvLT.
IIpumep. Cucrema (1) umeer Bug [1] 21 = 29 + 23, 22 = —azq, 23 = —fz3,

rne z; € R", n > 1, ¢ = 1,2,3; a, § — xoucraursl. [lycte B = (f,(),f) , tme [
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n 6 — €IMHNYIHasd U HyJIeBad KBaJIpaTHbIC MaTPHUILbI ITIOPAJIKa 77 COOTBETCTBEHHO. HyCT])
t ¢
er(t) = [y e ds, fi(t) = [, e P ds. Torna

Y= {Bz(t) BZ(t) =210 + el(t)220 + f1 (t)Zgo}.
Econ m(+) € 3, T0 33/1a9a CTAPTOBOrO YIIPABJIEHMUsI, OUEBHUHO, PA3PEIINMA.
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PaccmarpuBaercs nuddepennnanbHas urpa
&= A(t)x + ¢B(t)€ + 1, zeR™ t<p. (1)

3aech p — MoMeHT okoHuanus urpbl, a A(t) u B(t) — wenpepbiBuble 1pu t < p
MaTPHUILI PA3MEPHOCTEH M X M U M X N COOTBETCTBEHHO.

Samano uncio g > 1. Ilycrs 3a/1an HAYAJIBHBII MOMEHT BpeMeHH tg. JlomycTuMbiM
YIPaBJIeHIeM IIePBOIO UIPOKa SABJIAIOTCS HeoTpuuaresnsnas dbyukims ¢(-) € Ly[to, p]
u nupousBosibHas dbyukuys £ [tg, p] x R™ — M, rne muoxkectBo M CBSI3HO U CUMMET-
PUYHO OTHOCUTEIHLHO Hadasa KoopauHar B R™. JlomycTuMbIM yIpaB/€HIEM BTOPOTO
UIpOKa #ABJIFETCs Tpou3BosibHAas dyHKIus 7: [to,p] X R™ — @, rne Q@ C R™ —
CBA3HBII KOMIIAKT.

ILnara 3amaercsa dpopmytoit

G|, 2(p)) — C)) + tpasqm dr. @)

rae ¢y € R™ — samannblil BeKTOp, (,-) — CKaJsipHOE Tpomssenenue B R™, C' —
zagannoe dnciao, G: Ry — R — 3amannas dyukius. [lepBoiit urpok MuHUMU3UpyeT
BesmuuHy (2), a BTOPOil MI'DOK €6 MAKCUMU3UPYeT.

Iycrs 9(t) saBusierca pemenneM 3agadu Ko

P(t) = A1), b)) =1, to<t<p.

Iomozxum

a(t) = max(y(t), Bt)S), by (t) = max(®p(t),n),  b-(t) = min((t),m).

ceM neQ neQ

*Pabotra Beinonnena npu dbunancosoii noguepxke POPU (mpoekr 18-01-00264 a).
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Torna a(t) > 0. U3 cesisHocTn kommakToB M u @) cienyer, 9To
(W), Bt)S) = —a(®)u,  [u[ <1, (3)
((t), 1) = 504 (1) + b () +bEv, ol S 1, b(t) = 204 () —b-(1)) 2 0. (4

Bsejiem HOByIO IIEpEMEHHYIO

1 [P
2= (0(00) + 5 [ (balr) +b-()dr - C R 5)
U PacCMOTPHUM OFHOMEPHYIO JuddHepeHnnanbHyIo Hrpy
= p(alu+ b, GH) 20, ful<l fo|<1 (©)
C IIaToi
P
G(lz(p)|) + / @?(r) dr — minmax. (7)
t() u v

Ecou ¢ (t), uo(t, z), vo(t, z) — onrumanbuble ynpasiaenust B urpe (6), (7), To on-
TUMaJIbHBIE yIpaBieHnst Urpoko B urpe (1), (2) onpemesstorest ¢ momompo dop-
My (3)—(5).

OrmerumM, uro nemxkenus x(t) B (1) u z(t) B (6) onpeessoTcs ¢ ITOMOIIBIO JIOMa-
HBIX [2].

Badukcupyem HeorpuiaTenbuyo Gyukumio ¢(-) € Ly[to,p] u aucno € > 0. Pac-
cmorpuM urpy (6) ¢ yenosuem okonvanust |z(p)| < e. Hus rakoit urper JI.C. TTonT-
parun nocrpout [1] anbreprauposanubiit uarerpan W(ty). U3 ero Buga ciemyer, 9ro
z(tg) € W(top) Torja u TOJIBKO TOrJa, KOrJa

F(6()) = max(|z<to>| + " (b(r) — $(r)a(r)) dr; max / () ¢><r>a<r>>dr) <.

to to <t<p

Ilpenmoxxenne. Qynkuyusa G: Ry — R asasemcesa nenpepuiernoti, cmpozo 6o3pac-
maem, u G(g) — 400 npu € — +00.

Paccevorpum 3amatay
P

G(e) +/ ¢U(r)dr - min, f(#(-)) <e, €>0, ¢()€ Lylto,p], #(t) >0. (8)
to

Teopema 1. Pewenue 6 3adaye (8) cywecmeyem.

Teopema 2. ITycmov €, u ¢«(t) — pewenue 3adavu (8). Tozda onmumarvHbLMU
ynpasaenuamu uepokos 6 uepe (6), (7) asamomes ¢o(t) = ¢ (t), ug = vo = sign z,
2de 6 xauecmse sign 0 moorcho 6pams 1 uau —1.

Teopema 3. IIycmw e* u ¢*(t) ydosaemsoparom nepasencmeam (8). Hycmov cy-

weemeyrom wucao A > 0 u weybwiearowas wa ompeske [to,p] dynruyua 0(t) maxue,
wmo

O(ty) = 0; GE")—G(E) < (A+0(p)(e* —¢e) npu mobom € > 0,

A( p9<r)(b(r) — ¢*(r)a(r)) dr + |2(to)] —a*) =0,

to
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. . 1(a-1)
0r)(b(r) — 6" ()a(r)) dr = (p)e"; ¢%w=(iﬁ@+wm) )

to q

Tozda £* u ¢*(t) asamomea pewenuem 3adauu (8).

Teopema 4. Iycmo ¢pynxyua G: Ry — R swnyxaa. Tozda cywecmsyem pewe-
nue €*, ¢*(t) sadauu (8), das Komopoeo natidymea wucao A > 0 u HeybwsarOwas
Pynryua 0: [to, p] = R, ydosaemsoparwue ycaosuam (9).

ITpumep. K ocu poropa 3/1eKTpOMOTOPa YKECTKO MIPUKPEILIEH OJ[IH KOHEI CTEPK-
Hsl TaK, 9TO CTEPYKEHb MOXKET BPAIAThCs BMECTE C POTOPOM BOKPYT €ro OCH B BEPTHU-
KaJIbHO IIJIOCKOCTHU.

IIycts 1 — yrous moBopoTra crep:KHs. MOMEHT 37IeKTPOMATHUTHBIX CHJI, TPHUJIO-
JKEHHBIX K POTOPY CO CTOPOHBI CTATOPA, PaBeH ¢1y — cad1, ¢; > 0,1 = 1,2 (em. [3]).
3Jiech Y — MoIaBaeMoe Ha JBUTATE/Ib HAPSIKEHUE.

Ypasuenue Jlarpam:ka, KOTOPOE OIMCHIBACT JIBUKEHIE CTEPXKHSI, TMEET BU/T

1 = —dsinxzy — ki1 + B, 0>0, k>0, p>0. (10)

HeHbIO BI)I60pa II0/1TaBa€MOTI'0 HalIPAZKEeHUS 7y ABJACTCA MUHUMHU3allUsA SHaAYCHUA

mum—cu+A?ﬂw% F50, p>o.

WuTerpas 3a1aeT 3HAYEHIE PACXO/1a SHEPIHUH.
Crenys [4], BosbMeM HesnHelHOe citaraemoe B ypasaennu (10) B kadecTBe yrpasiie-
HUsI BTOPOTo Urpoka 1 = —4d sin 1. [onoxkum xe = i1, £ = sign+y, ¢ = |y|. Homyaum

I/Ipr
z 0 1 x 0 0
<x;) - <o —k) (:c;) +o <5> £+ (1) n, Il <9,

C KpuTepueM KadecTBa

P
|I1(p)*C|f+/ $*(t) dt — minmax .
0 & oM

C nomonpio yesoeuii (9) HalifieHbl ONTUMAJBHBIE YIIPABIEHNST NTPOKOB.
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In standard models of spatial harvesting, the resource is distributed over the com-
plete domain and the agent is able to control the harvesting activity everywhere all
the time. Recent work has made modeling of the issue more realistic by assuming that
the agent has to move in order to harvest the resource but may be able to harvest
continuously while travelling (see, e.g., [3, 4] and [2]). The latter setup has been
generalized in [5].

In some cases however, it is more realistic to assume that the resource is located
at a single point in space and that the agent is required to move before being able to
harvest. In these cases, the agent faces a combined travelling-and-harvesting problem.
We scrutinize this type of a two-stage optimal control problem, and investigate the
interdependences between the solution of travelling and that of the harvesting sub-
problem. Since the model is parsimoniously parameterised, we are able to analytically
characterise the optimal policy of the complete travelling-and-harvesting problem. In
an appendix we show how bounds on either control, i.e., on acceleration and on
the harvesting capacity, as well as a positive discount rate affect the solution of the
travelling-and-harvesting problem.

Exponential growth. In the paper we look at two different growth processes of
the resource, the exponential and the more multifaceted logistic case. In this abstract
we focus on the exponential case only.

Suppose that the stock of a renewable resource increases at a constant rate:
g(s(t)) = s(t) for all t € A = [t1,T]. The stock is reduced by the catch
H(t) = s(t)h(t), and evolves according to the differential equation

§(t) = s(t) — h(t)s(t),  s(t1) =s1, VteA, h(t)e . (1)

Proposition 1. Let T < &+t where § =log(h)/(h—1) and the upper bound on
the harvest h # 1. Then the optimal harvesting policy is given by

h(t) = h, (2a)
s(t) = s1eI=m(E=t1) (2b)
(t) = h—fl(l R0y (20)

for all t € A, where w(t) denotes the costate variable. The resulting mazimised profit
amounts to

h _
3 (s1,t0) = s17— (1 — =M=ty (2d)
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Having solved the harvesting problem, we go back in time and solve the travelling
problem.

We begin our analysis with the simple case of a fixed travelling period, and then
continue also acknowledging the subsequent harvesting period by endogenising the
arrival time ¢;. This two-stage procedure follows the work of Tomiyama [6] and
Amit [1]. We are able to show which additional effects and which corresponding
optimality conditions have to be added to the solution of the former problem to
obtain the solution of the latter.

Assume that the cost of travelling depends linearly on speed v and quadratically
on acceleration a:

K(v,a) = cv + a*. (3)

The resulting aggregated travelling cost amounts to

/0 1 (co(t) + a(t)?)dt (4)

Acknowledging the constraints that result from the standard double integrator
formulation of affecting the location = of the agent

(t)=wo(t), ot)=a(t), @) =g(s@)),
we obtain the Hamiltonian
Hi = —cv(t) — a(t)? + m(t)a(t) + w1 (t)v(t).

For ease of tractability, we assume that there are no bounds on the control a—yet,
we will drop this assumption later. The familiar Pontryagin Maximum Principle then
yields

2 t
2(t) = 15 (3K1 — Kot + ct), olt) = 7(2K) — Kot +ct),
Wl(t):Kg, Wg(t):Kl —l—t(C—KQ),

with K7 and K5 constants. Together with the boundary conditions 2(0) = v(0) =
v(t;) = 0 and z(¢1) = x1, we obtain

Proposition 2. Given arrival time t1, the optimal travelling policy is given by

t2(3ty — 2t)x4 6t(tr —t)z1 6(t1 — 2t)zy
2t) = =gt ()= e alt) =
1 1 1
24 12(; — 2t
ﬂl(t)zc+ t§17 772(15):%7
1 1

and the minimised objective function equals

1222
£

JE(t) = /0 a(®)? + co(t)) dt = ca1 +
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Optimal travelling-and-harvesting policy for exponential growth. Ac-
knowledging the transversality conditions, in case of exponential growth the following
conditions have to be added to the canonical system:

P\ ED

s(t) = soet, () = (ﬁ) eI, (6)

Proposition 3. In the optimal travelling-and-harvesting policy the agent starts
harvesting at the arrival time. The optimal harvesting policy is characterised by
Proposition 1, while the optimal travelling policy s given by Proposition 2. The
resulting profit from the optimal travelling-and-harvesting policy is given by

- h z .
VD) = () = J365) = soe'l T2 (1 =00 ) —

12x%
(t1)?

where the optimal arrival time t} is a function of h and T, implicitly defined by

ten ). (1)

dV (1 3627 A .
e = iy o (e ) <o (7b)
1

In this paper we contribute to the theory of spatial resource economics. We ex-
plicitly take into account the fact that in many real-world situations the agent has to
travel to the location of the resource before being able to harvest.

The travelling problem and the subsequent harvesting problem are linked by the
choice of the speed of travelling and the resulting arrival time. The latter determines
both the start of the harvesting period and the initial value of the size of the stock
and is thus the crucial decision variable for the optimal harvesting policy.

We are able to fully characterise the control programme for this combined problem,
employing recent tools for two-stage dynamic optimization problems. This allows us
to characterise the resulting optimal yield for the management of the remote resource.
Robustness checks involve the case of exponential and logistic growth functions, a
positive discount rate and bounds on acceleration in an appendix. We show that a
positive discount rate shifts the acceleration and hence speed costs towards the future
(the more the higher the speed costs), whereas bounds on acceleration hamper this
effect and a lower bound will be hit earlier the higher are the speed costs.
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JNOOEOMOP®U3MBI ¢ BECKOHEYHBIM MHOYKECTBOM
YCTOWUYUBBIX MEPUOJINYECKUX TOYEK
(DIFFEOMORPHISMS WITH AN INFINITE SET
OF STABLE PERIODIC POINTS)*

E. B. BacusibeBa (E. V. Vasileva)

Canxm-Ilemepbypeckuil 2ocydapcmeennuiil yrusepcumemn,
Canxm-Ilemepbype, Poccus

ekvas1962@mail.ru

Paccmarpusaerca Cl-nuddeoMopdIsM MIOCKOCTH B cebs ¢ HETIOIBUYKHON THIIEp-
60JInuecKOil TOYKOW B Ha4YaJje KOODJUHAT, IIPEIIOJIAraeTCs HaJIu4Ine HeTPAHCBEPCalIb-
HOI TOMOKJIMHHMYECKOH K Heil Touku. OcHOBHas I€Jb JOKJIALa — II0Ka3aTh, YTO B
[IPOU3BOJILHOM OKPECTHOCTH HETPAHCBEPCAIBHOM FOMOKJIMHIYECKON TOYKU MOXKET JIe-
2KaTh OECKOHEYHOE MHOXKECTBO MHOTOOOXOHBIX YCTOWYHUBBIX IIEPUOIMIECKUX TOUEK,
XapaKTEePUCTUIECKNE TIOKA3ATEIN KOTOPBIX OTAEJEHBI OT HYJIA.

U3 [1-3] cuemyer, 94T0 1IPU OLPEJIEJICHHBIX YCIOBHUIX, HAJOKEHHBIX IIPEXKJE BCe-
ro Ha c1oco0O KaCcaHWUs YCTOMYMBOIO MHOroOOpa3us ¢ HEYCTONYUBBIM, B OKPECTHOCTH
HeTpaHCBepC&HbHOﬂ T'OMOKJIMHIYIECKON TOYKM MOXKET JIeXKaTh 6eCKOHeqHOe MHOZKe-
CTBO YCTOWYMBBIX IEPUOJUYICCKAX TOYCK, HO 110 KpaliHell Mepe OIUH U3 XapaKTepu-
CTHYECKUX IMOKa3aTesell y 9TUX TOYEK CTPEMHUTCsS K HYJIIO C POCTOM Iepuoja. B pa-
Gore [4] mokazaHo, 4TO NpU MHOM CHOCODE KAacaHWUsl YCTOHYUBOIO MHOro0Opas3us ¢
HeyCTOﬁqHBbIM B OKPECTHOCTHU HeTpaHCBepCBJH)HOfI TOMOKJIMHUYECKOII TOYKHN MOXKET
JiezkaTh OECKOHEYHOE MHOXKECTBO OJIHOOOXO/IHBIX YCTONYNBBIX [IEPUOINIECKUX TOYEK,
XapaKTepuCTuIeCKne 1noka3aTe/in KOTOPbIX OT/AEJICHbI OT HYJIA.

IIycres f — mudpdeomopdusm m1ockocTu B cebst ¢ TUIIEPOOJIMIECKON HEIIOIBUKHOM
TOYKOI B Havyasie KoopauHat. CunraeMm, 910 f B HEKOTOPOIl OTPAHMIEHHON OKPECTHO-
cru V Havaia KOODAMHAT UMEET BUJL

1(2)=Ga): W

A? < 1. (2)

e 0 < A<1<p.
IIpeamonoxxum, aTo

Cymecrsyer Takoe § > 2, ato A\pY = 1.

IMycrs W#(0) u W*(0) — ycroiiuuBoe u HeyCTORIMBOE MHOrOOOpa3usl HyJIeBOI TOY-
ku. [Ipenmosaraercsas HATMYUME HETPAHCBEPCAJBHON MOMOKJIMHUYIECKOH K HEl TOYKH,
a nmenHo B nepecedennn We(0) u W' (0) nexxuT oTiMuHAs OT HyJIsl TOUKA, KOTOPast
siBJIsieTcs ToUKol Kacauust W*(0) ¢ W(0).

Iycts wy = (0,4°), we = (2°,0) — aBe TOUKH U3 OPOUTHI TOMOKIMHUHUECKO TOUKH
rakue, 4o w1 € V, wy € V. dcuo, uro f¥(w1) = we, T1e w — HATYPAJIbHOE YUCJIO.

IIycTs

Vi={(zy): o] <AT'20, fyl < Aly°l} C V. (3)

*Pabora BeinosHena npu duHaHcoBoi nopaepxkke PODU (npoekr 16-01-00452).
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rie A < A< 1,1 < i < p. Hpemmnonoxum, 4o

>0,  y'>o0. (4)

ITycrs U — Takast okpecTHOCTH TOUKM w1, 9yro U C Vi, f<(U) C Vq, f(U)NV) = @,

oY U)NV, = @ mvmoxkectsa U, f(U), ..., f*(U) nonapro ne nepecexaorcs. [TycTn
L=f.

Omnpenenenne. Ilepuomnueckas touka u € U muddeomopdusma f HazbiBaeTCH
$-00XO/IHO# TIEpHOUIECKOt TOUKOM (s > 1), ecm CyIecTBYIOT HATYpPaJbHbIE YACITA
G1sJ2y - -5 Js Takue, uto fi L ... f2L 7 L(u) = u, nusa moboro k = 1,2, ..., 5—1 ume-
em fI*L .. f2LfAL(u) € U, fI*L ... f2Lf" L(u) # u n ana moboro k= 1,2,...,s
u moboro [ = 1,2, ..., j, mmeem fILf/* 1L ... fiL(u) € Vi. Ilpu s = 1 Touka Ha3BI-
BAETCsI OMHOOOXOIHOM, pH S > 1 — MHOTOOOXOIHOIA.

s = (S0,

B paborax [1-3] npeanosaranocs, 9to

IIycTs

dF(0,0) 9 1R(0,0) 0" F»(0,0)

a9 e g1

IIpenmonozkum, 4To

Fi(z,y—y°) =ax+ by —y°) + p1(z,y — y°),
. . (5)
Fy(r,y—y") =cx+gy—y") + w2(z),

rie a, b, c — geficTBUTEIbHBIE YUCIa TAKHe, 9TO
b <0, c¢>0, (6)

a g, Y1, pa — HenpepblBHO Juddepennupyemble MOYHKINU OJHON MM JBYX I€pe-
MEHHBIX, PABHbIE HYJII0O BMECTE CO CBOUMHM IIPOU3BOJHBIMH IIEPBOT'O MIOPSAJIKA B HAYAJIE
KOOD/IMHAT.

IIycro o), € — HOJIOKUTETIBHBIE CTPEMAIINECH K HYJIIO [IOCJIEI0BATEIBHOCTH, IIPH-
9eM TIOCJIEI0OBATEILHOCTD 0), YOBIBaeT, a Ay, — OTPHUIATEIbHAS CTPEMSIINIAC K HYIIO
IIOCJIeJ0BATEILHOCTD.

IIpemmonozkum, 4T0

Of — €k > Okl + €kl (7)

It Jioboro k.
Ilycts v, p — He 3aBucsIUE OT k TTOJIOXKUTEIHHDbIE TIOCTOSTHHBIE, TprdeM 1 < v < 7.
IIycte my — cTporo Bo3pacTarolas MOCIeI0BATEIHbHOCTh HATYPAIbHBIX YUCEI, &
Nk — TaKas MOCJIEI0BATETbHOCTh HATYPAJIBHBIX THCEN, IYTO

Nk = YeMk + Pk, (8)

rie 1 <y, <7, [pk| < p.
IIpeamonoxum, 9TO TPHU JIOOBIX Kk CIIpaBe/JIMBbHI HEPABEHCTBA,

102° max[)\"ku("k+m’“), AT < e 9)
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Bsenem oboznauenus
a = [N (20 + bAg) + AT (20 4 oy )] (1 — a2/\(m’“+"’€))_1
Zr = [N (2 4 boy) + AT a(20 4 bA)] (1 — a? At T
IIycts mrst moboro k

|um’“ (cxp + g(ow)) — (¥° + Ak)| < 0.1eppu™ ™, (10)
| (czr + g(Ak)) — (¥° + o%)| < 0.1eg.

Ipeaosnoxum, aro npu « > 1+ (7 — ) /2, upu awbom k u t € (o, — €k, 0k + €k)
CIIPABEJIUBO HEPABEHCTBO

0] o o)

Teopema. Ilycmv f — Jdudpdeomopdpuszm naockocmu 6 cebs ¢ HeNnoJeUHCHOT 2u-
nepboauneckoti mowkol 6 nawase KoopoOuHAM U HEMPAHCEEPCANLHOT 20MOKAUHUNE-
ckoti x net mowkotd. Iycmob svinoanenv yeaosus (1)—(11). Toeda 6 arboti oxpecmmo-
CU 20MOKAUHUNECKOT TROYKY W1 AEHCUTN, CHETHOE MHONHCECTNEO S-06T00NVT YCTOoti-
YWUBHIT NEPUOOUNECKUT mouek (s = 2), Tapaxmepucmusecrue noka3amet Komopvit
omaeneHv, 0m HYAA.
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OB OIIEPATOPAX, YPABHEHUSIX U KPAEBBIX 3AJ/IAYAX
(ON OPERATORS, EQUATIONS AND BOUNDARY VALUE PROBLEMS)*

B. B. Bacunbes (V. B. Vasilyev)

Benzopodckuii 2ocydapcmseermuiil HAUUOHANDHDLT
uccaedosamesverull yrnusepcumem, beazopod, Poccus

vbv57@inbox.ru

1. Ilycrs Hy, Hy — ruisbeprosbl (6anaxoBbl) npocrpancTsa dbyHKIMM, onpeje-
JICHHBIX Ha KOMIIAKTHOM MHOrooGpasuu (Bo3moOxKHO, ¢ Kpaem) M, A: Hy — Hy —
JINHEHHBIN orpaHu4veHHbIN oneparop. Ciemyst [1], MbI BBeJIeM CJIe/LyIolee

Omnpenenenne 1. Omneparop HA3LIBAETCS OMEPATOPOM JIOKAJHHOTO THIIA, €CJIH
oneparop Py APy siBiisiercst KOMIAKTHBIM JIJIsl JIFOOBIX JIBYX KOMIIAKTHBIX HeIlepece-
Karoruxcst MaOXKecTB K1, Ko C M, K1 N Ky = O; Pg obo3HadaeT MPOEKTOP HA
MHOXKecTBO K, TOUHee,

(Pef)a) = T TR f(x) € Hy (Hy)
0, xeM\K,

Bciody nuoice mol 6ydem paccmampueamy MoAbKO ONEPamops, AOKAALHOZ0 MUNG.
O6oznaunm uepes |||A]|| cymecTBennyio HopMy oneparopa A,

A} = inf[lA + T,

e naduMyM OepeTcs 110 BCeM KOMIIAKTHBIM oreparopam 1': Hy — Ho.

Onpenenenne 2. Ouneparop A,: Hi — Hy Ha3bIBaeTcs JIOKAJIBHBIM IIPEJICTa-
BuresieM oreparopa A B Touke x € M, ecim juis joboro € > 0 HalijeTcss Takas
okpectHOoCTh U TOukm x Ha MHOroobpasuu M, x € U C M, 9T0 BBIIOJTHSIETCA HEPa-
BEHCTBO

[Pu(A— Al <e.

x
O6o3nauenne A ~ A,.

Onpepenenune 3. Cumsosiom omeparopa A HazbBaercs onepaTop-hyHKIHs
A(x): M — {A;}oem, OTIpesiessieMast ero JIOKAJbHBIMU [IPEJICTABATENSIMA.
Herpynno ybeaurhesi, 9T0 Takoe OIpeJe/ieHne CUMBOJI, COXPaHsIeT BCe CBOMCTBA
CUMBOJIMYECKOI'O NCUYNCJIECHUSI. I/IMeHHO7 C TOYHOCTBIO JIO KOMIIaAKTHOI'O CJiaraeMoro
® [IPOUM3BEJICHUIO U CyMMe JBYX OIEPATOPOB COOTBETCTBYIOT IIPOU3BEICHUE U CYyMMa,
UX JIOKAJBHBIX TPEJICTABUTEIIEH;
® COIPSI?KEHHOMY OIIEPATOPY COOTBETCTBYET CONPSIYKEHHBIN €ro JIOKAJIHLHOTO TIPE/I-
CTABUTEJIS;

e (bpearosbMOBY OIIEPATOPY COOTBETCTBYET (DPErOJIbMOB JIOKAJIBHBIN IIPEICTABH-
TeJIb.

ITox, oneparopom ®Pperosbma (bpearoabMOBBIM OIEPATOPOM) MbI OyeM HOHH-
MaTbh JUHEIHBIA OrpaHUYEHHbBIH OIepaToOp ¢ KOHEYHBIM MHJIEKCOM.

*Pabora BoinosHena npu dbuHAHCOBOH noanepkke Munobpuayku P® (npoekrt Ne7311.2017/8.9).

285



B [1] mpuBenen ciemyronmit
Kpurepuit dpearombmoBoctu. Oneparop A ¢dppearoasMoB TONIA U TOJIBKO TO-
raa, korga cuMBosl A(x) cocrour uz GpearosbMOBBIX ONEPATOPOB.

ITycrs 3a1maH0 cemeiicTBO onepaTopos { A, }rens.
Onpepenenne 4. CewmeiictBo { A, }rcns HA3BIBACTCS JIOKATHHO HETPEPBHIBHBIM,

ecau mist mobeix € > 0, xg € M naiinercs takas okpectHocts U C M TOUYKH T, 9TO
npu Bcex & € U BBINIOJIHSIETCS] HEPABEHCTBO

1Py (Az — Az, || <e.

Onpepenenune 5. Oneparop A Ha3bIBAETCS OrUOAIONIUM OIMEPATOPOM CEMENHCTBA
{Az}oem, eciu
xT
A~ A, Ve € M.

B [1] mokazano TakxKe CyIIeCTBOBAHUE €IUHCTBEHHOIO (C TOYHOCTBIO JIO KOM-
[AKTHOr0) OrMOAIONIEro OIepaToOpa sl JI0O0r0 A0KAALHO HENPEPLIGHO20 CeMelcTBa

{Aw}weM

2. Ilycre H{, H) — ruas6epToBBI IPOCTPAHCTBA, coCTosue n3 DyHKIMI, ompe-
nesteHHbIX Ha R™, A H 1 — H} — nuHefHbIH OrpaHUYEHHBIH OIepaTop.

[Tockosbky M — KOMIAKTHOE MHOT00OOpa3ue, /st KaXKI0it Touku & € M umeroTcs
okpectHocTh U 3 z u qudpdbeomopdusm w: U — D, C R™, w(z) = y. Mbt 0603HaAM
4epes S, cieayoomuil (JIOKaJbHbIN) oneparop, neficrsytomuii us Hy, B Hy, k = 1,2.
st kaxkoit dyuknun u € Hy, obpamartoreiics B nysiab Bae U,

(Sou)(y) =u(w ' (y), y €Dy,  (Sou)(y) =0, y¢ Dy
Curesyioriee onpejiesieHre COOTBETCTBYET OHATUIO KBa3udKBUuBajenTHocru [1].

Omnpenenenue 6. JlokambubiM npejcrasuTenem oneparopa A: Hy — Ha B Tou-
ke © € M masweiBaercst oneparop A: H] — H) raxoii, uro mius moboro € > 0 cyie-
cTByeT okpectHOCTb U; Touku x € U; C M, 1y KOTOPOIl BBIIOJIHACTCA Clleylolee
HEPABEHCTBO:

l||g;Af; — Sw;lfljgfjswj | <e

Jis mro60it maps! rIaakux GysKumit f;, g; ¢ Hocurenamu B Uj, fj, §; — WX 3amuch B
JIOKAJIbHBIX KOOPIUHATAX.

3. OrTmnpaBiisisich OT IPUBEIEHHBIX BbIlIe (DAKTOB U yIUTHIBas IaJbHEUIINE [IpU-
MeHeHus K 1ceBaoubddepeHuaibHbM oreparopaM (2, 3], Mbl JIaJUM CJieyomiee

Omnpegesnenne 7. Omneparop A HA3BIBAETCS JUIMOTUYECKUAM, €CJIU €0 CUMBOJI
COCTOUT U3 OOPATHUMBIX OIIEPATOPOB.

MbI paceMOTpUM 3/1€Ch CIIydail, Korjua ceMeicTBo { Ay by HE SBIISIETCS JIOKAJILHO
HEIIPEPBIBHBIM B I1EJIOM, OJHAKO COXPAHSET ITO CBOWCTBO HA OTIE/IbHBIX (0COOBIX) 11O/
muoroobpasusx My C M pasmepuoctu k = 0,1,..., m. Tak, nogmuoroodpasue My
rpeJicTaB/sieT coboil KOHEYHOe 00 beIMHEHNE PA3JIMYHbBIX TOYEK rpaHuiisl OM MHOro-
obpasuss M, M, = M — sto ucxogsoe Muoroobpasue, M, | = OM, My C M,_,
k=0,1,...,n—2. ITycts na M 3amano cemeiictBo { Az }renr.- Mbl Gyniem npeanosia-
raTh, 9TO 9TO CEMENHCTBO JIOKAJIbHO HenpepbiBHO Ha M \ UZ;11 M}, upuyeM CyIiecTBy-
10T mpegenst limg ., en, Az, BoOOIIe roBoOpst, He coBmanaomue ¢ A,, , U JOKAJILHO
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k—1 .

HenpepbIBHO Ha Kaxkaom My \ | i—o Mj n cymecTsyor npesenst img e, A, BO-
ob1re roBopsI, He COBIaIaomue ¢ Ay .

ITycTs Temeps A — onepaTop, CHMBOJIOM KOTOPOTO SBJISETCS OMUCAHHOE ceMeHCTBO

{Aac }xGM .

Teopema 1. Sanunmuueckuti onepamop ecezda Ppedzoivmos.

Sameuanne. Ecau smunTHIHOCTD HAPYIIAETCS HA HEKOTOPBIX MOJMHOTO0Opa-
3ustx My, To, HapuMep, B ciaydae rnceBaoandGepeHnua bHbIX OMepaTopoOB CIELYeT
MOIUIIUPOBATH JIOKAILHBIH TPEICTABUTEb, TIOJIKJIEUB K HEMY TPAHUYHBIA WU KO-
IpaHUYHbIA oneparop [3].

C nomoripio pasbueHusl eJMHNUIBI Ha MHOrooopasuu M ¢ HMCIOIb30BAHMEM KOH-
cTpyKuuit [1] mo S/UIHITHYIeCKOMY CHMBOILY A(Z) MOXKHO HOCTPOUTDL N OLEepPaTopoB A
COTJIACHO YHUCJYy OCOOBIX TOAMHOr000pasuii My, BKmouass BCio rpanuimy OM um camo
MHOT00Opasue M.

Teopema 2. Hndexc gpedzorvmosa onepamopa A npedcmasum @Gopmysoti

IndA = Tnd 4;.

Jj=1

Crmcok Jureparypsbl
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O JUCKPETHOI1 BEPCUU
TICEBAOAUPPEPEHIMAIBHBIX YPABHEHUII
(ON A DISCRETE VERSION OF PSEUDODIFFERENTIAL EQUATIONS)*

B. B. Bacusbes (V. B. Vasilyev), P. E. lepkau (R. E. Derkach),
O. A. Tapacosa (O. A. Tarasova)
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Ms1 uccitesryeM paspermMocThb OlEPATOPHBIX YPaBHEHUIT
Adud = VUq (1)

JTST CIIETMAJIBHOTO (HO JIOCTATOYHO MIUPOKOT0) KJIACCA ONepaTopoB Ag.

*Pabora BoinosHena npu dbUHAHCOBOI nomuepkke Munobpuayku P, npoekr Ne 7311.2017/8.9
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IIpumem ciemyromue obo3uadenus: Z™ — nesiouncjiiennas pemrerka B R™, T =
= [~7m,7]™ — m-mepubiit Ky6, h > 0, h = h™!. Jlna dbyskumii vy JECKPETHOTO
apryMeHTa, OlpeIe/IeHHbIX Ha hZ™, Mbl BBOOUM JMCKpPETHOE Inpeobpasosanune Oypbe

i4(§) = (Faua)(§) = Y ua(x)e™h™, ¢ hT™
xEhZm

ITycrs A4(€) — nepuogmaeckas GyHkwmst B R™ ¢ ocHOBHBIM Ky6om niepuomos hT™.
Omneparop BuIa

(Aaua) @) = e 3 f A e, e

Dyg=DnNhZ™, D — obnacts B R™, Mbl Ha3bIBaEM JUCKPETHBIM IICeBHoauddepeH-
[IHAJIBHBIM OMEPATOPOM B JUCKpETHOI obactu D gy.

OHUMU W3 OCHOBHBIX 3a/ad SBJIAIOTCS ONUCAHWE YCJIOBHH OJHO3HAYHON paspe-
mmMocTH ypasHenus (1) B moaxomsimux npocrpancrBax GyHKIMNA B JUCKPETHOH 06~
JIaCTH Dd 1 IIpUMeHeHHNe II0JIyYEeHHBIX PE3YJ/IbTAaTOB K IIOCTPOCHUIO IOJIXOANINX all-
IPOKCUMAIMH Kiaccnieckux ncepnoguddepennunansabix ypasaenuit [1]. OcrosHas
TPYAHOCTH 3aKJ/IFOYAETCS B TOM, 9TO, KOTJa 00JIacTh mpecTasiisier coboit qacts R™
(HaIpuMep, IOJLyIPOCTPAHCTBO WM KOHYC), CTAHJAPTHOIO YCJIOBUS SJUIUIITUIHOCTH
cumBosia A(§) yxe menocrarouno. Tak, B ciydae MOJYIPOCTpaHCTBa B [2, 3| Obl-
JIX OIIMCaHBbI YCJIOBUA PA3PEHINMOCTU ypPaBHEHUA (1) B JUCKPETHBIX INPOCTPaHCTBaX
Coboaesa—Cioboznenkoro H*(Dy).

B 9TOM JIOKJIa/Ie ITOKa3aHa IPUMEHUMOCTD ITOJIYY€HHbIX PE3YJ/IbTaTOB K IIOCTPOEHUIO
JIUCKPETHBIX ANMPOKCUMAIUN JJTst TIceBnonddepeHInaIbHOr0 OepaTopa ¢ CUMBO-

aom A(E),
u(z) — / A(€)e V=) Su(y) dy de, zxeD.
m Rm
BoJtee KOHKpeTHO, JJAaHO CpaBHEHUE PEIeHUil IBYyX YPaBHEHUN: ypaBHEHU
Au=w (2)

u ypasHerus (1) st 1OCTATOYHO IIA KO TIPaBOil YacTh v.

O6oznaunm gepes S(R™) kaace [IIsapua 6eckoneuno puddepennupyemMbix 6b1CTPo
yObIBaromux Ha Geckoneunoctu byukuumii, H*(D), H*(Dg4) — npocrpancrea Cobo-
seBa—Ci1060/1€1IKOT0 HETPEPBIBHOTO U JIMCKPETHOTO apryMeHTa COOTBETCTBEHHO |1, 2.
TTo zamanroMy cuvBosy A(€), yAOBIETBOPAIONEMY YCIOBUIO

a(l+ gD < JA©)] < ea(1+ €D,

crpouTtcst cuMBoal Ag(€) caenyromum o6pasom: Gepercs cyxkenne A(€) na hT™ u nepu-
OJIMIECKH IPOjIoJIKaeTcst Ha Bee R (o6oznavenne: Aq(€) = (QrA)(€)). st mocTpoe-
HUS yAO0OHON alITPOKCHMAIIAN TPABYIO IACTh BHIOEpeM TaK. [ycTh v — MpOu3BOILHOE
npogosikerne v ¢ D na Bce R™. Brogum ypasuenue

(QrA)uq = F;'Qu(fv). (3)

IIycte D = R} ={z € R": x = (21,...,%m), Tm > 0} u sz — ungekc daxropu-
sanmu cumBogia A(E) (em. [1]).
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Teopema. Ecau |» —s| < 1/2, v € S(R™) u anemenmos gaxmopudayun cum-
soaa A(§) Geckonewno dudpepenuyupyemvr wa R™, mo cpasnenue pewenuds ypasre-
nut (2) w (3) daemesa oyenkot

u(z) — ua(@)] < h*, e hzm,

20e NOCMOAHHAA C 3G6UCUTN MOALKO OM &y}muuu v, k — npou3eonvHoE MNOAOHCU-
meavHoe 4YuUcno.

3ameuanme. TeopeMbl 0 CyNIECTBOBAHUM W €JMHCTBEHHOCTH DPEINEHUi ypaBHe-
muit (1) u (2) nmerorcst B paborax [1-3].
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SPECTRAL ANALYSIS OF VOLTERRA INTEGRO-DIFFERENTIAL
EQUATIONS AND ITS APPLICATIONS®

V. V. Vlasov, N. A. Rautian

Lomonosov Moscow State University, Moscow, Russia

vicvvlasov@rambler.ru, nrautian@mail.ru

We study integro-differential equations with unbounded operator coefficients in a
Hilbert space. The principal part of these equations is an abstract hyperbolic op-
erator perturbed by summands of Volterra integral operators. Operator models of
this type have many applications in the linear viscoelasticity theory, homogeneza-
tion theory, heat conduction theory in media with memory, etc. In particular, these
integro-differential equations can be realized as a system of integro-partial differential
equations:

pi(x,t) — Lu(z, t) + /0 Ki(t — s)Liu(x,s)ds + /0 Ks(t — s)Lou(x, s)ds = f(x,t),

where u = @(x,t) € R3 is the displacement vector of viscoelastic anisotropic media,
t>0,2¢QcC R3 Qisa bounded domain with smooth boundary, u satisfies
the Dirichlet conditions in , L1 = p - (Au+ graddivu), Ly = X - graddivu, Lu =
(L1 + L2)u is the Lame operator of elasticity theory, K and K5 are memory relaxation
functions that are series of decreasing exponents with positive coefficients.

A spectral analysis of the operator-valued functions which are the symbols of the
considered integro-differential equations is performed. The structure and localization

*This work was supported by the Russian Science Foundation, project no. 17-11-01215.
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of spectra for these operator-valued functions are analyzed (see [1, 2]). These results
are a natural generalization of our results obtained in [3].
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MOJUOUKALIMSA METOJA AUHAMUYECKOI PETYJ/ISIPU3ALIUN
PEIIEHUS 3AJAYM YUCJEHHOTO AUPPEPEHIIMPOBAHMS,
VIIVUIIAIOIIAST ETO XAPAKTEPUCTUKU
(MODIFICATION OF THE METHOD OF DYNAMIC REGULARIZATION
OF THE SOLUTION OF THE NUMERICAL DIFFERENTIATION
PROBLEM WHICH IMPROVES ITS CHARACTERISTICS)

A. 10. Bgosus (A. Yu. Vdovin), C. C. Pyb6aesa (S. S. Rubleva)

Ypanrvckut 2ocydapcmeennvill secomernureckull yrusepcumen,
Examepunbype, Poccus

vdovinQusfeu.ru, rublevas@mail.ru

B paborax [1, 2] }O.C. Ocunosbim u A.B. KpszkuMcKuM paccMaTpuBaIach 3a1ada
ANIPOKCUMAIIUY HEU3BECTHOIO Bo3zeiicTBus v(-) B IMHAMUYIECKON cuCTEMe

' =g(t,z) + f(t,x)v(t), t€la,b =T, xz(a)=xo
(z(): T = R™, g(-): T xR™ = R™, f(-): T x R™ — R™9 ov(-): T — R?) no
uerouHoit uudopmanuu xp(-) o aBuxkenun x(-).

ITpu srom npexnnosnaranock, aro |zn(t;) — x(t;)] < h B paBHOCTOSAIMX y3Jax
a=ty<...<t;<...<t,=>bpasbuenns T u |t;11 — t;| = A(h). IIpemnoxkeHHbIit
ABTOPAMHU AJTOPUTM €€ PEIleHusl CBOJIIICS K TPOIEyPe yIPABICHUS ONIPeIeIeHHOIN
Ha T CHCTeMOI-MOJIEIIBIO ¢ HAYaIbHBIM ycsioBueM wy(a) = zp(to),

wh(t) = wh(ti) + Uh(t —t;) npu te [tivti-‘rl] (1)

Kycouno mocrosiHHOE ypasieHue, onpeessieMoe Ipn t € [t;,t;11) KaK pe3yJabTar
MIPOEKINY Ha BBIMYKJIbIH KoMmakT () C RY BekTopa

Tp (tl) — Wh (tl)
t) = fU(ts, ap(ty)) L2
’Uh( ) f (’L?Ih( 1)) a(h) )
IIPUHUMaJIOCh B KadeCTBe IIpI/I6.HI/I)KeHI/IH JIJISL ’U() yCTaHOB.HeHO, 9TO IIPU JIMTIIITUIEBbIX
g(+) m f(-) u cormacoBanun napamerpoB TakuM obpazom, uro a(h)+(h+A(h))/alh) —
— 0 mpu h — 0,
[v(-) =on( Loy =0 mpm h— 0.
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Takum obpazoMm, 00CYKIAaEMBIil aJITOPUTM SBJISETCH HEYIIPEXKTAIONIIM, KOHEYHO-
HIArOBBIM, JUHAMUYECKUM, PEry/IApU3UDPYIONINAM.

Hononuurensuas undopmarus 06 orpanudennoctu Bapuaiuu v(-) Ha T u npes-
nosoxkenue, 4ro 0 € @, nozBosmin [3] uzbekarh HPOLELYPHI IPOEKTUPOBAHUA Ha (),
OJIy9UTh OMEeHKy norpemsocTs [|v(-) — va(-)||Lr] M yCTaHOBHTH, Y4TO €€ ACHMITOTH-
YeCKUii MOPsIIOK TOYHOCTH paBeH 1/2.

B mpennmaraemoit pabore paccMarpuBaeTcs 3aj@ada IUCIEHHOTO uddepeHimpo-
BaHUs

2’ (t) = v(t),

ABJIAIONIasACA JaCTHBIM CJIydJa€eM 3a/1a4u, paCCMOTpeHHOfI poimie. Ilo anmajornu ¢ [4]
PaCcCMOTPHUM HEIIPEPBIBHYIO CUCTEMY-MO/IE/Ib

o 2(t) —w(t)
w'(t) = EORE

ITycrs a(h) = o, A(h) = A. B kauecTBe pasHOCTHOH Momenn, aHajoruaHon (1),

w(a) = xp.

CTaHEM HCIIOJIB30BATh
wh(t) = ’wh(ti) + Uh(ti+1)(t — ti) npu te [tivti-‘rl]a (2)

[OCTOSIHHOE YIIPABJIEHUE KOTOPOH Ha [t;,t;41] OUpPeIEAeTcs 110 IPABUILY

Tp t; — Wh, t;
vp(t) = vn(tiv1) = (tir1) o ( Hl)A- (3)
ITosnydenue oneHOK paszOHBaeTcsl Ha JiBa 3Talla, IIePBbIi IIar — 3TO II0JydeHue

IOT'PENTHOCTH JIJIsA JIBU2KEHU .

JIemma 1. ITycmo v(-) obaadaem oepanuuennot eapuayuets na T, 0 € R, napa-
mempu, , af A cmpemames k wyaro emecme ¢ h. Tozda natdymesa noioscumenvroie
konemanmo, Cp, Ca, hy maxue, wmo das ecex h € (0,h,), t €T

h
lwn (t) — zn(t)] < O‘Xc1 + aC,.

C y1eToM moJIy 9eHHOTO Pe3yJIbTaTa BTOPOU IIar OYIeT COCTOSATD B TIOJTy YSHIH OT[CH-
KI TOYHOCTH JIJIsi TPUOJINKEHUS YIPABJICHUS HA IIare

Jlemma 2. ITycmo svinoarenv ycaosua aemmut 1. Toeda cyusecmeyrom noaootcu-

meavhovie konemanmo, Cs, Cy maxue, wmo das ecex i =0,...,n—1
h «
[vn (tiv1) — v(tit1)] < ng + O40<—|——A + Varg, ¢, v(+), (4)

ede Vary, 4, ,1v(-) — eapuayusa v(-) na npomesicymse [t;, ti1].

Teopema. I[Iycms evinosnensv, yeaosus aemm 1, 2. Tozda cywecmsyrom nososcu-
meavHvie koncmarnmo, Cs, Cg maxue, wmo

«

h
lon(t) = vl Lr) < Cs— + Caa A

A + Varq y v(-)A. (5)

Hoxka3zaresabcrBo. Ha ocnoBanuu (4) u popMyJIbl IPIMOYTOJLHUKOB JJIsl BBIYHC-
JIEHUsI ONIPEJIEJICHHOT0 NHTErPAJIa NMeeM

b
lon(t) — v(t) | ry = / [on(t) — w(t)] dt <
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< (ch +Ci—— ) ZA+ ZVar[t“ ty V(A =

h
= C3Z(b— a) + Cy

a
b —a) + Vary, p v(-)A.
aralb—a) fa.b] 0()
Ipu Cs = C5(b— a), Cs = Cy4(b — a) monyuena onenka (5). Teopema nokazana. [
Bameuanne 1. Ilpu cormacosannn mapamerpos A = vh, o = h onTuMaIbHbIT
nopsiok npasoit yactu B (5) pasen 1/2. Ouenka ToyHOCTH, B oTim4me oT [4], He
ACUMIITOTUYIECKH, a IIPOCTO OIITUMAJIbHA IIO ITOPAIKY.

3ameuanmne 2. IIpemioxeHHblilt BLIOOP TapaMeTpPOB yMEHBIIAET YUCJIO OTIePAITUit
Ha IOPSJIOK 110 CPABHEHUIO C MCXO/HBIM.

3ameuanue 3. OOcCy)IaeMblil AJTOPUTM HE SIBJISETCS HEYIIPEXKIAIONINM, I10-
ckoJIbKY bopmysbl (2), (3) ucnouab3yor uHGOPMAIMIO O JIBUXKEHUH B y3J€ t;1q.
OaHAKO OH MOXKET OBbITh CJIeJIaH TAKOBLIM NpH (hOPMAJBLHOM CJIBUTE JIEBOIO KOHIIA
BPEMEHHOIO [IPOMEXKYTKa B TOUKYy a — A u Bbibope zp(a — A) = zp(a). Pesynsrar
dopmyn (2), (3), moaydeHHBIH [ IPOMEXKYTKA [t;—1,t;], CIATAETCST TIPUOJIMZKEHTEM
Ha TPOMEXKYTKE [t;, t;41]. IIpemioxkennplii capur Ha A BIPABO He U3MEHUT IIOPSIKA
TOYHOCTH OIIECHKH.
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OPTIMALITY CONDITIONS FOR A NONCONVEX OPTIMAL CONTROL
PROBLEM WITH LINEAR SYSTEM*

M. V. Yanulevich

Matrosov Institute for System Dynamics and Control Theory SB RAS,
Irkutsk, Russia

max@irk.ru

Consider the linear control system
z(t) = A(t)x(t) + B(t)u(t) for ae. t € T = [to,t1], x(tg) = zg € R", (1)
U={u()e LL(T)|u(t) €U forae. teT}, (2)

*The reported study was supported by the RFBR, project no. 18-31-00465.
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under the standard assumptions [1, 2]. In particular, the set U is compact in R™,
and the elements a;;(t) and b;(t), i = 1,n, j = 1,n, | = 1,r, of the matrices A(t)
and B(t), respectively, are continuous on T'.

Further, the objective of the problem consists in minimizing the following Lagrange
functional:

i u) = /T[F(x(t),u(t),t)] dtLmin,  ueld, 3)

subject to the control system (1), (2). Here the functional F(x,u,t) is continuous
with respect to the variable ¢ € T and is a function of A. D. Alexandrov [3] with
respect to the pair (z,u) € R™*" (or a so-called d.c. function [4]) such that

F(z,u,t) = g(z,u,t) — h(z,u,t) V(z,u,t) e R" x R" x T, (4)

where the functions (x,u) — g(z,u,t) and (x,u) — h(x,u,t) are convex [2, 4] for all
t € T (with respect to the pair (z,u)).

In this paper we denote by z(-;u) a unique absolutely continuous solution of the
ODE system (1) corresponding to the control u(:), and J{u] := J(x(-;u), u).

Note that for the considered problem (1)-(3) Pontryagin’s maximum principle
is a necessary optimality condition but not a sufficient one, in general. In [5-7]
A. S. Strekalovsky proposed and proved global optimality conditions, which are nec-
essary and sufficient for the optimal control problem when the function h(x, u, t) in the
objective functional does not depend on the control variable u, i.e., h(z,u,t) = h(z,t).

Further, according to the results of [5, 6], we propose optimality conditions when
the function h(x, u,t) in the objective functional J(-) depends on the control variable u
(see (3) and (4)).

Theorem 1. Let a control w(-) € U be globally optimal in problem (1)—(3) and
2(t) = z(t;w), t € T. Then, for each triple (y(-),v(-),B), where § € R, y: T — R",
and v: T — R", satisfying the equality

| 1wty o0).0)dt = 5 = T )
the following inequality holds:
/ g(x(t;u),u(t),t) dt — / |:<Vyh(y(t), v(t),t), x(t;u)) + (Voh(y(t), v(t), t), u(t))| dt
T T
> 5 [ [(9h0),00.0,000) = (Tblul@). o), 0, 00] &t ) €t )
Remark 1. Consider the following partially linearized problem (PL(y,v)):
Huiy) = [ [aleltsn),ufe).0) = (V,hl(0).ole). 1), (6 0)
T
—(Voh(y(t),v(t),t),u(t))| dt | muin, u€EU, (7)
for some triple (y(-),v(:), 8) which satisfies equality (5) from Theorem 1. Note that

the functional I(-;y,v) is really present on the left-hand side of inequality (6). It can
readily be seen that inequality (6) can be rewritten in the following form:

V(PL(y,v)) > 7(y,v, ), (6)
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where V(PL(y,v)) is the (optimal) value of the linearized problem (7) and the value
~(y, v, B) is such that

Ay, v, 8) = 6 - /T (V,h(y(t), v(t), t), y(t)) dt — /T (Vo h(y(t), v(t),t) v(t) dt. (8)

It is well known that (PL(y,v)) is a convex optimal control problem. So, Pontry-
gin’s maximum principle [1, 2] turns out to be a necessary and sufficient condition
for a control u.(-) to be (globally) optimal in (PL(y,v)). For instance, we can apply
the methods based on Pontryagin’s maximum principle to solve the auxiliary convex
problem (PL(y,v)).

Remark 2. Further, suppose that some triple (y(-),v(-),5) satisfies (5) and
u(-) € U is a control for which inequality (6) is violated. Let Z(t) = z(t;a), t € T.
Then,

0>/Tg(g-;(t),a(t),t)dt
- /T [(Tuhly(t), v(#),£),5(6) — y(8)) + (Vuh(y(t), v(t), 1), a(t) — v(t))] dt.

Hence, due to the convexity of the function (x,u) — h(z,u,t), t € T, it follows that
0> /T[g(fc(t),a(t),t) — h(@ (), @(8), ) + hy(t), o(t), )] dt - B,
Taking into account (5), we obtain
0> /TF(J‘:(t),ﬂ(t),t) dt — Jw] = Ja] — J[w],

that is, J[u] < J[w]. It means that conditions (6) possess the so-called constructive
property; i.e., if there exist a triple (y(-),v(-), 3) and a feasible control @(-) € U for
which these conditions are violated, then the control @(-) is better than the current
control w(-).

It should be noted that there exist other sufficient conditions for the considered op-
timal control problem or its special cases (for example, in [8]). However, our objective
is to construct a numerical method for obtaining a globally optimal control (solution)
in problem (1)—(3) under study using the constructive property of the optimality
conditions. In particular, our paper [9] shows that such optimality conditions enable
one to construct numerical methods.
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JIEMMA JI.C. TIOHTPSITUHA
B JIU®OOEPEHIMAJIBHBIX UTPAX YBETAHUSA
(L.S. PONTRYAGIN’S LEMMA IN DIFFERENTIAL EVASION GAMES)

JI. II. ¥Oraii (L. P. Yugay)

Quauan HUTY “MUCuC”, Aamanvir, Yabexucman
yugailp@mail.ru

B mnocranoske JI.C. Tlonrpsirnna—E.®. Mumenko [1] paccmarpubaercst 3amadua
YKJIOHEHHsI OT 3aJ[AHHOT0 TEPMHUHAJIHHOTO IOIIPOCTPAHCTBA TPAEKTOPHH KOHMDIHKT-
HO YIIPABJISIEMON JTUHAMUYECKON CHUCTEMBI, OTTUCHIBAEMON JTUHEHHBIMU OOBIKHOBEHHDBI-
vu i DepeHITNATBHBIME YPABHEHUSME. ¥ IPABJIEHUS BBIONPAIOTCS IBYMsI CTOPOHA-
MU (UrpOKaMHU), UMEIOIIUMU [IPOTUBOIOJIOKHDIE Hesu. VIrpOoK, cTpeMsaiuiics yKio-
HUTH TPAEKTOPUIO OT TEPMUHAJIBHOIO TOIIPOCTPAHCTBA HA OECKOHEYHOM WHTEpBAJe
BPEMEHHU, Ha3bIBAETCS YOEraloluM UI'POKOM, a COOTBETCTBYIOIIYIO 33124y YKJIOHEHUS
TpaekTopuil Ha3bIBAIOT TakxKe auddepeHImanibHoil Urpoil yoeranust (Wim yKJOHE-
Hud).

Pemenve nuddepennuanbaoii urpsl yberanus B mocranoske [1] upeamosaraer na-
xoxkieHne 3 HEKTUBHBIX TOCTATOYHBIX YCJIOBUH yOeranus u3 Job0it JOIMyCcTUMON Ha-
YaJIbHON ITO3UIINHU, TIOCTPOEHNUE YIIPABJICHHs YOEraoero urpoka u moJry YeHne OleHKn
CHU3Y JIJIsl PACCTOSIHUSI OT TEKYIIEro COCTOsIHUsI z(t) KOH(MIMKTHO YIPABJISEMON CH-
CTEMBI JI0 TEPMUHAJIBHOTO TOIPOCTPAHCTBA.

B pa6ore [2] nqano nosnoe pertenue snaeitnoi nudepeHmaibHoil urpsbl yoeranusi.
KimroueBbIM MOMEHTOM B TOKA3ATEIHCTBE SABJISIIACH “KOHCTPYKITUS, TIO3BOJISIIOIIAST 110~
CTpouTH 06XOIHOE JABUKEHNE TOUKH z(t), TOUHEe, IOCTPOUTD yIIPABJIEHUE YOETaH!s ¢
TeM, 9T00bI TOUKa z(t) He nonasa Ha M7 [3, c¢. 379]. DTa KoHCTpYKIMs ObLIA JOKA3aHA
B npeiokernn B paborsr [2, §4]. B nanbHeitem comeprkanne npeiozkenns B cra-
o naszbiBarbed Jgemmoit JI.C. Ilorrpsruna o manespe 06xozna (uam 06 yberanun) uin
gemmoii JI.C. TlonTpsaruna o kBaaparax u passubajoch maorumu aropamu (P.B. Tam-
kpesuaze u [LJI. Xaparumeuiau, H. Catumosbim, I1.B. T'ycaraukosbiM, B.H. TTinenny-
ueiM, M.C. Huxossekum, k. Horronm u npyrumn). Kak npasuso, Bce paccMOTpeHust
npoBomIICch B R? /19 IByMEPHBIX BEKTOPOB, KOMIOHEHTBI KOTOPHIX BBLIGHPAJIACD U3
KJIACCOB JINHEHHBIX KOHEYHOMEPHBIX CEMENCTB aHAJIUTUICCKUX (DYHKIIWIA, TOTIOJHEH-
HBIX CTeIeHHLIME dyHKimamu tuma t°, k € N.
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Huwuzxe 6ymer cchopmysimpoBaH OCHOBHO# pe3ynbrart, anajgorn<ubiii semme J1.C. [Ton-
TPSTUHA O MaHEBPe 00X01a, JI CIIydasi, KOTa PACCMATPHBAIOTCH M-MePHbIE BEKTODBI
C KOMIIOHEHTaMH U3 CHENUAJIBHBIX KJIACCOB (DyHKIMA.

IIycte R™ — eBKINOBO IPOCTPAHCTBO C (DUKCUPOBAHHON CHCTEMON KOODJIMHAT,
m > 2; k1 < ko < ... < k,, — HaTypaJbHbIE UHUCJIA; X — JAHEHHOE KOHEIHOMED-
HOe ceMeicTBO onpejiesieHHbIX Ha orpeske [0, 1] anamuTuaeckux byHKIWIA, BKIIOYa-
ommee B cebs TAKyKe BCEBO3MOXKHBIC JIMHeinble koMOunanun dbynxumit th, i € [ =
= {1,2,...,m}; ¢ < +00 — TOUHas BepXHssl IpaHb uncia Hyaeid byHKuui n3 3;
d>0wur; >0,iel, — 3a1anable IuCa.

Torna mrs xaxoi dymkumn g(t) = (g1(t), g2(t), ..., gm()T € R™, g;(t) € X,
1 € I, T — TpaHCcHOHHPOBaHUE, HARETCA TaKol BeKTop wy € R™, uro |wy| < d u npu
Beex t € [0, 1] BBIIOMHsIETCS HEPABEHCTBO (OIEHKa CHU3Y)

dtkm m t2(km_ki) —1/2

l9() = Qt)wnl 2z gj - : (1)

B KOTOPOM 0(g, M) — 1es1asl 9acTh IOJOXKUTEIBHOTO KOPHS yPABHEHMUSI
2 —m(g+1ax—m(¢+1) =0,

Q(t) = diag[rit*, ..., rp,thn] — nmaromambHast MaTpHIA TOPSIKA M.

Sameuanue 1. Wccnenosanue onenkn (1) mokasbiBaer, 9TO B CJIydasx, KOV
m = 2, k; = ko, onerka (1) coBuanaer ¢ usBecrabiMu [2], a npu k; < ko omenka (1)
OKAa3bIBAETCS IIPEIIOUTUTENbHEe, YeM B [2—4].

3ameuanne 2. Jlemma cripaBemBa jiist 60oJiee MUPOKKX, 9€M Y, KJIACCOB (DyHK-
Iuit, BBEJIEHHBIX B [4].

Crmcok Jureparypsbl

1. Honmpasaeun JI.C., Muwenxo E.®D. 3amadya yberanusi OJfHOrO YIIPABJISIEMOr0 00bEKTa OT
apyroro // JJTAH CCCP. 1969. T. 189, Ne4. C. 721-723.

2. Ionwmpseun JI.C. Jluneitnas nuddepennnanpuas urpa yéeranus // Tp. MITAH. 1971.
T. 112. C. 30-63.

3. IHoumpsaeun JI.C. N3bpanuse Tpyasl. M.: MAKC Ilpecc, 2004.

4. Camumos H. O mexoropwix o6o6mennsax jemmbl JI.C. IlonTparuna o xBagparax //
Hud. ypasuenust. 1984. T. 20, Ne9. C. 1548-1555.

296



COMPUTATIONAL TECHNOLOGIES FOR SOLVING NONCONVEX
OPTIMAL CONTROL PROBLEMS WITH FREE RIGHT-HAND END*

T. S. Zarodnyuk, A. Yu. Gornov

Matrosov Institute for System Dynamics and Control Theory SB RAS,
Irkutsk, Russia

tzarodnyuk@gmail.com, gornov.a.yu@gmail.com

The optimal control problem (OCP) with free right-hand end for a nonlinear system
with terminal functional is one of the main problems of control theory. When imple-
menting algorithms for numerically solving more complicated problems with terminal
and phase constraints, with integral functionals, and others, OCP appears in many
cases as an auxiliary problem, whose solution should be performed repeatedly under
iterations of the method. It can be argued, in our opinion, that this problem is the
preparatory stage for investigating a wide range of topical classes of problems.

Most results of theoretical studies are aimed at searching a local extremum in the
OCP. However, the logic of the development of control theory and the requirements
of practical applications are in need for solving multi-extremal problems of dynamical
optimization. The solution of nonconvex optimal control problems continues to be a
serious scientific problem.

The following statement of the problem is investigated, with the controlled dynamic
process described by a system of ordinary differential equations with fixed initial
conditions:

i(t) = f(z,u,t), x(t) =a°, teT =[ty,t1], (1)
uEU:{uEET:uligugugi,izl,_r}, (2)
Iy(u) = @o(z(t1)) — min. (3)

The problem consists in finding the minimum value of the objective terminal func-
tional (3) obtained by optimal control from the closed convex admissible set U. The
functions f(z,u,t) and ¢ are assumed to be continuously differentiable with respect
to all arguments.

Using the standard methods of reducing problems to the presented formula-
tion (1)—(3), it is possible to solve problems of a wider class: problems with terminal
and phase constraints along with direct control constraints, optimization of both ter-
minal and integral functionals, optimization of both the control functions and control
constants, as well as speed problems and others.

The paper considers several families of algorithms for solving nonconvex OCPs
with free right-hand end. One of the most reliable and informative algorithms is
the multistart method (multiple searches from randomly generated initial controls),
which, in addition to finding the global optimum, also builds an approximation of
the reachable set (RS) of the system and estimates the attraction regions for various
extrema [1].

*This work is partly supported by the Russian Foundation for Basic Research, project no. 17-07-
00627.
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Figure 1. (a) The optimal trajectories and control; (b) the RS with extreme points;

(c, d) the RS constructed by the curvilinear search method with 1000 and 10000
iterations, respectively.

The authors have implemented variants of Pontryagin’s method [2], which makes
it possible to find non-local OCP solutions. The developed algorithms, based on the
non-local maximum principle, demonstrate high efficiency on small-scale problems.

Alternative approaches to solving OCPs with free right-hand end realized by the
authors are convexification methods [3, 4], curvilinear search methods [5], and the
tunneling algorithm [6]. A special feature of the convexification algorithms, based
on Gambkrelidze’s technique, is that a solution is found by constructing an extended
problem with a convex velocity set. The methods of curvilinear search, based on
quadratic and cubic control variations, in many cases are able to achieve a globally
optimal solution quickly enough. The tunneling methods, based on the idea of a
transition from one local extremum to another, can also be classified as competitive.

For OCPs with relay controls, we propose specialized algorithms based on finite-
dimensional search in the space of control switching points: stochastic coverings al-
gorithms, genetic search algorithms, algorithms based on the Shepard operator, and
others. To estimate the quality of the obtained solutions, specialized tools of post-
optimization analysis and visualization are implemented.

To study the properties of the proposed algorithms, a collection of OCPs has been
developed [7] and is regularly updated. At present it includes more than 150 model
examples. Let us demonstrate the efficiency of the proposed algorithms on one of the
test examples of non-convex OCPs from this collection:

i’l = T2, (4)
. 2 .
T9 = —2x1 — 312 — - arctan bxo + u — sin 1521, (5)
2% = (=1,-1), —10<u(t) <10, teT=][0,2], (6)
af (t1)

Io(u) = 21’%(t1) — 1.05$411(t1) + — {El(tl)l'g(tl) + l’%(tl) + 1 — min. (7)

The optimal control and corresponding trajectories are shown in Fig. 1la. In this
problem, there are three extreme points: Iéocl(u) = 1.29864, achieved at the point
(—1.748, —0.874); I;(u) = 1.0, achieved at (0.000,0.000); and I;°°(u) = 1.29864,
achieved at (1.748,0.874). These points are identified by markers on the reachable set
(Fig. 1b) constructed with using the stochastic multistart method. Figures 1c and 1d
show the results of a step-by-step solution of the problem by the curvilinear search
method (1000 and 10000 iterations, respectively).
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A number of applied problems have been solved from various scientific fields, such
as mechanics, quantum physics, robotics, chemical kinetics, medical ecology, seismol-
ogy, electric power engineering, and others, with the application of the implemented
computational technologies for the study of nonconvex optimal control problems.
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SOLUTIONS OF NEWTON’S AERODYNAMIC PROBLEM
WITHOUT AXIAL SYMMETRY

M. 1. Zelikin, L. V. Lokutsievskiy

Lomonosov Moscow State University, Moscow, Russia
Steklov Mathematical Institute of Russian Academy of Sciences, Moscow, Russia

mzelikin@mtu-net.ru, lion.lokut@gmail.com

The talk will be devoted to the following problem: find a body having minimal
resistance while moving in rare media. Newton proposed and solved this problem in
the class of convex surfaces of revolution. The solution founded by Newton has very
interesting structure: the body’s front part must be a flat disc. For a long time it was
thought that this solution is optimal in the class of all convex bodies. Nonetheless, in
1995, Guasoni [1] and Buttazzo [2] constructed a counterexample, which shows that
resistance takes smaller values on convex surfaces that are not surfaces of revolution.
The existence of an optimal convex body follows from Marcellini’s theorem (see [3],
1990). So these two facts triggered a search for the genuine optimal convex body,
whose shape is not known at present. There are a lot of heuristic hypotheses about
the shape, which are based on many numerical experiments. Our purpose is to con-
struct a new mathematical apparatus to analytically find the convex body of minimal
resistance.
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KO2®OUIMEHTHBIE KPUTEPUU PABHOBECHOCTU
B OJIHOI AUPPEPEHIIMAJIBHON UI'PE JIBYX JIWI]
(COEFFICIENT EQUILIBRIUM CRITERIA
IN A TWO-PERSON DIFFERENTIAL GAME)

B. 1. 2Kyxkosckuii (V. I. Zhukovskiy),
JI. B. Cmupsosa (L. V. Smirnova)

Mocxkosckuti 2ocydapemeennviil ynusepcumem um. M.B. Jlomonocosa,
Mocxea, Poccus
T'ocydapecmeertvitli 2ymanumapHo-merHoA02UeCKUT YHUBEPCUMEM,
Opexoso-3yeso, Poccus

zhkvlad@yandex.ru, smirnovalidiya@rambler.ru

Tot, KTO 3aHMMAaeTCs Teopueil yCTOWYNBOCTH, IIOMHUT pasfes “KoddduimenTHbIe
Kpurepun ycroitumBocTu’. B Hem 6e3 pelreHusi caMoil CUCTEMBI yDaBHEHUN BO3MY-
MIEHHOTO JBUXKEHUSI CPa3y PEIIaeTcs BOIPOC 00 yCTONIMBOCTH HEBO3MYIIIEHHOTO IBU-
KeHusl (HEyCTOWIMBOCTHU, aBCOIOTHON, ACUMITOTUYECKON YCJIOBHON yCTORYUBOCTH)
10 OrpaHUYeHnsIM Ha KO3 UIMEHTHI cUCTeMbl. B mpeiaraeMoM coobIeHNN c/iesa-
Ha IIOIIBbITKa II€peHeCTH I3TOT IIOJAXOJ/] Ha BbIABJICHUE BU/la PaBHOBECHOCTH, KOTOprﬁ
cJleJlyeT WCIIOJIb30BATh B KOHKpeTHO# auddepennuanbaoil urpe. B maremarundeckoit
Teopun auddepeHInaTbHbIX UTD MHOTHX JIAIL OOIENPU3HAHHBIMA ABJISIIOTCS TPU BU-
na paBaosecuit: pasaosecue 110 Hamy (PH), paBrosecue 110 Bepxky (PB) u paBuosecue
yrpos u kourpyrpos (PYuK). Kakue u3z nux urpokam ucrosb3osars? Kaxiplit umeer
CBOM JIOCTOMHCTBA, U HEJIOCTATKH!

B nannoit pabore mpu BEIOOpE KOHIIENINY PABHOBECHS IIPEJIAraeTcss 0a3upOBATHCS
Ha KO3(MDPUIMEHTHBIX KPUTEPUSIX, T.€. Ha CBOHCTBAaX KO3 MUITMEHTOB MaTeMaTHUIe-
ckoit Momesu uddepeHITnaIbHBIX UTP MHOTHUX JHUIL. TaKo# M0/IX0/T JIEMOHCTPUPYETCST
Ha npuMepe nddepeHITnaIbHON JTHHEHHO-KBaPATHIHON NPl JBYX JIUI] B HOPMaJIhb-
HoOit dpopme

I = ({1,2}, 5, {Ai}im1,2. {Ti (U1, Us, to, 20) bim1,2)-
B I" ynpasnsemast cucrema X uMeeT BU/L
T = A(t)x + u1 + eus, x(to) = xo,
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Koad dunuenrabie Kpurepun paBHOBECHOCTH

D11 D1s Doy Das C1 Cs PH | Pb | PYuK

1| Di1<0 v v Dy <0 | Ci <0 v 3

2 \4 D2 <0 | D31 <0 \4 \4 Ca <0 3

3| D11 <0 Di2 <0 D21 <0 | Do <0 | Ch <0 Cy <0 3 3

4|1 D11>0 | Di2<0 | D21 <0 | D2>0 | C1 <0 | Co<0 | -3 3 3
51| D1i1>0 A \ \ \ \ -3

6 A D12 >0 v v v v -3

7 A \4 D21 >0 \4 \ \ -3

8 A v v D322 >0 v v -3

rie A(+) € Cpxnl0,9], MomenT okoruanust urpst ¥ > 0, HauaabHast nosunus (to, To) €
€[0,9) x R™, € > 0 — mauJiblit mapaMerp, MHOXKECTBO CTPATETHH i-I'0 UI'POKA

A, = {Uz - ui(t,x) = Ql(t),’E VQZ() (S Can[O,ﬁ]},

dyukims BeMrpoIma i-ro urpoka (i = 1,2)

9
%(Ul, UQ, to, 170) = :1/(19)0@(19) + / (’U,/l [t]Dllul[t] + U/Q [t]DiQUQ [t]) dt,
to
snech cuanraeM (n X n)-marpunst C;, Di; (i,j = 1,2) HOCTOAHHBIME U CHMMETPUY-
HBbIMU, [ITPUX O3HAYAET ONEPALUIO TPAHCIOHUPOBaHMs, HepaBeHcTso D > 0 (< 0)
O3HAYAET, YTO KBaApaTndHas dpopma u)Du,; TOJ0KUTEIBHO (OTPHUIATETHHO) OLpeie-
neHa, u;[t] = Q;(t)z(t), r € R™ — daszosslit n-Bexrop, (t), t € [to, V], — pemenue
CHCTEMBI 3 TIPH YIPABJIAINX Bo3aeiicTBusax u; = u;(t, ) = Q;(t)z (i = 1,2).
YT10065b! pemuTh 33/1a9y BHIOOpa KOHIIENIINN paBHOBECHUS st Urphl I, citeryer ¢ mo-
Moripio kKpurepues CusbBecTpa nin JKoOU OIpeIeTuTh 3HAKOOIIPEIEIEHHOCTD MaT-
pur D;;, C; (4,7 = 1,2), a 3aTeM B 3aBUCHMOCTH OT 3TOr0 HAUTH COOTBETCTBYIOLIYIO
CTPOKY B IIPUJIATAEMOI TaOJIUIE U BEIOPATH COOTBETCTBYIOILY O KOHIEIITUIO PABHOBEC-
HOCTH.
Ecau Tabsmra pekomenayer pasuosecue o Hamry uinn Bepiky, To moctpoenue ca-
MHUX COOTBETCTBYIOIIUX PaBHOBECHBIX CTpaTeFI/Iﬁ UT'POKOB MOXKHO HalTu B [1], a eCJIin
paBHOBECHe yrpo3 U KOHTPYI'PO3, TO OTChLIaEM K cTaThe [2].

Crmcok Jureparypsbl

1. XKyxosckuti B.U., Iopbamos A.C., Kydpasues K.H. Pasuosecue o Bepxy u mo Hamry
B OJIHOH JIMHEHHO-KBaApaTnIHOil nuddepennmanbuoit urpe // Mar. Teopust urp u ee
npuit. 2017. T. 9, Ne1. C. 62-94.

2. XKykoscxkuti B.U., Kydpsasues K.H., Camconos C.II., Buicokoc M.H., Beavckux FO.A.
Knacc nuddepeHnumalibHbIX UTD, B KOTOPBIX OTCYTCTBYeT paBHOBecue no Hamry, HO cy-
IECTBYET paBHOBecUe yrpo3 u KOHTpyrpos3 // Becra. FOYpI'Y. Maremarnka. Mexanuka.
Ouszuka. 2018. T. 10, Ne2. C. 5-21.

301






Haquoe U3a1aHUC

OIITUMAJIBHOE YIIPABJIEHUE
N JUODPEPEHIIMAJIBHBIE UI'PBI:

Marepuassl MexTyHapoaHOM KOH(GEPEHITHH,
MOCBSIIEHHO 110-1eTHro co THSA poXKACHUSI
JIsBa CemenoBu4a [ToHTpsiTuHAa,

Mocksa, 12—14 nekadps 2018 .

Juzaiin 06n0xku A. JIykbsanosoul

WznarensctBo «MAKC Ilpeccy
I'maBubliit penakrop: E. M. Byeauesa

OTredaTano ¢ TOTOBOIO OPUTHHAN-MaKeTa
TTognucano B meuars 05.12.2018 1.
Dopmar 70x100 1/16. Yen. neu. 1. 24,7.
Tupax 200 sk3. M3a. Ne 301.

Marematuueckuii nacTuTyT HM. B.A. CtexioBa PAH
119991, Mocksa, yi. ['yOkuna, 8

N3narensctBo OO0 «MAKC IIpecey
JInuensus U] NOO510 or 01.12.99 1.

119992, I'CII-2, Mocksa, JIeHnHCKHE TOPHI,
MI'Y um. M. B. JlomonocoBa, 2-it y4eOHslii kopryc, 527 K.
Teun. 8(495) 939-3890/91. Ten./Dakc 8(495) 939-3891

OTneyaTaHo B MOJHOM COOTBETCTBHH C KAY€CTBOM
npenocTaBieHHbIX MarepranoB B OO0 «Doroskcnepr»
115201, r. Mocksa, yin. Kotnskosckas, 1.3, ctp. 13.






	понтрягинские
	Пустая страница
	Пустая страница




