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Marem. C6opHuK Math. USSR Sbornik
Tom 135(177)(1988), Beim. 3 Vol. 63(1989), No. 2

ON A SHIRSHOYV BASIS OF RELATIVELY FREE ALGEBRAS
OF COMPLEXITY n
UDC 519.48

A. YA. BELOV

ABSTRACT. A Shirshov basis is a set of elements of an algebra 4 over which 4 has
bounded height in the sense of Shirshov.

A description is given of Shirshov bases consisting of words for associative or
alternative relatively free algebras over an arbitrary commutative associative ring ®
with unity. It is proved that the set of monomials of degree at most m? is a Shirshov
basis in a Jordan Pl-algebra of degree m. It is shown that under certain conditions
on var(B) (satisfied by alternative and Jordan Pl-algebras), if each factor of B with
nilpotent projections of all elements of M is nilpotent, then A is a Shirshov basis of
B if M generates B as an algebra.

Bibliography: 12 titles.

Shirshov in [1] and [2] established the local boundedness of the height of a PI-
algebra of degree m over the set of words of degree at most m. Shirshov’s theorem is
directly related to Kurosh’s problem for Pl-algebras; in fact, they are equivalent. The
precise assertion is contained in Theorems 3 and 4 of the present paper. Equivalence
is established by using a “transfer” procedure, enabling us to gather, by means of a
chain of so-called f-transformations, almost all symbols occurring in a set of long
subwords of a word ¢ into m — 1 groups, where m is the degree of the identity f.
The method works in the alternative and Jordan cases.

A well-known conjecture of Shestakov, which was proved by Ufnarovskii [3], as-
serts that an associative PI-algebra of degree m in which all words of degree at most
[m/2] are algebraic is locally finite; Ufnarovskii also showed that [m/2] can be re-
placed by the complexity. Note that Shestakov’s conjecture is a consequence of
Theorem 1 of the present paper; moreover the proof is constructive in nature.

In connection with Shirshov’s theorem, several problems arise. Over which sets of
words does the algebra A have bounded height? For which classes of nonassociative
algebras is the height theorem true? We are interested in algebras over an arbitrary
ring.

L'vov [9] considered the case of algebras over an arbitrary ring; he established the
boundedness of the height of an algebra 4 over the set of words of degree at most
m — 1, and proved Shestakov’s conjecture for deg 4 = 6. The height theorem for
(=1, 1) PI-algebras and alternative PI-algebras was proved by Pchelintsev [4], but the
boundedness of the height was not established over a set of words.
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364 A. YA, BELOV

In the present paper we describe the Shirshov bases consisting of words of a rel-
atively free ®-algebra A, associative or alternative, where @ is any commutative as-
sociative ring with unity and the variety var(A4) is not necessarily homogeneous. We
prove the existence of a Shirshov basis consisting of words for Jordan Pl-algebras.

The author sincerely thanks S. V. Pchelintsev for posing these problems and for his
active participation, and V. N. Latyshev for useful discussion and valuable comments.

§1. Main results

We denote by #D the number of elements of the set D.

Throughout this paper, A4 is a finitely generated (f.g.) associative PI-algebra over
a commutative associative ring ® with unity; for a set M we let (M) denote the ®-
module generated by M. We will say that an element x € A is linearly representable
by a set M if x € (M), and that A is linearly representable by M if A = (M). We
will say that A has essential height h over a set Y C A, and call Y an s-basis of A,
if there exists a finite subset D C A4 such that A4 is linearly representable by a set of
elements of the form ¢, --- ¢y, where N < & and, for all i, either t; e D or ¢; = biK",
where b; € Y; if we can put D = &, then A has height # over Y, and Y is called a
Shirshov basis of A.

Note that if a set Y generates 4 as an algebra, then the elements of D can be
expressed in terms of Y; then we can put D = &, and if Y is an s-basis, then Y is a
Shirshov basis, and conversely.

By the complexity Pid(9) of a variety 9t we mean that largest » such that Mat,, (F)
belongs to the variety 9 generated by the homogeneous components of the identities
of 9 for some simple factor F of ®. For algebras over an infinite field this definition
agrees with the usual one.

By the degree deg(A) of an algebra 4 we mean the smallest 7 such that A4 satisfies
an identity f of the form

Xy Xm — Z Kaxa(l) < Xg(m)s
o#l
where K, € ® Vo € S,,,.
The algebras of words that we consider do not contain the empty word (A). If
¢ # 0 is a homogeneous element, then ||c|| is its degree of homogeneity; if ¢ is a
word, then |c| is its length; |A| = ||A|| = 0; if ¢ # A, then we always have |c| > 1 and
lc|l = 1. For example, for letters a, b,d, if ||a|| = 2, ||b|| = 3, and ||d|| = 4, then

adbd)? =7, la}(bd)?| = 20.

THEOREM 1. A finitely generated associative Pl-algebra of complexity n has bounded
height over the set of words of degree at most n; if n = 0, then dimg(A4) < oo.

The following corollary is a strengthening of Shestakov’s conjecture:

COROLLARY. Suppose A is an fg. associative algebra of degree m. Then A has
bounded height over the set of words of degree at most [m/2).

From now on, unless it is stated otherwise, we will consider s-bases and Shirshov
bases consisting only of words of a relatively free algebra A. In this regard, an s-basis
is a Shirshov basis if and only if it contains generators. Note that M U {¢/} is an
s-basis & M U {c} is an s-basis.

A word of the form ¢/, where / > 1, is called cyclic; two words ¢, and ¢, are called
cyclically conjugate if

Hdl,adzi Ci :dldz, Cz=d2d1.
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Obviously, no s-basis that is minimal with respect to inclusion can contain two
cyclically conjugate words. The problem of describing s-bases and Shirshov bases
is equivalent to that of describing reduced (i.e. minimal with respect to inclusion
and containing no cyclic words) Shirshov bases, since a reduced s-basis contains
generators. We will denote by Q) the set of noncyclic words of length at most XK.
The relation of cyclic conjugacy partitions Q} into equivalence classes. A system of
representatives will be called a K-sample.

THEOREM 2. Suppose A is a finitely generated, relatively free ®-algebra of complex-
ity n. Then the set of reduced Shirshov bases of A consisting of words is equal to the
set of n-samples.

Any Shirshov basis that is minimal with respect to inclusion can be obtained from
a reduced basis by replacing the words of length greater than 1 by their powers. We
denote by M(X) the ideal generated by the elements of the form mX, where m € M.

THEOREM 3. Suppose A is a finitely generated, graded, associative Pl-algebra of
complexity n, and M C A is a finite subset of homogeneous elements. If A/JM™ is
nilpotent, then M is an s-basis of A. If, in addition, M generates A, then M is a
Shirshov basis of A.

MAIN LEMMA. Under the hypothesis of Theorem 3, if m = deg(A) and A/M™ is
nilpotent, then M is an s-basis of A.

This assertion is weaker than Theorem 3.

REMARK. If we do not require homogeneity, then, as the example of an algebra
with unity shows, the assertion of Theorem 3 is false. If the algebra A4 satisfies
a homogeneous identity of complexity n, then 4/M() is nilpotent for all /. The
example A = Mat,(F)®r XF[X], where F is a field, M = {m}, and m is nilpotent
of degree n, shows that the number »n in the hypothesis of the theorem cannot be
diminished.

Suppose B, generally speaking, is an f.g. nonassociative ®-algebra. Then L[B] is
the algebra of its left multiplications. For d € B we let L(d) be the operator of left
multiplication by d, and we denote by B, the subalgebra of B generated by 4. Let
Mon,; be the set of nonassociative monomials of degree at most /. For example:

X = ((! ')’(" )) € M0n4, %(x,y, ZaZ) = (xy)zz'

The algebra B has essential height R over a set M if there exists a finite set D C B
such that B is linearly representable by the elements of the form .# (¢4, ..., ty), where
# € Mong and, for all i, either t; € D or ¢, € By, for some m; € M. If we can
put D = J, then B has height R over M; the connection between the height and the
essential height is the same as in the associative case. This definition agrees with the
usual definition of height for nonassociative algebras [4].

Let M%) be the ideal of B generated by U,,,, Bx. We will say that the algebra
B has L-length K if L[B] is linearly representable by the set of elements of the form
L(p,)---L(p,), where ¢ < K.

Suppose M is a variety of algebras and C, is a relatively free /-generator algebra in
oM. The variety 9 is called nice if there exist functions ton(/) and may(/) such that,
for all /,

(i) C; has L-length 792 (/),

(ii) ‘L[C;] has at most wor(/) generators, and

(iii) L[C)] is a Pl-algebra.
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THEOREM 4. Suppose var(B) is a nice variety, B is an f.g. graded algebra, and M
is a finite set of homogeneous elements of B. If Vi B/M is nilpotent, then M is an
s-basis of B. If, in addition, M generates B as an algebra, then M is a Shirshov basis
of B.

It was shown in [7] that condition (i) holds for Jordan algebras. It was proved
in [5] that condition (i) holds for alternative algebras, and that condition (iii) holds
for alternative and special Jordan PI-algebras; it was also shown there that B/M () is
nilpotent for all /, where B is an f.g. alternative algebra of degree m and M is the set
of words of degree at most m?2. In [6] the validity of (iii) was established for Jordan
Pl-algebras, and in [8] the local finiteness of a Jordan PI-algebra of degree m with
algebraic words of degree at most m? was proved.

COROLLARY 1. Suppose B is an alternative or Jordan f.g. Pl-algebra of degree m.
Then B has bounded height over the set of words of degree at most m?.

From the fact that any associative, alternative, or Jordan f.g. PI-algebra having no
ideal with a nonnilpotent factor is simple we obtain

COROLLARY 2. Suppose a set M and algebra B satisfy the assumptions of Theorem
4 and B is an associative, alternative, or Jordan algebra. Then M is an s-basis < each
simple factor of B contains the nonnilpotent image of an element of M.

Using the same argument as in the proof of the nonhomogeneous case of Theorem
1, we can prove

THEOREM 5. Suppose B is a relatively free f.g. alternative Pl-algebra over ®. Then
the set of Shirshov bases of B consisting of words is equal to the set of Shirshov bases
of the factor with respect to the associator ideal.

This follows from the fact that in a Cayley-Dickson algebra there is always a
nonnilpotent word in the generators of length at most 2, for any set of generators.

§2. The auxiliary algebra A2

Throughout this paper, E is an alphabet, W (E) is the set of words of finite length
over E, and ®(E) is a free associative d-algebra over E. The notation u; T u»
signifies that the word u,; is a subword of u;. Otherwise u; 1 C uy. If u € W(E),
then ¥ is a periodic word infinite in both directions: - - uuu - - uuu - - -.

Let Wd(u) = {v € W(E)|v C u*}. Obviously W(E)\Wd(u) is an ideal of the
semigroup W (E); it generates an ideal I? of the algebra ®(E). Put 4A® = ®(E)/I2.
Suppose |c| > n. Let (¢), denote the leftmost subword of ¢ of length n, and (¢)"
the rightmost such subword. Obviously ¢ is representable in the form ¢ = (¢),e and
iI‘l |the form ¢ = d(c)". If ¢ = ¢éb, where b is a letter, we put d(c) = bé. Obviously
dlclc) =c.

REMARK. &(c) is cyclically conjugate to ¢. If ¢ = vX, then 6!’l(c) = ¢; if cis a
noncyclic word and |c| does not divide K, then 6% (c) # c.

We will show that all words of length /|u| in Wd(u) are cyclically conjugate. Indeed,
suppose vy C U™, v C u®, |vy| = |v2| = [|u], the initial letters of v; and v, are
adjacent in the word ¥, and the initial letter of v, is to the left. Since letters in #*°
that are a distance a multiple of n apart are identical, it follows that (v(); = (v3)!;
hence v, = d(v;). Therefore, if the distance between the initial letters of v; and v,
is K and the initial letter of v, is to the left, then v, = 6% (v;).

Everywhere below, u is a noncyclic word, # = |u|, and in this case two subwords
of u® of length n are cyclically conjugate and are equal if and only if the distance
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between their initial letters is a multiple of n. Therefore if ¢; C u®, ¢; C u*°, and
(c1)n = (€2)n, it follows that the subwords ¢; and ¢, are at a distance a multiple of n
apart. This implies

PROPOSITION 1. An initial subword of length n uniquely determines a word of
Wd(u). If c1,c; € Wd(u), (c1)n = (c2)n, and |c1| = |ca|, then ¢i = c;. If |ct| > |ca|, then
a1 =cd. If|c| > n, |dy| = |da|, and d| # dy, then cdy € I? or cd, € TD.

Suppose v2 = vv T u®, |v| > n, (v), = (v), and, in view of what was said above,
the initial letters of the left and right v are at a distance |v| apart, a multiple of .
Then we have

PROPOSITION 2. In the algebra A2, the set of nonnilpotent words is equal to the set
of words that are cyclically conjugate to some power of u.

ProrosITION 3 (Combinatorial analogue of the assertion of simplicity of a matrix
algebra). Suppose I # 0 is a homogeneous ideal of A®. Then there exist iq # 0,
Ao €D, and n € N such that A(A®)" = 0.

PROOF. Suppose s = Agc + >_A;c; € I, where 4, € ®©, |c;| = |c|, ¢; # ¢, and
Ag # 0. Each sufficiently long word in Wd(u) has the form v, cv,, where |vy| > n. By
Proposition 1,

Aovicvs + Uy (Z i,-c,-) vy = AgUicU2 + Ziivlc,-vz = Agvicv; mod I2.

Therefore Agv,cv, € I. The proposition is proved.
Suppose U is the ®@-module generated by the words of length # in the algebra 4.
Put ¢; = u and e; = 6"~ !(u). The module U is free, and e, ..., ey is a basis.

THEOREM 6. var(4?) = var(®[x] ®¢ Mat,(D)).

ProoF. Since var(4AP) is a homogeneous variety, it follows that to prove the

theorem it suffices to construct mappings 4 and g such that 4% LR Ende(U) — 0 and
0 — 4% £ Endgp(U ® P[x)).

Let us construct the mapping 4. Suppose d is a word, d € Wd(u). Put A(d)(e;) =
(' (wyd)". If |d| > n, (d)» = €;, and (d)" = e}, then h(d)(e) = dixej, i.e. h(d) is the
matrix unit Ej;; hence 4 is an epimorphism.

Construction of g. Suppose d is a word in Wd(u) and f € U. Put

gd)(f®1) = hd)(f) ®x".

Suppose ¢: U ®p P[x] — U and ¢(f ® P(x)) = f® P(1). For any d € A? we have a
commutative diagram:

U—-Us1%9 Ugox]

h(d)\ l(/’
U

In view of the homogeneity of g and Proposition 3, g is an embedding.

Theorem 6 was proved earlier in a weaker form by V. V. Borisenko.

DEDUCTION OF THEOREM 2 FROM THEOREM 1. It suffices to show that a reduced
Shirshov basis contains a sample, i.e. for any noncyclic word u such that |u| < n a
basis ¥ contains a word cyclically conjugate to u.
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Since A is a relatively free algebra of complexity »n, it follows from Theorem 6
that there exists a factor C of A such that C = A?. Since the image of a Shirshov
basis under a mapping onto an infinite-dimensional nonnilpotent algebra contains a
nonnilpotent element, the desired assertion follows from Proposition 2.

§3. Preparatory lemmas

Suppose E = {ay,...,a;} is an alphabet and the order a; < --- < a; induces the
lexicographic order on W(E). Let

W/(E)={ce W(E)|c 21}y W ={ceW(E)|c|=1}

There exists a unique isomorphism ¥ of the ordered sets W/(E) with the lexico-
graphic order and the segment [1;s'] of the natural sequence. For ¢ € W!(E) we
put N;(¢) = w((c);). Everywhere below, v is a fixed word of length »n in W(E),
b ¢ W(E), and z denotes a fixed element of W2""(E); we also assume that the word
(2)2mn contains no subword of the form g™, where |g| < n. Let K = (m + 1)n and
Z =2mn.

ProPOSITION 4. Suppose 0 < |q| < n. Then (qz)x # (2)k.

Indeed, if (z)x = (¢2)k, then (¢°z)x = (¢**'z)k, hence (z)x = (¢X)k, which is
impossible by virtue of the choice of z.

LeMMA 1. Suppose T C (vb)®°,b 1C v, T =ty --tpy1, and Vi |t;| > 4n, 0 € S,
and I; = tols(1) Loy lp+1s where ty = Tobey, t; = fibtibe; for 1 < i < p, tpy1 =
Jor1blps1, Z = 2mn, I; 1 C (vb)™®, and, for any i, b1 C e¢; and b1 C fi. Put
6(0) =0and a(p+ 1) = p+ 1. Then there exists an i such that (e5) fo(ir1)2) 5 <
(v2)z.

PrOOF. If q19; = v, put N(q1) = Ny (q22). If v = q14» = 9394 and g3 # qa, then
q19s # v and Vi |g,| < n.

It follows from Proposition 4 that (¢;942)% # (41422)5 = (vz)s; hence N(q;) —
Ny (gsz) # 0, and if (N(q1) — Nz (g42)) > O, then (q1942) 7 < (41422)% = (V2)7.

Consider the sum

p
(N(es(i)) — Nar(fo(isn2)) =0,
-0

-~

since ¢; fj+1 = v and N(e;) = Ny (fj+1z). If this sum contains a positive term with
index i, we have (e,(i)fo(i+1)2)7 < (VZ), as required.

Since the sum is equal to zero, it suffices to establish the presence of a nonzero
term; but since 7, | C (vb)*, there is an i such that beg;) fyi+1)ab # bvb. Then

N(eo(sy) = Namn(fo(ir1y2) # 0.

The lemma is proved.

COROLLARY. Suppose, under the hypothesis of Lemma 1, that 9, is obtained from
Iy by the substitution b — z. Then YR (2mn < R < |vz|) there exists H _ 9, such
that |H| = R and (H)ymn < (VZ)2mn.

Indeed, since |¢;| > 4n, we can put H = (e, fo(i+1)ZVZ)R-
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LEMMA 2. Suppose u is a noncyclic word, |u| = n, f is a multilinear identity over
a field F of degree p, and Pid(f) < n. Then 37 C u*>®, I = toty-- - tplps1, Vi
4n < |t;| < 10n, such that F is linearly representable mod T(f) by words of the form
Iy = toteqry " top)lp+1,0 € Sp, such that I; 1 C u*™.

PrROOF. Suppose f is an identity obtained from the identity xof(x,, ... 3 Xp) Xp+1
by replacing the variables x; by monomials of degree 4p, where all 4p(p + 2) variables
occurring in the monomials are distinct. Obviously Pid(f) = Pid(f) and, by Theorem
6, f is not satisfied in AE. Consequently, there exists a set of words {Zo, t1,...,%+1},
each of degree at least 4p, such that #, f(¢y,...,2p)tp+1 #Z 0 mod IF. We may assume
that 7 = fot; - - - tptp+1 C u™. Since |tg| > 4n, it follows from Proposition 1 that

Vo € Sp7; C u™® « 9; =7 . Then there exists a set {4} of elements of F such that

mod T(f) 0= 1,7 #0 mod If,

or
mod 7(f) 0= > 4 |I+ D, 4TI #0 modIf.
Fo=T Iy 1 ue
Consequently,
> A =A#0, yE_Tl 4e9; mod T(f).
=T I, 1Cu~

The lemma follows from the fact that if |f;| > 10n, we can eliminate from ¢; a
subword equal to u, and for all 7, the property of being a subword of #* or not
being such a subword is preserved. The lemma is valid for all identities, not just
multilinear ones.

From Lemma 2 and the corollary of Lemma 1 we obtain

PROPOSITION 5. Vk 2mn < k < |vz| and for s > (p + 2) - 10n, the word (vz)* is
linearly representable modulo T(f) by words c;j, each of which contains a subword H;
of length k such that (H;)ymn < (VZ)2mn.

Suppose o is a set of words. We will call it distinguished if the factor with respect
to the ideal generated by « is nilpotent; we will denote its degree of nilpotency by
l(a). If a set {u;} is distinguished and v; C u;, then the set {v;} is distinguished and
I({u;}) > I({v;}). The set a is distinguished if and only if each word of length at
least /(«) is linearly representable by words of the form d,cd;, where ¢ € a.

LemMMA 3 (replication). Suppose f is a multilinear identity of the algebra A4, deg f =
m, and {D;} is the set of words of degree at most m (including the empty word)
in the generators of A and the elements c;, where {c;} is a distinguished set. Then
VR € N the set {(¢;D;)R} = ag is distinguished, and I(ag) < K(I({c;}),p, m, R) for any
field F.

Proor. Each word of length at least /({c;}) is linearly representable by words of
the form d,c;d>. We use this fact and also the fact that each word having sufficiently
high degree in a = {¢;} is representable by Shirshov’s theorem in the necessary way.
(We also use the fact that the (R + 1)th power of a word contains the Rth power
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of any cyclically conjugate word; hence the words ¢; appear at the beginning.) The
lemma is proved.

§4. Proof of Theorem 1

Multilinear case. Suppose n = Pid(4), m = deg A, @ is a field, p = deg f, and f
is a multilinear identity of complexity n satisfied in the algebra 4. In view of the
main lemma, it suffices to show that the set Q7" of mth powers of the words of degree
at most 7 is distinguished. The following operations on sets of words preserve the
property “of being distinguished”:

1) Replacing a word by a subword; replacing a word by a set of words by which it
is linearly representable.

2) “Replication”; replacing the set {c;} by the set {(c;D;)*}, where {D;} is the set
of words of degree at most p in the ¢; and the generators of A.

3) If R > 20p, |ci| > 2mn, and ¢; contains no subword in @7, then the word
(c;D)R can be replaced by the set of words of the form {H,}, where |H,| = 2mn and
H, < (¢i)amn (see Proposition 5).

The multilinear case follows from the fact that by means of operations 1)-3) we
can make the set Q7 from the set of all words of length 2mn.

DEepucTION oF THEOREM 3. Suppose the set M and algebra A satisfy the condi-
tions of Theorem 3. It follows from the nilpotency of 4/M and Lemma 3 that
the set {(m”D;)R} is distinguished for each R. By Theorem 1, (m?D;)® ¢ M for
large R. We now use the main lemma.

REMARK. From the proof of Theorem 1 we deduce the existence of a function
p(m,n,p,s), where n = Pid4 = Pid f, m = deg 4, p = deg f, and s is the number
of generators of the F-algebra A, such that all words of length p(m,n,p,s) lie in
1d(Q*); p does not depend on F.

From the above proof and estimates of Shirshov [2] it follows that p(m, n,p,s)
can be taken equal to

exp(exp(exp(exp(exp(exp(exp(mnps)))))))-

General case. Let T(st,) be the ideal generated by the standard identity st, of
degree n, and ASF (g) a relatively free s-generator F-algebra in the variety generated
by the identity g. Let Alg(A4) denote the set of elements of A that are algebraic
over F, I(A) the ideal generated by the homogeneous components of identities in A,
A = A/I(A), n the natural projection, N4 the radical of 4, and m = deg A.

LeEMMA 4. Suppose A is an algebra of degree m. Then for each n there exists
a finite set Y, = {fi,..., fi}, Yn C T(sty,), such that A has bounded height over

QN U{fis.., fi}-

Proor. We may assume that 4 is a graded relatively free algebra, ay,...,a; its
generators, and p = p(2n,n,2n,s). We will show that all words of length p in
Z{a,...,a;) (and therefore also in ® ® Z(ay,...,a;)) lie in T(sty,) + Id(Q"). Let L
be the module generated by the words of length p,

M = LN[T(styy) +id(Q™)], N=L/M.

From the multilinear case of Theorem 1 and the right faithfulness of the tensor prod-
uct it follows that N® Z, = 0 for any prime ¢. Since N is f.g., N = 0. Consequently,
there exists W = {gi,...,8r} C T(st2,), #W < oo, such that the set Q7 U W is
distinguished. It remains to apply Lemma 3 and the main lemma.

It suffices to show that if n = Pid(A4), then T(sty,) C Alg(A); this follows from
Proposition 7.
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PROPOSITION 6. Suppose F is a field, #F > deg g, and F' > F. Then
var(4f (g) ®F F') = var(dl'(g)),  AF'(g)~ AF(g)®r F'.

Indeed, Af (g) satisfies all components of g homogeneous in each variable and all
of their linearizations {see {10}, Chapter 1).

COROLLARY 1. Suppose x is a homogeneous component of g. Then each simple
factor of A in which the image of x is nonnilpotent contains at most (deg g)" = K
elements.

COROLLARY 2. In this case, x*X'—xX! [ies in the radical of A; hence x is an algebraic
element and I(A) C Alg(A).

PROFPOSITION 7. Suppose A is a relatively free algebra. Then Alg(4) = n~1(N,) is
an ideal; if @ is Noetherian, then 3t € N: (Alg(4))! C I(A).

ProoF. If x € Alg(4), then n(x) is an algebraic element of the graded algebra 4
and is nilpotent. The existence of the desired ¢ follows from a theorem of Braun (see

[12]).
§5. The “transfer” procedure. Proof of the main lemma

Consider this game: given a word ¢, the first player designates a set of words by
which it is linearly representable, the second designates a word in this set, and the first
wants to bring this word to a desired form; the possibility of doing this is equivalent
to the linear representability of ¢ by words of this form.

Consider this game: there are / groups of objects, with Ki,..., K; being the num-
bers of objects in these groups. The first player chooses m groups and partitions each
of them into a left part and a right part, and then the second player rearranges the
right parts nonidentically, after which the left and right parts are reunited.

The aim of the first player is to try to see that at most m — | groups contain at
least m objects.

Suppose Kj,,...,K;, > m. We select the groups with indices ij,..., i, and put
K, = K, — q. Then Vo € S,,\{1} the vector

(K],...,fil +G’(1),...,?iq +a(q),...,f,-m+a(m),...,K1)

is lexicographically greater than the vector (K|, ..., K}); in trying to increase the vector
(Ky,...,K)) the first player arrives at the desired result.

An equivalent game: a word is printed on a tape, the first player cuts the word into
m + 2 pieces, and the second nonidentically rearranges the middle m. The aim of the
first player is to achieve a “transfer” of almost all letters of the set of long subwords
of ¢ into m — 1 subwords. It is easy to see that by replacing a subword of length k
with a word containing the mth power of a basic word and knowing how to “transfer”
powers of a basic word together we can bring a word to the form required by the
definition of essential height. Let us turn to a formal exposition (the definitions were
given in §1).

Everywhere below, E is an alphabet, possibly infinite, and ®(E) is a free graded
associative algebra over E. For each X we have dim Ty < oo, where Tx = {x €
®(E)||ix]| < K}. Also, Vi = 1,...,p, B; is a subsemigroup of W(E) generated by
letters, and B, N B; = @ for i # j. Put 4; = B", where m = deg f, f being a
multilinear identity satisfied in the algebra A.

We call a representation ¢ = ¢pfo - - - CcrRBrCr+1 Of a word ¢ regular if

a)Vj,Vxed; x 1C ¢, and
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b) the B; are maximal subwords of ¢ with respect to inclusion such that |8;{ > m
and f5; € Aj(,-).

Since all of the B; are generated by letters and B, N B; = & for i # j, a regular
representation of ¢ exists and is unique; therefore the relation f; € 4 uniquely
defines a function j(i) connected with the word ¢. Put k; = |f;|; then obviously
ki>mfor 0 <i<R. Put N; = ||fici+1---crBrCr+1]| and k; = N; = 0 for i > R.
Note that Ny > Ny > - > Ng > Ngy  =---=0.

—

By the indicator PK(c) of a word ¢ we mean the vector
PK(C) = (N(),ko,Nl,kl,. . .,NR,kR,O,.. .,O,. . )

in NN. We order the set of indicators lexicographically. The following lemma is
obvious.

LEMMA 5. Suppose there is given a regular representation
¢ =cofoc1B1---CRPRCR+1

of the word c. Then:
a) The last letter of c; and the first letter of c;,1 do not belong to Bj;.

b) Suppose ||ci|| = ||cil| and ¢' = coBo- - Bi—1CiBi -+ Cr+1, Where ¢! contains a sub-
word of A, for some k. Then PK(c') > PK(c).
c) Suppose |c|| = ||c'||, the word ¢’ has the form ¢’ = cofo - - - ciflt for some t, and

B! > |B:]. Then PK(c') = PK(c).

For each homogeneous ideal J C ®(E) we denote by .%; the set of words not
representable linearly mod J by words with larger indicator.

PROPOSITION 8. The &5 + J generate ®(E) as a ®-module.

ProoF. Suppose ¢ € .%; and represent ¢ by a linear combination of words with
larger indicator: ¢ = Y_ A;y;, Ai € D, ||yl = lic||. If y; ¢ £, carry out the same proce-
dure with y;. The finiteness of the number of words of given degree of homogeneity
guarantees that the process terminates.

Everywhere below, S is the ideal of ®(E) generated by U 4.

PROPOSITION 9. Suppose that in ®(E)/(J + S) all homogeneous components of
degree at least | are zero, ¢ € £, and ¢ = ¢yBy - - - BrCr+1 IS a regular representation
of c. Then Vi |ci|| < L.

ProoF. If ||¢;|| > {, then ¢; is linearly representable by words c;z, where ||c;. || = |[¢;|l
and PK(c;;) > (0,0,...). We now use part b) of Lemma 5.

LEMMA 6. Suppose there is given a regular representation ¢ = cyfo- - BrCr+1 Of

the word ¢, and there exists a sequence 0 < i} < ih < -+ < I;m < R such that
](11) = ](lz) == _](lm) Then ¢ ¢°<ZT(f) and
f=x1"'xm+zllaxa(1)"'xa(m), A € Q.
o#1

PrOOF. Represent f;, in the form dxyx so that |y;| < --- < |yn| (this can be done
since Vi |f;| > m). Put

to = cofo---ci, 01, tm = PmCi,,, = CR+15
Ik = VKCigs1 " Cig, OK+15 1<K <m.

Then ¢ = tyty - - t).
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To prove the lemma it suffices to show that PK(c,) » PK(c), where ¢ # 1 and
Co = tols(1) "+ " lo(m)- Let K be the smallest number such that 6(K) # K; then o(K) >
K, ¢ = to-- txk_1lok) " ts(mys lICsll = lic|l, and the word ¢, has the form ¢, =
cofBo - - Ciy Ok Vo (k)@ for some w, |y5(x)| > [7k|. It remains to use part c) of Lemma 3.

From Lemma 6, Dirichlet’s principle, and Proposition 9 we obtain

ProrosITION 10. Suppose J D T(f), ¢ € £, and all homogeneous components
of ®(EY/(S + J) of degree at least [ are zero. Then the regular representation ¢ =
cofo- - - BrCry1 Satisfies the following conditions:

a) Vi |la]| €1

b) R < (m — 1)p (p being the number of sets A;).

PrOOF oF THE MAIN LEMMA. The alphabet E will consist of leuers @; corre-
sponding to the generators of the algebra 4 and letters 77; corresponding to m; € M,
m; € M C 4, |[@| = |laill, and |7 ]| = [|m;]|. Put B; = {7} }i>1; then M = {m,}_,,
4j={mk}2 . and S = M. There is an exact sequence 0 — J; — ®(E) 5 4 — 0,
where n: @; — a; and 71; — m;. The ideals S and J satisfy the conditions of Propo-
sition 10 for some / if 4/M{™ is nilpotent.

Proposition 10 means that the essential height of a word ¢ € &7, is at most
2(m— 1)p.

REMARK. In exactly the same way we can show that at most m — 1 words ¢; can
have length at least m if ¢ € &), (we “transfer” to the right).

§6. The nonassociative case

Suppose B is an algebra and M = {m;}} a set of its elements satisfying the condi-
tions of Theorem 4; by,..., b, are generators of B, Q = {g;} is a set of nonassociative
monomials in &y,...,b;s,my,. .., mp, the alphabet E consists of symbols L(g;) corre-
sponding to the g; € @, and ||L(g;)|| = ||g;|); f is a multilinear identity in L[B] of the

form

f(xla---,xm) =X Xm +Z/10xa(1) < Xg(m)s As € D.
o#1

Let B; be the subsemigroup of W (E) generated by L(gs), where g5 € By, and let
Aj =BT and S =1id(J} 4;). There is an exact sequence

0— Jyg — ®(E) > L[B] -0, =n:L(q) — L(q)-

LEMMA 7. There exists k € N such that all homogeneous components of
O(E)/(Js + S) of degree at least k are zero.

ProoF oF THEOREM 4. It follows from Lemma 7 and Propositions 9 and 10 that
®(E) is linearly representable mod Ji(z by elements of the form ¢y - - - frCr+1»
where R < p(m — 1), ||lcil| < k, and B; € 4;). Since the L-length of B is bounded,
there exists 4 such that any element of n(4;) is linearly representable by elements of
the form L(q,)--- L(q%), where Z < h and g; € Bp,. Theorem 4 follows from the
fact that each x € B is linearly representable by elements of the form G o b;, where
G € L[B], and from the definition of essential height.

ProOF OoF LEMMA 7. Since B/M(© is nilpotent for each / and the L-length is
bounded, it follows that for each 4 all elements of sufficiently high degree of homo-
geneity lie in the ideal generated by the elements of the form

L(N(bi[,...,bip,C,b[pH,...,bik)),
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where N € MoN,,, and ¢ € B% . In view of condition (ii) for nice varieties,
L(N (biys...,bi,,c,..., b)) lies in the ideal generated by the elements of the form

L(q1)- - L(a;), where N € MoN,,; and ! < Ztyaz)(p + 5).

Using once again condition (ii) and Dirichlet’s principle, we see that for suffi-
ciently large 4 we have that L(]V(by,,...,by,,c, ...,bg;)), where ¢ € Bf’,,,,, lies in the
ideal generated by the elements of the form L(q;)--- L(q;), where q; € By, Vj. But

L(qy)--- L(g) €8.
It follows from the proof that the hypothesis of Theorem 4 can be weakened, it
being sufficient to require only the nilpotency of B/M "), where

y(nvar(B)(p + s))zdeg(f)
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