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ASYMPTOTIC EFFICIENCY OF JOINT ESTIMATION OF PARAMETERS 

OF A C O M P O U N D  P O I S S O N  DISTRIBUTION 

A. G. Belov and V. Ya. Galkin 

1. PRELIMINARY R E M A R K S  

This is a numerical study of the asymptotic efficiency of parameter estimators of the compound Poisson distribution [1, 

p. 53; 2, p. 115] with the generating function [3; 4; 5, p. 15] 

k k 

=exp/E /1> 
"¢--.~ 1 V ~ I  

,11 ..... 2k > 0 , 0 <  t_< l i s g i v e n , ~ =  1 - e, 

k k 

0v-----evE C;e-"-v2~t' ( ~'v= Z Cv~e-" ( - ' e - )~ t ' -~ '%)  ' v =  l,--"k, (2) 
D ' ~ '  I.t~'¢ 

or in matrix form 

0 = CZ, C = O×k = lico.II = Ile"C~ ~"-"ll. 

The probability function of this distribution has the form 

(2') 

k 

= 0 v / tv[ ,  n = 0 , 1  . . . . .  (3> P~=P{~ n}=po~l-" I '~- 
"¢=1 

k k 

where p 0 = e x p  { - -  E 0v}=exp{  E Xv(~ ' - -  1)},and the summation is over integer nonnegative solutions of E v i v = n .  
"¢~1 %'=1 'V~I  

We use the following results for the distribution (3) [3-5]: the derivatives with respect to the parameters Or, ,t,,, v = 1 . . . . .  

k, are representable in the form 

min  {1, In~v]} ra in  {'v,n} 

"O0v = ( - -  l)m-iPn-v/' Op" - -  C ~ s i s ~ - - i P ' ~ - i - - P n ;  (4) 
OZv 

/=o i=o 

the probabilities p , ,  n = 1,2, ..., are expressible by the recurrences 

ra in  {k,n} k mtn  {~t, n} 

n p , , =  ~ , O , p ~ _ ~ = ~ X ~  ~ ,.C~'en~-,'p,_,.; (5) 
• v=l ~t=l "v=1 

the cumulants ×r, r = 1,2, ..., are expressible by 

h 

~,=E "°~=E 
v = l  , t*=l 

~ ~. ,f c;; ~'~"-" = ~ 4 ° ,  ' ~ (~0#~, 
' v = l  l = 1  IJ.=l 

(6) 

where G(0 are Stifling numbers of second kind, 00t  = ~(/~ - 1) ... ~u - l + 1). 
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2. D E T E R M I N A N T  OF I N F O R M A T I O N  MATRIX 

The regular i ty  condi t ions  for the first and second derivatives with respect  to ~l, and 0~ from (4) are easily verified. First  

consider  the s t ructure  and the proper t ies  of  the de te rminan t  of the informat ion matr ix B = Bx kxk = [I b,7, II, %, --- E). 02In 
N 

L/&tvo, t/~ (L = [-I Pn~ is the l ike l ihood matrix).  The e lements  of  this informat ion  matr ix are given by 

eo 

, bv~ = - -  Ez 0 2 InLlO)~vO)~ ~ = N E P'210pJOkv Op~lO).g = Niv~, 
rt~O 

i f  ° tvl~ _.~_.~v+p i ] • CvCu (e/7) i+/  ~ Pn--~Pn--I/Pn-- 1 = (7) 
i = 0  ] = 0  n ~ m a x  {i,]} 

v It 

_-- ~-',,+u ~ ~ C~vCi~ (e~-,),+i i5i, % p= 1 , &  
i = l  /'=1 

P,,-~Pn-I/Pn--I) are the e lements  of  the informat ion matrix Bok×k = Nlok×k in the parameter  where N ~ j = N  ( 
n = m a x  {t,l} 

system 0,,, B,1. kxk = NI). kxk. 

Proposition. F o r  the de te rminan t  of  the matrix B~ k×k with k > 2 we have the recurrences 

l k - - I  ;. k--  1 213 E, 

IBI = d e t B  * × ~ =  N_...._~k ~. . = 

> k'z~ ( k - -  I ) 
/ e 2 e . . .  ( k - - l ) e  p,= 

1 (8) 

2 
= e k ( k + l ) d e t B ~  × k =  ~,%klk--J~ 7~--lxk--I ,~  ̂,~ 

k aa k - - I  

1 2 . . .  k ~ l  ~t 2 

To prove the first re la t ionship,  note  that  any e lement  in kth row (column) of  the matrix 12 (7) is expressible in terms of 

the e lements  of  the preceding rows (columns):  

k--I  k 

i k v = i v k = @ ( e ' ; - - E ~ ) ~ i v . + 7  2 ~L~'IIi~.rP.--I ) . 

~ = 1  /1=2 

v = l , k .  

It suffices to subs t i t u t ePn_  k from (4) in (7) and to carry out  s imple  manipulat ions .  Fo r  the last e lement  

k--I  k--I  

b t= l  l = l  

k - - I  k k k 

11=1 1=2 I~=2 1=:2 

Successively mult iplying the rows and then the columns in l;t by/~2~,,/~ = 1 .... ,k - 1, and adding them to row k and 

then to column k, we obtain the de te rminan t  of  a matrix with the last row (column) 

k 

0.=2 

k k k k 

t x = l  LL=2 P,=2 b=.2 

Successively mult iplying the first k - 1 rows by ~(r + 1))lr+t, r = 1 . . . . .  k - 1, subtract ing them from the last row, and repeat ing 

the same procedure  for the columns,  we obta in  the first equali ty in (8). 
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To verify the second equality in (8), we first factor o u t  e 2 from each row in ] B [. in the first step, succcssivcly multiply- 

ing the first row by v? ' ' - 1 ,  v = 2 .... , k, we subtract it from the second, third . . . . .  kth row and factor out e from cach row; 

precisely the same procedure is applied to the first column. Then successively multiplying the second row by C,,27 ' ' -2 ,  v = 3 . . . . .  

k, we subtract it from the third, fourth, ..., kth row and factor out  e from each row; and similarly for the second column. 

Cont inuing  in the same way, in the (k - 1)-th step we multiply the (k - 1)-th row by Ckk-17, subtract it from the kth row and 

factor out  e; the same combina t ion  of columns (k - 1) and k gives the mult ipl ier  E in the determinant ,  as required. 

Finally, by (5), write the last row and column in ]Be kxl¢ [ = NkIT0 kxk ] in the form 

k--I 
~V:T~VR :k - - lOk  I (¥--  ~ FOri"vr), %': 1 , k - - l ,  

r~l 
k--I k--1 

~kk :/~--lOkl ( k- /~- lOk.  ( E  / 'Or(/.- E lOl~lr)'!) " 
r~l l=1 

Multiply the first k - 1 rows and columns by r0 r, r = 1 . . . . .  k - 1, and add to the kth row and column rcspcctively. 

Seeing that from (2) 0 k = d~i k, we obta in  the third equality in (8). 

Note that for k = 1 the dis t r ibut ion (1), (3) coincides with the Poisson distr ibution Po(e21) and clcarly 

det B~.~ ~ = N i  n =Ne2i-~t -= Ne: = , '~  pi",-l/p,~--I) . . . .  Ve/;~q. 

Let us now investigate the asymptotic efficiency of various consistent est imators ,I, which is defincd [6, p. 389] as 

e 0 (~.) == e 0 (21J,) = ( l i ra  1t31 IV (Z)1) -~ , 
N~aa 

where V(a) = [tcov(l,,, tt, ) [[ is the est imate covariance matrix. As aUernatives t o  the maximum likelihood method 191, which 

produces asymptotically efficient estimators,  we consider five simpler methods for est imation of the parameters ), of the 

distr ibution (3). 

3. METIIOD OF MOMENTS ESTIMATORS 

Using (6), we see that the method of moments  estimators 2 m for our  distr ibution can be obtained from the system of 

l inear algebraic equat ions 

WC~ = k, 

where W = II Wk×k [[ = [[~"11, v, p = 1, ..., k, is the Vandermonde  matrix, k is the column vector of the sample cumulants.  Then 

W (~M) = V(C-lW-lk)  = C_IW_IV (k) (W-IC-I)  ', 

e0 ()v~') : I WI2[CI~/IBI f V ( k ) I .  

In the impor tant  experimental  case k = 2 [7, 8], taking 1 < m2/a  1 < 1 + e, we obtain 

~ l m =  ~-2 ( ( 1 + e) al - -  m2), )~2 m--~ 1/2e -~ (rn2 - -  a l ) ,  

where a I is the sample mean, m 2 is the sample second central moment.  The estimate bias is written in the form 

E(~1 m- ?.i) -~-~2(eLV)-*, E(A2m--x2) =--~2(2eLV)-I 

and the elements of the est imate covariance matrix are accurate to O ( N - 2 ) :  

e~ND;~  -e2- l%-~- 4 ( 1 - - 2 e ) 0 2 + 2 / ~ t i + O  ( N - l ) ,  

~,Ar coy ( ~ ' ,  ~ ) = - ~ 0 2 - - ~  - o ( N - '  t, 

2e'~ND)~,m,_ = 20~ r-~t~ _ 0 (N-~) ,  
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T A B L E  I, ~ = 0.1 

x ~ . x ,  o.1 0.3 o,5 3 4 5 

0, I 
0,3 
0,5 
0,8 
1,0 
1,5 
2,0 
3,0 
4,0 
5,0 
I0,0 

92 
87 

85 
$6 
87 
90 
91 
93 
96 

94 
89 
87 
87 
87 
87 
88 
91 
92 
93 
96 

96 
91 
89 
89 
88 
89 
90 
91 
92 
93 
96 

0,8 1,0 

97 98 
94 95 
91 93 
91 92 
90 92 
90 91 
91 92 
92 93 
93 93 
94 94 
96 96 

1,5 2 

99 100 
97 98 
96 97 
94 96 
94 95 
93 95 
93 94 
94 95 
94 95 
95 95 
97 97 

100 100 
99 I00 
98 99 
98 99 
97 98 
96 98 
96 97 
96 97 
96 97 
96 97 
97 97 

100 
100 
100 
99 
99 
98 
98 
98 
97 
97 
98 

T A B L E  2. e = 1 

~ l  0,1 0,3 0,50 0,8 1,0 1,5 2,0 3,0 4,0 5,0 

0, I 
0,3 
0,5 
0,8 
1,0 
1,5 
2,0 
3,0 
4,0 
5,0 
lO,O 

1 
38 57 
11 22 
5 11 
2 5 
2 4 
1 2 

1 

78 
43 
26 
15 
11 
6 
3 
1 
1 

' 1 

85 94 
57 78 
39 66 
25 57 

11 
7 27 
4 17 
2 12 
1 8 

2 

97 
87 
80 
74 
68 
61 
56 
47 
39 
33 
14 

99 
94 
91 
87 
84 
82 
81 
81 
82 
83 
80 

99 
97 
95 
92 
90 
88 
87 
88 
89 
90 
93 

100 
98 
97 
94 
93. 
91 
90 
90 
91 
92 
94 

where ~2 = x 2 = 01 + 402 = e21 + 2e(1 + e)22, 01 = e21 + 2e?22, 02 = e2~. 2. Denot ing  A = 1T2×2[ = ,/~2ili - 1 and 

seeing that from (8) I B,~ 2x2 ] = NZe2A/4222, we obtain an explicit expression for the asymptotic efficiency: 

eo(?.: m, ),2rn)._~_gO22/A(20tO2+~t32). (9) 

The computa t ion  o f  asymptot ic  efficiency thus reduces to summat ion  of  one  numerical  series 

q :  = p~_,/p.-- 1. 

The values of  e o as a funct ion of  the parameters  21, 22 for various e are listed in Tables 1 and 2 (in percent)  and are 

shown in the form of  e o level lines in Fig. 1. We see that for small t the est imators  ,;qm, 22m are a lmost  asymptotically efficient 

for virtually all 2: ,  22. As e increases, a low-efficiency region (e o < 0.9) clearly emerges for small  21, 22. For  e = 1 (see Table 

2, the blank entries are  zeros),  the low-efficiency region is essentially ,,l 1 < 4. 

4. E S T I M A T O R S  USING EVEN F R E Q U E N C I E S  AND TIIE  SAMPLE MEAN 

For  any discrete distribution, from the defini t ion of  generat ing function we obtain P(1) + P ( - 1 )  = 2 ~ P2,,, i.e., if we 

write Pe = i  Pc,- then P ( - 1 )  = 2,° e - 1. In our  case (k = 2 by (1)), denot ing the sum of even frequencies by H c = Eh~,,  
rt~0 n 

this gives e.2: + 2eZ;t 2 = 1/,Jn(2H e - 1)° Combined  with the equat ion ×1 --- a l ,  this leads to the "even-frequency" est imators  

% ~ f = - - ( l n ( 2 g e - - 1  ) - 5 2 e a l ) / 2 e  2, Xeo f_ =(In(2Ho--l)÷2%)/4e- , '  o 

which are  admissible for V2(1 + e -2a l )  < H e < V2(1 + e -2 :a l ) .  
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Fig. 1. e = 0.5. 

It is easy to verify that up to o(N -1) 

,E (~'~f--)~l) = ( e 4 0 ' -  l)/4z<,V, E (Le f - -  ~.) = (1 - - e  '",)/8~%V. 

To find the estimate variances (functions of a 1, He), we need DH c and cov(a l, He) in addition to Da I I12]. Clearly, 

But it is easy to show that 

DHe:EDh2~  ÷ 2  ~ coy (h~i, h. i) =N-'P e ( l - - P e ) ,  
n i < /  

coy He) = E ,,h,,-- )(,re-- % ) :  (h,,, He). 
t l  t~ 

co;' (/l,, H e) = { N-IP2i (1 - - P e ) '  n =- 2/, 
A"-'Ip=,,:lPe, n .... 2i-:- I, i = . 0 ,  1 . . . . .  

Hence cov(a 1, He) = N - I ( ~  2ip.,i--×iPe). Now note that for any discrete distribution 

Finally, for our  case 

coy  (a l , .~ /e )  = ~ ( h  + 2 ; h )  ( 1 - - 2 P e )  N - '  = - -  0 1 e - ~ ' , N  - '  . 

We can now write out the elements of the matrix H coy(2,, c', 2 j  f) H: 

e4ND}.I ef  = 1/4 ( e  40' - -  I) - -  ( 1 - -  e 2) 0~ + 4~022 -1- 0 ( N - l m ) ,  

2e4N coy (E~f,)el)  = 0 __4~02__ 1/4 (e ~ ° , -  1) + 0 (N - j  :), 

4e4NDX,~ f = 1/4 (e 4°, - -  1 ) - -  0~ + 40~ ÷ 0 (N-~ ~). 

¢.o 

2 ~" 2ipo_~ = P ' ( 1 )  - P ' ( - 1 ) .  

i = 0  

Note that cov(2~ el, ,,].2 el) is best computed f rom J,1 ef + 222ef = a f f - L  

Thus, for the asymptotic efficiency of  the even-frequency estimators we have 

eo (Z1 ef,, ;L2e% = 64022/A (~2 (e 4°' - -  I)  - -  4012). (10) 

The computed values of e 0 (10) are shown in Fig. 2 (the level lines of the function eo(2~ el, )~2 ef ] it 1, 22) ) and in Table 3 

(the blank entries are zeros). We see that the high-efficiency region (e 0 > 0.9) is observed only for small 21, 22, and e. Thus, for 

e = 0.1, we have e 0 > 0.9 in the triangle 21 + ~l 2 < 1.5. As e increases, the asymptotic efficiency decreases, and the high- 

efficiency, regions shifts to small 21, 22. For example, for e = 0.5, we have e 0 > 0.9 in the triangle 221 + 2,  < 1. 
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Fig. 2. e = 0.1. 

T A B L E  3. e = 0.5. 

oj 0,3 i,o 3,o 

0 0,1 
0,3 
0,5 
0,8 
1,0 
1,5 
2,0 
3,0 
4,0 
5,0 

96 
95 
92 
84 
g 
41 
15 

4 
1 

0,5 0,8 

87 68 
87 70 
83 66 
74 58 
68 51 
49 35 
33 92 
l l  - -  

2 
1 0 

56 
58 
55 
47 
41 
27 
L7 

o 

I 

1,5 2,0 

31 17 

26 16 13 
22 11 

4 
9 1 

5 

3 
o 

4,0 5,0 

l 0 

1 

5. ESTIMATORS USING TI lE  ZEROTII  FREQUENCY AND TI lE  SAMI'LE MEAN 

Here Po = h0 and ×1 = al-  We write these estimators in explicit form with the corresponding admissibility condit ion:  

)~___ ~-2 ( ( e - - 2 )  a ~ - - 2  In ho), 1 1 - - e l 2  < - - l n h o / a ~ <  1. 

~.0 _ e_~ (a, ÷ In ho) J' 

The expressions for biases, variances, and covariances are written in the form 

E (XT-- i h) = ( I --po)/PPoN + o (N- ' ) ,  e (~.~-- i~=) = (Po-- l)/2e2Po N + o (N - I  ), 

~')ND~.°= 4 (pT ' - -  l )  + s  ( e - - 2 )  ((e + 2) i~, + 2 (2 - -  sT)iV=) + 0 ( N - ' / ~ ) ,  

s4N eov (~0, ~0) = 1 - - p o  I + e (;~1 + ( 2 - -  2~ + ~2) ~.) + 0 (N-I,'~-), 

e4ND~,°2 = p o l - -  1 - - e  (21 + 2e£~) + 0 (N-'/2).  

The asymptotic efficiency of the estimators is thus given by 

eo (L l  °, Z2 °) ~--~ 4po02/A (~2 ~ Po~2), (11) 

where a 2 = 01 + 402 + (01 + 202)2 is the second initial moment .  

Analysis of the computa t ion  results for eo(.aq°, 220 ) as a function of ,a.1, 22, and e shows that for large e the high- 

efficiency region is localized. For  instance, 0.5 < /t I + 22 < 3 for e = 0.5 and 21 < 1.5, 0.4 < it 1 - it 2 < 0.8 h)r e = 1. As e 

decreases, this region becomes substantial ly larger: for e = 0.1, we have 21 + 22 < 4 (see level lines in Fig. 3). 
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0 2 3 4 5 ~ 7 8 g t0 
At 

Fig. 3. e = 0.1. 

6. F~STIMATORS USING TIlE SAMPLE MI,:AN 

AND TIIE RATIO OF FIRST TWO FREQUENCIES 

In this c a s e  ( x  I = al,Pl/PO = hl/ho), the estimators are written in the form 

~trf = ~:-2 (hl/ho_'~ax) ' ~rf= .  1_2 e-~ (ax--lq/h°) '  (a~  <~ hllh o < at). 

Here 

ZO.~'e.__Z,) .~ o , ,), : . --: pj/~ psh - i -o(N-  E (xrf---~.,) = --&,'2~'Zp~N + o ( N - I ) ,  

p ~ e W D Z , ~  pi' - -  p,,p, + p~;~:o.. + 0 ( N - , %  

co, -pi-po ,, = ~pov~t.~ + O(N -1 :), 

4PaV4k'D£rf=o ': - P~ + PuPa + p~_t.,. + 0 (N-i /2) ,  

where Pl = OlPo = e('tl + 2~,22)Po' and therefore 

eo ().~'f,)rf) = 16p3oO~/A~t,p~ (p,, + P0.  (12) 

Table 4 lists the values of e o (12) (in percent) for e = 0.1. We see that e o < 0.6 for all 21 , 22 . As e increases, e o 

increases. Thus, for e = 0.5, we have 0.8 < e o < 0.9 in the parallelogram 1 < `21 + `2" < 2. ,21 < 1 (see levcl lincs in Fig. 4). 

7. ESTIMATORS USING TIlE FIRST TWO FREQUENCIES 

In this case (Po = ho, pl = hl), the estimators have the form 

~qf~---~-:(271n h~+ (l + ~)tzt/ho), ) < f = - - ~ ' - 2 ( l n  hn+ltl/tzo) 

and are admissible for 1 < -ho ln  ho/h I < V2(1 + ~-1) .  

Their biases are exprcsscd up to o(N - l )  by 

E (L~ - - Z l )  = ((1 + ~ p l - - F p o  (1 --po))/e2p~N, E (Z(--~.,) = (Pc (1 --Po)--2P,)/2e2p~N, 

and the elements of  the covariance matrix are 

- -  ) - -  2 o p~e'NDLf = 4eZp5 (1 - -  Po) + (1 +-~) ( 1 - -  3~) PoP, + ( 1 + e) PT + 0 (N - ' / : ) ,  

p3oe4N coy (k f, 2 f ) =  27pop t - -27po ( I - - P o )  ÷ ( e - - 2 )  p~ + 0 (N-1/2), 

P~ e':VD~'f= P, (Pt --Po) + po (1 - -Po)  + 0 ( N - '  2). 
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T A B L E  4. e = 0.1 

~ ' . " " ~  o.I o,3 0.5 0,8 i.o ,.5 : 3 , 

0 , i  
O, 3 
0 ,5  
0 ,8  
1,0 
1,5 
2 
3 
4 
5 

17 

39 
43 
50 
58 
58 
57 
54 

16 
26 
82 
40 
43 
51 
55 
58 
57 
53 

17 
27 
33 
40 
44 
51 
55 
58 
513 
52 

2O 

42 
45 
5l 
55 
57 
55 
51 

O 0  

;8 
35 
4:3 
46 
52 
55 
57 
54 
50 

27 
34 
3!} 
4-I 
47 

~5 
55 
53 
48 

77 
-i 1 
46 
48 
52 
5,1 
54 
51 
46 

4.t 

52 
51 
-17 
43 

40 
43 
45 
47 
48 
49 
49 
47 
44 
39 

/I"2 

10 

9 

8 

7 

6 

5 

# 

5" 

2 

7 

0 

x.. 

1 5 4 5 g 7 8 g U2,I 

Fig.  4. e = 0.5.  

10 

9 

8 -  

5 

4 

3 

2 

I 1 i 
7 2 5 • 5 F v 8 ~ g ,t; 

Fig.  5. e = 0.1 

T h e  a s y m p t o t i c  e f f i c i e n c y  in this  case  is g iven  by 

eo ( a f ,  ~,f) a o = 4poOT,_/Apl ( 1 - - P o ~ & ) .  (13) 
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Numerical calculations show that high-efficiency regions are observed only for small )`1, )`2, e.g., for e = 0.1 wc have 

e 0 > 0.9 in the region )`1 + )`2 < 1.5 (Fig. 5). With the increase of e the efficicnc'y declines and the region where e 0 > 0.9 

becomes smaller. Thus, for e = 0.5, we have )'l + )'2 < 0.5. 

8. COMPARATIVE ANALYSIS 

Our numerical analysis of asymptotic efficiencies leads to the following conclusions. For small e, the most efficient 

estimates are )`t m, 22 m. Other estimators can be used only for small parameter values. For instance, for e = 0.1, we have Ale[ + 

)`2 cf < 1.5, 21° + 220 < 4, 21e + 22e < 1.5. As e increases, the low-efficiency region for )`1 m, .,1.2 m becomes larger, but it is 

completely covered by the high-efficiency regions of the estimators )`l °, )`20 and )`l rf, )`2 rf (see Figs. 1 and 4). Thus, for small )`1, 

)'2, the estimators )'1 °, )'20 and )'1 rf, ,,I.2 rf are efficient for any e in addition to )`1 m, ,,1. 2m. 
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