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1 Xoa paboTsl

1.1 Abstract

Hesb nameit padboTol - KiaccudunupoBaTh Bee aBroMopdusmbl rpyii [lesasute Tuna C) na jio-
KaJIbHBIMH KOJIbIIAME C HeoOpaTuMoit aBoiikoil. Compsirast Ipon3BOJILHBIN aBTOMOP(MU3IM HEKO-
TOPBIMHU JIDYTUMU, U3BECTHBIMA, Mbl HQJIEEMCH IMOJYYUTh B UTOTEC €r0 NMPEeACTaBJICHUE B BUJIE
KOMITIO3UITUHU KOJIBIIEBBIX, IICHTPAIbHBIX, BHYTPEHHUX, JIMArPAMMHBIX aBTOMOP(MU3MOB U CIICIU-
AJIBHBIX «aBTOMOP(U3MOB CONPSIZKEHUST ».

1.2 Tekymuit pe3yjbTaTt
Ha manmerit MmomentT

e Teoperuvecku onucan xoJ1 pabOThI

e Haiijien KOHCTPYKTUBHBIN CIIOCOD MOCTPOEHUS 3HAKOB 3JIEMEHTOB MATPUIIbI IPUCOEIMHEH-
HOT'O TIPEJICTABJICHUS DAMCHBIX 3JIEMEHTOB ajredopsnt JIu.

e PeanmmzoBan KO/ 110 MOCTPOCHUIO MATPHIL ZTo(t) 11 a € Cp>3 ¢ yIETOM NPABHILHOTO
BbIOOpA 3HAKOB, IIPOU3BEJIEHO TIOCTPOEHNUE.

o KOHCTPYKTHUBHO IIPOBEPEHO KOMMYTHPOBaHUE MaTpuIl ()1 u ()3 U COOTHOIIIEHUE Qf’e (13} = E

1.3 Cuaeayroinue miaru
,Z[JIH IoJIydeHusd pe3yJjibTaTa B ,H‘aﬂbHeI./JIHIeM HeO6XO,ILI/IMO:

e YTOYHUTH MOCJIEAHHN IYHKT HOCTPOCHUST H30MOpdu3Ma.
/! _
e MerozgoMm jueapu3anun mokaszarb, 910 A; u3 ¢’ (w,,) = ... pasno 0.

e Metomom smHeapusaun nokasarh, 9o 1" u3 ¢’ (x4 (t)) = ... pasno 0.

1.4 Teoperndeckue BBIKJIAJIKNA

[Iycts ¢ @ E(R) — E(R) — aBromopdusm G(R), rpymmsr Hlesasie tuna C,, Haj JTOKATHHBIM
KOJIBIIOM C HeoOpaTuMoii aBoiikoi. Tak kak R - JIOKaJbHOE KOJIBIIO, IO M3BECTHON TeopeMme
rynmna [{leBasiie coBaaer co cBoeil J1eMeHTAPHON MOTYIIIOl, TO9TOMY Oy/IeM PacCMaTPUBAThH
nmMenHo vmeMenTapuyto rpymimy [lesase. [loka aro 6yaem paborars ¢ cucremoii kopueit Cs.

[Tycrs J - MakcuMabHBIH paaukas Koiabia R, Ttorga k := R/J - nose, suaunt, E; := E(J)
SIBJISIETCsT HAMOOJIbIIel HOpMaJIbHOM COOCTBEHHOMN MOAIPYIIoil. F; nHBapuaHTHA OTHOCUTE/IHHO



(, IepeiiIeM K HH/IYIIHPOBAHHOMY aBTOMOpdu3My (00bsicHerne paBeHcTBa) @ @ Fqq(P, R)/E(J) =
Eoa(®, k) — Euq(D, k).

Vcnonb3yst dakT jesaeM BBIBOJ, 9TO @ — cmandapmusii, aBTOMOPGU3M, TO €CTh, @ =
igp, g € N(Eu(P,k)), N — nopmamauszarop, p - KOJbIEBOil aBroMopdusM k. 3aMeTuM, UTO
dg € GL,(R), Takoe 4To nocie (HaKTOPU3AIMKA MbI MOMAJaeM B KJIACC SKBUBAJIEHTHOCTH §,
onHako He dakt, uro g € N(E,;) (ecau 661 570 6bLIO TaK, MbI MOLJIH ObI Cpa3y MOJIYIUThH
[peJICTaBJIeHNe © B BUJIe KOMIIO3UIMN KOJIBIIEBOTO U BHYTPEHHEro, HO HeT).

Pacemorpum ¢ i= i 1 Egq(®, R) — GL,(R), Takoit uto ero obpa3s mnpu hakTopu3anum
o E(J) coBuagaer c p. [lycrs A € Eq(®, R), npuaém Bee snementst A — u3 R’ = (1g). Torna
B=¢'(A) e GL,(R'), A— B € M,(J).

Broraenum HekoTOpble sj1eMeHThl Harreir rpymimbl [[leBasiie, KoTopble MOHAI00ATCT HaM B
JlaJIbHEeHUIIeM:
._ —1 «
Wo(t) = a0 (t)r_o(—t7 )xa(t), tER

Wa,; = wai<1) = l'ai(l)l'fai(_l)xai(l)
Qi = waiajai(l)
ha(t) = wa(t>wa(1)_1

[Tyrém [rpuBuasIbHOIl NpoBepKH| mostydaeM, uro QF = F, a Q; u Q3 kommyTupyior. Hexo-
TOPBIMU PACCYZKJICHUSAMU C IIPUCOCINHEHIEM KOPHS TPETheH CTEHeHH M3 €JUHUIIBI ITOJIYIaeM,
YTO CONPSIzKEHNEM MOXKHO Tepeiitu oT ¢’ K " coxpansomemy (1, Q3. Beomunas cBoiicTsa 0,
BUJIMM, YTO OTCIOJIA OYEBUJIHO ciefyeT, 9To ¢ (Wa,, {173}) = Wy, + A;, tne A; € M, (J). Tenepn
MBI XOTHM IOKa3aTh, 9T0 A; = 0, TOr/1a MOJIyIuTCsl, 9TO Wy, U Tq, (1) mepexongar B cebs.

Yrob6sr okazath, aTo A; = 0, cocTaBUM CHCTEMY PaBEHCTB, BBITEKAIOIINX U3 YCJIOBUI Ha
KOMMYTATODPBI Tn,. Y PaBHEHNs JAHHON CHCTEMBI Oy/IyT CIIpaBe/IJINBBI U IIOCJIE IIPUMEHEHNs K
HUM n3oMopdusma ¢”. Beraurast u3 BTopoii cucTeMbl paBeHCTB COOTBETCTBYIOIINE DABEHCTBA U3
[EPBOIA, TOJIy9IaeM CHCTEMY PABEHCTB, TJie B KaUecTBE MePeMeHHbIX BhicTymaloT A;. Mbl xorum
[I0Ka3aTh, 9YTO €JIMHCTBEHHBIM e€ pererueM sBisercd A; = 0, Vi. [l 970ro Mbl BOCIIO/Ib3yeMcs
METO/IOM JINHEeapU3alliu U COOTBETCTBYIONICH TeopeMOil.

Tenepb Hamia 1eb - nokazarh, 910 @ (x4(t)) = z4(p(t)), p — HEKOTOPOE OTOOpPAKEHUE.
Jjist HavaIa 3aMeTUM, 9TO MMesd, U9TO ¢ COXPAHSAET Wa, U Za, (1), U UCHONBL3YST COOTHOIIEHHE
JUISL y7Ke U3BEeCTHBIX KoMOmHaimii kKopreit (R7), Mbl MOXKeM IyTéM IpeJICTaB/IeHus] JIPYTUX Tq
Yepe3 UMEIOIINeCs HOIyduTh, 910 ¢ (T,) = X4, Va. U3BectHO, aT0 ¢ (24(t)) = 24(p(t)) Bep-
HO HaJI TIOJIeM. DTO O3HA4YaeT, ITo B HammeM ciaydae ¢ (x4 (t)) = zo(t') + 17, toe T € M,(J).
Jocrarouno nokaszarb, aro 7" = 0 TOJIBKO Jist T, (1), TIE @; - IPOCTOM KOPEHD (J1a1ee Mbl CMO-
JKEM BBIPA3UTH OCTAJIBHBIE T, (1) Yepes3 yrKe UMEIONuecs Clioco00M, aHATIOIUIHBIM OLUCAHHOMY
Boiiie). Urobbl mokazars, uro 1" = 0, Hy?KHO CHOBa, BOCIIOJIb30BATHCSI METOJIOM JIMHEAPU3AIINN.

st 3aBepiiieHns JJ0Ka3aTeIbCTBa HY?KHO aKKyPaTHO IPOBECTU PACCYKJICHUs, TTOKA3BIBAIO-
1ye, 94To p - He NPOCTO oTobpaxkenune R* — R*, HO KOJibIeBo#l aBToMopdusm Ha R.



2 Hcnoab3yemblii Ko

,L[JIH IIPOBEPKU PE3YJILTATOB MO2KHO HCIIOJIb30BAaThb CJICAYIOIIUE ,ﬂef/'ICTBI/IHZ

JImcrunr 1: Chevalley.py

E = Chevalley ()

# input data accorting to the tips on the screen

3 # The dimention of the wvector space

0 # Tag (auziliary)

1 # Verbosity

E.x(1), E.w(1l), E.Q(1) # Will give z, w and Q elements
E.check Q commuting() # Checks whether Q(1) and Q(3) commute. Must be True.
E.check Q cubed(l) # Checks whether Q(i) ~ 8 == I. Must be true.

Ucnonb3yeMblit KOJI.

JIuctunr 2: Chevalley.py

import numpy as np
from collections import defaultdict
from sympy import x

class Chevalley:
def _ init_ (self):
self .dimention of vector space,)\
self . auxiliary tag,\
self . verbosity ,\
self .matrix dimention = 0, 0, 0, O
self.elements = []

# Initializing
# t = Symbol(’t’)
self .Datalnput ()
self .matrix dimention =\
2 x self.dimention of vector space xx 2 + self.dimention of vector space

# Filling "elements”
self . GenerateAllElements ()

# if check_Q_ commuting ():

#  print("\nQ elements are commuting|n")

# else:

#  print(f"\nQ elements are NOT commuting:|nQ 1 =\n{Q(1)} nQ _5={Q(3)}\n\n")

# print (f"\nQ cubed:\nQ_1 =~ 8 =n{Q(1) *x 3} \nQ_8 ~ 3 ={Q(3) *x 8}\n|n")

def GenerateAllElements(self):

nnn

Filling the first ’self.dimention of wvector space’ cells of ’elements’ with the
following basic elements:

| alpha_ 1 =e 1 —¢ 2 —> elements [0]

| alpha_ 2 =e 2— ¢ 3 —> elements[1]



| alpha_(1—1) =e€e 1l — e (I-1) —> elements[l — 2]
| alpha_ 1 =2 x el —> elements[l — 1] ,
denoting self.dimention_ of wvector space as 1.

In this case the order is just a lexicographical order.
nnn

list template = [0] * self.dimention of vector space

# Adding basic elements as described

basis = []

for _ in range(self.dimention of vector space — 1):
basis.append(np.array (list (list template)))
basis|[_|[_], basis[_|[_+ 1] =1, -1

basis.append(np.array (list (list template)))

basis|self.dimention of vector space — 1][—-1] = 2

self .elements.extend (basis)

# Adding (1, 1, 0); (1, 0, 1); (0, 1, 1)
for i in range(self.dimention of vector space — 1):
for j in range(self.dimention of vector space)[i + 1:]:
self.elements.append(np.array (list (list template)))
self.elements|[—1][i], self.elements|[—1][j] = 1, 1

# Adding non—basic (1, 0, —1)
for i in range(self.dimention of vector space — 2):
for j in range(self.dimention of vector space)[i + 2:]:
self .elements.append(np.array (list (list template)))
self.elements|[—1][i], self.elements[—1]|[j] = 1, -1

# Adding (2, 0, 0); (0, 2, 0);

for i in range(self.dimention of vector space — 1):
self .elements.append(np.array (list (list template)))
self.elements|[—1][i] = 2

# Adding all opposite elements
for i in range(self.dimention of vector space *x 2):
self .elements.append(np.array(self.elements[i] * —1))

def IsPositive(self, vec):
zero = le—14
for coo in vec:
if coo > zero:
return True
if coo < —zero:
return False

def GetCorrectAbsValue(self, a, b):

r =0

while (any(not any(b — a * r — ) for  in self.elements)):
r +— 1

r —= 1 # that’s the true r indeed



c ab =1 +1
return c¢_ab

def GetCorrectSign(self, a, b, extraspecial pairs_ signs):
# Learning whether (a, b) is an special pair
if self.IsPositive(a) and self.IsPositive(b — a):
# Finding an exstraspecial pair for this one
a_ minimal, ksi = a, a + b
for root in self.elements:
if any([all(cur) for cur in self.elements =— ksi — root]) and)
self .IsPositive (root) and)\
self.IsPositive (ksi — root):

if self.IsPositive(a_minimal — root):
a_minimal = root
# The extrasp. pair we were searching for
a minimal, b minimal = a minimal, ksi — a minimal

t1, t2 = 0, 0

# The first condition looks suspicious and asymmetric. E.g., why it can be (can
# it?) negative? Check it once more in the article.
if any([all(cur) for cur in self.elements = b — a_minimal]):
t1 = self.GetCorrectAbsValue(a_ minimal, b — a_ minimal) =\
self.GetCorrectAbsValue(a, b minimal — a) x\
extraspecial pairs_ signs[(tuple(a_ minimal), tuple(b — a_minimal))] =*\
extraspecial pairs_ signs[(tuple(a), tuple(b_ minimal — a))] x\
np.square (b — a_minimal).sum() /\
np.square (b).sum()
if any([all(cur) for cur in self.elements =— a — a_minimal]):
t2 = self.GetCorrectAbsValue(a_ minimal, a — a_minimal) *\
self . GetCorrectAbsValue (b, b_minimal — b) x\
extraspecial pairs_signs[(tuple(a_minimal), tuple(a — a_minimal))] x\
extraspecial pairs_ signs[(tuple(b), tuple(b_ minimal — b))] x\
np.square (a — a_minimal).sum() /\

np.square (a).sum()

return np.sign(tl — t2)
else: # The pair is not special
m= 1
if self.verbosity: print(f’ Method_GetCorrectSign_START’)
if self.verbosity: print(f’Method_GetCorrectSign._a_=_{a},_.b.=_{b},.m_—_{m}")
if not self.IsPositive(b):
if self.verbosity: print(f 'We_say_that_b_<_0")
a, b, m=—-a, —=b, —m
if self.verbosity: print(f’Method_GetCorrectSign._a_=_{a},_.b.=_{b},.m.=_{m}’)
if not self.IsPositive(a):
if self.verbosity: print(f 'We_say_that_a_<_0")
if self.IsPositive(b + a):
if self.verbosity: print(f We_say_that_—a_<_.b’)
a, b=a+ b, —a
if self.verbosity: print(f Method_GetCorrectSign._a_=_{a},_.b.=_{b},_ m =_{m]}
else:
if self.verbosity: print(f We_say_that_—a_>=_b")
a, b=D>b, —a—>b
if self.verbosity: print(f Method_GetCorrectSign._a_=_{a},_.b.=_{b},_ m_—=_{m]}
if self.IsPositive(a — b):



if self.verbosity: print(f We_say_that_a_>_b")

a, b, m=>b, a, -m

if self.verbosity: print(f’Method_GetCorrectSign._a_=_{a},_.b.=_{b},.m =_{m}’)
if self.verbosity: print(f’Method_GetCorrectSign_ FINISH\n’)
return m x self.GetCorrectSign(a, b, extraspecial pairs_signs)

def BuildTheBasicElementRepresentationMatrix(self , basic element index, matrix):
# It can be changed arbitrary
extraspecial pairs signs = defaultdict (lambda: 1)
basic_element index —— 1 # since we have O—indexation

for column in range(self.matrix dimention):

# [z a, h_i] = —alpha(h_i) % z_a, where

# alpha(h_i) =<z i, x a> =2 % (x_i, ©_a) / (z_a, _a) —— Seems to be wrong!
#

# My new variant

# If we work with the i—th root (i basic_element index)

# [z {a i}, h_j] == <a_i, a_j>x z_{a_i}

#<a_ i, a_j>=2 (a_i, a_j) / (a_j, a_j)

# This condition gives us ’elements[column] == h_j’
if (self.matrix dimention — self.dimention of vector space <=\
column < self.matrix dimention):
# Fized variant
h = self.elements[column — (self.matrix dimention — self.dimention of vector_
matrix [ basic_element index |[column] =\
—2 % h.dot(self.elements[basic_element index]) / h.dot(h)
continue

# [t a, © b] = e ab x ¢c_ab x z_(a + b), where a + b from @, e ab ? {1, —1}
if (any(cur.all() for cur in self.elements self.elements [column]| +\
self.elements[basic_element index]) and)\

column != basic_element index):
# temporary renaming
a, b = self.elements[basic_element index]|, self.elements[column]|

# to find the row in the matriz to insert the result (c_ab)

a_ plus b element index = 0
for in self.elements:
if (not any(_ — (a + b))):
break

a_plus_b_ element index 4= 1
#b—ra, ..., b+ qa — a—series of the root b
# In fact, these formulee are equivalent. It’s stated in Humphreys
matrix [a_ plus b element index|[column] = self.GetCorrectAbsValue(a, b) x\

self . GetCorrectSign(a, b, extraspecial pairs_ signs)
continue

# [t a, x (—a)] = h_i (correspondant to a)
if (not any(self.elements|[column] + self.elements|[basic_ element index])):
if basic_ element index < self.dimention of vector space x*x 2:



matrix [ self.matrix dimention — self.dimention of vector space +\
+ basic_element index][column]| = 1
else:
delta = —(self.dimention of vector space x*x 2)
matrix [ self . matrix dimention — self.dimention of vector space +\
+ delta + basic_element index|[column] = —1
continue

def bmatrix(self, a):
"t Returns a LaTeX bmatriz

a: numpy array
returns: LaTeX bmatrix as a string
nimn
if len(a.shape) > 2:
raise ValueError(’bmatrix_can_at_most_display_two_dimensions’)

lines = str(a).replace(’\n’, )\
“replace ("[[7, [\
.replace (7|7, "\n’)\
.replace(’]’, 7’).splitlines ()[1:]

rv = [r’\[_.\begin{bmatrix}’]

rv 4= [o0) + &l join(l.split () + r’\\’ for 1 in lines|
rv 4= [r’\end{bmatrix}_\]| ]

return ’\n’.join (rv)

def Datalnput(self):
self .dimention of vector space = int(input("Dimention_of_vector_space:_"))
self . auxiliary tag = input("Tag_(can_be_empty):_")
self . verbosity = int (input(" Verbosity_(l_or_0):_"))
return 0

def x(self, idx, t = 1):

resulring matrix = np.diag ([1.] * self.matrix dimention)
basic_element representation matrix = np.zeros(self.matrix dimention #x 2).\
reshape(self.matrix dimention, —1)

# Filling "basic_element representation matrix”
self .BuildTheBasicElementRepresentationMatrix (idx ,\
basic_element representation matrix)

# Calculating the result

matrix powered = np.array (basic element representation matrix)
power, factorial = 1, 1
while (np.any (matrix powered != 0)):
if self.verbosity:
print ("power_=", power, ", _matrix:\n", self.bmatrix(matrix powered))

for i in range(self.matrix dimention):
resulring _matrix|[i] += (t ** power) % matrix powered|i]
power += 1
factorial *x= power
matrix _powered =\
matrix _powered.dot (basic _element representation matrix) / power



# matriz_powered. dot (basic_element representation matrix) / factorial
# WRONG!

if self.verbosity:
print ("The_result_is:\n", self.bmatrix(resulring matrix))

return resulring matrix

def w(self, i, t = 1):
# x(i + self.dimention_of wector_ space xx 2) corresponds to the opposite root
return self.x(i, 1) * self.x(i + self.dimention of vector space *x 2, —1) x*\
self .x(i, 1)
pass

def Q(self, i):
return self .w(i) * self.x(1i)

#HE The following functions are for manual checking ##44#

def check Rl(self, i, t=1, u=1):
pass

def check R2(self, i, j, t=1, u=1):
pass

def check R6(self, i, j, t=1):
pass

def check R7(self, i, j, t=1):
pass

def check R8(self, i, j, t=1, u=1):
pass

def check Q commuting(self):

Q = self.Q
return True if np.all(Q(1l) *x Q(3) =— Q(3) x Q(1)) else False

def check Q cubed(self, i):

Q= self.Q(1)
return np.all (Q *x 3 = np.eye(Q.shape[0]))




if name — ' main

Chevalley ()




	Ход работы
	Abstract
	Текущий результат
	Следующие шаги
	Теоретические выкладки

	Используемый код

