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MODULES OVER GROUP RINGS OF LOCALLY FINITE
GROUPS WITH FINITENESS RESTRICTIONS

OLGA DASHKOVA

ABSTRACT. We study an RG-module A , where R is a ring, A/C4(G)
is infinite, Cg(A) = 1, G is a group. Let £,¢(G) be the system of all
subgroups H < @ such that the quotient modules A/C4(H) are infinite.
We investigate an RG-module A such that £,¢(G) satisfies either the weak
minimal condition or the weak maximal condition as an ordered set. It is
proved that if G is a locally finite group then either G is a Chernikov group
or GG is a finite-finitary group of automorphisms of A.

1. INTRODUCTION

Important finiteness conditions in group theory are the weak minimal con-
dition on subgroups and the weak maximal condition on subgroups. Let G
be a group, M be a set of subgroups of GG. G is said to satisfy the weak
minimal condition on M-subgroups if for a descending series of subgroups
Go>G, >G> - >G, >Gpy > -+, Gy € M, n €N, there exists the
number m € N such that an index |G,, : G41] is finite for any n > m [11].
Similarly G is said to satisfy the weak maximal condition on M-subgroups if
for an ascending series of subgroups Gp < G; < Gy <--- <G, <Gpy1 < -0,
G € M, n € N, there exists the number m € N such that an index |G, : Gp1|
is finite for any n > m [1].

These finiteness conditions were applied to investigate infinite dimensional
linear periodic groups [9]. Also similar finiteness conditions were considered in
[2].

Let A be an RG-module, R be an associative ring, G be a group. G is
a finite-finitary group of automorphisms of A if Cs(A) = 1 and A/Ca(g) is
finite for any g € G [10]. Finite-finitary groups of automorphisms of A with
additional restrictions were studied in [10].
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Let £,¢(G) be the system of all subgroups H of G such that A/C4(H) is
infinite. Previously, we studied an RG-module A with some restrictions on
subgroups of £.,¢(G) [4, 3, 5].

In this paper we continue these investigations. We say that G satisfies the
condition Wit if G satisfies the weak minimal condition on M-subgroups
where M = £¢(G) and G satisfies the condition Wit if G satisfies the weak
maximal condition on M-subgroups where M = £.¢(G).

Next, we consider an RG-module A with Cs(A) = 1. We investigate an
RG-module A such that G satisfies either Wiinne O Winaxne. Main results of
the paper are Theorem 1 and Theorem 2.

2. PRELIMINARY RESULTS

Lemma 1. Let A be an RG-module, R be an associative ring. Then the
following conditions hold:

(1) if L < H <G and A/C4(H) is finite then A/Ca(L) is finite also;

(2) if LLH < G, A/Cs(L) and AJ/Cx(H) are finite then AJ/Cx((L, H)) is
finite also.

Corollary 1. Let A be an RG-module, R be an associative ring, F'FD(G) be
the set of all elements x € G such that A/Ca(x) is finite. Then FFD(G) is a

normal subgroup of G.

Proof. By Lemma 1 (2) FFD(G) is a subgroup of G. Since Cy(29) = Cy(z)g
for each x, g € G then FFF'D(G) is a normal subgroup of G. O

Lemma 2. Let A be an RG-module, R be an associative ring, H be a subgroup
of G. Suppose that H contains a normal subgroup K such that AJC4(K) is
infinite. Then the following conditions hold:

(1) if G satisfies Wpin-ns then H/ K satisfies the weak condition of minimality
on subgroups;

(2) if G satisfies Wpagnf then H/ K satisfies the weak condition of maximal-
ity on subgroups.

Lemma 3. Let A be an RG-module, R be an associative ring, L, K and H
be subgroups of G with the the following properties:
(i) K is a normal subgroup of L;
(i1) K and L are H-invariant subgroups;
(iii)) L)K N HK/K = (1);
(iv) L/K = Dryen Ln/K, L,/K # (1) is an H-invariant subgroup for any
n € N.
Then the following conditions hold:
(1) if G satisfies Wnagns then AJCa(HL) is finite;
(2) if G satisfies Woinns then AJCA(HK) is finite.

Proof. There are two infinite subsets ¥ and A of N such that ¥ U A = N,
YN A = (. Since A is infinite then there is an infinite strongly ascending
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series of subsets of A
A(l)CAR2)C---CAk)C---.
Also there is strongly descending series of subsets of A
A1) DA (2)D---DA%k)D -+,
such that the sets A(k+ 1)\ A(k) and A*(k) \ A*(k + 1) are infinite for any
n € N. Let
Dk/K = D'f’tezuA(k)Lt/K
and
DZ/K = DrtEZUA*(k)Lt/K'
At first we consider the strongly ascending series of subgroups
HDi < HDy < ---< HDp < ---.
|H Dy 1 : HDjy| are infinite by construction. If G satisfies Wiaxne then there
is m € N such that A/Ca(HD,,) is finite. Since (H, Lt € ¥) < HD,,
then A/Ca((H, Lt € X)) is finite by Lemma 1. Similarly we prove that
AJCA((H, L]t € A)) is finite.
Since ¥ U A = N we obtain
((H, L)t € A),(H, L4t € X)) = (H, 4|t e XUA) = HL.

By Lemma 1 A/C4(HL) is finite.
Likewise we can construct the strongly descending series of subgroups
HDY>HD;>--->HD; > -,

such that |H Dy, : HDj | are infinite. If G satisfies Wiyinne then there is m € N
such that A/C4(HD},) is finite. Since HK < HD}, then A/C4(HK) is finite
by Lemma 1. 0

Corollary 2. Let A be an RG-module, R be an associative ring, L, K and H
be subgroups of G with the the following properties:

(i) K is a normal subgroup of L;

(i) K and L are H-invariant subgroups;
(iti) L/K = Drpen L, /K where L,/ K # (1) is an H-invariant subgroup for

any n € N;

(iv) the set N\ Supp(L/K N HK/K) is infinite.
If G satisfies either Wininns 07 Winazng then A/Ca(HK) is finite. In particular
AJCA(H) is finite.

Proof. Let A = N\ Supp(L/K N HK/K) and T/K = Dryea L,/K. Then
T/KNHK/K = (1). We apply Lemma 3. O

Corollary 3. Let A be an RG-module, R be an associative ring, L, K and H
be subgroups of G with the the following properties:

(i) K is a normal subgroup of L;
(i) K and L are H-invariant subgroups;
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(i1i)) L/K = Drpen L,/K, L,/K # (1) is an H-invariant subgroup for any
n € N.

If G satisfies either Winng 07 Winggns then A/Ca((h)K) is finite for any

h € H. In particular H < FFD(G).

Proof. Let h € H. Since L, /K is an H-invariant subgroup for any n € N

then L,,/K is an (h)-invariant subgroup for any n € N. In particular the set
Supp((h)K/KNL/K) is finite. Then A/C4((h)K) is finite by Corollary 2. [

3. MAIN RESULTS

Obviously that a Chernikov group satisfies both the weak minimal condition
on subgroups and the weak maximal condition on subgroups. It follows that
if A is an RG-module and G is Chernikov then G satisfies both Wiyinne and
Wmax—nf-

Lemma 4. Let A be an RG-module, R be an associative ring. Suppose that
G satisfies either Winng 07 Winagns. Let K and H be subgroups of G such
that K is a normal subgroup of H and H/K is an infinite elementary abelian
p-group for some prime p. Suppose that K and H are (g)-invariant for some
g€ G. If ¢* € Co(H/K) for some k € N then g € FFD(G).

Proof. Let M = H/K. We take 1 # by € M. Put B; = (b;)!. Since g induces
the automorphism of finite order on M then Bj is finite. M = By x ('} is valid
for some subgroup C}.
Let
{CYly € {g)} ={Un,...,Un}

It follows that the (g)-invariant subgroup
D1 = U1 MN---N Um = C’ore(g>(Cl)

has finite index in M. Let 1 # by € Dy and By = (b,)'9. Then (B, By) =
By x Bs. As before we conclude that M = (B; x Bs) x Cy for some subgroup
(5. Similarly we can construct the infinite set {B,|n € N} of non-trivial (g)-
invariant subgroups such that (B,|n € N) = Dr,cnB,. By Corollary 3 we

have that g € FFD(G). O
Let 7(G) be the set of all prime divisors of orders of elements of G.

Corollary 4. Let A be an RG-module, R be an associative ring. Suppose that
G satisfies either Winng 07 Winaens. Let K and H are subgroups of G such
that K is a normal subgroup of H, H/K is a periodic almost locally solvable
group. If H/K is not Chernikov then H < FFD(G).

Proof. Let L/K be a locally solvable normal subgroup of H/K of finite index.
Since H/K is not Chernikov then L/K is not Chernikov too. Let g be an

element of H. Then L/K contains an abelian (g)-subgroup C/K which is not
Chernikov [12]. If the set 7(C'/K) is infinite then g € FFF'D(G) by Corollary



MODULES OVER GROUP RINGS 27

3. If 7(C/K) is finite then there is the prime p such that Sylow p-subgroup
P/K of C/K is not Chernikov. It follows that the lower layer B/K of P/K
is infinite. Therefore L/K contains a (g)—invariant infinite elementary abelian
subgroup By /K. Then g € FFD(G) by Lemma 4. O

Corollary 5. Let A be an RG-module, R be an associative ring. Suppose that
G satisfies either Wiinng 07 Wingens. Let K and H be subgroups of G such
that K is a normal subgroup of H, H/K is a locally finite group. If H/K is
not Chernikov then H < FFD(G).

Proof. Let g be an element of H and C/K = Cp/x(9K). If C/K is not
Chernikov then by Theorem [8] C'/ K contains an abelian subgroup D /K which
is a direct product of infinite set of non-trivial cyclic subgroups. By Corollary
3 we have that ¢ € FFD(G). Suppose that C/K is not Chernikov. Then
H/K is an almost locally solvable group [6] and g € FFFD(G) by Corollary 4.
We have that H < FFD(G). O

It follows that Theorem 1 is valid.

Theorem 1. Let A be an RG-module, R be an associative ring, G be a lo-
cally finite group. If G satisfies either Wi s 07 Wiagns then either G is a
Chernikov group or G is a finite-finitary group of automorphisms of A.

Lemma 5. Let A be a RG-module, R be an associative ring, G be a locally
solvable group. Suppose that A/CA(G) is finite. Then G is almost abelian.

Proof. Let C'= C4(G). Then A has the series of RG-submodules (0) < C' <
A, where A/C'is a finite R-module. Since G < Cg(C) then G/Cq(C) is trivial.
As A/C is a finite R-module then G/Cs(A/C) is finite.

Let H = Cg(C) N Cg(A/C). Each element of H acts trivially on every
factor of the series (0) < C' < A/C. By Kaluzhnin Theorem (p. 144 [7]) H is
abelian. By Remak’s Theorem

G/H <G/Cq(C) x G/Ca(A/C).
It follows that G/H is finite. Then G is an almost abelian group. O

Let G'¢ be the intersection of all normal subgroups K of G such that G/K
is solvable. If GG is a solvable group then we denote the step of solvability of

G by s(G).

Theorem 2. Let A be an RG-module, R be an associative ring, G be a locally
solvable periodic group. If G satisfies either Winns 07 Wiagns then G/Ge is
solvable.

Proof. Otherwise H = G/Gg is unsolvable. Let F; be a finite subgroup of
H. Since H is approximated by solvable subgroups then there is a normal
subgroup K of H such that F; N K; = (1) and H/K; is solvable. It follows
that K is unsolvable. Therefore the steps of solvability of finite subgroups of
K, not limited by the number. Then K; contains a finite subgroup D; such
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that s(Fy) < s(D;). Since I} and D, are finite then they are solvable. Let
Fy = DI'. Then F, is a finite Fi-invariant subgroup such that s(F}) < s(F).
Since F|Fy is finite there is a normal subgroup Ky of H such that FyFy N
Ky = (1) and H/K, is solvable. Since K, is unsolvable then we can choose a
finite F Fo-invariant subgroup F3 of Ky such that s(Fy) < s(F3). Continuing
our reasoning, we construct the strongly ascending series of finite subgroups
< FiFy < - < FiFy--- F, <--- with the the following properties:

(i) F, is an Fj-invariant subgroup for j < n;
(ii) s(F;) < s(F,) for j < mn;
(ili) FiFy--- F, N (Fjlj > n) = (1) for any n € N.

It follows that (Fj|j € A) is decomposed in the direct product of Fj,j € A,
for an infinite subset A of N. Therefore (F}|j € A) is unsolvable.

At first we suppose that G satisfies Wi, There is an infinite strictly
descending series of subsets

NOA(L)DAML)D---DAk)D---

such that A(k) \ A(k + 1) is infinite for any £ € N. Let Ly = (Fj|j € A(k))
for any £ € N. We obtain the strongly descending series of subgroups L; >
Ly > -+ > Ly > --- of H. Let M is the preimage of Ly in G. Then
My > My > --- > My > --- is the strongly descending series of subgroups of
G such that | My : M| are infinite. Hence there is ¢ € N such that A/Ca(M,)
is finite. M, is solvable by Lemma 5. It follows that L, = M,;/Gg is solvable.
Previously, we proved that L, = (F}|j € A(t)) is unsolvable. Contradiction.
If G satisfies Wiaent We construct an infinite strictly ascending series of
subsets of N and conduct similar reasoning. O

When writing the paper the author used the methods of [9].

REFERENCES

[1] R. Baer. Polyminimaxgruppen. Math. Ann., 175:1-43, 1968.

[2] V. A. Bovdi and V. P. Rudko. Indecomposable linear groups. Indian J. Pure Appl.
Math., 40:327-336, 20009.

[3] O. Dashkova. Modules over group rings of locally soluble groups with a certain condition
of minimality. Miskolc Math. Notes, 15:383-392, 2014.

[4] O.Y. Dashkova. On one class of modules over group rings with finiteness restrictions.
Int. J. Group Theory, 3:37-46, 2014.

[56] O.Y. Dashkova. Modules over group rings of groups with restrictions on the system of
all proper subgroups. Int. J. Group Theory, 4:43—-48, 2015.

[6] B. Hartley. Fixed points of automorphisms of certain locally finite groups and chevalley
groups. J. London Math. Soc., 37:421-436, 1988.

[7] M. I. Kargapolov and Y. I. Merzlyakov. Osnovy teorii grupp. Izdat. “Nauka”, Moscow,
1972.

[8] O.Kegel and B. Wehrfritz. Locally Finite Groups. North-Holland Mathematical Library.
North-Holland, Amsterdam, London, New York, 1973.



MODULES OVER GROUP RINGS 29

[9] J. M. Munoz-Escolano, J. Otal, and N. N. Semko. Periodic linear groups with the weak
chain conditions on subgroups of infinite central dimension. Comm. Algebra, 36:749—
763, 2008.

[10] B. Wehrfritz. Finite-finitary groups of automorphisms. J. Algebra Appl., 1:375-389,
2002.

[11] D. 1. Zaitzev. Groups satisfying the the weak minimal condition. Ukr. Math. J., 20:408—
416, 1968.

[12] D. I. Zaitzev. On solvable subgroups of locally soluble groups. Rep. USSR Academy of
Sciences, 214:1250-1253, 1974.

Received May 2, 2016.

THE BRANCH OF MOSCOW STATE UNIVERSITY IN SEVASTOPOL,
HEROES OF SEVASTOPOL STREET 7,

SEVASTOPOL, 299001, Russia

E-mail address: odashkova@yandex.ru



