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In this thesis, we will introduce a new and a weaker version of the fa-
mous Faddeev-Takhtajan-Volkov algebra in Sl; case and a complete calcu-
lation toward it by getting help of a new defined Poisson bracket just by
using the Cartan matrix As and then by employing this structure we will
extend it to the Sl3 case and so on to SI,, case by using the Cartan matrix

Ay
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These newly defined structures will also help us to define Lattice W),- alge-
bras as an extension of Lattice Virasoro algebras in a very simple way which
has known till now by employing Feigin’s homomorphisms and screening
operators and also our newly defined Poisson brackets; just based on the
generators of the invariant space of the nilpotent part of U,(S1,,).

Also, our approach gives an efficient way of solving system of partial dif-
ferential equations in higher dimension with coefficients as functions con-
sist of n independent variables Xj,-- -, X,, such that do not contain the
unknown function f as a solution, by transferring some results and ideas
from “"Chapter V, Section IV of Goursat’s Differential Equations” in the lan-
guage of Mathematica.

i

1. INTRODUCTION AND SOME HISTORICAL FLASHBACK

This is an old project which has been considered and introduced by Boris
Feigin in 1992. It has born in its new formulation on quantum Gelfand-
Kirillov conjecture in a public conference at RIMS in 1992 based on the
nilpotent part of U,(g) i.e. U,(n) for g a simple Lie algebra.

Now, this problem is known as “Feigin’s Conjecture”.

In the mentioned talk, Feigin proposed the existence of a certain family
of homomorphisms on quantized enveloping algebra U,(g) to the ring of
skew-polynomials which will led us to a deffinition of lattice W —algebras.
These "homomorphisms” has been turned to a very useful tool for to study
the fraction field of quantized enveloping algebras. [8]

There been many attempt for to construct lattice W — algebras in Feigin’s
sence, which ensures the simplicity of the construction process of lattice
W —algebra; for example the best known articles in the subject has been
written by Kazuhiro Hikami and Rei Inoue who tried to obtain the algebra
structure by using lax operators and generalized R matrices. [9] [10]

Or Alexander Belov and Alexander Antonov and Karen Chaltikian, who
first tried to follow Feigin’s construction but finaly they also solved part of
the conjecture by getting help of lax operators, and it made very difficult to
follow their publication.[11] [12]

But here in this article we will proceed and will introduce the most sim-
plest way of constructing such kind of algebras by just employing Feigin’s
homomorphisms and screening operators by defining a Poisson bracket on
our variables just based on our Cartan matrix. [1] [4]

In [4], Yaroslav Pugai has constructed lattice W3 algebras already, but here
we will introduce its weaker version based on a Poisson bracket as men-
tioned before, constructed on just Cartan matrix A,,, which will make our
job more easier and more elegant.

For to do this, let us set C an arbitrary symmetrizable Cartan matrix of rank
r and let n = n be the standard maximal nilpotent sub-algebra of the Kac-
Moody algebra associated with C'.

6These results are already published in arXiv with characteristic numbers “1610.09443”
and ”1702.07402” and already have been sent to the Journals ” Theoretical and Mathemati-
cal Physics ” and ” Mathematical Notes ”, respectively. We still are waiting for referees.
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So n is generated by elements Ey, - - - , £, which are satisfying in Serre rela-
tions. [13] Where r stands by rank(C').
In [1], we proved that screening operators Sy, = > X', for X7’
T ic7
for]z'eﬁxed

clx/’]
XgiXik—q<ai’aJ'>XikX{i
and for < «a;,;j >= a;; the ij’s components of our Cartan matrix C; are
satisfying in quantum Serre relations ad,(X;)!~%J(X;) for adjoint action
ad,(X;)(X;) = X;X; — ¢*i X;X; and X; € (Uy)a, X; € (Ug)s. [B]

v
Where (U)o = {u € Uy(9)|¢"ug™® = ¢*®u forall h € P} and U,(g) =

generators of the g—commutative ring C,[X7"] :=

ain

of rank 2|I| — rankA w1ch basis {h;|i € I} U{ds \s =1,---,|I| —rankA}

and h = IF ®z P be the IF—linear space spanned by P [5] P will be called
dual weight lattice and h the Cartan subalgebra. And IF will stand for our
ground field.[5]

Here for our Cartan matrix C, the quantum Serre relation will be

ad,(X;)'~V(X;) = adg(Xi) (X))

V
® Q(U ¢)as for Q = EB Za. the root lattice and for P a free abelian group

= X2 — 2, XX, + XX
=X’X; — (¢+ ¢ ") XiX;X; + X; X?
Where [2], stands for quantum number [n], = qq qq,l in general.

And again as what we had in [1], we can define
Uq(n) = <SXf'i, SXijg.k ’ (adq(SX:Zi))Z(SXZk) = 0>
and for C,[X] the quantum polynomial ring in one variable and twisted
tensor product ®, we can define
U, (n)&C,[X]" = (St Sxik,xgl | (adg(Sxs))*(Sxn) =0
7SX31XJI - q2XlﬂSX£i’ SXi’“lel = q_leﬂSX,iﬁk>
such that we have the following embeding

Ug(n) = Ug(n)BCq[X]'] = Uy(n)BC,[X]'|OC, (X))
where C,[X7'|®C, [ XM = C(X7, X5 | X7 X" = ¢ X3 X (]
Which will ensure the well definedness of our definition of lattice W —algebras.

2. PRELIMINARY

In this section we will recover some preliminary definitions and exam-
ples on Lie algebras and quantum groups.

2.1. Lie algebras.
Definition 2.1. Lie algebra g is a vector space over C with a bilinear map

(2.1) Ll:rgxg—g:(z,y) = [z,

that is called bracket and satisfying:
@) [z,y] = —[y,z] Vz,yeg  skew symmetric.



) [z, [y, 2]] + [y, [z, x]] + [z, [z, y]] =0 Vx,y,2 € g;  Jacobi Identitiy.

Example 2.2. (1) gl, := Mat,,x,(C); n x n— matrices over C with [z, y] :=
x -y —y -z, where - is the product in Mat,, »,,(C).

(2) For V a vector space over €

gl(V) := {linear mapV — V} = End(V)

with [z,y] = x o y — y o z; where o stands for the composition of maps.

Remark 2.3. When V' = C™ then we have gl(V') = gl,

(3) sl := {X € gl, | tracX = 0} C gl,. And is a subalgebra with the same
bracket [z,y] =x oy —youwx.
(4) & a Lie group, then
g := {vector fields on Ginvariant under G — action}
is a Lie algebra.
(5) Any associative algebra is a Lie algebra with bracket
(2.2) [z,y] := 2y — yz
and will be called underlying Lie algebra.
(6) g a Lie algebra. We define g := g®¢ C[t,t 1] with bracket [z ® f,y®g] :=
[z,y] ® fg Va,y € gandf,g € C[t,t7"].
g is an infinite dimentional Lie algebra and is called Loop (Lie) algebra.
(7) For g = sl,,, we define
g = sl, = g ® C[t,t"!] ® Ce @ Cd with a bracket which satisfies in the
following relations
(1) [ X @t™Y @t"] = [X,Y] @t + n(tr XY )dpninc;
(2) [e, X @t"] = [¢e,d] =0;
B)[d, Xt"] =m- - X t™,;
forall X,Y € gand m,n € Z.

Exercise 2.4. Check that g is a Lie algebra.
g is called affine Lie algebra.

Definition 2.5. For g a Lie algebra and subspace h C g, if

(1) b is closed under bracket of g, i.e. Vz,y € h = [z, y] € b. then b is called
Lie subalgebra.

(2) If we have [z,y| € b for every z € h and y € g, then we call h an ideal of
g.

(3) g is called abelian or commutative if [g, g] = 0.

(4) g is called simple if for all ideal h C g, we haveh =0or h = g.

Exercise 2.6. Show that sl,, is simple.

(hint: [Ey — Ejj, By = (0ix — 0jk) Ext)

Definition 2.7. For Lie algebras b, g, a linear map ¢ : g — b is called a Lie
algebra homomorphism if p([z, y]) = [p(z), ¢(y)].

Definition 2.8. For V' a vector space over C, the map ¢ : g — gl(V) is a Lie
algebra homomorphism and the pair (V, ¢) is called a representation of g
or a g— module.

Remark 2.9. We sometimes say ” V' is a g—module or representation of g”
instead of ”(V, ¢) is a g—module or representation”
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2.2. g-Numbers and q-Factorials. For any nonzero complex number num-
ber ¢, the g—number [a],, a € € is defined by
la], = [a] := L=
e —e—ab

p——
__ sinhah
~ sinhb
— qa—l _|_ qa—3 _|_ e + q—(a—l)
where ¢ = €Y. Clearly lirri[a]q — a and for m,n € Mand a,b,c € C, we
q—

have:
[m +n] = q"[m] + ¢ ™ [n]
=q "[m] +¢"[n]
_ qm+n_q—(m+n)
- q—q~1
— qm+n—1 + qm+n—3 4t q—(n—l—m—l)
and

[m —n] = ¢"[m] —q™[n]

=q "[m] —q""[n]
0 = [a][b — ¢] + [b][c — a] + [¢][a — b]
[n] = [2][n — 1] — [n — 2] If m € N, then we introduce
the g—factorial
gt = !
by setting
(2.3) [m]!:=[1][2] - -[m] and [0]! :=1

By defining the expression
(24) (a:q@)n:=(1-a)(l—ag)(l —ag®) -+ (1-ag"~")and (a;q)o =1

we can redefine our ¢—factorial as follows:

—m(m—1)

(2.5) [m]‘ = W(QQQQQ)WL

2.3. Graded rings and the quantum enveloping algebra U,(g).

Proposition 2.10. There exist an uniqe associative algebra U(g) with a Lie
algebra homomorphism i : g — U(g) satisfying the following universal
property:

For any associative algebra A and a Lie algebra homomorphism ¢ : g — A,
there exist uniquely an algebra homomorphism ¢ : U(g) = As.t. poi= ¢

We call U(g) the universal enveloping algebra of g.

Proof. Uniqueness:=-
Assume (U, i), (U', 1) satisfy the above proposition,



| U'(g) ~ | U(g) ~
;y/ w‘\<¥ /}/”W \q;
g A g A
U(g) 7 U'(g) 7
/ Sa {'2 / @ ﬂ
g U'lg) o U(g

9) )

= 30U (g) — U'(g)
WU’ (g) — Ulg)

but on the other hand we have that ¢ : U(g) — U(g) such that ¢ oi = ¢
is unique and by the assumption and 1 = idy so we have i o i’ are such
homomorphism and we have i o i = idy(g) and similarly i'og = idy(g)-
Thus U(g) = U'(g).
Existence: =
Set U(g) := <X®Y—Y®§(g)[X,Y];X,Yeg’ where T'(g) := @®,>09%" is the tensor
algebra of the vector space g.

Remark 2.11. First note that 7'(g) has the following universal property:

For any associative algebra A and a linear map ¢ : T'(g) — A, an algebra
homomorphism such that poi = (). (costruction of ¢ : T'(g) — A is given by
PX1®Xo® - ®@Xy) =¢(X1) - o(Xy) for X; € g. And sincep: g — A
satisfies

(2.6) P(X)p(Y) = p(Y)p(X) —p([X,Y]) =0

'T(g) ]
g/@\%:A

thus p(X ®@Y) = o(X)e(Y) and (Y @ X) = ¢(Y)p(X).
And as A is associative algebra then A have underlying Lie algebra struc-
ture with bracket [X',Y'] = X'Y’ — Y’ X’ such that for ¢ : g — A we have
e([X,Y]) = [p(X),0(Y)] = ¢(X)p(Y) — ¢(Y)p(X), and so the icentity
(3.0.3) works. So the homomorphism ¢ : T'(g) — A with property poi =)
factors through ¢ : U(g) — A. Meanly ¢ oi([X, Y] - X QY - Y ® X) =
(XY - XY -Y®X)=0.Thenp([X,Y] - XY -Y ® X) =0.

So we can write ¢ : Y]_):?g))/_y®x> —Aorp:U(g) =+ A)

O

Corollary 2.12. For any g—module (V,¢), we have a U(g)—module ¢ :
U(g) — End(V) such that poi =0

By this corollary we identify g—modules with U(g)—modules and this
will give us the following fact:



Representation theory of Lie algebra g

Representation theory of associative algebra U (g)

For R C Z,let {X, | @ € R} be abasis of g, then the universal enveloping
algebra U(g) has a basis {4, Za, - - Za,, | @1 < a2 < -+ < ap, a; € R} ie.
as a vector space we have U(g) =c Sym(g).

Definition 2.13. A ring A together with a set of subgroups A4, for d > 0
such that A = ®4>0A4 as an abelian group and st € A4, forall s € A; and
t € A.. And we also require 1 € A.

Remark 2.14. Now let A be a graded ring. We call elements of A; homoge-
nous of degree d. And for f € A we can write f uniquely as a sum of
homogenous elements and we denote by f; the degree d component.
A two sided ideal I in A is homogenous if whenever f € I we have f; € I
foralld > 0.
Let S C Abe asubset (possibly empty). Then the two sided ideal generated
by S is the intersection of all two sided ideals containing S. This is a two
sided ideal denoted by < S >.
In fact < § > consist of sums of elements of the form asb with s € S and
a-b € Aand we say a two sided ideal I is generated by a subset S C I
if I =< S >. And also for f,g € A we have (f + g)qg = fa + g4 and
(f9)a= > fig;

i+j=d
Lemma 2.15. Let A be a graded ring. A two sided ideal I is homogenous if
and only if it is generated by homogenous elements.

Proof. Itis clear that if I is homogenous, it is generated by the homogenous
component of all its elements.
Conversly, if I is generated by a set of homogenous elements { f; };c; with
fi € Ay,. Then suppose g € I, say g = aifibi + -+ + anfnby,. Then
ga = (a1f1b1)qa + - + (anfnbn)q so it suffices to consider afb for some f
homogenous of degree n.
We have

(afb)a= > ai(fb)j= > aifbjn

i+j=d i+j=d

with the convention that b;, = 0 for k£ < 0. So clearly (afb)q € I as required.
Now suppose I < A = ©g>0Aq; then
I is two sided homogenous ideal. This means that if f € I then f; € I and
fa is a homogenous element, so this means that I is generated by homoge-
nous elements.
Conversly, suppose I generated by homogenous elements then we want to
prove that I is homogenous.
For this mention that A = ® A, and f; € Ay, and we suppose f; is homoge-
nous component and I =< {f;} >= {< f; >}. And suppose g € I then g =
ai fibi+- - -+ay frb, and the component g4 of g is (a1 f1b1)a+- - -+ (an frnbn)d-
Now for some homogenous elements f of degree n, we write

(afbla= > ai(fb);

i+j=d



= Z a; Z Jnbi

i+j=d n+i=j

> a; fbj—n
i+j=d , j—i=n
So we see that (afb)q € I and g is linearly generated by such this ele-
ments. O

Remark 2.16. Let A be aring and I a two-sided ideal. Then the quotient 4
isaringand A — 4 is a ring morphism. If 4 is graded and I homogenous,
then £ is a graded ring and where we define

A
(Pla=1f+11f¢€Aq}
So by using these facts we can define

T(g)
XY -XQY -Y®X >

U(g) =
()=
as a graded algebra.

Definition 2.17. U,(g) is a g—deformation of universal enveloping alge-
bra U(g), i.e. Uy(g) is an associative algebra over K = C(g) or K = Q(g)
such that for ¢ = 1 we get the usual universal enveloping algebra U (g) for
semisimple Lie algebra g.

3. REPRESENTATIONS OF SEMISIMPLE LIE ALGEBRAS
Definition 3.1. A Lie algebra L is called semisimple if its radical is 0.

As we know from linear algebra, every matrix X can be written uniquely
as X = X, + X, for X, the diagonalizable part and X,, the nilpotent part
such that X, and X,, commute.

Now we want to do something similar with Lie algebras, i.e. to find their
nilpotent and semisimple elements.
If X € gl(V) is a nilpotent matrix, i.e. X" = 0, then for any Y € gl(V') we
have
@dX)(Y)=[X,Y] = XY - YX
(adX)(adX)(Y) = ad X ([X, Y])
= [X, [X, Y]]
=[X(XY -YX)]
= [X?Y - XY X]
= [X?Y] - [XY X]
,  —XXY - VX% - XYX+X%Y
So we have (adX)?(Y) = . ¢; XY X2 fora; = —1, a3 = —1 and a3 = 2.
i=0
(adX)3(Y) = (adX)(adX)(ad X)(Y)

X)(adX)([X,Y])

X)([X, [X,Y]])
(X, [X (X, Y]]

= [X,(X(XY - YX) — (XY - YX)X)]
(X, X% - XYX - XYX +YX?
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= X3 —2X?2YX + XY X2 - X2YX
—2XYX24+VvX3
= X3 —3X2YX - XYX2+YX3

3. .
= a; XY X3,

=0
Forag =1,a1 = —1, a3 = —3 and a3 = 1. And it means that
k
(3.1) (@dX)F(V) =) a XY X
i=0

and by induction on £ we can see that for some a; € F and k£ > 2n we have
either i or k —i > n,s0 X’ = 0 or X¥~% = 0 and ultimately (adX)*(Y") = 0.
So (adX) is nilpotent and ad X = ad X + ad X,

3.1. Representation of Lie algebra SI(2,F). Special linear Lie algebra of
order n (denoted by S1,,(F)) is the Lie algebra of n x n matrices with trace
zero and with Lie bracket [ X, Y] := XY — Y X.

The simplest non-trivial Lie algebra is Si3(C), consisting of 2 x 2 matrices

with zero trace.
a b

There are three basis elements F' = (O 0>, E= (0 1) and H = (1 0 >

1 0 0 0 0 -1
withg=CF @ CH ¢ CE.
So we have

a—l—dzO}

[H,E) = HE — EH = 2E
[H,F| = HF — FH = —2F
[E,F]=EF-FE=H

3.2. The quantum group U,(Si>).

Definition 3.2. Let ¢ be a fixed complex number such that ¢ # 0 and ¢* # 1.
We denote by U, (Slz) the algebra (associative algebra with unit) over C
with four generators E, F, K and K ~! satisfying the following defining re-
lations by Klimyk:

KK '=K'K=1;
KEK™! = ¢*F;
KFK~!' = ¢ ?F;
—1
[Ev F] = Ig:f—l
and also let us define an another set of generators f,t = ¢, t 1 and e as
follows for our future usage:

ttl =ttt =1;
tet™! = qu;
tftt =q 2 f;

-1
[e,f] =ef - fe= I;:f;l
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Proposition 3.3. The set {F'K™E" | m € Z,l,n € Ny}, as well as the set
{E"K™F! | m € Z,1,n € Ny}, is a vector space basis of U, (Slz).

Definition 3.4.

US(Slz) == Kle];

U, (Sl) :== K[f];

U,(Sly) := K[t*];

UZ0(Sly) =K < t*,e >;

UsO(Sly) ==K < t*, f >

3.3. Nilpotent Lie algebra.

Definition 3.5. A Lie algebra is called nilpotent if there exists a decreasing
finite sequence (g;);c[o,4) of ideals such that go = g, gx = 0 and [g, g;] C gi+1
foralli € [0,k — 1].

Definition 3.6. Let g be a finite dimensional Lie algebra over field K. A
subalgebra § of g is called a Cartan subalgebra if it is nilpotent and equal to
its normalizer, which is the set of those elements x € g such that [z, h] C b.

From this definition we can find that if g is nilpotent then g is a Cartan

subalgebra of itself.

Now let g be the Lie algebra of all endomorphisms of K" with [f, g| = fog—
go f, then the set of all endomorphisms f of K" of the form f(x1, - ,zy) =
(M1, -+, Apzy) is a Cartan subalgebra of g.

For to see this, let us consider the set of all endomorphisms f with L :=
{f: 8" = & | f((x:)}) = (Nix;)T}. Itis clear to see that L < End(&") and
for to see that L is a nilpotent subalgebra of g we have:
go:=L={f:R"— &"| f(fb“lw“ 1 Tn) 1= (M1, Ann) b
gri=L={f: 8 =& | f@, ey = P AR D )y
p=L={f: &= & | f@, o ald) = P, APl 0,00}

gn—1 ‘= L= {f : ﬁn — ﬁn | f(‘rg_nil)v T 7']:’51”71)) = (Ag_nil)‘rgnil)707 U 70)}/
gni=L={f: 8" = & | fa{", 2y =0, ,0)}
And on the other hand we have that for s € {0,--- ,n—i},j5 € {1,--- ,n}
and i+ s = j:
[90, 91] = 9091 — 9190 = { [ : (%" —>(~%” | f(y1s- 5 Yn)
()\ )\1+st H—s)? 18
= ((AlAggsxl‘rglﬁs)s 07)‘2)‘;25:521'9425 A"Aglﬁsx”xgbl}rs)
= M ANz 2 0 Az APzl Al
xna:,(ll),/\g)\él)a: xé ),/\2)\51)3; a:g ),~ , A2 )\( )xgaﬁg),--- ,

A 2z A A @l A el 1))
= O 0.0
=02

So it shows that L is a nilpotent subalgebra of g and obviously is a Cartan
subalgebra of g.

Example 3.7. For nilpotent Lie algebras we have an obvious example:
The lie algebra of strictly upper triangular matrices:
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0 a2 a13 as ais
0 0 a3 ags azs
g=go=10 0 0 a3z ass

0 O 0 0 ags

0 0 0 0 0

0 0 a3 ais ais

0 0 0 ag4 Aags
g1 = 0 0 0 0 ass

0 0 O 0 0

00 0 0 0

_0 0 0 a14 ais

0 00 0 ags
g=1000 0 0

000 O 0

000 0 0

[0 0 0 0 ags

000 0 O
g=10 000 0

00 0 0 O

0000 0

[0 0 0 0 0

00 0 0O
ga=10 0 0 0 Of =[g,93] Cgs

00 0 0O

0 00 0O

3.4. The nilpotent part of U,(g).

3.5. Space of roots. In the study of semisimple Lie algebras over an al-
gebraically closed field K, an important role is played by the roots of a
semisimple Lie algebra, which are defined as follows:

Let h be a Cartan subalgebra of g. For a non zero linear function a € b, let
go denote the linear subspace of g given by the condition

(3.2) go ={X €g|[H,X]=a(H)X, H € b}

if go # 0 then « is called a root of g with respect to b.

The set o of all non-zero roots is called the root system or system of roots
of g.

One has the root decomposition

(33) g=b+)> ga

aco
The root system and the root decomposition of a semi-simple Lie algebra
have the following properties:
a) o generate h and is a reduced root system in the abstract sense (the sys-
tem o is irreducible if and only if g is simple.).
b) For any a € o we have

dim g, = dim [g4,9-0a] =1
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there is a unique H, € [¢qa, 9—a] such that a(Hgpne) = 2.
¢) For every non zero Xypne € ¢o there is a unique Y, € g_, such that
[Xa,Ys] = Hy and [H,, Xo| = 2X, and [H,, Y,] = —2Y,,. Moreover

o) = 20

fora, 8 € o
(a,q)
Where () is the scalar product induced by the killing form.

Remark 3.8. The killing form is an inner product on a finite dimensional Lie
algebra g defined by

B(X,Y) = Tr(ad(X) ad(Y))

in the adjoint representation ad(X)(Y) = [X, Y].
The adjoint representation is a Lie algebra representation:
[ad(X1),ad(X2)](Y) = (ad(X1)ad(X2) — ad(Xz)ad(X1))(Y)
= ad(Xl)[Xz, Y} — ad(Xg)[Xl, Y]
= [ X1, [X2, Y]] — [Xo, [ X3, Y]]
= X1[X2,Y] — [X2,Y]X1 — Xo[X1,Y]
+[X1, Y] X
= Xl(XQY)—Xl(YXQ)—(XQY)X1+(YX2)X1
—X2(X1Y)—|—X2(YX1)—|—(X1Y)X2—(YXl)XQ
= (X1 X2)Y —(XoX1)Y Y (X1X2)-Y (X2X1)
= [X1X2 — X2X1,Y]
= [[Xla XQ]a Y]
— ad([X1, Xa])(Y)
And also we have

B(ad(X)Y, Z) = —B(Y,ad(X)Z)
where g is a semisimple Lie algebra, the killing form is nondegenerate.

d)If o, € 0 and o + 3 # 0, then g, and g3 are orthogonal with respect to
the killing form and [gq, 93] = ga+s-

Abasis {a1, -, a,} of the root system o is also called a system of simple
roots of the algebra g.
Let 0 be the system of positive roots with respect to the given basis and
let X_, =Y, for @ € 0. Then the elements H,,, -+ ,Hq,,Xo fora € o
form a basis of g, called a Cartan basis.
On the other hand, the elements X,,andX_,, fori € {1,--- ,n}, form a
system of generators of g, and the defining relations have the following

form: .
[[Xai’X*OCiLvXaj] = (Z’])Xaj
(adXo,)' "X, =0
(adX o)1 "D X, =0
And also [[Xo,;, X—o,], X—o,] = —n(i,j) Xq, fori, j € {1,--- ,n} and
.. 2(6%, a])
n(t,j) = aj(H;) = ——
( ) ]( ) (Oéj,Oéi)
property d) also implies that

. Na,,BXa—‘,-,B fa+p8eo
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Where N, g € K.
Example 3.9. For o € C we have
(3.4) (Ug(Sl2))a == {x € Ug(Sla) | t -z -t = ¢"x}

Then we have
(Uy(Sl2))a =05 a € 2Z

and the root decomposition will be (Uy(S12))q = ®ac2z(Uy(Sl2))q and o €
27 will be called a root and (U, (S12)), will be called the root space.

4. FEIGIN'S HOMOMORPHISMS AND QUANTUM GROUPS

In this section we will introduce Feigin’s homomorphisms and will see
that how they will help us to prove our main and fundamental theorems
on screening operators.
"Feigin’s homomorphisms” was born in his new formulation on quantum
Gelfand-Kirillov conjecture, which came on a public view at RIMS in 1992
for the nilpotent part U,(n), that are now known as “Feigin’s Conjecture”.
In that mentioned talk, Feigin proposed the existence of a family of homo-
morphisms from a quantized enveloping algebra to rings of skew-polynomials.
These "homomorphisms” are became very useful tools for to study the frac-
tion field of quantized enveloping algebra. [10]

Feigin’s homomorphisms on U,(n). Here we will briefly try to show that
what are Feigin’s homomorphisms and how they will guide us to reach
and to prove that the screening operators are satisfying in quantum Serre
relations.

Set C' as an arbitrary symmetrizable Cartan matrix of rank r, and n =
n, the standard maximal nilpotent sub-algebra in the Kac-Moody algebra
associated with C' (thus, n is generated by the elements Ey, ..., E, satisfying
in the Serre relations). As always U, (n) is the quantized enveloping algebra
of n. And A = (4;;) = (dic;j) is the symmetric matrix corresponding to C
for non-zero relatively prime integers dy, ..., d,, such that d;a;; = d;a;; for
all 7, j. And set g as a Kac-Moody Lie algebra attached to A, on generators
E;, F;, H;,1 < i < n .[14] Let us to mention some of the structures related
to g that we will use them here:

the triangular decomposition g =n_ @& h & ny;

the dual space b*; elements of h* will be referred to as weights;

the root space decomposition ny = ®qca, 9o, Jo, = CEj;

the root lattice A € b*, {aq,--- ,an} C Ay C bh* being the set of simple
roots;

the invariant bilinear form A x A — Z defined by < o, a; >= d;a.
[14]

Set Ay and A; as a A— graded associative algebras and define a ¢—
twisted tensor product as the algebra A;®A; isomorphic with 41 ® As
as a linear space with multiplication given by (a1 ® a3) - (a} ® df) =
g<“1°2> a1} @ agaly, where o, = deg(a}) and oy = deg(as). And by this
definition A;®A; become a A— graded algebra.
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Proposition 4.1. Set g an arbitrary Kac-Moody algebra, then the map
(4.1) A Ug(9) = Uy (9)3U (9)
Such that

{A(1):1®1

AF)=F,®1+1QF,
for 1 <i < n, is a homomorphism of associative algebras. [15][10]

Remark 4.2. there is no such map as U, qi (9) — qu (g)@qu (g) in the case that
g is an associative algebra. [15]

And as always after defining a co-multiplication, A, then we can extend
it by a iteration as a sequence of maps [16]

4.2) A" U, (9) = U;(g)®”, n=23,..
determined by A2 = A, A™ = (A ®id) o A" L.

Now set C[X;] as a ring of polynomials in one variable and by equipping
it by grading structure degX; = «; for any simple root «;, we can regard it
as a A— graded.

By this grading there will be a morphism of A— graded associative algebras

By following this construction for any sequence of simple roots j3;,, - - - , 5, ,
there will be a morphism of A— graded associative algebras

(4.4) (63, @ ¢3,) 0 A : U (9) = C[X14,]® - - - @C[ Xy,

(the cause of double indexation here is the appearance of i;s more than
once in the sequence).

And finally, C[X;,|® - - - ®C[X};, ] is an algebra of skew polynomials C[X;,
oo Xk |, with A— grading X, Xy, = ¢~ %t~ Xy, X, for s > t.

But let us to simplify it as X; X; = ¢<?¢9%Xi:d¢9X;> X X+ the one that we will
use it always.

So very briefly we constructed the already mentioned family of mor-
phisms (Feigin’s homomorphisms) from U, (g) (the maximal nilpotent sub-
algebra of a quantum group associated to an arbitrary Kac-Moody algebra)
to the algebra of skew polynomials.

4.1. the contribution between Quantum Serre relations and screening
operators.

Theorem 4.3. Set Q = ¢° and points x1, - - - , z,, such that zir; = Qux; for
i<j Andset¥® =z 4+ -+ z,. QY =1and va = 0 for some natural
number N, then we claim that (£7) = 0

Proof. 1It’s straightforward, just needs to use g-calculation. O
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4.2. s1(3) case. As we know, My = [ 19

= } is the generalized Cartan

matrix for si(3). Set My, = [ qq_1 o } and call it Cartan type matrix
related to Ms.

Theorem 4.4. Suppose we have two different types of points x;, Namely,
set (x2;i—1)i, that we will call them of type 1 and (xz2;);, that we will call them
of type 2 for i € I = {1, 2}, and the following g— commutative relations:

TiTy = ¢PTjT; ifj<j andj,j €{1,3}andj=7j
TiTy = QCayT; ifi <i andi,i' € {2,4} andi =1
TiTj = q_lxja:i ifi <j
Set X7 = Yicrx2i+1 and X5 = ¥;crxe;. We will call them screening oper-
ators.
Then we claim that X7 and X3 are satisfying on quantum Serre relations:

(4.5) (2)°55 — 21,2555 + 25(59)" = 0
(25)°5f — [21,Z557%5 + 29(55)" = 0
Proof. It’s straightforward, just needs to use g-calculation. O

Theorem 4.5. Prove Theorem 1.2.1 in a general case, i.e. Set points X; €
{X1,---, X, }and Y] € {Y1,--- .Y, } with the following relations;

XZ'X]' = q2Xin ifi <j

Y =YY ifi<

XY, =qlY; X,  ifi<j

and the screening operators ¢ = ¥¥ | X; and X} = Eé?:l}/}.
We claim that X7 and ¥ are satisfying in quantum Serre relations.

Proof. Proof by induction on &.

As we see in theorem 4.1.1, it’s true for k = 2.

Suppose that is true for £ = n, we will prove that it’s true for k = n + 1.

As we set it out, n is a nilpotent Lie algebra, so the Cartan sub-algebra of n
is equal to n with Chevally generators ¥;* and X¥ as they are satisfying in
quantum Serre relations.

So we can define U, (n) :=< 2%, 2Y | (£3)2%Y — (q+¢ ) EIEYSi 43 (27)? =
0>.

Let C,[X] be the quantum polynomial ring in one variable. We define:
Ug(n)@Cy[X] =< f, 5, X | (D)%Y ~ (¢ + ¢"HZIZ{Sf + ZY(5)° =
0,2¢X = @2 X2 YYX = ¢ 1X3Y >.

Here ® means quantum twisted tensor product.

We define the embedding U, (n) — U, (n)@C,[X]: ¥ s L+ X ; 27 — XY,
Claim 1:

(X7 4+ X) and XY are satisfying on quantum Serre relations.

proof of claim 1:
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(ST+X)28Y — (q+¢7 )BT+ X)ZY(SF + X) + ZY(SF + X)? = (39)°S) +
YEXTY 4+ XTI+ X258 —(q+¢ (TS T+ X DY+ DIV X + X2V X)) +
zlf(zﬂf)z + YYNEX 4 SYXYNE 4 YYX? = (B0)2%Y — (¢ + ¢ H)ZIRYST 4
() HPXET R+ XIS+ X8 — (g+q ) X 2SN —(g+q 1) g X 22 -
(¢+ ¢ g ' X258 + ¢XEYE] + ¢ T XEIS + ¢ 2 X8 =040 =0.

So it’s well defined.

Now set X = X,,11.

We will have the new operators X3’ = X + --- + X,, + X,,.1 and ¥’ =
Y-+ Y.

Now define:

Ug(n) = Ug(n)@Cy[X] = Uy(n)@Cy[X]RC,[Y]
such that

Y= 3T+ X — 2y

Wi s 2V 4y
Notice that C;[X]®C,[Y] = C < X,Y|XY = ¢ 'Y X >.
And Define:
Uy(n)®@Cy[X, Y] :=< 29,54, X, Y | X% and XY stisfying q— Serre relations
and X¢X = XX, 3 X = ¢ 1XYY 3 = ¢ LYY BYY = 2YYY, XY =
Y X >

Claim 2:
¥# and (XY +Y) are satisfying on quantum Serre relations.

proof of claim 2:

S +Y) — (g DI )R+ (5] + V) (5] = (5F) 75 +
SE)PY (ke (SFEYSY LYY S )40 (57 Y (57 = (575
0+ DSR4 SV (S0 + (07 £ B =04 gV (S - (04
¢ Y (EV 4 Y (ESF)? =0+0=0.
lets do some part of this computation that maybe make confusion:
(S92 = (57 + Xn1)?Y = (59)%Y + X 2+1Y + 38X 1Y + X1 53V +
G2V (512 + Y X2, + ¢ Y S X1 + ¢ Y X B = ¢ 2(YV (512 +
Xpp1 + 35 X1 + X1 39)) = a2y (53')%.
And S¥'Y = (3% 4 Xp1)Y = 20Y + XY = ¢ IYSF + ¢V X =

LY(2F + Xpt1)) = ¢ 'YEY. And by substituting these, we have the
result.
So our definition is well defined.
Now set Y = Y,, 11 and we are done.

(
(
(

O

4.3. affinized Lie algebra sl(2). As we know, M, =

2 =2 .
9 9 ]1sthe gen-

R R 2 -2
eralized Cartan matrix for si(2). Set M, = [ qq,z qu } and call it Cartan

type matrix related to M.
sl(2) is satisfying in Theorems 1.2.1 and 1.2.2 as well; but what we need is
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just to change the quantum Serre relations in the following case:

(4.6)

(S5 — (@ +1+¢72) (ED)*ZIE] + (P + 1+¢ ) ST (S])° -2 (2 =0
(5181 = (@ +1+¢7) (S SIS + (¢ + 1+ SR ()° - S (3)” =0
And to change the ¢g— commutation relations also; according to our new
Cartan type matrix

XiX; =X, X; ifi <j
VY, =YY ifi<
XY, =q%Y;X;  ifi<j
But lets try to prove it in the case of Laurent skew g—polynomials C[X, X ~1].

Theorem 4.6. Set points X; € {X;,---, X} and X;l € {Xfl, e ,X,;l}
with the following relations;

XiX; =X, X; ifi < j

XXt =q?X X ifi<
and the screening operators ¥¢¥ = ¥¥_ X, and 2{1 = E?ZlXj*l.

Again we claim that ©¥ and ¥% ' are satisfying in quantum Serre relations
(1.11).

Proof. Proof by induction on k.

For k = 2, Set ¥{ = z; + 22 and Eﬂf_l = xl_l + a:?_l and as we checked
out, it’s straightforward to show that they are satisfying in quantum Serre
relations (1.11).

Suppose that it’s true for k¥ = n components z1, - - - , z,,. Again as before we
define:

Uy(n) := {34, 58 [(00)°S8 " —(PH1+¢ ) (50280 S0P +1+¢ 2)SF

Sy -5 (5 =0}

Define U,(n) — C,[X, X 71]; 27— AX; % — X~ for A € C*
And define U,(n) — Uy(n)@U,(n) — Uy(n)@C[X, X71]; ¥ — YT @1 +
XeEEyr ! Y @1+ XTIRnE .

And U, (n) — Uy(n)@U,(n)& - - &U,(n) — C[X1, X] |OC[X2, X5 1@ - &

n terms

C[Xn, X, 2 C[X1, XY, X, XY

5. DEFORMATION QUANTIZATION
5.1. Poisson algebara.

Definition 5.1. A Poisson algebara over a (commutative ) ring (with unit)
Kis a triple (A4, -, {}) where (A, -) is an associative K—algebra and (4, {}) is
a Lie K—algebra, such that the identity:

(5.1) {a-b,c} =a-{b,c} +{a,c}-b

satisfies for all a, b, c € A.
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This means that the axioms for a Poisson algebra are the following:
1. Associativity: a - (b-¢) = (a-b) - ¢
2. Antisymmetric: {a,b} + {b,a} = 0;
3. Jacobi identity: {{a, b}, c} + {{b,c},a} + {{c,a},b} =0;
4.{a-b,c} =a-{b,c} +{a,c}-0.

Example 5.2. Every Lie algebra is a Poisson algebra with respect to the null
associative product a - b = 0.

Example 5.3. Every associative algebra is a Poisson algebra with respect to
the null Poisson bracket {a,b} = 0; such an algebra is called null Poisson
algebra.

Example 5.4. An associative algebra A is a Poisson algebra if we put {a, b} =
a-b—>b-a. Andindead
{ab, c} = (ab)c — c(ab)
a(be) — a(cb) + (ac)b — (ca)b
a{b,c} + {a, c}b;
So we get a Poisson algebra.

Example 5.5. If g is a Lie algebra then its universal enveloping algebra U(g)
is a Poisson algebra by means of the same computation performed above.

5.2. Quantization. Roughly speaking, a quantization of a commutative as-
sociative algebra Aj over K is a (not necessarily commutative) deformation
of Ay depending on a parameter h (Planck’s constant), i.e. an associative
algebra A over K[[h]]—module.

Given A, we can define a new operation on A (The Poisson bracket) by the
formula:

[a, b]
mod b

Such that as we see is Indeed a Poisson bracket. Thus Ag becomes a Poisson
algebra.

(5.2) {amod h,bmod h} =

Now we shall slightly change our point of view on quantization.

Definition 5.6. A quantization of a Poisson algebra Ay is an associative al-
gebra deformation A of A over K[[h]] such that the Poisson bracket on Ay
defined by (6.2.1) is equal to the bracket given a priori.

This approach to quantization is as old as quantum mechanics. It was ex-
plained to mathematicians by F. A. Berezin, I. Vey, A. Lichnerowics, M.
Flato, D. Sternheimer and others.

6. WEAK FADDEEV-TAKHTAJAN-VOLKOV ALGEBRAS

As it has been mentioned already in [1], the main tools which we use are
difference equations, screening operators, Feigin’s homomorphisms and
adjoint actions and partial differential equations and Cartan matrices and
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We know that from an abstract view g = sl,,41 is an algebra related to the
Cartan matrix (a;;), where

2 ifi=j
Qi5 = -1 If’Z—j’:1
0 ifli—j|>1

Now suppose that we have an infinite number of points in a definite

discrete space such that we can assign them a proper coloring as follows
So by letting

be the Cartan matrix of sl,,,+1 for n € {1,2,--- ,m — 1}, and so for sl it
will consist of just one row and one column, i.e. we have 4; = (2) and
denote by C[X] the skew polynomial ring on generators X; labeled by i €

{=00,---—1,0,1,--- , 400} and defining g—commutation relations
6.1) X;X; = ¢*X;X; forifi <j
o—— — — — —0—0—0—++r—— — — — o
X_oo X1 Xo X3 Ktoo

Definition 6.1. Let’s define our Poisson bracket as follows in the case of sls:
(X, X;} = 2X,X; ifi<j
{X, X;} =0



The main problem is to find solutions of the system of difference
equations from infinite number of non-commutative variables
in quantum case and commutative variables in classical case.
It is significant that commutation relations (2.1) depend on the
sign of the difference (i — j) only and is based on our Cartan
matrix. We should try to find all solutions of the system:

Q(mn) a1 =0
() n)
Hx 471 = 0

And let us define our system of variables as follows

Xfll) X£21) X§31) Xféll)
X§12) X§22) X§32) X§42)

X§13) Xg(,23) X§33) X§43)

Xi14) X£24) X£34) X£44)

And let us equip this system of variables with lexicographic or-
dering, i.e. ji,.i < jr,% if jr,, < jk.. And we need this kind of
ordering because we have different kind of set of variables with
a proper coloring such that each set has its own color different
of its neighbors.

We have ry := [, X{™0, XV, x PV, x{" x ) x{*
,--+] is a multi-variable function depend on {z/"}’s for i, j €

{—o00,+-+,1,--+,m,---, 400} and @&”’ comes from

(6.2) {Sxii’ Tl}p — SinTl _ pdeg7'1<ozz',aj>ﬁsxﬁ

where < «;,a; >= a;; is related to our Cartan matrix and S ;i
is an screening operator on one of our variable sets, i.e. Sy ;i =
Y X f *. Then we will obtain the whole set of solutions by using
JEL

the following shift operator:

= X xR B B,

(6.3) = mloy Y = w0 Y =

21

Definition 6.2. Let us define our lattice W-algebra based on its generators

according to [4] [1I;

Generators of lattice W-algebra associated with simple Lie algebra g consti-

tute the functional basis of the space of invariants

(6.4) 7 i= Invyy, (o, ) (Co [ X7']i € Z))
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with additional requirements

(65) HXZJZ(TZ) =0 and DXZN(TZ) =0

where H X and D i will be specified later.

Equation (2.4) means that the generators have to satisfy in quantum
Serre relations and the first equation (2.5) means that they should have
zero degree.

Here in this paper we just will work on g = sl,, and will use Ti(") instead of
T;.

Where (n) sits for n in sl,,.

6.1. Lattice W5 algebra. Let us first consider the sl; case for to open out
the concepts of (2.2) and (2.4). And also for to simplifying out notations,

let us consider our set of variables as X; := X}".

And as it has shown in [1], it is enough just to work with S

X:ZZ =: SXi =

3
> Xj, because the other parts for i > 3 and 7 < 1 will tend to zero.
i=1
By setting ¢ = e~ 9, for the Planck constant b, we will try to find generators
of our lattice W»-algebra, in the case of sl.
First step:
First let us try to find Dg?).
For to do this and for simplicity, we will set 71 := 7] -+ , X1, Xo, X3,,---].
And as it has been defined already, we have
D_g?) = {Sx,, 71}
={X1+ X2+ X3,71}
={X1,n}+{Xo, 11} +{X3,71}

(66) :(DX1+DX2—|—DX3)T1
Now for to understand what is (2.6), we note that partial Dx, = {X;, 71}
and also note that our function 71 [- - - , X1, X, X3, - - -] is a polynomial func-

tion consist of powers of X;. What I mean is that, it is enough to find Dy,
on just powers of X for different values of j € Z.
So

6.7) (2.6) = Y ({X1, XJ}+ {Xo, X'} + { X3, X]'})
J
Where according to rules which has been showed out in [1], we have
{X1, X}} = X1 X} — "X} Xy
0, ifj>1
= (1—¢")X X7, ifj<1
(1-¢*MX1 X}, ifj=1
Where by setting ¢ = " and letting h = 1 at the end, we will have:
First case: j > 1;
(X1, X7} =0;
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Second case: j < 1;
{X1, X7} = (1 - e7'0) X, X7
~ (1= (1 — 4nb)) Xy, X7
= 4dnh Xy, X} ~ 4nXy, X7

8X"
=4X1X; 8X

Third case: j = 1;
{X1, X7} = (1 - ¢ X1 X7
=(1—e )X X7
~ (1= (1 —2nbh)) X1 X7
= 2nh X1 X7 ~ 20X, X7

20X7
=2X7 5%

And so we have
27 = (X0, X7} + S} + 15,5

+{ X2, X7} + Z{X2>X"} + E{Xz,X”}
J<2 7>2

H{ X5, X7} + 2o { X5, X7} + > { X5, X7}
<3 i>8

= 2X7? 8)3( +0+0
—i—2X2 aX +4X5X, -2 aX +0
+2X3 5% + 4X3 X 5% + 4X3 X1 5%
= 2X1(X1+2X2+2X3)%+2X2(X2+2X3)8¥)‘(2
—i—2X3 e
So we found Dg?) which is as follows and we can omit 2, because finally we

will make the action equal to zero and we can cancel 2 out from both sides.
So we have

+ X??—a
3

)
6.8) D = X1(X1 + 2X3 + 2X3) = + Xo( Xy + 2X3)
0X, B

Xy
Second step:

Now we will try to find H g).

For to find Hg(z), we note that it resembles degree of our polynomial func-

tion. So if for example H )((2) acts on X' X7* X1, then we should get (n+m-+1).
So let us define

(6.9) qHY =

8X

and then we have;
HP(XPX5XE) = (X, Xiglo ) (X X5 xY)
oxT X X}k
= Z X; 87

XX XL OXP X XL 8X”XmX
=X, ]sz 3 4+ X, 1 223 4 X, X3 3

=nXPXP XL+ mX{LXS“XS +IXPXT XY
=(n+m+1)XTXPX.

Which gives us
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HP(XPXP XL = (n+m+ )XPXP X}
and in the other side we have
(ntm+D)XPXP XL = n X X XD XE4m X P Xo Xy XA HIX P X P as X4
l 1 nym 1
_ x, X g{xaxl 4o, X Xc;)x2 + Xy XI)B(;3BX3
— 9
= Xlﬁ + XQE + X3E
Which gives us
(n+m+DXPXIXL = Z 18X

And it shows that (2.9) is well defined.
Now the only thing which remains is just to find the solutions of the fol-
lowing system of 2-linear homogeneous equations in one unknown 7;:

(6.10)
(Xl(X1+2X2+2X3) X +X2(X2+2X3) 7%, +X33X) [ X1, Xo, X3,
=0,
(X150 + Xoghe + Xsgi )l X1, Xp, X3, ] = 0;
Now the goal is to find such 71|+, X1, X9, X3, - - - | which satisfies in our

system of equations (2.10).

The second equation ensures that the solution has degree 0 and also the
partial differentials will fix us a multi-variable function dependent on just
X1, Xo, Xs.

The system of PDEs (2.10) can be solved using the procedure described in
Chapter V, Sec IV of [5]. And for more details please check out appendix A.
And after all it became clear that the system (2.10) has only one functional
dependent nontrivial solution:

6.11)
(X1+X2)(X2+X3)  (Xi<i<2X; )(Zl<zl<2 XZ(11—)i-1)

X2(X1+ X2+ X3) 51)(21<i1<3 xM)

11

7—1(2) [Xla X27 X3] -

And again as before, (2) goes back to 2 in Si; and 1 is a default index which
will be used later it for to employ shifting operator.

According to the number of variables, we will have two shifts and then ev-
erything will be in a loop.

So here in sly case we have three solutions for our system of linear equa-
tions (2.10) which belong to the fraction ring of polynomial functions.

(

e
71(2)[X1,X27X3] (ZK“Q (51)<(Z<1;§(<)2) SESLE
i1 i1

)

(1)
6.12) 721X, X3, X4 = (22<“<3X” (22 gs Tus),
X} (22<11<4X )

e
DX, X, Xy — sz X ’(Z““é?) a1,

)

\ 2 (Z3<21<5

And as it already has mentioned we go to define our non-commutative
Poisson algebra according to definition of Poisson brackets given by Pois-

son himself [6] with this difference that here we work on g—commutative
: CIX7]
ring XfiX,ik—q<ai’ak>X;ingi ’

based on the generators which are the solutions
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of PDEs system (2.10).
For to do this we will use the following bracket based on

7"+, X1, X2, X3,---] and Tj(n)[”' s X1, X2, X, -]

So we have to define our Poisson brackets as what comes in follow:

PO
(6.13) " = )y = Z

Zax

Where {X;, X;} is our previously defined Poisson bracket on our set of

variables.
For instance in the case of sly we have

iy

(2)

(2) (2) (2)
@ @, _ (91 om 87’2

{71 y To }— (8X1>( {X17X2}+ {Xh X4})

9r\ orl®) aTQU <2>
o) (G, (30 Xa} + 2 X0, X5} Xi})

o (2) o (2 o (2) (2)
(G ) (G (X 20} + G (s, X))

) (2)

87’1( 87’2( ) 87’2( )
( e ) ( (2X1X9) + (2X1X3) +

87’2
5%, 5% + (2xX)

or?y ol ari? or?
+ 0X; ) o, O+ G (2XeXa) + 5 (2X:Xy))

67‘1(2) 07'2(2) 87‘2(2) 07'2(2)
— 2X3X
+< X5 ) ( 0X, (m2X5X5) + 0Xs (0) + 0X, (2Xs 4))
X1X3X2X4(X1 + Xo + X3+ X4)
(X1 4+ X2)2(Xo + X3)3(X3 + Xy)?

So we have

2X1X3X2X (X1 + Xo + X3+ Xy)

(X1 + X2)2(X2 + X3)3(X3 + X4)2

And it is enough to find our brackets on just first generator, because then
we are able to find other brackets based on the other generators, so for 7-352)

we have in a same process as follows
2 2) _(2
P = (9 )

1 B = ) =

37—1 a7'3 8735 ) a (2)
<8X1 )( {XI’X?’}—’_ {X17 X5})
arPN (0 5 <>
+( 31( ) (5% ok X2, Xa) o —{ X2, Xu} X))
or*\ (0 9 <> 5
( 5 ) ( 73 {X3’X3} + T3 {X3, Xy} + T3 {X3,X5}>
(2) (2) (2) 2)
on or. 873 873
(8X1 > < 8X3 (2X1X3) 8X (2X1X4) 8X5 2X1X5 )
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37(2)

87’1( ) 87'35 ) 37.52)
+( 09X, ) oy (2X2Xs) + 5 (22X Xa) + (2X>X5))
ors?) ors? 5+

87'1(2) 3 ) Ty
+< 0X; ) ( ax, O+ i, (X Xa) + Fae (2X3X5))

_ —2X1 X2 X2 X, X5
(X7 + X2) (X2 + X3)?(X3 + X4)?2(X4 + X5)

We have to note that we almost are done with our Poisson algebra in sl
case, but for our further plani.e. to find our Volterra system, the differential-
difference chain of non-linear equations

H = ¥ [ln(n)];
7;]' = {Tj,H} =T X ZFZ,

(6.15)

(6.16)

Where T'; stands for 2 [4]. Which means that we have to write down the
brackets {71, 7;} in terms of their decompositions to 7;’s for 1 < j <.

So we need to write it as decomposition of our generators and it will be
done by using the Mathematica coding which we have produced in Ap-
pendix C.

And the result will be as follows

(6.17)

2
@>—£%§%—mr49x )1+ 7+ ),
2 2 2
P = }——ml—ﬁ>xr—<hu— “x
F'()_ 1(2)’7-1()}—0 for|i — 1| > 3;

2

This result are weaker than Faddeev-Takhtajan-Volkov algebra which
has mentioned in [4] and if we continue this for sl3, then we will have
again a weak version of what that has mentioned in [4].

6.2. Lattice W3 algebra. In this case we will use the following defined Pois-
2 -1

-1 2

But for to do this according to our previous ordering and list of variables,

let us for simplicity set our variables as follows

Set X' := X, and X* := v;.

son bracket based on Cartan matrix Ay = [

Definition 6.3. Let’s define our Poisson bracket as follows in the case of si3:

{XZ',X]'} = QXZX] ifi < K
(ViV} =2V, ifi<j:
{XZ‘,Xi} = 0;
(5.} = 0
(X, Y} =Xy, ifi>j;
{Xi, J} = ifi < j;

(6.18)
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As it comes out, here our set of variables will be as follows:

 —+++-—0-0-0-0-—-90-—-0—++*+—0—-—0—0—0—0—0—+-+-—0
X_ X1 1T X2 Y X3 Y3 Xn—o¥Yn—2Xn_1Yn_1 Xn Yn X+oo

And instead of (2.1) we will have the following ¢—commutation rela-
tions
Xin :quin 1f1§]7
(6.19) Y, =¢*YY;  ifi <j;
XYy =q 'V X; ifi <j;
And we will get the following equations in a same manner as in sly:
First case: i < j;
(X, Y'} = X0V — "Y' X,
= XiY] - X X]
=0
Second case: i > j;

{X, Y} = XZYJ"_Q— g "Y'X;
=1 -q¢ )XY
= (1= 2 X,¥7
~ (1= (14 2nh)) X5V}

= —2nh XY}
~ —27”LXlYan

oYy

= —2XYj5y-
(X, X1 =0 ifi < j;
oxX™m - .
{Xi,X]T‘} = 4Xina—XJj if i > j;
(6.20) {X:, Y]} =0 ifi < j;
(X, Y7} = —2X,Yy o ifi > i
0XT o .
\{Y}-,XZ-"} = 2V, X, 5% if i <7;

According to (2.20) we will try to find H g?) as what comes in follow
XXXV Y Xo)
= XSQX?3Y151 Y252 YgﬁsXO — Xp X X2012X3013Y151 Y252 }/363
=(1- q2a1+2a2+2a3751762753)Xill XSQ X?fvsylﬁl Y2/32 Y363X0

(1— (1 —nbh(2a1 +2as + 203 — B1 — B2 — B3) ) XL X2 XY Y2 v X,
= (201 + 203 + 203 — B1 — Ba — Bs)nb X X52 XY VRV X
~ (201 + 205 + 203 — 1 — Ba — Ba)n X X2 XY Y2 YR X

(2X1 5% +2Xa 5% + 2X35%- — Vigh — Yozl — Vagl)r.

2

Now let us as usual suppose i > j and then we will define the following
same quantities
Here we have for X;s:
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=X, X} — ¢*" X} X;

= (1—-¢")X; X}

= (1—e )X, X7

~ (1 — (1 — 4nb)) X; X7}
= dnh X; X7

~4AnX; X}

oxmn
:4nXZXj XJ

0X; "
And the same will be for Y;s. ’
And for the different quantities X; and Y;s we have:
First case: for i > j;
v; Dx, == {X;, Y]'}
= ady, Yj"
= X =YX,
— (1 _ q—2n)XZ,Y'jn
— (1 _ 6—2nh)XiY'jn
~ (1= (1= 2nh)) X;Y}"
= 2nh XY}
~2nX; Y]
oy n
=2X,Y; T}%'
Second case: for i < j;
According to what has just mentioned we have

v D1 =y, Dy,
oy
— . _J
= 1Y, 55
And
Y1 D}/ =7 D8Y1

— oy 29"

=2V Gy
And in a same way we can find the desired results for y, D} and y, D3,

So let us define

yDY =y, DY +37' DY +{7' DY;
(6.21) vDy =y, DY +{>? DY +{7° DY’;
v DY =y, DY +35° DY +{° Dy’

And then we will have

And
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And

+22Y3Y 9 1o

9
vDy =¥ 79y,

3 9Y;

And finally we get
YDgé) =y D1 +y D2 +y D3
= Yl(Y1+2}/2+2}/3)ai},l+y2(}/2+2y'3)%+}%28iys‘
For j > 1 we have
x, Dy; = {5, X{'}
=Y, XT — ¢ "X7Y;
= (1—e*™)Y; X7
~ (1 —(1+2nh))Y; X7
~ 208y X}
~ —=2nY; X7
o]
= —2X1(Y1 + Yo + Y3) 5%
For j > 2 we have
x,Dy; = {¥5, X3}
=Y, X5 —q " X37Y;
= (1 - e*)Y; X5
~ (1 (14 20h))Y; X5
— —2nhY; X
~ —2nY X
o]
2V} Xa 5
= —2X2(Y2 + Y3) 2

0Xs "
For j > 3 we have

x; Dy, = {Y;, X3}
= VX5 — g "X,
— (1 - q Xy
= (1 ™M)V, Xy
~(1—-(1+ th))Yng
= —2nhY; X7
~ —2nY; X}
ol
— e
And after all these, let us define
XDgé) =X, DyJ —|—X2 Dyj +X3 Dy]
= —2X1 (Y1 + Ya + Y3) 5% — 2Xo(Y2 + Y3) 5%
)
—2X3}/387Xv3.
And finally let us define
Dg’) D(3) Fx D(3)
= Yl(Yl +2Ys + 2Y3)ay + Yo (Yo + 2Y3>ay2
+YE 5% — 2X1 (Y1 + Ya + V3) 5% — 2Xa(Ya



30

+Y3) 5% — 2X3Ya 5k
Next step:
Now let us try to find Dg?):
For ¢ > 1, let us define y, Dy, as in what comes in follow:
Y1DX¢ = {Xiﬂyln}
= XZ}/ln — q_nYInXi
— (1 o q—Zn)XiY'ln
— (1 o 62nh)XiY1n
~ (1= (1+2nb))X;Y"
= —2nh X;Y"
~ =2 XY = —2X,Y1 5
= —2Y1(X2 + Xg)%
For i > 2 we have
v, Dx; = {lei/Zn}
= (1-q )Xy
= (1-e*)X;Y
~ (1 —(1+2nh))X;Ys"
n

For i > 3 we have 0.
Let us again have the following definitions

oY
v D3 =y, Dx, = —2Y1X287Y%15

ovy

v D5 ==y, Dx, = —2Y1X3TY1 ;

oYy
D5 =y, Dxy = —2eXs -

Now let us define

0 0
XDg)) =y, Dy +v, D5 +v, Dy = —V1(X2 + X3)87Y1 - YQXST}/Q;

And now as before we have
x;Df :==x, Dx, i
= AX1X, g
XIDiX =Xa DX1n
=2x?5%.
And in a same way we are able to define for x, D§ and x; D? . So let us
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define
xDf =x, DY +%, DX+ DI
(6.22) x D3 i=x, DI +52 DY +% DS,
x D i=x, DF +5° DY +5° D

Then we will have

0 )
DX = X2~ 2X 1 X ——
X 18X1+Z 1 ]aXJ+O
<1
And
DX = X 2X5 X +0
x 2 28X2+,Z 2 JaX
And
0 B,
DX = x2 2X3Yi—— +0
xD5' = Xy gr + ) 2Xs I9x; "

j<2
So we will have ,
XDg() =x D1 4+x Dy +x D3
= X1(X, +2X2+2X3)% +Xo(X2+2X3) 5%,
+X35% X5

And therefore as in (2.10) we will have the following system of PDEs
(6. 23)

(X1 (X1 +2X2 + 2X3)( e L XX+ 2X3>8“ T X??(%T)Z)
_Yl(Xl + X + Xg)aT - Y(Xo + X3)8Y Y3X35 8T1 ) =0;
Y ST Y R R I
D = (vi(v + 2Y2 +2Y3) a; + Yo (Y2 + 2Y3)671 + Y3 6aTY2)
_Y1(X1 +X2 + X3) o —Y5(X> +X3) ol - Y3X3 dY)) =%
I A LA Y TN

And according to appendix A we have the following functional depen-
dent nontrivial solution for the whole system of PDFEs (2.23)

@) Ci<igj<e XiYj) (Ci<icj<a Xiv1Yjp1)
(6.24) Y = ;
XQYQ(ElSiSj§3 XZY}>

And again as before, (3) goes back to 3 in the Si3 and 1 is a default index
which later we will use it for to employ our shifting operators.

According to the number of variables, we will have 6 shifts and then after
that it will be in a loop.

So here in sl3 case we have six solutions which belong to the fraction ring



32

of polynomial functions.
(6.25)

( )[X17Y17X27Y27X37}/3]

3 )[X27Y27X3,Y37X4,Y4]

Where 7'1(3) = 71(3) [
Again by setting X"

( D1yy, X, Yo, X, Vs, Xy =

XoY2(X3Y3+Xo(Ya+Y3)+ X1 (Y1+4Y2+Y3)) .
(X2Yo+X1(Y14Y2))(X3Y3+X2(Ye+Y3))

X3Yo(XoY1+(X3+X4)(Y1+Y2)+X4Y3) |

(X2Y1+X3(Y1+Y2)) (X3Y2+ X4 (Yo +Y3))?

X3y3(XaYa+X3(Y3+Ys)+Xo(Yo+Y3+Ys)) .

9 Ya, X3, V3, X4, Y3, X5] =

(X3Y3+X2(Y2+Y3))(XaYa+X3(Y3+Ys))
XaY3(X3Yo+(Xa+X5)(Ya+Y3)+X5Ya) |

(X3Y2+X4(Y2+Y3))(X4Y3+X5(Y3+Ya))’
Xy Yy (XsYs+Xq(Ya+Y5)+X3(Y3+Ys+Y5)) .

79X, Y, X4, Ya, X5, V5] =

73, X4, Ys, X5, Vs, Xg| =

(XaYa+X3(Y3+Ys))(XsYs+Xa(Ya+Y5))
X5Ya(XaY3+(X5+X6)(Y3+Ys)+XeY5) |

(X4Y3+X5(Y3+Y1))(XsYa+Xe(Ya+Y5))’

)X17}/17X27}/27‘X37Y3"']- )
= X; and Xi(zz) :=Y; and Xi(gz) := Z; and according

to (2.4) we have to write down the following brackets as a composition of

( s, because of algebra structure and it will be done by using Mathematica
codmg in appendix A.
(6.26)
3 3 3 3 3
B = () = 21 = )1 - ) n): 3
Fé)— 1() T?E)}—2(1_ 1())(1_7_?5))( ®3) ()+ 3) ()_7_2());
3 3 3
FY = (" n) = 20 - 7)1 - ?)
(71(3) ( ) + 72(3)735 ) + 7(3)@& ) 71(3) _ 72(3) _ T§3) _ Tf)) +1);
= {79 =20 - i = AP 4 PP - Y
(3) ( ) 4+ 1);
= {f? ,n«, )} = 21— )1 - I D 2 1)
{ ,Z }:O for |i — 1| > 6;

6.3. Lattice 1V, algebra; main generator. In this case we will use the fol-
lowing defined Poisson bracket based on Cartan matrix

2 -1 0
-1 2 -1

0o -1 2

But for to do this according to our previous ordering and list of variables,
and the same as what we din in si3 case, let us for simplicity set our set of
variables as follows: '
Set Xi(h) = X, and Xi(QZ) :=Y; and Xi(?’l) := Z; and so on.

Az =
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Definition 6.4. Let’s define our Poisson bracket as follows in the case of sis:
({X;, X;} = 2X,X; ifi < j;

(YiY;}=2vY;  ifi <

{Zi, Z]} = 2ZZZJ ifi < 7;

{Xi,Xi} = 0;
1Y, Yi} = 0;
(6.27) {Zi, Z;} == 0;

(XY} = XiY;  ifi>j;
{X;,Y;} = -X;Y; ifi<y;
(X, 2;} =0

Vi 2} =YiZ;  ifi>j;
Vi, 2} ==Yz, ifi <y

As it comes out that, here our set of variables will be as follows:

0O—+++—0—0—0—0—0—0—+++—0—0—0—0—0—0—+++—0
—00 X1 h 21 Xo Yo Zo Xn-1Yn-1Zn—1 Xn Yn Zn +o0o

And instead of (2.1) we will have the following g—commutation rela-
tions for j € {1,2,3} and as always i € {1, 2, 3}:
XiX;=¢*X;X; ifi<j
YY) = @YY, i<
Zi%; = ?Z;7Z;  ifi<j
XiY;j=q'Y;X; ifi<j
YiZ;=q'Z;Y; ifi<j
XiZj = Zin
And by using the same approach as what we did for sl, and sl3, it be-
came clear that the equations Dg?), D§/4 ) and Dgl) and also Hﬁ?), H1(,4 ) and

H (Z4) will have the following forms:

(6.28)

(6.29)
(4) (4) (4)
4) 87‘1 87’1 287'1 .
CDX —Xl(X1+2X2+2X3) 09X, +X2(X2—|-2X3) 09X, —I-Xg 9Xs Yl(Xz—i-Xg)
87‘1(4) X 87‘1(4).
ayvl 243 6Y2 )
(6.30)
87'(4) 87'(4) 87(4)
DY = v (V1 +2Yp+2Y3) @11/1 Y5 (Ya+2Y3) a;'g Y7 311@, — X1 (Y14Y2+Y3)
87’1(4) 871(4) 87’1(4) 87’1(4) 87’1(4)
—Xo(Yo+Y3)— —X3Y5—— 71 (Yo +Y3)—— — Zoy3————:
9X, 2(Ya+Ys3) 59X, 3 36X3 1(Ya+Y3) 921 2Y3 07y
(6.31)
87(4) 67(4) 87(4)
DY) = Z1(21+222+225) G T DI 2 ) G A V(i 2t Zi)
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37’1(4) 871(4) (97'1(4)
oY, Yo(Zo + Z3) oY, 373 gy
(6.32)
(4) (4) (4) (4) (4) (4)

4 o~ 2, on ox on _Y(%' _Y(97'1 _Yarl .
Hy =2X5x T2%e gy, V2% gy oy, Bay
(6.33)

(4) (4) (4) (4) (4) (4) (4)

@ on on on on on on on
2Ys 92Y- -X _X _X _

Hy =M 422 =X %2 gx, X ax, “ oz
_z 87’1(4) _z 87'1( )
2 07, 073

(4) (4) (4) (4) (4) @
(4) on on on on on on

. — 27 27 _Y; —Y; _Y-

(6.34) Hy" =22, 971 oz oz Vavi Yoy, iovs

And the functional dependent nontrivial solutions for the whole system of
first order partial differential equation is as follows:

(6.35) 7_(4) _ (21§i§j§m§2 fEiijm)(Elgigjng $i+1’yj+12m+1).
! LYoz (X1<i<j<m<3 TilYjZm) 7
And again as before, (4) goes back to 4 in the Si4 and 1 is a default index
which later we will use it for to employ our shifting operators.

According to the number of variables, we will have 9 shifts and then after
that it will be in a loop.

So here in sl case we have nine solutions:

7—1( ) - Tl( )[X].’Y].)Z].)X27YV27Z25X37}/35Z3];

T2( ) —7_1(4)[X1 — Yla}/l — Z17Z1 — X27X2 — }/2’}/2 - Z2’Z2 -
X37X3 — Y37YE’» - Z3]a

X3, X3 — Y3,Y3 — 73, Z3 — X4];

) =2 > X0, Xo > V2, Yo = 22, 7y —

X3, X3 = Y3,Y3 = Z3,Z3 — X4, X4 — Yil;

i = VX = Ya,Ys > Zo, 25 —

X37X3 — Y37}/3 — Z37Z3 — X47X4 — Y;la)/ﬁl — Z4]a

T6( ) .= T5(4)[Y2 — ZQ,ZQ —
X3, X3 = Y3,Ys = 73,73 = Xy, Xy = Y4, Yy = Z4, Zy — X5];
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7'7(4) = Té4) [Zy —
X3, X3 = Y3,Y3 = 23,243 — X4, Xy = Ya,Ys — 24,24 —

X5, X5 — Y5];

=t Xy ¥5,Ys — Z3, Z3 — Xay Xy — Y4, Ya — Z4, Z4 —
X5, X5 = Y5, Y5 = Zs);

Té4) = ’7'8(4)[Y3 — Z3,Zg — X4,X4 — Y4,Y4 — Z4,Z4 —
X5, X5 = Y5, Y5 = Z5, Z5 — Xgl;

which belong to the fraction ring of polynomial functions.

6.4. Lattice V5 algebra; main generator. In this case we will use the fol-
lowing defined Poisson bracket based on Cartan matrix

2 -1 0 O
Ag=| -1 2 -1 0
0O 0 -1 2

But for to do this according to our previous ordering and list of variables,
and the same as what we din in sl4 case, let us for simplicity set our set of
variables as follows: , ‘

Set XZ-(“) = X, and XZ-(2Z) :=Y; and Xl-(gl) — Z; and X' .= K, and so on.

]

Definition 6.5. Let’s define our Poisson bracket as follows in the case of si4:

{XZ‘,XJ'} = QXZX] ifi < 7;
YY) =2V, ifi<j;
{Zi,Zj} = Qlej ifi < 7;
{Ki,Kj} = QKZ'K]‘ ifi < 73

{Xi, X} = 0;
{Vi,Yi} :=0;

{2, Z;} = 0;
{K;, Ki} = 0;

6.36

{X3,Y;} = -X3Y;  ifi <j;
{Xi,Z;} :=0;

{XZ‘,KJ'} = 0;

{Y;,Zj} = }/ZZJ if > 75
Vi, 2} = -YiZ; ifi <j;
Vi, K} = YK; ifi > 7;
{Yi,K;} = -Y,K; ifi<j;

As it comes out that, here our set of variables will be as follows:
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—+«+*+—0O0—0O0—-0O0—0O0—O0—0O0—0—0—+*++—0—0—0—0—:+++—0
—00 X1 Y1 Zl K1 X2 Y2 ZQ K2 Xn Yn Zn Kn +00

And instead of (2.1) we will have the following g—commutation rela-

tions for j € {1,2,3} and as always i € {1, 2, 3}:
riw; = ¢?xjx;  ifi<j
yiy; = Cyjye ifi<j
2izj = qzzjzi ifi <j
kikj = ¢?kjk;  ifi<j
ziy; = q tyjoy ifi <
yizj = q lzy; ifi<j
zikj = qilk:jzz- ifi <j
:EZ'ZJ' = Zjl’i
yik; = kjy;
\xikj = kj(L'Z'

And by using the same approach as what we did for sl and sl3 and sl4
, it became clear that the equations Dg?) , Dé), D(ZS) and Dg() and also H (5)

H 3(/5 ), H(Z) and Hé() will have the following forms:
(6.37)

(5) (5) (5)
T or
E?X +X2<X2+2X3) 2

DY) = X (X14+2X5+2X3)

o or?
—YaX3 T
Y3 oY

(6.38)

(5) (5)

(5)
(5) _ ) ) 50Ty
©y —Yl(Y1+2Y2+2Y3) 8Y +Y2(Y2+2Y3) 6Y —|—Y 8Y

87‘1(5) 07'(5) 07'1(5) 87‘1(5) 87'1(5)
X, - Xo(Ys +Y5)87 —X3Y3 X Z1(Ys +Y3)Tzl - ZZ%TZQ’
(6.39)

—X1(Y1+Yo+Y3)

(5) or® e

T
90 = 7,(2,+22,+275) Sy e Zat22) e o
1 3

or or or o
Y, —YZTY —K1(22+Z3> Ok, —KyZs Ok

—Y1(Z1+2Z2+7Z3)

37’1(5)
)%
(6.40)

—Ya(Z2+Z3)

or or”  or
Ok, + Ko (Ko+2K3) Yo +K3 07

5) 5) o7

on
— Zy(Ky + Ks3) 92 - Z3X36723;

D) = Ky (K +2Ko+2K;) — 7y (K1 + K>

on,
K
+HEs) 5
(6.41)

or® or or® o or® or®
2X. 2X _y, —Y, —Y.
ox, Ty, T2 Vi e~ Ve

HY =2x,
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(6.42)
(5) (5) (5) (5) (5) (5) (5)
(5) on on on B on B on B on B on
Hy =2y 2 2 =X gk X2 ax, N ax, 2 oz,
87‘1(5) 871(5)
—Z9 — Z3 ;
97 973
(6.43)
(5) (5) (5) (5) (5) (5) (5)
(5) on ony on ony ony on on
HY) — 927 27 27 Y, _ _y: K
z Yoz Ve, TS vy ey, oy, ok,
(5) (5)
K o K on ;
0K K
(6.44)
87'(5) 87'(5) 87(5) 87'(5) 87'(5) 87(5)
HO —og, 70 4o, % Lop, %Lz % % g 0T
K o, T e, TS oK, T Yoz oz “Pazs

And the functional dependent nontrivial solutions for the whole system
of first order partial differential equation is as follows:

(6.45) 7 = “ZISISISmSIS2 T I AT SIS sl ,

And again as before, (5) goes back to 5 in the Si5 and 1 is a default index
which later we will use it for to employ our shifting operators.

According to the number of variables, we will have 12 shifts and then after
that it will be in a loop.

So here in sl5 case we have twelve solutions just as what we did in sl4, and
here skip to write them down.

6.5. Lattice W,, algebra; main generator. Here for sl,,, we skip to write
down all steps which we have done in previous sections and just will write
down our main generator of the lattice I¥,, algebra.

The functional dependent nontrivial solution for the whole system of first
order partial differential equations will be as what comes in follow:

(6.46) 7" =
1 2 n—1 1 2 n—I1
(X1<iy <iger<in_1<2 :zEl)x;) o -wf»n,l ))(Zlgilgizmgin_lﬂ xz(‘lgi-lnggzrl " '551(‘”,1411)'
2SS T (1< <iyein <3 561(11)%(22) e %(::11))

We should notice that a:g s are different of each other for anyj € {1,---n—

1.
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7. MATHEMATICA TECHNIKS IN SOLVING THE SYSTEM OF PARTIAL
DIFFERENTIAL EQUATIONS

This section has been completed by getting help from professor Brendan
B. Godfrey from Institute for Research in Electronics and Applied Physics
(The University of Maryland), in a direct communications and discutions
through email and also through a series of questions and discutions in
mathematica stackexchange.
And I have to say that without his great Mathematica skills, it nearly was
impossible to get such an interesting results!
In this appendix you will be able to see some parts of Mathematica cod-
dings which we have used for to obtain our algebra structures.
And we believe that what is written in this appendix can open a new ap-
proach in solving the following system of g—linear homogeneous equations
in one unknown f.

— af aof of
equa(f) = M2z + angs T an2g; - = 0
(7.1) : . '
0 o 9
equq(f) = alanfl + agqa—xl; et anqﬁ =0
Where the coefficients a;;, are functions of n independent variables z1, - - - ,

and do not contain the unknown function f. [5]
And we have to mention that, to reach to this point was impossible without
using Mathematica!

7.1. Lattice W3 algebra. .

LISTING 1. Example code
p = D[f[x1, x2, x3, y1, y2, y3], x1];
g = D[f[x1, x2, x3, y1, y2, y3], x2];
r = D[f[x1, x2, x3, y1, y2, y3], x3];
o = D[f[x1, x2, x3, y1, y2, y3], y1];
x = D[f[x1, x2, x3, y1, y2, y3], y2];
a = D[f[x1, x2, x3, y1, y2, y3], y3];
equl =2x1p+2x2g+2x3r —ylo—y2x —y3a;
equ2=—x1p—x2q—x3r+2ylo+2y2x+2y3a;
equ3=(x1 (x1+2x2+2x3)) p+ (x2(x2+2x3)) g+ (x32) r
— (y1 (x2 +x3)) 0 —y2x3x;
equd = (y1 (y1 +2y2+2y3)) o+ (y2 (y2+2y3)) x + (y372) a
—(x1(y1+y2+y3)) p—x2(y2+ y3) g —x3y3r;
DSolve[{equl == 0, equ2 == 0, equ3 == 0, equ4 == 0}, f, {x1, x2, x3, y1, y2, y3}]

As you see DSolve returns un-evaluated i.e. it means that it is not able to
solve our system of first order partial differential equations.

LISTING 2. Example code
DSolve[2 equi1 + equ2 == 0, f[x1, x2, x3, y1, y2, y3], {x1, x2, x3, y1, y2, y3 }[[1, 1]]
(x f[x1, x2, x3, y1, y2, y3] —> C[1][x2/x1, x3/x1, y1, y2, y3] *)
DSolve[equl + 2 equ2 == 0, f[x1, x2, x3, y1, y2, y3], {x1, x2, x3, y1, y2, y3 }H[[1, 1]]
(x f[x1, x2, x3, y1, y2, y3] —> C[1][x1, x2, x3, y2/y1, y3/y1] %)
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Consequently, the dimensionality of this problem can be reduced from six
to four.

LISTING 3. Example code
fx1_, x2_, x38_, y1_, y2_, y3.] := g[x2/x1, x3/x1, y2/y1, y3/y1]

2 equb = FullSimplify[(equ3/x1) /. {x2 —> v2x1,x3 —> v3 x1,y2 —>w2y1,y3 —> w3 y1

Tl = W N =

N

W N =

Q1 W=

1
(* (v2 + v3)xw3x«Derivative[O, 0, 0, 1][g][v2, v3, w2, w3] +
v2«w2«Derivative[0, 0, 1, 0][g][v2, v3, w2, w3] —
v3x(1 + 2xv2 + v3)«Derivative[0, 1, 0, 0J[g][v2, v3, w2, w3] —
v2«(1 + v2)«xDerivative[1, 0, 0, 0j[g][v2, v3, w2, w3]x)
equé = FullSimplify[(equd/y1) /. {x2 —> v2x1,x3 —> v3x1,y2 —> w2 y1,y3 —> w3yl
1
(x —(w3x(1 + 2x+w2 + w3)xDerivative[0, 0, 0, 1][g][v2, v3, w2, w3]) —
w2x(1 + w2)«Derivative[0, 0, 1, 0][g][v2, v3, w2, w3] +
v3x(1 + w2)«Derivative[0, 1, 0, OJ[g][v2, v3, w2, w3] +
v2«Derivative[1, 0, 0, 0J[g][v2, v3, w2, w3] )

Although DSolve cannot solve these equations as a pair either. But it can
solve each separately.

LISTING 4. Example code
DSolve[equ5 == 0, g[v2, v3, w2, w3], {v2, v3, w2, w3}][[1, 1]/. C[1] —> cb
(x g[v2, v3, w2, w3] —> c5[(v2 (1 + v2 + v3))/V3, (1 + v2) w2, (v3 w3)/v2] )
(DSolve[equé == 0, g[v2, v3, w2, w3], {v2, v3, w2, w3}][[1, 1]] /.
C[1] —> ¢6) // FullSimplify
(x g[ve, v3, w2, w3] —> c6[—((v3 (1 + w2))N2), (1 + w2) (1 + w2 + w3))/(v2 w3),
—Log[(1 + w2)/(v2 w2)]] *)

The first results indicates that g is a function of

LISTING 5. Example code

var5 = List @@ %%[[2]]
(x {(v2 (1 +v2+Vv3))/V3, (1 +v2) w2, (v3w3)/v2} x)

and also

LISTING 6. Example code
varé = List @@ %%[[2]]
(e {=((v3 (1 +w2)V2), (1 +w2) (1 + w2 + w3))/(v2 w3), —Log[(1 + w2)/(v2 w2)]} *)

The second list of functions can be simplified by

LISTING 7. Example code

var6 [[3]] = Exp[var6 [[3]]];

var6 [[1]] = —var6[[1]] var6 [[3]];

var6 [[2]] = var6 [[2]] var6 [[3]];

varé

(x {v3w2, (W2 (1 + w2+ w3)Ww3, (v2w2)/[(1 + w2)} x)

Now the next step is to combine the previous two expressions for g for to
obtain a single expression, presumably as a function of two variables.

The system of PDEs above can be solved using the procedure described
in Chapter V, Sec IV of Goursat'’s Differential Equations [3].
The first step is to find the complete, non-commutative group of differential
operators that includes equb and equ6.
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LISTING 8. Example code

commlequa., equb_] :=

Collect[(equa /. {Derivative[1, 0, 0, O][g][v2, v3, w2, w3] —> D[equb, v2],

Derivative[0, 1, 0, O][g][v2, v3, w2, w3] —> D[equb, v3],

Derivative[0, 0, 1, 0][g][v2, v3, w2, w3] —> D[equb, w2],

Derivative[0, 0, 0, 1][g][v2, v3, w2, w3] —> D[equb, w3]}) —

(equb /. {Derivative[1, 0, 0, O][g][v2, v3, w2, w3] —> D[equa, v2],

Derivative[0, 1, 0, 0][g][v2, v3, w2, w3] —> D[equa, v3],

Derivative[0, 0, 1, 0][g][v2, v3, w2, w3] —> D[equa, w2],

Derivative[0, 0, 0, 1][g][v2, v3, w2, w3] —> D[equa, w3]}),

{Derivative[1, 0, 0, O][g][v2, v3, w2, w3], Derivative[0, 1, 0, 0][g][v2, v3, w2, w3],

Derivative[0, 0, 1, 0][g][v2, v3, w2, w3], Derivative[0, 0, 0, 1][g][v2, v3, w2, w3]},

Simplify]

equ7 = comm[equ5, equb]

(v —(W3x(v3x(1 + w2 + w3) + v2x(1 + 2«w2 + w3))xDerivative[0, 0, 0, 1][g][v2, v3, w2,
w3])

— v2xw2x(1 + w2)xDerivative[0, 0, 1, O][g][v2, v3, w2, W3] + v3x(V3x(1 + w2)

+ v2x(2 + w2))«xDerivative[0, 1, 0, OJ[g][v2, v3, w2, w3] +

v22xDerivative[1, 0, 0, 0J[g][v2, v3, w2, w3] )

which by inspection is independent of equb and equ6. On the other hand,
comm|equb, equ7] and commlequ6, equ7] do not yield independent equa-
tions, again by inspection. Thus {equb, equ6, equ7} is a complete group
of three operators in four independent variables. From this information
alone, we know that g is an arbitrary function of precisely one first integral.
This first integral can be obtained by systematically eliminating variables
and equations, one pair at a time, until a single equation of two variable
remains. We start by solving any one of the equations.

LISTING 9. Example code
DSolvelequ5 == 0, g[v2, v3, w2, w3], {v2, v3, w2, w3}][[1, 1]]
(x g[v2, v3, w2, w3] —> C[1][(v2 (1 + v2 + v3))/v3, (1 +v2) w2, (v3 w3)/V2] %)

and use the solution as the basis for a change of variables:

LISTING 10. Example code
glv2_, v3_, w2_, w3] := h[w2, (v2 (1 +v2 + v3))/v3, (1 +v2) w2, (v3 w3)/V2]
solw2 = equb/(v2 w2) // Simplify
(x Derivative[1, 0, 0, OJ][hJ[w2, (v2«(1 +v2 + Vv3))/v3, (1 + v2)xw2, (v3+w3)/vV2] )

indicating that % is independent of w2. This leaves us with two equations
in three variables

LISTING 11. Example code
newvar = Solve[Thread[{b1, b2, b3, b4} == List @@ solw2], {v2, v3, w2, w3}] // Flatten;
(((b3 equ7/(b1 — b3)) // FullSimplify) /. solw2 —> 0/. newvar) // FullSimplify;\\
Collect[((equ6 // FullSimplify) /. solw2 —> 0 /. newvar) //
FullSimplify, b1, FullSimplify] + % b1/b3
equi0 = %% /. Derivative[0, n1_, n2_, n3_][h][b1, b2, b3, b4] —>
Derivative[n1, n2, n3][h][b2, b3, b4]

7 (v bdx(b3 + bd + b2xbd)«Derivative[0, 0, 1][h][b2, b3, b4] + (1 + b3)x

(b3xDerivative[0, 1, 0J[h][b2, b3, b4] + (1 + b2)xDerivative[1, 0, O][h][b2, b3, b4]) *)
equll = %% /. Derivative[0, n1_, n2_, n3_][h][b1, b2, b3, b4] —>
Derivative[n1, n2, n3][h][b2, b3, b4]
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(x (—1+ bd)xbaxDerivative[0, 0, 1][h][b2, b3, bd] + (1 + b2 + b3)
«Derivative[1, 0, OJ[h][b2, b3, bd] «)

Proceeding as before, we next solve one of equl0 and equll. (We choose
the simpler one.)

LISTING 12. Example code
DSolve[equi1 == 0, h[b2, b3, bd], {b2, b3, b4 M[[1, 1, 2]]
(+ h[b2, b3, b4] —> C[1][b3][Log[(1 — b4)/((1 + b2 + b3) bd)] *)

and use it as the basis for a further change of variables.

LISTING 13. Example code
h[b2., b3, b4] := k[b2, b3, (1 — bd)/((1 + b2 + b3) b4)]
solb2 = (equi1/(1 + b2 + b3)) // Simplify
(+ Derivative[1, 0, OJ[k][b2, b3, (1 — b4)/(b4 + b2xb4 + b3xb4)] %)

indicating that & is independent of b2. This leaves us with one equation in
two variables.

LISTING 14. Example code
newvarl = Solve[Thread[{c2, c3, c4} == List @@ solb2], {b2, b3, b4}] // Flatten;
((equ10 // FullSimplify) /. solb2 —> 0/. newvar1) // FullSimplify
equi12 = % /. Derivative[0, n1_, n2_][k][c2, c3, c4] —> Derivative[n1, n2][k][c3, c4]
(x —((1 + c4 + 2xc3«xc4)xDerivative[0, 1][k][c3, c4]) + c3x(1 +c3)
«xDerivative[1, OJ[k][c3, c4] )

Finally, DSolve yields

LISTING 15. Example code
DSolve[equ12 == 0, k[c3, c4], {c3, c4 }][[1, 1, 2]]
(x Kk[c3, c4] —> C[1][c3 (1 + c4 + c3 c4)] *)

Transforming back to the original independent variables gives

LISTING 16. Example code
(((% /. Thread[{c2, c3, c4} —> List @@ solb2]) // Simplify) /.
Thread[{b1, b2, b3, b4} —> List @@ solw2]) // Simplify
(x CI1[(v2 W2 (1 + (1 +v2) W2 + (1 + V2 + v3) W3))/((V2 + V3 + v3 w2) w3)] *)

LISTING 17. Example code
g[v2_, v3_, w2_, w3] = %
{equ5, equs6, equ7} // Simplify
(x {0, 0, 0} %)

Finally, designating the solution for g as ansg,

LISTING 18. Example code
(ansg /. {v2 —> x2/x1, v —> x3/x1, w2 —> y2/y1, w3 —> y3/y1}) // Simplify
(x+ C[1][(x2y2 (x3y3 + x2 (y2 + y3) + x1 (y1 + y2 +y3)))/(x1 (x2y1 + x3 (y1 + y2)) y3
) *)
flx1_, x2_, x3_, y1_, y2_, y3.] = %
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{equ1, equ2, equ3, equ4}

5 (x {0, 0, 0, 0} %)

T o= W N =

= W N =

7.2. Lattice W, algebra. .

LISTING 19. Example code
p = D[f[x1, x2, x3, y1, y2, y3, z1, z2, 23], x1];

q = D[f[x1, x2, x3, y1, y2, y3, z1, z2, z3], x2];

r = D[f[x1, x2, x3, y1, y2, y3, z1, z2, 23], x3];

o = D[f[x1, x2, x3, y1, y2, y3, z1, z2, z3], y1];

x = D[f[x1, x2, x3, y1, y2, y3, z1, z2, z3], y2];

a = D[f[x1, x2, x3, y1, y2, y3, z1, z2, z3], y3];

b = D[f[x1, x2, x3, y1, y2, y3, z1, z2, 23], z1];

¢ = D[f[x1, x2, x3, y1, y2, y3, z1, z2, z3], z2];

d = D[f[x1, x2, x3, y1, y2, y3, z1, z2, z3], z3];
equl =2x1p+2x2q+2x3r —ylo—y2x —y3a;
equ2=—-x1p—-x2q—x3r—zlb—-2z2c—-2z3d+2ylo+2y2x+2y3a;
equ3=2z1b+2z2¢c +22z3d —ylo—y2x —y3a;

equd = (x1 (x1 +2x2+2x3)) p + (x2 (x2 +
2x3)) g+ (x32) r — (y1 (x2+x3)) 0 — y2x3 x;

equbS=(y1 (y1 +2y2+2y3)) o+ (y2 (y2+2y3)) x + (y32) a — (x1 (yl +y2+y3)) p
—x2(y2+y3)q—x3y3r —z1(y2+y3) b —2z2y3c;

equb = (z1(z1+222+223)) b+ (z2(z2+223)) ¢+ (z32) d — (yl (z1 +2z2+23)) o
—y2(2z2+23) x —y3z3a;

LISTING 20. Example code
DSolve[{HX == 0, HY == 0, , HY == 0, EX == 0, EY == 0, EZ == 0},
f[x1, x2, x3, y1, y2, y3, z1, z2, z3], {x1, x2, x3, y1, y2, y3, z1,
z2, z3}]

Again DSolve returns un-evaluated, meaning that it can not solve the sys-
tem of equations.

LISTING 21. Example code
DSolve[ HX + 3 HZ + 2 HY ==0,
f[x1, x2, x3, y1, y2, y3, z1, z2, z3], {x1, x2, x3, y1, y2, y3, z1,
z2, z3 H[[1, 1]]
(xf[x1, x2, x3, y1, y2, y3, z1, z2, z3] —>
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LISTING 22. Example code

DSolve[ HX + HZ + 2 HY == 0,

f[x1, x2, x3, y1, y2, y3, z1, z2, z3], {x1, x2, x3, y1, y2, y3, z1,
z2, z3 H[[1, 1]]

(x f[x1, x2, x3, y1, y2, y3, z1, z2, z3] —>

C[1][x1, x2, x3, y2/y1, y3/y1, z1, z2, z3] *)

LISTING 23. Example code
DSolve[ 3 HX + HZ +2 HY ==0,
f[x1, x2, x3, y1, y2, y3, z1, z2, z3], {x1, x2, x3, y1, y2, y3, z1,
22, z3}][[1, 1]]
(xf[x1, x2, x3, y1, y2, y3, z1, z2, z3] —>
Cl1][x2/x1, x3/x1, y1, y2, y3, z1, z2, z3]x)

As before, this computation can be simplified by the substitution,

LISTING 24. Example code

f[x1, x2, x3, y1, y2, y3, z1, z2, z3] = g[x2/x1, x3/x1, y2/y1, y3/y1, z2/z1, z3/z1]

in which case the six equations become

LISTING 25. Example code

Simplify[{equ1, equ2, equ3}]
(x {0, 0, 0} %)

equ4 = Simplify[Simplify[equ4]/x1 /. {x2 —> x1 v2, x3 —> x1 v3,y2 —> y1 w2,
y3 —>y1 w3, z2 —> z1 k2, zZ3 —> z1 k3}]
(x (v2 + v3)xw3xDerivative[0, 0, 0, 1, 0, 0J[g][v2, v3, w2, w3, k2, k3] +

7 v2xw2«Derivative[0, 0, 1, 0, 0, 0J[g][v2, v3, w2, w3, k2, k3] —

v3«(1 + 2xv2 + v3)xDerivative[0, 1, 0, 0, 0, 0][g][v2, v3, w2, w3, k2, k3] —
v2«(1 + v2)«xDerivative[1, 0, 0, 0, 0, 0J[g][v2, v3, w2, w3, k2, k3] x)

equb = Simplify[Simplify[equ5]/y1 /. {x2 —> x1 v2, x3 —> x1 v3, y2 —> y1 w2,
y3 —>y1 w3, z2 —> z1 k2, zZ3 —> z1 k3}]

(x k3x(w2 + w3)xDerivative[0, 0, 0, 0, 0, 1][g][v2, v3, w2, w3, k2, k3] +
k2«w2«Derivative[0, 0, 0, 0, 1, 0j[g][v2, v3, w2, w3, k2, k3] —

w3x(1 + 2x+w2 + w3)xDerivative[0, 0, 0, 1, 0, 0][g][v2, v3, w2, w3, k2, k3] —
w2x(1 + w2)xDerivative[0, 0, 1, 0, 0, 0J[g][v2, v3, w2, w3, k2, k3] +

v3«(1 + w2)«Derivative[0, 1, 0, 0, 0, 0J[g][v2, v3, w2, w3, k2, k3] +
v2«Derivative[1, 0, 0, 0, 0, 0J[g][v2, v3, w2, w3, k2, k3] x)

equ6 = Simplify[Simplify[ equ6l/z1 /. {x2 —> x1v2, x3 —> x1v3,y2 —> y1 w2,
y3 —>y1 w3, z2 —> z1 k2, zZ3 —> z1 k3}]

(x —(k3x(1 + 2xk2 + k3)«Derivative[0, 0, 0, 0, 0, 1][g][v2, v3, w2, w3, k2, k3]) —

k2x(1 + k2)xDerivative[0, 0, 0, 0, 1, 0][g][v2, v3, w2, w3, k2, k3] +
(1 + k2)xw3«Derivative[0, 0, 0, 1, 0, 0][g][v2, v3, w2, w3, k2, k3] +
w2xDerivative[0, 0, 1, 0, 0, 0][g][v2, v3, w2, w3, k2, k3] )

As before, this system of first-order PDFE's can be solved by using the pro-
cedure described in Chapter V, Sec IV of Goursat’s Differential Equations.
The first step is to find the complete, non-commutative group of differential

operators that includes equ4, equ5, and equ6. To do so, we use the function

comm, generalized from W3
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LISTING 26. Example code
[1 0, 0, 0, 0, O][gllv2, v3, w2, w3, k2, k3],
Olfgllva, v3, w2, w3, k2, k3],
Ol[gl[v2, v3, w2, w3, k2, k3],
0l[gllv2, v3, w2, w3, k2, k3],
Ol[gllva, v3, w2, w3, k2, k3],
1][gllv2, v3, w2, w3, k2, k3]};
ollect|
, 0, 0,0, 0, 0][gllv2, v3, w2, w3, k2, k3] —> D[equb, v2],
0 0, 0llgllv2, v3, w2, w3, k2, k3] —> D[equb, v3],
0, 0, O][g][v2, v3, w2, w3, k2, k3] —> D[equb, w2],
, 1,0, 0][g]lv2, v3, w2, w3, k2, k3] —> D[equb, w3],
0
0

drv = {Derivativ
Derivative[0, 1,
Derivative[0, O,
Derivative[0, O,
Derivative[0, 0,
Derivative[0, O,
comm[equa., equ
(equa /. {Derivativ
Derivative[0, 1, O,
Derivative[O0,
Derivative[0,
Derivative[0,
Derivative[0,
(equb /. {Der
Derivative[0,
Derivative[0,
Derivative[0,
Derivative[0,
Derivative[0,
drv, Slmpllfy]

CD

~o0o0o.

oo_o—xo
co—-o0o’

=
[
0°

'2'._.

coo.

, 1, 0][gllv2, v3, w2, w3, k2, k3] —> D[equb, k2],
, 0, 1[gllv2, v3, w2, w3, k2, k3] —> D[equb, k3]}) —
ive[1, 0, 0, 0, 0, 0][g][v2, v3, w2, w3, k2, k3] —> D[equa, v2],
0, 0, 0][g][v2, v3, w2, w3, k2, k3] —> D[equa, v3],
0, 0, O][g][v2, v3, w2, w3, k2, k3] —> D[equa, w2],
, 1,0, 0][g][v2, v3, w2, w3, k2, k3] —> D[equa, w3],
0
0

<O

, 1, 0][gllv2, v3, w2, w3, k2, k3] —> D[equa, k2],
, 0, 1][gllv2, v3, w2, w3, k2, k3] —> D[equa, k3]}),

ooo—s_o""ooo—x

oo_oo—n

equ7 = comm[equ4, equ5]

(x (k3xv2xw2 + k3x(v2 + v3)xw3)«xDerivative|[0, 0, 0, 0, 0, 1][g][v2, v3, w2, w3, k2, k3]
+

k2«xv2xw2«Derivative[0, 0, 0, 0, 1, 0J[g][v2, v3, w2, w3, k2, k3] —

W3 (V3% (1 + w2 + w3) + v2x(1 + 2xw2 + w3))x

Derivative[0, 0, 0, 1, 0, 0J[g][v2, v3, w2, w3, k2, k3] —

v2«w2«(1 + w2)«Derivative[0, 0, 1, 0, 0, 0j[g][v2, v3, w2, w3, k2, k3] +

V3 (v3x(1 + w2) + v2«(2 + w2))xDerivative[0, 1, 0, 0, 0, 0J[g][v2, v3, w2, w3, k2, k3] +

v2 2« Derivative[1, 0, 0, 0, 0, 0][g][v2, v3, w2, w3, k2, k3] x)

equ8 = comm[equ5, equ6]

(x+ —(k3x((1 + 2xk2 + k3)+W2 + (1 + k2 + k3)xw3)x

Derivative [0, 0, 0, 0, 0, 1][g][v2, v3, w2, w3, k2, k3]) —

k2x(1 + k2)xw2xDerivative[0, 0, 0, 0, 1, 0J[g][v2, v3, w2, w3, k2, k3] +

w3x((2 + k2)xw2 + (1 + k2)«xw3)«Derivative[0, 0, 0, 1, 0, 0J[g][v2, v3, w2, w3, k2, k3] +
w22« Derivative[0, 0, 1, 0, 0, 0J[g][v2, v3, w2, w3, k2, k3] —

v3«w2«Derivative[0, 1, 0, 0, 0, 0]J[g][v2, v3, w2, w3, k2, k3] *)

which are independent of the first three operators, increasing the size of
the group to five. comm|equ4, equ6] vanishes identically and so does not
add an operator. On the other hand, the seven additional commutators
involving equ7 and equ8 yield expressions that are linear combinations of
{equ4, equb, equb, equ7, equ8}. Thus, these five operators comprise the en-
tire group.

From this information alone, we know that g is an arbitrary function of
precisely one first integral. This first integral can be obtained by systemati-
cally eliminating variables and equations, one pair at a time, until a single
equation of two variable remains. Start by solving any one of the equations.

LISTING 27. Example code

DSolve[equ4 == 0,

g[v2, v3, w2, w3, k2, k3], {v2, v3, w2, w3, k2, k3 }][[1,
1]] // FullSimplify

(x g[v2, v3, w2, w3, k2, k3] —>
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LISTING 28. Example code

glv2_, v3_, w2_, w3_, k2_, k3_] :=
h[w2, (v2 (1 +v2 +v3))/v3, (1 +v2) w2, (v3 w3)/vV2, k2, k3];
tr1 = {equ4, equb, equ6, equ7, equ8} // Simplify;

LISTING 29. Example code

solw2 = equ4/(v2 w2) // FullSimplify;

LISTING 30. Example code

newvar = Solve[

Thread[{b1, b2, b3, b4, b5, b6} == List @@ solw2], {v2, v3, w2,
w3, k2, k3}] // Flatten;

trip = Collect[FullSimplify[Rest[tr1] /. solw2 —> 0 /. newvar], b1,
FullSimplify] /. b1x(z)) —>0/.

Derivative[0, n1_, n2_, n3_, n4_, n5_][h][b1, b2, b3, b4, b5,

b6] —> Derivative[n1, n2, n3, n4, n5][h][b2, b3, b4, b5, b6];

LISTING 31. Example code
DSolve[First@tr1p == 0,
h[b2, b3, b4, b5, b6], {b2, b3, b4, b5, b6}] /. Log[z_] —> z;
h[b2_, b3_, b4_, b5_, b6_] :=
j[b4, b3, b5, (1 + b2 + b3) b4 b6, b6 (1 — b4)];
tr2 =trip // Simplify;
solb4 = First@tr2/(b4 (b4 — 1)) // Simplify;
newvar = Solve[
Thread[{c1, c2, c3, c4, c5} == List @@ solb4], {b2, b3, b4, b5,
b6}] // Flatten;

tr2p = Collect[(Cancel[(c1 — 1) Rest@1r2] /. solb4 —> 0 /. newvar) //
FullSimplify, c1, FullSimplify];

tr2p [[3]] = tr2p [[3])/ c1;

trep =tr2p /. c1z__ —>0/.

Derivative[0, n1_, n2_, n3_, n4_][j][c1, c2, c3, c4, c5] —>
Derivative[n1, n2, n3, n4][j][c2, c8, c4, c5];

LISTING 32. Example code

DSolve[Last@tr2p == 0, j[c2, c3, c4, c5], {c2, c3, c4, c5}];
j[c2_, ¢3_, c4_, ¢5] = I[c5, c2, c3, (c2 —c4)/(1 +c3 +cH)];
tr3 = —tr2p // Simplify // RotateRight;

solch = First@1tr3/(c5 (1 + ¢3 + ¢5)) // Simplify;

newvar = Solve[

Thread[{d1, d2, d3, d4} == List @@ solc5], {c2, c3, c4, c5}] //
Flatten;

tr3p = Collect[(Rest@tr3 /. solc5 —> 0 /. newvar) / FullSimplify, d1,
FullSimplify] /. d1z. —>0/.

Derivative[0, n1_, n2_, n3_][1][d1, d2, d3, d4] —>
Derivative[n1, n2, n3][I][d2, d3, d4];

LISTING 33. Example code

DSolve[Last@1tr3p == 0, I[d2, d3, d4], {d2, d3, d4}] // Simplify;
[d2_, d3_, d4_] := m[d3, (1 + d2) d3, (d2 (1 + d2 — d4))/d4];
tr4 = tr3p // Simplify / RotateRight;



= W N =

N

N

46

sold3 = First@tr4/(d2 d3);

newvar = Solve[Thread[{e1, e2, e3} == List @@ sold3], {d2, d3, d4}] /
Flatten;

tr4p = Collect[(—(e2/e1) Rest@tr4 /. sold3 —> 0 /. newvar) //
FullSimplify, e1, FullSimplify] /. e1z. —>0/.

Derivative[0, n1_, n2_][m][e1, e2, €3] —>

Derivative[n1, n2][m][e2, e3];

LISTING 34. Example code

(DSolve[Last@trdp == 0, m[e2, €3], {e2, e3}] // Simplify) /.
Log[z_] —> z;
(((((((efrt, 1, 211 /. Thread[{et1, e2, e3} —> List @@ sold3]) //

Simplify) /.

Thread[{d1, d2, d3, d4} —> List @@ solc5]) /
Simplify) /.

Thread[{c1, c2, c3, c4, c5} —> List @@ solb4]) /
Simplify) /.

Thread[{b1, b2, b3, b4, b5, b6} —> List @@ solw2] //
Simplify) /. {v2 —> x2/x1, v3 —> x3/x1, w2 —> y2/y1, w3 —> y3/y1,
k2 —> z2/z1, k3 —> z3/z1}) // Simplify

Final solution

LISTING 35. Example code
C[—(((x2y2 z2 + x1 (y2z2 + y1 (z1 + z2))) (x3y3z3 +
x2 (y3 z3 +y2 (z2 + z3)))) /
x2y2z2 (x3y3z3 +x2 (y3z3 +y2 (z2 + z3)) +
x1 (y3z3 +y2 (z2 + z3) +y1 (z1 + z2 + z3)))))]

7.3. Expressing a fractional multivariate polynomials to its low-order poly-
nomial decomposition. Suppose we have given the following question.

Question:
Let f2 be fractional multivariate polynomial as follows

LISTING 36. Example code

f2 = —((2x1 x2x3 x4yl y22y3 (x2y1 + (x3 +x4) (y1 +y2) + x4y3) (x3y3 +x2 (y2 +
y3) + x1 (y1 +y2 +y3)))/((x2y2 + x1 (y1 +y2))2 (x2y1 +x3 (y1 +y2)) (x3y3
+ X2 (y2 + y3)) (x3y2+ x4 (y2+y3))2));

and also let £1 and k2 be given as follows

LISTING 37. Example code

k1= (x2y2 (x3y3 +x2 (y2+y3) +x1 (y1 +y2+y3)))/((x2y2 + x1 (y1 +y2)) (x3y3 +
x2 (y2 +y3)));

k2 = (x83y2 (x2 y1 + (x3 + x4) (y1 +y2) + x4y3)) /((x2y1 +x3 (y1 +y2)) (x3y2 + x4 (
y2 +y3)));

then express f2 as a low - order polynomial in k1 and k2.

This can be done as follows.
First, generate a generic low order polynomial.

LISTING 38. Example code

Map[t1°First@# t2"Last@# &, Tuples[Range[0, 3], 2]]. Table[Unique[’c”], {16}]
(x c3+c7tl +c11t12 +¢c15t1'3 +c41t2 +c81t1 12 +c12t1°2 12 +



[68]

N

N =

N

47

cl6t1’3 12 +c512°2 +c9t1 122 +c13H172 122 +c17113 1272 +
c61t2°3 +c10t1 t2°3 +c14t1°2 12°3 + c181t1°3 1273 )

and then use SolveAlways. After about twenty seconds we will gwt result

LISTING 39. Example code
Flatten@SolveAlways[f2 == (% /. {t1 —> k1, {2 —> k2}), {x1, x2, x3, x4, y1, y2, y3}]
(x {c3—>0,¢4—>0,¢5—->0,¢6—>0,c11—>0,¢c15—>0,¢c7—> 0,c12—> 2,¢c16
—>0,c8—>—-2,¢10—> 0,¢c13—> -2,¢14—-> 0,¢c17—> 0,¢c18 —> 0, c9 —>
2} x)

And we have the final solution

LISTING 40. Example code

Factor[%% /. %]
(x =2(—1+t1)t1 (—1+12) 12 %)

which is the desired result.
And for completeness we have

LISTING 41. Example code
Simplify[i2 == % /. {t1 —> k1, {2 —> k2}]
(x True x)

Also here we have much faster alternative:

Because SolveAlways determines the coefficients c for any {z1, 22, 23, 24, y1,
y2,y3}, Solve must be able to obtain the same values for the coefficients c
for specific values of {z1, 22, 3, x4, y1,y2,y3}, and much faster. As before
we do have f2 and k1 and k2.

LISTING 42. Example code
f2 = —((2x1x2x3 x4yl y22y3 (x2y1 + (x3 + x4) (y1 +y2) + x4 y3) (x3y3 +x2 (y2 +
y3) + x1 (y1 +y2 +y3))) /((x2y2 + x1 (y1 +y2))2 (x2y1 +x3 (y1 +y2)) (x3y3
+ X2 (y2 + y3)) (x3y2 + x4 (y2 +vy3))"2));

LISTING 43. Example code
k1= (x2y2 (x3y3 +x2 (y2+y3) +x1 (y1 +y2+y3)))/((x2y2 + x1 (y1 +y2)) (x3y3 +
X2 (y2 +y3)));
k2 = (x83y2 (x2y1 + (x8 + x4) (y1 +y2) + x4 y3))/((x2y1 + x3 (y1 +y2)) (x3y2 + x4 (
y2 +y3)));

LISTING 44. Example code
tp = Tuples[Range|0, 3], 2]; tp // Length
(x 16 %)

LISTING 45. Example code
gp = Mapl[t1 “#[[1]] t2 “#[[2]] & tp]. Table[Unique[’c’], {tp // Length}]
(x c3+c7tl +cl11t1’2 +c151t1'3 +c4 12 +c81t1 12 +c12t12 12 +c1611°3 {12 +¢c5
22 +c9t1 122 +c13t172 122 +c17t1°3 1272 + c6 123 + c10t1 12°3 + c14 t1
2123 +¢c1811°3 123 %)
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LISTING 46. Example code

Flatten@Solve[Table[(f2 == (gp /. {t1 —> k1,12 —> k2})) /. Thread[{x1, x2, x3, x4, y1,
y2, y3} —> Randominteger[{1, 7}, 7], {n, tp // Length}], List @@ (First@# & /@ (
gp /- gpl[1]] —> gpl[1]] 2))]

(x {c10—>0,¢c11—>0,¢c12—>2,¢13—> —-2,¢14—> 0,¢c15—> 0,¢c16 —> 0,c17
—>0,¢18—>0,¢3—>0,¢4—>0,¢6—>0,¢c6—>0,¢7—> 0,8 —> —2,¢c9 —>
2} %)

LISTING 47. Example code

Factor[%% /. %]
(x —2(—1+t1)t1 (—1+12) 12 %)

LISTING 48. Example code

Simplify[f2 == % /. {t1 —> k1,12 —> k2}]
(x True x)

Question:
Let f6 be fractional multivariate polynomial as follows

LISTING 49. Example code
6 = (2 x1 x2x5x6 y2 (x2y1 + x3 (y1 +y2)) y32y4 (x5y5 + x4 (y4 +y5))) /((x2 y2 +
x1 (y1 +y2)) (x3y3 +x2 (y2 +y3))"2 (x4y3 + x5 (y3 +y4))2 (x5y4 + x6 (y4 +
y5)));

and also let k1, k2, k3, k4, k5 and k6 be given as follows

LISTING 50. Example code
k1= ((x2y2 +x1 (y1 +y2)) (x3y3 + x2 (y2 + y3)))/(x2 y2 (x3 y3 + x2 (y2 + y3) + x1 (
y1 +y2+y3)));
k2= ((x2y1 +x3 (y1 +y2)) (x8y2+ x4 (y2 +y3)))/(x3y2 (x2y1 + (x3 + x4) (y1 +y2
) +x4y3));
k3 = ((x3y3 +x2 (y2 +y3)) (x4 y4 +x3 (y3+y4)))/(x3y3 (x4y4 + x3 (y3 +y4) +x2
(y2+y3 +y4)));
= ((x8y2 + x4 (y2 + y3)) (x4 y3 + x5 (y3 +y4))) /(x4 y3 (x3 y2 + (x4 + x5) (y2 + y3)
+ x5 y4));
k5 = ((x4 y4 + x3 (y3 + y4)) (x5 y5 + x4 (y4 + y5))) /(x4 y4 (x5 y5 + x4 (y4 + y5) + x3 (
y3 +y4 +y5)));
k6 = ((x4 y3 + x5 (y3 + y4)) (x5 y4 + x6 (y4 + y5))) /(x5 y4 (x4 y3 + (x5 + x6) (y3 + y4)
+ X6 y5));

k4

then express f6 as a low - order polynomial in k1, k2, k3, k4, k5 and k6.

LISTING 51. Example code

tp = Tuples[Range[—1, 1], 6]; tp // Length
(x 729 %)

LISTING 52. Example code

gp = Map[t1 “#[[1]] t2 "#[[2]] 13 "#[[3]] t4 “#[[4]] t5 "#[[5]] t6 "#[[6]] &, tp]. Table[
Unique[c’], {tp / Length}];
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LISTING 53. Example code

sol = Flatten@ Solve[Table[(f6 == (gp /. {11 —> k1,12 —> k2,13 —> k3,14 —> k4, 15
—> k5, t6 —> k6})) /. Thread[{x1, x2, x3, x4, x5, x6, y1, y2, y3, y4, y5} —>
Randominteger[{1, 11}, 11]], {n, tp // Length}], List @@ (First@# & /@ (gp /. gp
[[111 => gp[[111 2))1; sol /. Rule[., 0] —> Nothing

(x {Nothing, ..., Nothing, c114 —> —2, ¢115 —> 2, Nothing,..., Nothing, c123 —> 2,
c124 —> —2, Nothing, ..., Nothing, ¢330 —> —2, ¢331 —> 2, Nothing, ... , Nothing,
¢339 —> 2, Nothing, ¢340 —> —2, Nothing, ..., Nothing, c357 —> 2, ¢358 —> —2,
Nothing, ..., Nothing, c366 —> —2, ¢367 —> 2, Nothing, ..., Nothing, c87 —> 2, c88
—> —2, Nothing, ..., Nothing, c96 —> —2, ¢97 —> 2, Nothing, Nothing} )

LISTING 54. Example code

Factor[gp /. sol]
(x 2 (—1+1t1) (—1+13) (—1+1t4) (—1+16))/(t1 {3 t4 t6) %)

Which is the desired result.
And as before for completeness we have

LISTING 55. Example code
Simplify[f6 == % /. {t1 —> ki, 12 —> k2,13 —> k3, t4 —> k4, t5 —> k5, 16 —> k6}]
(+ True x)

By using Groebner Basis:
Also there is another way for to reach to the solution by using Groebner
Basis. But this approach is very slow!

LISTING 56. Example code
poly = (2 x1 x2 x5 x6 y2 (x2y1 + x3 (y1 +y2)) y3"2y4 (x5y5 + x4 (y4 +y5))) /((x2 y2
+x1 (y1 +y2)) (x3y3+x2 (y2+y3))2 (x4y3+ x5 (y3 +y4))2 (x5y4 + x6 (y4
+Y5)));

LISTING 57. Example code

eqgns = {K1 == ((x2 y2 + x1 (y1 + y2)) (x3y3 + x2 (y2 + y3))) /(x2 y2 (x3 y3 + x2 (y2 +
y3) +x1 (y1 +y2 +y3))),

K2 == ((x2y1 + x3 (y1 +y2)) (x3y2+ x4 (y2 +y3)))/(x3y2 (x2y1 + (x3 + x4) (y1 +
y2) + x4 y3)),

K3 ==((x3y3 +x2 (y2 +Yy3)) (x4y4+ x3 (y3 +y4)))/(x3y3 (x4 y4 + x3 (y3 + y4) + x2
(y2 +y3 +y4))),

K4 == ((x8y2 + x4 (y2 +y3)) (x4y3+ x5 (y3 +y4)))/(x4y3 (x83y2 + (x4 + x5) (y2 +
y3) + x5 y4)),

K5 == ((x4 y4 + x3 (y3 + y4)) (x5y5+ x4 (y4 +y5))) /(x4 y4 (x5 y5 + x4 (y4 + y5) +
x3 (y3 + y4 +y3))),

K6 == ((x4 y3 + x5 (y3 + y4)) (xXby4 + x6 (y4 +y5)))/(x5y4 (x4 y3 + (x5 + x6) (y3 +
y4) +x6y5)) };

Now let us compute Groebner Basis

LISTING 58. Example code
gb = GroebnerBasis[eqgns, {x1, y1, x2, y2, x3, y3, x4, y4, x5, y5, x6}];

The remainder r gives a representation of poly in terms of K1, K2, K3,
K4, K5 and K6.

LISTING 59. Example code
{gs, r} = PolynomialReduce[poly, gb, {x1, y1, x2, y2, x3, y3, x4, y4, x5, y5, x6}];
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Where 7 is our solution in K1, K2, K3, K4, K5 and K6. And the fol-
lowing code validates correctness:

LISTING 60. Example code
poly ==r /. ToRules[And @@ eqns] // Expand

And please note that, this may take a while. (May be more than a while! It
depends on how powerful is your computer. )

7.4. Checking symmetries in our shift operators. . First, before starting,
we need to know which variables are employed in our functions. For to do
this we employ the following code:

Set

LISTING 61. Example code
fO =(2 x1 x2x5y2y5y622 (x2y1y2z1 +x2y1y3z1+x3yly3z1+x2y1y3z2+x3
y1y3 22 + x3y2y3 z2) 232 z4 (x4 x5 y4 z4 + x4 x6 y4 z4 + x4 x6 y5 z4 + x4 x6
y4 25 + x4 x6 y5 z5 + x5 x6 y5 z5)) /((x1 y1 z1 + x1 y1 22 + x1 y2 22 + x2 y2 z2) (
x2y22z2 + x2y2z3 + x2y32z3 + x3y323)2 (x4 y4z3 + x4 y5 23 + x5y5 23 + x5
y5 z4)"2 (x5 y5 z4 + x5 y6 z4 + x6 y6 z4 + x6 y6 z5));

and

LISTING 62. Example code
k1= ((x1ylzl+x2y22z2+x1 (y1 +y2) z2) (x2y22z2 + x3y32z3 +x2 (y2 +y3) z3))
/
z

(x2y22z2 (x2y222 + x3y323 +x2 (y2 +y3) z3 +x1 (y2z2 + (y2 + y3) z3 + y1 (
1+ 22 +23))));

k2 = (((x2 + x3) y1 z1 + x3 (y1 +y2) z2) ((x3 + x4) y2 z2 + x4 (y2 + y3) z3))/(x3 y2 z2
(x2y1z1 + (x3+x4) (y2z2 +y1 (z1 +22)) + x4 (y1 +y2 + y3) z3));

k3 = ((x2 (y2 + y3) z1 + x3y3 (z1 + z2)) (x3 (y3 + y4) z2 + x4 y4 (z2 + z3))) /(x3 y3 z2

(x2 (y2 + y3 +y4) z1 + x3 (y3 + y4) (z1 + z2) + x4 y4 (z1 + z2 + 23)));

k4 = ((x2y2 22 + x3y3 23 +x2 (y2 +y3) z3) (x3y3z3+ x4vy42z4 +x3 (y3 + y4) z4))

/(x83y32z3 (x3y32z3 +x4y4z4+ x3 (y3+y4) z4+x2 (y3z3 + (y3 +y4) z4 +y2
(z2 + 28 + z4))));

((x3 + x4) y2 22 + x4 (y2 + y3) z3) ((x4 + x5) y3 23 + x5 (y3 + y4) z4))/(x4 y3 z3

(x3y2z2 + (x4 + x5) (y3z3 +y2 (z2 + z3)) + x5 (y2 + y3 + y4) z4));

k6 = ((x3 (y3 + y4) z2 + x4 y4 (z2 + z3)) (x4 (y4 +y5) z3 + x5y5 (z3 + z4))) /(x4 y4
z3 (X3 (y3 + y4 + y5) z2 + x4 (y4 + y5) (z2 + z3) + x5 y5 (22 + z3 + z4)));

k7 = ((x3y3 z3 + x4 y4 z4 + x3 (y3 + y4) z4) (x4 y4 z4 + x5 y5 z5 + x4 (y4 + y5) z5)) /(
x4 y4 74 (x4 y4 z4 + x5 y5 z5 + x4 (y4 + y5) z5 + x3 (y4 z4 + (y4 + y5) z5 + y3 (23
+ 24 + 25))));

k8 = (((x4 + x5) y3 z3 + x5 (y3 + y4) z4) ((x5 + x6) y4 z4 + x6 (y4 + y5) z5)) /(x5 y4 z4
(x4 y3 23 + (X5 + x6) (y4 z4 + y3 (z3 + z4)) + x6 (y3 + y4 + y5) z5));

k9 = ((x4 (y4 +y5) z3 + x5y5 (23 + z4)) (x5 (y5 + y6) z4 + x6 y6 (z4 + z5))) /(x5 y5 z4
(x4 (y4 + y5 +y6) z3 + x5 (y5 + y6) (z3 + z4) + x6 y6 (z3 + z4 + z5)));

k5 =

Then by using the following code we will obtain the set of our variables
which have been employed

LISTING 63. Example code
Union[Cases[#, -Symbol, Infinity]] & /@ {f9}
(x {{x1, x2, x3, x4, x5, x6, y1, y2, y3, y4, y5, y6, z1, z2, z3, z4, z5}} *)

LISTING 64. Example code

Union[Cases[#, _Symbol, Infinity]] & /@ {k1, k2, k3, k4, k5, k6, k7, k8, k9}
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(x {{x1, x2, x3, y1, y2, y3, z1, z2, z3}, {x2, x3, x4, y1, y2, y3, z1, z2, z3}, {x2, x3,
x4, y2, y3, y4, z1, z2, z8}, {x2, x3, x4, y2, y3, y4, z2, z3, z4}, {x3, x4, x5, y2
, ¥3, y4, z2, z3, z4}, {x3, x4, x5, y3, y4, y5, z2, z3, z4}, {x3, x4, x5, y3, y4,
y5, 28, z4, z5}, {x4, x5, x6, y3, y4, y5, z3, z4, z5}, {x4, x5, x6, y4, y5, y6, z3,
z4, z5}} x)

Now in what comes below, we specifically mean that for example in sls
in a process for finding F9(4), the substitution

{x1, 22,23, x4, 25,26, y1,y2, y3,y4,y5, y6, 21, 22, 23, z4, 25}
instead of
{y6,y5,y4,y3,y2,yl, 26, x5, x4, 3,22, x1, 25, 24, 23, 22, z1}

transforms 754) to 71(4), Té4) to 72(4), 77(4) to T3E4) ,and Té to 724) while leaving

4)
F_9(4) unchanged.

Therefore, those four pairs must enter the expression for F9(4) symmetri-
cally.

As a result, the generic polynomials we have been using above, can be re-
duced greatly in numbers of terms, a factor of (2)*. Corresponding running
time then should be reduced by a factor of (%)%, other things being equal.
It is possible that additional symmetries exist! It needs to be checked!

Here for simplification and for to be able in codding them, we write in-
stead F9(4) = F9and 77(4) = Ki;

LISTING 65. Example code
argl = {al, a2, a3, a4, a5, a6, b1, b2, b3, b4, b5, b6, d1, d2, d3, d4, d5};
arg2 = {ab, a5, a4, a3, a2, al, b6, b5, b4, b3, b2, b1, d5, d4, d3, d2, di};
arg3 = {b6, b5, b4, b3, b2, b1, a6, a5, a4, a3, a2, al, d5, d4, d3, d2, d1};

LISTING 66. Example code
FO[x1_, x2_, x3_, x4_, x5_, x6_, y1_, y2_, y3_, y4_, y5_, y6_, z1_, z2_, z3_, z4_, z5_]
= (2 x1x2x5y2y5y62z2 (x2yly2z1 +x2y1y3z1+
x3y1y3z1+x2y1y32z2+x3y1y32z2+x3y2y32z2) z3°2 z4 (x4 x5 y4 z4 + x4 x6 y4
z4 + x4 x6 y5 z4 + x4 x6 y4 z5 + x4 x6 y5 z5 + x5 x6 y5 z5)) /((x1 y1 z1 + x1 y1 z2
+x1y222 + x2y2 z2) (x2y2 22 + x2y2z3 + x2y3 z3 + x3y3 z3)"2 (x4 y4 z3 + x4
y5 z3 + x5 y5 23 + x5 y5 z4)"2 (x5 y5 z4 + x5 y6 z4 + X6 y6 z4 + x6 y6 z5))

LISTING 67. Example code

Simplify[F9 @@ arg1 == F9 @@ arg3]
(x True x)

LISTING 68. Example code

K1[x1_, x2_, x3_, x4_, x5_, x6_, y1_, y2_, y3_, y4_, y5_, y6_, z1_, z2_, z3_, z4_, z5]]
= ((x1ylz1 +x2y22z2 +x1 (y1 +y2) z2) (x2y22z2 + x3y32z3 +x2 (y2 +y3) z3
) /(x2y2 z2 (x2 y2 z2 + x3 y3 23 + x2 (y2 + y3) z3 + x1 (y2z2 + (y2 + y3) z3 + y1
(z1 + z2 + 23))));

K2[x1_, x2_, x3_, x4_, x5_, x6_, y1_, y2_, y3_, y4_, y5_, y6_, z1_, z2_, z3_, z4_, z5]]
= (((x2 +x3) y1 z1 + x3 (y1 +y2) z2) ((x3 + x4) y2 z2 + x4 (y2 + y3) z3))/(x3 y2
z2 (x2y1 z1 + (x3 + x4) (y2 z2 + y1 (z1 + z2)) + x4 (y1 + y2 + y3) z3));
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K3[x1_, x2_, x3_, x4_, x5_, x6_, y1_, y2_, y3_, y4_, y5_, y6_, z1_, z2_, z3_, z4_, z5]]
= ((x2 (y2 + y3) z1 + x3y3 (z1 + z2)) (x3 (y3 + y4) z2 + x4 y4 (22 + z3))) /(x3 y3
z2 (x2 (y2 + y3 + y4) z1 + x3 (y3 + y4) (z1 + z2) + x4 y4 (z1 + z2 + z3)));

4 K4[x1_, x2_, x3_, x4_, x5_, x6_, y1_, y2_, y3_, y4_, y5_, y6_, z1_, z2_, z3_, z4_, z5]

= ((x2y22z2 + x83y323 + x2 (y2 + y3) z3) (x83y32z3 + x4 y4z4 + x3 (y3 + y4)
z4))/(x3y3 23 (x3y3z3 + x4 y4z4 + x3 (y3 +y4) z4 + x2 (y3z3 + (y3 + y4) z4 +
y2 (z2 + z3 + z4))));

K5[x1_, x2_, x3_, x4_, x5_, x6_, y1_, y2_, y3_, y4_, y5_, y6_, z1_, z2_, z3_, z4_, z5]]
= (((x3 +x4) y2z2 + x4 (y2 + y3) z3) ((x4 + x5) y3 z3 + x5 (y3 + y4) z4)) /(x4 y3
z3 (x3y2 z2 + (x4 + x5) (y3 z3 +y2 (22 + z3)) + x5 (y2 + y3 + y4) z4));

6 K6[x1_, x2_, x3_, x4_, x5_, x6_, y1_, y2_, y3_, y4_, y5_, y6_, z1_, z2_, z3_, z4_, z5]]
= ((x3 (y3 + y4) z2 + x4 y4 (z2 + z3)) (x4 (y4 + y5) z3 + x5y5 (z3 + z4))) /(x4
y4 23 (x3 (y3 + y4 + y5) z2 + x4 (y4 + y5) (z2 + z3) + x5y5 (z2 + z3 + z4)));

K7[x1_, x2_, x3_, x4_, x5_, x6_, y1_, y2_, y3_, y4_, y5_,y6_, z1_, z2_, z3_, z4_, z5]]
= ((x3y32z3 +x4y4z4 + x3 (y3 + y4) z4) (x4 y4 z4 + x5 y5 z5 + x4 (y4 + y5) z5)
) /(x4 y4 z4 (x4 y4 z4 + x5 y5 25 + x4 (y4 + y5) z5 + x3 (y4 z4 + (y4 + y5) z5 + y3 (
z3 + z4 + 25))));

8 K8[x1_, x2_, x3_, x4_, x5_, x6_, y1_, y2_, y3_, y4_, y5_, y6_, z1_, z2_, z3_, z4_, z5]]
= (((x4 + x5) y3z3 + x5 (y3 + y4) z4) ((x5 + x6) y4 z4 + x6 (y4 + y5) z5)) /(x5 y4
z4 (x4 y3 23 + (x5 + x6) (y4 z4 + y3 (23 + z4)) + x6 (y3 + y4 + y5) z5));

9 KO[x1_, x2_, x3_, x4_, x5_, x6_, y1_, y2_, y3_, y4_, y5_, y6_, z1_, z2_, z3_, z4_, z5]]

= ((x4 (y4 + y5) z3 + x5 y5 (z3 + z4)) (x5 (y5 + y6) z4 + x6 y6 (z4 + z5))) /(x5 y5

z4 (x4 (y4 +y5 + y6) z3 + x5 (y5 + y6) (23 + z4) + x6 y6 (23 + z4 + z5)));

&3]

N

LISTING 69. Example code

Simplify[K1 @@ arg1 == K9 @@ arg3]
2 (x True x)

LISTING 70. Example code

Simplify[K3 @@ arg1 == K7 @@ arg3]
(x True x)

N =

LISTING 71. Example code

1 Simplify[K4 @@ arg1 == K6 @@ arg3]
(x True x)

N

Checking symmetries in F6:

We can find the set of variables in a same way as what we did for F9(4) and
so here we omit most of the calculations.

Again as in F9(4) , here we specifically mean that the substitution
{xl, 22,23, x4, x5, 26, y1,y2, y3, y4, y5} instead of {x6, ©5, x4, 3, x2, x1, y5, y4
,Y3,y2,yl} transforms 76(4) to 71(4), 75(4) to 72(4), TF) to 7354)
unchanged.

while leaving Fé4)

Therefore, those three pairs must enter the expression for Fé4) symmetri-
cally.

LISTING 72. Example code
argl = {al, a2, a3, a4, a5, a6, b1, b2, b3, b4, b5};
arg2 = {ab, a5, a4, a3, a2, al, b5, b4, b3, b2, b1};

N

LISTING 73. Example code




N

&3}

6

N

—_

N
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F6[x1_, x2_, x3_, x4_, x5_, x6_, y1_, y2_, y3_, y4_, y5.] = (2 x1 x2x5 x6 y2 (x2 y1 +
x3 (y1 +y2)) y32y4 (x5y5 + x4 (y4 +y5))) /((x2y2 + x1 (y1 +y2)) (x3y3 + x2 (
y2 +y3))"2 (x4 y3 + x5 (y3 +y4))2 (x5 y4 + x6 (y4 + y5)));

LISTING 74. Example code

F6 @@ argl1 == F6 @@ arg2
(x True x)

LISTING 75. Example code

K1[x1_, x2_, x3_, x4_, x5_, x6_, y1_, y2_, y3_, y4_, y5.] = ((x2y2 + x1 (y1 +y2)) (x3
y3 +x2 (y2 + y3))) /(x2 y2 (x3 y3 + x2 (y2 + y3) + x1 (y1 + y2 +y3)));

K2[x1_, x2_, x3_, x4_, x5_, x6_, y1_, y2_, y3_, y4_, y5] = ((x2y1 + x3 (y1 +y2)) (x3
y2 + x4 (y2 + y3))) /(x3 y2 (x2 y1 + (x3 + x4) (y1 +y2) + x4 y3));

K3[x1-, x2_, x3_, x4_, x5_, x6_, y1_, y2_, y3_, y4_, y5.] = ((x3y3 + x2 (y2 + y3)) (x4
y4 + x3 (y3 + y4))) /(x3 y3 (x4 y4 + x3 (y3 + y4) + x2 (y2 + y3 + y4)));

Ka[x1_, x2_, x3_, x4_, x5_, x6_, y1_, y2_, y3_, y4_, y5.] = ((x3y2 + x4 (y2 + y3)) (x4
y3 + x5 (y3 + y4))) /(x4 y3 (x3 y2 + (x4 + x5) (y2 + y3) + x5 y4));

K5[x1_, x2_, x3_, x4_, x5_, x6_, y1_, y2_, y3_, y4_, y5] = ((x4 y4 + x3 (y3 + y4)) (x5
Y5 + x4 (y4 + y5))) /(x4 y4 (x5 y5 + x4 (y4 + y5) + x3 (y3 + y4 + y5)));

K6[x1_, x2_, x3_, x4_, x5_, x6_, y1_, y2_, y3_, y4_, y5_] = ((x4 y3 + x5 (y3 + y4)) (x5
y4 + x6 (y4 + y5))) /(x5 y4 (x4 y3 + (x5 + x6) (y3 + y4) + x6 y5));

LISTING 76. Example code

Simplify[K1 @@ arg1 == K6 @@ arg2]
(x True x)

LISTING 77. Example code

Simplify[K2 @@ arg1 == K5 @@ arg2]
(x True x)

LISTING 78. Example code

Simplify[K3 @@ arg1 == K4 @@ arg2]
(x True x)
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