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1 Introduction

A regularization is an important ingredient needed for dealing with divergent expressions that
appear in calculating quantum corrections for various quantum field theory models. A large
number of various regularizations have been used in quantum field theory models, see [1] for
a review. The use of a proper regularization can allow revealing certain features of quantum
corrections structure. For example, the higher covariant derivative regularization [2—4] in
the supersymmetric version [5, 6] (see also [7-9]) was the most important ingredient of
the all-loop derivation of the NSVZ [S-function in supersymmetric theories [10-13] made
in [14-16]. It appeared [16, 17] that the all-loop NSVZ renormalization scheme is given by
the HD+MSL prescription [17-19] for which a theory is regularized by higher derivatives
and minimal subtractions of logarithms are used for removing divergences. This implies
that constructing the renormalization constants (for a theory in which all divergences
are logarithmic) we include in them only powers of In A/u, where A is a regularization
parameter playing a role of an ultraviolet cutoff and u is a renormalization point. All finite
constants in this scheme are set to 0, so that for A = u all renormalization constants are
equal to 1 (or to the identity matrix). This prescription is certainly similar to the standard
minimal subtraction [20] (or modified minimal subtraction [21]) which usually supplements
the dimensional regularization [22-25] or reduction [26]. In this case only e-poles (where
€ =4 — D) are included into the renormalization constants. Evidently, In A/u in the case
of using the higher (covariant) derivative regularization (or other similar techniques) is
analogous to 1/¢ in the case of using the dimensional technique. It is well-known (see,
e.g., [27]) that in the one-loop approximation the coefficients at 1/¢ and In A/u are always
the same. In higher orders the analogous relations are more complicated. For example,
in L loops the coefficient at 1/Le coincides with the coefficient at In A/p [28]. However,
higher order divergent contributions to the effective action contain higher powers of e~! in
the case of using the dimensional regularization/reduction. The coefficients at these higher
poles satisfy the 't Hooft pole equations [20] (see also [29] for a review). There are various
generalizations of these equations to the different cases including even nonrenormalizable
theories [30—34] and the analogous equations for logarithms in the renormalized Green
functions [35]. Although (as far as we know) the explicit solutions of the 't Hooft pole
equations have not yet been constructed, these equations allow relating the coefficients at
higher poles to the coefficients of the renormalization group functions (RGFs), i.e. of the
[B-function and of the anomalous dimension.

Similarly, for theories regularized by higher derivatives divergences contain higher
powers of logarithms. In the recent paper [36] (in the case of purely logarithmic divergences)
the coefficients at all powers of logarithms present in the renormalization constants in
the HD+MSL scheme were explicitly found in terms of the RGFs coefficients. However,
it appears that in general it is not trivial to establish the correspondence between the
functions which express the coefficients at higher e-poles in terms of the RGFs coeflicients
(for theories regularized by the dimensional technique) and the similar functions giving
the coefficients at higher logarithms (for theories regularized by higher derivatives). In
this paper we will address this problem. For this purpose it is convenient to consider a
version of the dimensional technique with two dimensionful parameters A and p.! The

!The usual dimensional technique is obtained in the particular case A = p.
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former one is the dimensionful parameter of the regularized theory, while the latter one
is again the renormalization point. In this case divergences will contain both e-poles and

logarithms.?

Certainly, mixed terms containing the products of logarithms and e-poles
also appear. Some explicit calculations made with the help of this technique can be found
in [37-39]. In the scheme analogous to the minimal subtraction (MS) prescription the
renormalization constants contain only e-poles, powers of In A/u and the mixed terms.
The modified minimal subtraction (MS) scheme is obtained if the parameter A is replaced
by A = A exp(—v/2)v/4r, where v = —T"(1) ~ 0.577. We will also consider the so-called
MS-like schemes which (like the above mentioned MS scheme) differ from the MS scheme
by multiplying the parameter A/u by a constant. Evidently, the analysis of terms with
higher powers of logarithms and e-poles made within the above described renormalization
scheme can in particular establish the correspondence between the coefficients at e-poles and
logarithms. In this paper we present explicit expressions for all these coefficients (including
the ones at the mixed terms) entering various renormalization constants in terms of the
coefficients of the S-function and (for the matter field renormalization) the anomalous
dimension. In particular, for pure e-poles we present explicit solution of the 't Hooft pole
equations in the MS scheme.

The paper is organized as follows. The dimensional technique with two dimensionful
parameters is described in section 2. The coefficients at all e-poles, logarithms, and mixed
terms in the expression In Z,, where Z, is the charge renormalization constant, are found
in section 3. In this section we also present a simple expression for In Z, which represents
it explicitly via the S-function and produces all e-poles and logarithms. Similar results for
(Z4)®, where S is an arbitrary number, are obtained in section 4. For the renormalization of
fields the coefficients in In Z (where Z is the field renormalization constant) are constructed
in section 5. Again we present a simple expression for In Z which relates it to the S-function
and the anomalous dimension and produces all higher e-poles and logarithms. Some
relations between coefficients at higher e-poles and logarithms are discussed in section 6. In
particular, we discuss some interesting features in the structure of In Zy, (Z,)%, and In Z.
Some examples are considered in section 7. In particular, the three-loop expression for In Z,,
and the two-loop expression for In Z in A/ = 1 supersymmetric quantum electrodynamics
(SQED) are verified in section 7.1. The five-loop expressions for renormalization constants
in a certain MS-like scheme (taken from [40]) for the ¢*-theory are compared with the
general expressions derived in this paper in section 7.2. The results are briefly summarized
in Conclusion. Some explicit higher loop expressions for the renormalization constants are
presented in appendices.

2 Dimensional technique with e-poles and logarithms

2.1 Charge renormalization

The most popular method for regularizing various quantum field theory models is dimensional
regularization [22-25] or (in the supersymmetric case) dimensional reduction [26]. In both

2The parameter A can in general be arbitrary. However, it is convenient to consider the limit A — oo in
order to establish the correspondence to the regularizations of the cut-off type. Therefore, it is reasonable to
include the pure logarithms into the renormalization constants as well.
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cases the loop integrals are calculated in the non-integer dimension D = 4 — . This makes
them convergent for ¢ # 0, and divergences correspond to the e-poles. We will consider
only renormalizable theories with a single dimensionless (in four space-time dimensions)
coupling constant and a single mass parameter. (Certainly, it is possible to generalize our
consideration to more complicated cases.) Note that the bare gauge coupling constant &g
in the regularized theory has the dimension mf, so that it is standardly presented as

ao = pfa Zy (e, 1/e), (2.1)

where p is a renormalization point and a is the (dimensionless) renormalized gauge coupling.
The charge renormalization constant Z, absorbs divergences in the gauge part of the effective
action. It contains e-poles and some finite constants which determine a subtraction scheme.
These finite constants are set to 0 for the simplest MS renormalization prescription. However,
it is more convenient to use the MS scheme [21], when the parameter u is replaced by

the expression

oy exeh/2) (2.2)

Var

and the renormalization constants again include only e-poles. Note that the renormalization
constants in the MS-like schemes are mass-independent [20, 41-43].

Although this technique is very convenient for making calculations, we will consider its
modification [38] which also contains logarithms similar to those that appear in the case of
using the cut-off type regularizations (e.g., in the case of using the Slavnov’s higher covariant
derivative method [2-4]). For this purpose we present the bare coupling constant of a theory
in D dimensions in the form ag = A®qq, where A is a dimensionful regularization constant
analogous to the ultraviolet cut-off. To calculate the charge renormalization constant, one
should first find the expression for the invariant charge. In the case of using the background
field method it is obtained from the two-point Green function of the background gauge field
and can be written as

g g g —& g
dt = (Iﬁ) f (ao (ﬁ) ,1/6> = <Iﬁ> [;0 <£)> +di(1/e)+d2(1/e) (lﬁ) +..l,
(2.3)
where P is the (absolute value of the Euclidean) momentum. The first term comes from
the tree approximation, and the function dr,(1/¢) corresponds to the L-loop approximation.
The function d; is a polynomial of degree 1 in 1/e, while dy, with L > 2 are polynomials in
1/e of degree L — 1. For simplicity, here we do not write down the mass dependence of the
Green functions.
Written in terms of the renormalized (dimensionless) coupling constant and the nor-
malization point p the function in the left hand side of eq. (2.3) should be finite in the limit
e — 0, A — oo. After the replacement ag — A°aqg eq. (2.1) takes the form

a0 = (X)EaZgl(a, 1/e). (2.4)

Substituting this expression into eq. (2.3) we present the invariant charge in the form

o= (8) s(o (5) 1)

_ (IAD) {iﬂ (g) L di(1/e) + do(1/6) @z (1’2) b } . (2.5)
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The expression in the square brackets should be finite for all finite values of P and, in
particular, for P = p. Therefore, the function Zy(a,1/¢) can be constructed from the
requirement that the function f(aZ,!,1/¢) be finite in the limit ¢ — 0. Note that the
renormalizability ensures that for P # p the expression in the square brackets should also
be finite. This can be achieved only if the coefficients at higher poles in the polynomials dy,
are related by certain equations to the coefficients at lower poles. Certainly, these equations
should automatically be satisfied if the Feynman diagrams are calculated correctly.

Due to the finiteness of the expression in the square brackets in eq. (2.5) the renormalized
invariant charge is given by the expression

d (a,ln Z) = lim f (aZal (g)a : 1/5)
= lim [Z" (g) L di(1/e) + do(1/6) @z (;) +.. } . (2.6)

Alternatively, the charge renormalization can be presented in the four-dimensional form

i — Za(Oé, 1/€>lnA/lu) (2 7)
Qg a ’ ’

where the function Z, is a polynomial in 1/¢ and In A/u. Namely, it contains e-poles,
logarithms, and the mixed terms, but does not contain terms proportional to the positive
powers of €. In the formalism under consideration the MS renormalization constants will
contain both e-poles and In A /p, while all finite constants in them are set to 0. The modified
minimal subtraction in this case corresponds to the renormalization prescription for which
only various powers and products of 1/¢ and In /_\/ W, where

A = Aexp(—v/2)V4r, (2.8)

are admitted in the renormalization constants. Evidently, the standard dimensional tech-
nique is obtained in the particular case A = p, when all logarithms disappear. From the
other side, the terms in Z, without e-poles look exactly like the renormalization constants
for theories regularized by an ultraviolet cut-off, higher covariant derivative regularization,
or another similar technique. In particular, the pure logarithmic terms in the MS or MS
schemes (certainly for A # p or A # p, respectively) look like the renormalization constants
in the HD4+MSL scheme [17, 18].

The renormalization constant Z, is also obtained from the finiteness of the invariant
charge written in terms of the renormalized values,

1 am ™) = tim (2 s (azt (A )
d <a,ln P) —213(1) (P) f (aZa (P) ,1/e
) AN [Zy (AN F 1 (AN°
~ lim (P) [a <P) +di(1/2) + do(1/6) aZ (P) +}
(2.9)
Note that it is impossible to obtain the renormalization constant Z, by naively com-

paring of egs. (2.4) and (2.7),

Zo(a,1/e,InN/p) # (2)5 Zo(ay1/e)

(2.10)

e550 for all s>0



(The condition “c® — 0 for all s > 0” means that the terms proportional to the positive
powers of ¢ should be excluded from the considered expression.) Therefore, (for the same
bare coupling constant) the renormalized coupling constants defined by eqs. (2.4) and (2.7)
are different. To distinguish them, we denote the former one by the bold font.

The relation between the renormalization constants Z, and Z, can be constructed by
comparing the renormalized invariant charges (2.6) and (2.9). Then for P = A we see that
the relation between the functions Zy(«, 1/¢) and Z,(a, 1/e,In A/p) can be written as

{i“ +di(1/e) +do(1/e) a Z1 + .. }

- [22(3) +at+ajpazt (§) +.] = o, 2.11)

(07

where O(e) denotes the terms which vanish in the limit ¢ — 0. Note that the equality (2.11)
is not trivial, because both square brackets contain the terms which depend on InA/pu
and do not vanish in the limit £ — 0. Taking into account that the functions dj contain
e-poles we see that the terms in Z4(A/p)® vanishing in the limit € — 0 contribute into the
expression in the left hand side. Therefore, it is not so easy to find the renormalization
constant Z, (o, 1/e,InA/p).

Setting P = p in eq. (2.6) we see that the expression f(aZ,!(a,1/¢),1/¢) is finite in
the limit € — 0 for any finite a. Certainly, it remains finite in this limit if we replace the
coupling a by the expression a(A/p)®. This implies that

Sza(o () 1e) (B) raeraiaz (a(3) 1) (5) +.] -0
(2.12)

Therefore, looking at eq. (2.9) taken at P = p it is tempting to identify the renormalization
constant Z, with Zy[a(A/p)¢,1/¢]. However, this is incorrect,

Zolo /e, AJp) £ Za [a (2) , 1/5] , (2.13)

because the right hand side contains the terms proportional to positive powers of e, which
are very essential. However, the e-poles and finite constants evidently do not contain them.
This implies that the terms without logarithms inside Z, simply coincide with Z,,
Zo(a, l/E,lnA/u)‘u_A =Zo(,1/2,0) = Zg(a,1/¢). (2.14)
Moreover, taking into account that in the MS-like schemes (after a proper rescaling of A/u)
the renormalization constant Z (o, 1/¢) does not contain finite constants, we see that the
terms with the first power of In A/p in the right hand side of eq. (2.13) do not also contain
positive powers of . Therefore, the terms without logarithms and the terms with the first
power of In A/u coincide in both sides of eq. (2.13). Differentiating both sides of eq. (2.13)
with respect to In u (at a fixed value of ) using the chain rule in the right hand side and
setting © = A we obtain the relation
0

)
G el /e In A/M)‘ = —ca— Zo(a, 1/e), (2.15)

u=A o
which should be valid in the MS-like schemes.



Divergences in the two-point Green function of the background gauge field can conve-
niently be encoded in the S-function. In the case of using the dimensional technique it is
possible to introduce two different definitions for it. Namely, the D-dimensional S-function
is defined by the equation

da(ao(A/p)°,1/¢)
dln p

Blo,e) = (2.16)

ap=const

and certainly should not depend on both e-poles and logarithms at a fixed value of the
renormalized coupling constant «. Alternatively, one can introduce the four-dimensional

S-function defined as
da(ao, 1/2,In A /)
dlnp

, (2.17)

apg=const

Bla) =

which also depends on ag, In A/u, and 1/¢ only via the renormalized coupling constant c.
However, it is possible to find a simple relation between the S-functions (2.16) and (2.17)
in the MS-like schemes. For this purpose we first consider eq. (2.4) written in the form

1 /e 1
— =) =—Z, 2.1
Qg <A> (2.18)

and differentiate it with respect to In u at a fixed value of a. Then after some simple

transformations we obtain the equation

£Zq 0 (Za
_ 2.19
« ﬂ(a’€)8a<a>’ (2.19)
which can equivalently be rewritten as
Oln Zp\ !
= -1 . 2.2
Bla,e) = cax ( + o ) (2.20)

From the other side, with the help of the chain rule for the derivative with respect to
In i the four-dimensional S-function can be presented in the form

B(a) = dinZ,  dlnZ, 0ln Z,
a_adln,u Y oa a@lnu’

Bla) + (2.21)

where the total derivative d/dIn p is taken at oy = const and acts on both explicit In 1 and
In 41 inside the coupling constant «. In contrast, the partial derivative 9/01In p acts only
on the explicit In u. Note that this equation is valid for any value of u and, in particular,
for 4 = A. In this case the partial derivative with respect to In u can be expressed from
eq. (2.15). Moreover, the couplings « and « evidently coincide for ;= A. Therefore, it is
possible to present the four-dimensional S-function in the form

In Z, InZ,
B(a) = a2 ;a B(a) — £a2? ;a . (2.22)
After adding (e — B(«)) to both sides of this equation it can equivalently be rewritten as
dln Z,,
ea = (ea - B(a)) (1 —a—p_ ) : (2.23)



From this equation and eq. (2.20) (taken at u = A) we obtain the (well-known, see, e.g., [29])
relation between the S-functions in D and 4 dimensions,

Bla,e) = —ca+ f(a). (2.24)
Note that differentiating eq. (2.18) with respect to In p gives a similar equation

dln Z,
dln p

: (2.25)

ap=const

Bla,e) = —ca+a

so that in the MS-like schemes the four-dimensional S-function can be presented in two
equivalent forms

1 d 1. A\ 1. A
B [a (ao,)] =« In Z,, [a (ao, —,In ) ,—,1In ]
€ dln p e u) e puw

p=A
d AN® 1\ 1
=« In Z,, {a (ao <) ,> ,] , (2.26)
dlnp 7 €/ €ll,=n
where the derivative with respect to In u is calculated at a fixed value of ag and
1 1. A AN® 1

Q <a0, ) =« (ao, —,In ) =« <a0 <) , ) . (2.27)

€ € K= w €/ lu=A

It is well-known (see, e.g., [29, 35]) that the S-function is given by the perturbative series
(e e}

Bla) = 3" Bratt. (2.28)
L=1

The coefficients at various products of e-poles and logarithms present in the renormalization
constant Z,, namely at

A
e~9n? =, (2.29)
n

with p 4+ ¢ > 1 can be expressed in terms of the coefficients 57, in the MS-like schemes. In

sections 3 and 4 we construct the corresponding explicit expressions giving all coefficients

in the expansions of In Z, and (Z,)°.

2.2 Renormalization of fields

Next, we consider the renormalization of fields (or superfields). Let the corresponding
two-point Green function be proportional to the function

G=0CG [Oéo (2)6,1/6} =1+g1(1/e)ag (;i)

where gr,(1/¢) are polynomials in 1/e of degree L. (As earlier, for simplicity, here we do

€

2e
+ ga(1/€) (ao)? (2) o (230

not indicate the mass dependence of the function G.) The corresponding renormalized
function G is obtained by multiplying the function G by the renormalization constant Z.
By definition, written in terms of the renormalized coupling constant a the function ZG
should be finite in the limit ¢ — 0,

Gr (a,ln ]’i) — lim Z(a.1/¢) G Kg)eaza_l(a,l/s),l/s . (2.31)



(Note that the renormalization constant Z depends only on a and 1/e and in the MS-like
schemes does not depend on masses [20, 41-43].) In this formalism the anomalous dimension
is defined by the equation

dinZ(a,1/e 0lnZ
Aoy = EGLD| g P07

ap=const

01 (2.32)
where B(a, €) has been introduced in eq. (2.16). Below we will see that the (D-dimensional)
anomalous dimension (2.32) really depends only on « and is independent of € (at least, in
the MS-like schemes, which are considered in this paper).

Alternatively, one can construct the four-dimensional renormalization constant
Z(a,1/e,In A/u) by requiring the finiteness of the renormalized Green function

Gr <a,ln ]/i> = ;i_)I%Z(Oz, 1/e,InA/p) G [(ﬁ)eaZojl(a, 1/e,InA/p),1/e| . (2.33)

Note that in this case the renormalization constant Z depends not only on 1/¢ and the
four-dimensional renormalized coupling constant «, but also on In A/u. Also, by definition,
it cannot contain positive powers of €. Then the four-dimensional anomalous dimension is
defined by the equation

din Z(a,1/e,In A/ )
dlnp

v(a)

, (2.34)
ap=const
in which the left hand side depends on 1/¢ and In A/u only through a(ag,1/e,InA/p).
As in the case of the charge renormalization, the relation between the functions Z(«, 1/¢)
and Z(a,1/e,In A/p) is not trivial. Actually, it can be obtained by equating the expressions
for the renormalized Green function G (taken with the same argument «). Setting P = A
in egs. (2.31) and (2.33) we obtain the equation

Z {1 +91(1/e) aZ;t + go(1/e) 0?7272 + .. }

_z [1 +oi(1/e)azs! (X) + ga(1/6) 02222 <§>2 +.. ] —0(e) (2.35)

analogous to eq. (2.11). Note that each of two terms in the left hand side does not vanish in
the limit e — 0 due to the dependence on In A/u, so that the above equation is nontrivial
and really allows relating the renormalization constants Z and Z. However, using the
finiteness of the expression ZG(aZ; ', 1/¢) after the formal replacement o — «(A/p)® we

see that
VA (a (2)6,1/5> G [a (2)6 z! (a (2)6 , 1/5) ,1/5] =0(e). (2.36)

Comparing this equation with eq. (2.33) taken at P = p it is tempting to identify naively
the renormalization constant Z,(a,1/e,InA/p) with Z(a(A/p),1/e). However, this
is incorrect,

Z [a,l/s,ln iﬂ #+Z [a (2)€,1/€] , (2.37)



because the right hand side contains important terms with positive powers of &, which
cannot be present in the four-dimensional renormalization constant Z. However, the pure
e-poles and the terms proportional to the first power of In A/u in the MS scheme evidently
do not contain them. Therefore, these terms are the same in both sides of eq. (2.37). This
implies that the coefficients at pure e-poles and at the terms with the first power of In A/
in Z and Z are related by the equations

Z(a,1/e,In A/M)‘#:A — Z(a,1/2,0) = Z(a, 1/e); (2.38)
m(zMZ(a, 1/5,1nA/,u)’M:A = —ea%Z(a, 1/¢g) (2.39)

analogous to egs. (2.14) and (2.15), respectively. Using them one can establish the corre-
spondence between two definitions of the anomalous dimension presented above, namely, by
egs. (2.32) and (2.34). For this purpose we use the chain rule for the derivative d/dn p in
eq. (2.34), set u = A, and apply eq. (2.39). Then we obtain

7(04):<5(04)6521Z 81nZ> :(B(a)—sa)alnz _ (a’g)aan

=A da |,_p oo’

(2.40)

Oln

where the last equality follows from eq. (2.24). According to eq. (2.32), the expression in
the right hand side is the anomalous dimension ~(«). Therefore, we conclude that both
definitions of the anomalous dimension give the same function,

(@) = ¥(a). (2.41)

This in particular implies that the anomalous dimension « does not (explicitly) depend on
€, because the anomalous dimension v does not depend on it.

It is well-known (see, e.g., [29, 35]) that the perturbative expansion of the anomalous
dimension is written as

V() = i vra®, (2.42)
L=1

where 7, corresponds to the L-loop contribution. Below in section 5 we will express all
coefficients at various powers of 1/¢ and In A/ in the expansion of In Z in terms of the
coefficients vz, and f, in eqgs. (2.28) and (2.42).

3 Coefficients in the expansion of In Z,,

Let us first express the coefficients at various products of e-poles and logarithms in the
expression In Z,, where Z, is the charge renormalization constant defined by eq. (2.7),
in terms of the coefficients 5, in eq. (2.28). The perturbative expansion of In Z, can be
written in the form

oo (o oluNNe o] . A
nZa= D> > a" By g pqe " 0P —, (3.1)
n=0p=0¢=0 H

where §07 0,0 = 0, and a number of loops corresponding to a certain term in this expression
is equal to L = n 4 p+ ¢. From this equation it is certainly evident that L > p+ ¢. For the
regularization under consideration the MS scheme is defined by the condition

Bnoo=0, n>1, (3.2)
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which implies that all finite constants are set to 0, and only products of e-poles and
logarithms are included into the considered renormalization constant. From eq. (3.1)
we see that the coefficients at pure poles and pure logarithms are given by §L707q and
§L3p70, respectively.

In the MS-like schemes the ratio A/p can differ from the one in the MS scheme
by a certain factor. After a proper redefinition of A or p it is possible to reduce the
consideration of these schemes to the MS case. That is why below we will discuss only the

MS renormalization prescription. Certainly, the results obtained in what follows are also
valid in all MS-like schemes.

3.1 Coefficients at pure poles

First we find the coefficients B L,0,q at pure poles. For this purpose we note that with the
help of egs. (2.14) and (2.23) it is possible to present the derivative of In Z, with respect to
In « in the form

In Z,
Oln I (3.3)
Ola |,y Bla)—ea
In the MS scheme the terms with pure poles in eq. (3.1) can be written as
In Zalu:A =3 > a" B, 0,467 (3.4)

n=0g¢=1

(Note that now the index ¢ starts from 1, because, by definition, all finite constants, which

corresponds to ¢ = 0, in the MS scheme are set to 0.) From the other side, expanding the

1 we obtain

=T ‘Z(

After substituting in this equation the expansions (2.28) and (3.4) we equate coefficients at

right hand side of eq. (3.3) into a series in €~

dln Z,
Olna 4

) (3.5)

the same powers of € and «. This gives the values for the coefficients at pure poles

~ 1
BL,O,q:_E > BrBry - B,

k11k27---7kq

(3.6)

)
k1+k2++kq:L

where L > ¢q. The indices ¢, k1,...,k; range from 1 to infinity, the sum of all k; being
equal to the number of loops L. In the particular case ¢ = 1 this equation relates the
coefficients at the lowest (¢ = 1) e-poles in a certain loop to the corresponding contributions
to the S-function,

81 = —LBr,0,1. (3.7)

3.2 Coefficients at terms containing logarithms

Next, it is necessary to find all coefficients at the terms containing logarithms. (They
include both terms with pure logarithms and the mixed terms containing products of e-poles
and logarithms.) For this purpose we start with eq. (2.21)

0ln Z, ta 0ln Z,
dlna Olnp

Bla) = B(a) (3.8)
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Substituting the expression (3.1) into this equation in the MS scheme we obtain

[c ol SlNe o)

~ A
B(O&) = ﬁ(a) Z Z Z(n +p + Q)Oén+p+an+p+q,p,q e 9 1nP =

n=0 p=0 g—0 K
- Z Z Z A (3.9)
n=0p=1q¢=0 H

After that, it is necessary to substitute here the perturbative expansion of the S-function
given by eq. (2.28) and equate the coefficients at aZT1%In® A/u. As a result we obtain the
relation between the coefficients B r,1,0 (at the pure logarithms in the first power) and the
corresponding contributions to the S-function,

Br=—Br10. (3.10)

Combining this equation with eq. (3.7) we see that the sum of the lowest poles and logarithms
in the expression under consideration can be written as

s 1 A
InZz, =— Z aLﬁL < +1In ) + higher poles and logarithms (3.11)
L=1 Le K

in agreement with [28].

To find the coefficients in the remaining terms, we equate the coefficients at e =9 1n?~! A /1
with p > 1,4 > 0 and® p + ¢ > 2 in eq. (3.9). Multiplying the result by 1/ap we obtain the
recurrence relation

00 _ 1 i 25

Z A" By g, = — Bla) Z(n +pta— 1" 1

n=0 p n=0

1 d o ntptg-1p 3.12

- g(a)d Z a n+p+q—1,p—1,q ( ' )
p @ n=0

because the original expression is written in terms of the same expression with p — p — 1.
If ¢ > 1, then repeating the process it is possible to relate it to the coefficients By 44,0, (at
pure e-poles),*

1
p!

d\P & ~
(#35) o Busso (3.13)

o
n+p+q p _
Z « Brtptg,pq =
n=0

Substituting the perturbative expansion of the S-function (2.28) and equating the coefficients
at the same powers of a we express the coefficients at higher mixed terms e~ ?In” A/p in
terms of 5, and the coefficients at pure poles,

N 1 & - > > =
Bniptapa = 5 Z Bhiq,0,4 Z (¢ + k) B, Z (¢ + Kk + k1) Br, Z (q+Fk+ ki + k)
P o k=1 ko—1 ks=1
o
X By X ... X Z(q+k+k1+k2+-~+kp—1)ﬁkp .
kpzl k+k1+k2++kp:n+p

(3.14)

3The case p = 1, ¢ = 0 should be considered separately, because for these values of p and q it is necessary
to take into account the left hand side of eq. (3.9).

4For ¢ = 0 it can be related to the coefficients §n,1,0 given by eq. (3.10). Below the result will be
presented in a form which is also valid for this case.
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(In the case p =1 only the sums over k and kj survive in this equation.) Eq. (3.14) is valid
foralln >0, p > 1, ¢ > 1. Substituting into it the expression (3.6) for the coefficients at
pure e-poles we can present the required coefficients in the form

1 Kpiq!

Brpa=—7 Y. BB Prys DK, : (3.15)
kl,k2:~'~7kp+q 9 'Kpyq=L
where we have introduced the notations
m
Kn=) ki Kn!'=KKy..Kp  Kl!=1 (3.16)
i=1
The summation indices k1,. .., kpyq range from 1 to oo and should satisfy the constraint

Kprg=hi+ ...+ kpg=L.

Note that eq. (3.15) is valid for all L > p+ g > 1, where p,q > 0. Really, for p =0 it
produces the expression (3.6), while for ¢ = 0 the coefficients at pure logarithms appear
to be

~ 1 e

1
BL,p,OZ_H > 6k15k2---/8kapﬂ’KP:L:_p!;Bkl ;klﬁkg
1 2

"k ks kp=1

(3.17)

X %(kl —I—k‘z)ﬁ]% X...X Z(l{:l +ko+.. .—|—k‘p,1)ﬁkp k1+k2+...+kp:L.

kp

This equation completely agrees with the expression for the coefficients in In Z, in the
HD-+MSL scheme obtained in [36] if we take into account the difference of notations.®
Namely, here in the right hand side of eq. (3.1) we write powers of the renormalized coupling
constant «, while in [36] the corresponding result contains powers of the bare coupling ay.
If we rewrite the latter expression in terms of «, then In” A/u will be replaced by In? p/A
producing the multiplier (—1)P.

3.3 The result for In Z,

Substituting the expression (3.15) into the expansion (3.1) we obtain the resulting expression
for In Z,, in the form

> o0 1 Kpyy! o o oA

InZ,=- Z Z oK ¥ Br1 Bry - Broyy 0P InP —, (3.18)
poq=0 k1,k2,.okpig=1 p+q DLVge 1%
p+g>1

where K, = k1 + ko + ...+ km; Kn!'= K1 Ks... K, and Kjy! = 1. Note that the term
corresponding to p = ¢ = 0 in the expression (3.18) should be omitted because this case
does not meet the condition ¢ + p > 1. Evidently, the number of loops L for a certain term
is equal to Kj44. The explicit expression for In Z, in the five-loop approximation obtained
from eq. (3.18) is given by eq. (A.1) presented in appendix A.

5Tt is also necessary to remember that the S-function is scheme dependent starting from the three-
loop approximation.
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The expansion (3.18) can be encoded in a simple equation. To derive it we first
differentiate eq. (3.18) with respect to In @ and rewrite the result in the form

A A

dln Z, s A 0 0
— 2 : lnp—e_q § : B aka+p E Br afat+r—1
| q+p q+p—1
Olna vazo P 7 byt JOlna boro =1 Olna
p+q=>1
X § B O ke EOO: B, aft x . x fo: By, @™ (3.19)
kot 3 o e Qo .
kgi1=1 kq= k=1

where we have introduced the differential operator 3/ 0 In a which, by definition, acts on
everything to the right of it. With the help of eq. (2.28) this series can be presented as

8;;;? EETEL S (mA 0 M) S (5(0‘)> . (3.20)

= p! uO0lna « o \ ea

Calculating the remaining sums over p and ¢ we present the expression under consideration
in the simple and beautiful form

My )y f1a_D_Blay (1- ﬁ<a>>1_ (3.21)

uolna « e’

(Note that the differentiation with respect to In« in the left hand side is equivalent to
multiplying each coefficient in In Z, to the corresponding number of loops.) As a correctness
check, we have also derived from eq. (3.21) the five-loop expression (A.1).

For completeness, here we also present the five-loop expressions for In Z,, in two partic-
ular cases. Namely, for pure e-poles (the standard MS (DR)-like schemes) eq. (A.1) gives

afi o (By BI\ o (Bs 28182 BY\ o' (Ba, 2B185+03
e ( - +55)‘3 (ﬁ - +§>‘4(5+522
+35%ﬁ2+5f)_045 & (51ﬁ4+5253) (5%53%-515%)_'_45%52 By
g3 gt 5 \ e g2 g3 gt 5
+0(a®), (3.22)

while for pure logarithms the corresponding result is written as

«a z—aﬁllné—a (/8 In— +B11 2 ) (5 In A 3/81B21 2 A
e~1-50 I i 0

11511821 3A Bll 4
6 7 p

3 A A
-l—ﬁlln?’) (541n +(26183+83) In? =
3w 7 2
A5 A A 17 A
—a5(55ln+(5lﬁ4+5253)1n2+3ﬁfﬁgln3+Mln?’
p @ p 6 %

2567B2 , 4 A 51 5 A) 6
In In . 2
+ 12 ,u 3 . +0(a”) (3.23)

(Up to notations) eq. (3.23) has exactly the same form as In Z, in the HD4+MSL scheme.
However, it is necessary to remember that the coefficients 7 are different in different
renormalization schemes if L > 3 [44, 45].
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4 Coefficients in the expansion of (Z,)%

Using the same method as in the previous section it is possible to find all coefficients in the
expansion of the expression (Za)s , where S is an arbitrary number. In our notation

=14+ >33 S amtrragl) e P W (4.1)
n=0 p=0q=0

where B(() 3 o = 0 and in the MS scheme B( ) 0,0 = 0 for all n > 1. We will always assume

(S)
n+p+q,p,q

terms of the coefficients 51, in the perturbative expansion of the S-function (2.28). Certainly,

this in what follows. Our purpose in this sectlon is to express all coefficients B in

the results obtained below are also valid for all MS-like renormalization prescriptions.

4.1 Coefficients at pure poles

At the first step it is necessary to calculate the coefficients at pure poles in eq. (4.1). For
this purpose we consider eq. (2.4) rewritten in the form

(CY)S _ (A)ES (Za(a,1/6))°. (4.2)

Qq K
Differentiating this equation with respect to In i at a fixed value of ag we obtain the relation
S _ 9 S
SB(a,e)(Zy)” = | —Sea + B« 5)81 (Za)”. (4.3)

After the formal replacement a¢ — « we rewrite it in terms of the four-dimensional S-function
using eq. (2.24),

, (4.4)
n=A

(o) S s) 2] _, - 5aaa(i:()j

where we also took eq. (2.14) into account. Next, we substitute into this equation
the expansion
(Z)S| =1+ Z Z Q"1 BY) e (4.5)
p=A n=0¢=1
and equate the coefficients at the same powers of 1/¢ and «. From the terms which do not
contain e-poles we obtain the coefficients

S S
B(L,2),1 = —ZBL (4.6)

for all L > 1. Similarly, the terms with e-poles give the recurrence relations for the remaining
coefficients. The solution of these relations can be presented in the form

o= 1 2 o R s C s,

% Z Mﬁ% , (4.7)

kq Kq1 Kq=L

where L > g > 2 and the indices k; ranging from 1 to infinity should satisfy the constraint
Ky =Fki+ko+ ...+ kqy = L. Note that for the particular case S = —1 this result provides
a solution for 't Hooft pole equations in the MS scheme.
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4.2 Coeflicients at terms containing logarithms

Next, it is necessary to find coefficients at the terms containing logarithms (including the
mixed terms) in the expansion (4.1). For this purpose we differentiate the equation

(Za(a, 1/E,lnA/,u))S = (a>5 (4.8)

Qg

(which follows from eq. (2.7)) with respect to Inu at a fixed value of ap. This gives
the relation

S
B(a) (alia - S) (Za)° + aaélzr‘jl =0. (4.9)

We substitute the expansion (4.1) into this equation and equate the coefficients at the same

powers of 1/¢ and In A/u. After that, it is necessary to equate coefficients at the same
powers of a. In particular, equating the coefficients at aZt1e01n% A /e we obtain

BY) = -5y (4.10)

)

In combination with eq. (4.6) this equation gives the expansion
> 1 A
(Zo)P=1-158 Z olpy < +In > + higher poles and logarithms, (4.11)
L=1 Le H

which evidently agrees with the analogous equation (3.11) written for In Z,.
Similarly, equating the coefficients at o tPT9t1e=41nP~1 A /y, we obtain the relation

o0 oo
(S) _ (S) (=S+p—1+4+q+m)
Bn+p+q,p,q - Z Bn1+p—1+q,p—1,q quﬂ?

n1=0 kgip=1 p ni+kqp=n+l
_ 5 g = (=S+p-2+q+n)
- Z n2+p—2+q,p—2,q Z (p—1) 5k’q+p—1

n2=0 kgtp-1=1

o0
(=S+p—2+qg+n2+kgip-1)
X Z » B a+p =
kgtp=1 n2+kgtp—1+kgtp=n+2

(4.12)

The second equality in this equation has been obtained by applying the first equality to the

: (5)
coefficient B, " 11, 1 4

by the equation n1 = na + kg4,—1 — 1. Repeating the process it is possible to express the

The summation index no arising in this case is related to n

considered coefficients in terms of the coefficients at pure poles,

S
Bq(wr)pﬂ,nq - (4.13)
1 X ) oo oo
E Z Bnp-l—q, 0,q Z (_S +q+ np)ﬁkq+1 Z (_S +q+ np + qurl)
" np=0 kgi1=1 kgia=1

o0
X Brgra X - X > (=S+q+ny+kep1+ -+ kgrp—1)Br,s,

kqtp=1 np kg1t thorp=ntp
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Next, we substitute into this equation the expression (4.7) for the coefficients at pure poles
and obtain the result for the required coefficients in the form

S S S+ K, !
327;7q = _E Z B/ﬁﬁkz cee Bk’ ( P+q>

4.14)
+ ’ (
" k1,k2, o kpig o Kq' (_S + Kp“‘q) K

prq=L

where we have introduced the notation
(=S+ K )N!'=(-S+ K1) (-S4 K3) x...x (=S + Kp); (=S+ Ky)'=1, (4.15)

which for S = 0 gives the generalized factorial defined by eq. (3.16). All indices k; in eq. (4.14)
range from 1 to infinity and should satisfy the constraint K, 4 = k1 + ko +... +kpyqg = L.
For p = g = 0 the corresponding coefficients are equal to 0 for all L > 1 because we consider
the MS renormalization prescription.

The expression (4.14) is valid for all L > p 4+ ¢ > 1, where p,q > 0. In particular,
for p = 0 it reproduces the expression (4.7) for the coefficients at pure poles, while in the
particular case ¢ = 0 for the coefficients at pure logarithms we obtain the result

S
BY) o==2 3 BB B, (=S + Kpor)! : (4.16)
o Pk koo ky Kp=L

which (up to notation) agrees with the one derived in [36] for the HD+MSL scheme under
the assumption that only logarithmic divergences are present in a theory.

4.3 The result for (Z,)°
After substituting the coefficients (4.14) the expansion (4.1) takes the form

(0.0 o0
(=5 + Kpig)! Kpig — A
(Zo)?=1-158 By Brsy - - - B, alrra ™ InP —
o p’qz; . k1,k27-§p+q=1 p! Kq! (*S + Kp+q) 1Pk2 p+q L
p+g=>1
(4.17)

where K, = k1 + ko + ... + knn, and the generalized factorial denoted by ! is defined by
egs. (3.16) and (4.15). Again, there are no terms for p = ¢ = 0, and the number of loops
corresponding to a certain term is given by K,

As earlier, it is possible to construct a simple equation which encodes the expan-
sion (4.17), although it is less beautiful than the analogous eq. (3.21) for In Z,. For this
purpose we apply to both sides of eq. (4.17) the operator 9/0In a — S and present the result
in the form

(Olia - S) (Za)s -

e’} 1 A - 0o 3 .
- S Z Hlnp ﬁg q Zf ﬂkqﬂ) (C‘)]Da _ S> affatr
p,q=0 kqgyp=1
pt+q>1
X i /Bk‘ i _ S ak’q+p—1 X ... X i /Bk i _ S akq+1
i 1 =1\ 9ln o L 1\ 9lna
atpmie a+1=
00 A d o A J
xZﬁkq 1—S/£ afl x % Zﬁkl 175/704 O/m7 (4.18)
kg=1 @ P o

~16 —



A
where we introduced the operator [dlna which acts on everything to the right of it

according to the prescription
A
d 1
Y (4.19)
e n
for n > 0. (Evidently, only integer n > 1 can appear in eq. (4.18).) Calculating the sums

over p and ¢ in eq. (4.18) we rewrite the expression for (Z,)® in the form

<81ia_5) (Za)® :_SeXp{lnﬁ <81?1a S) B(aa)} (1_@?”/?@
(4.20)

(Certainly, this expression should be understood in the sense of the formal Taylor series
expansion of the exponential function and of the fraction containing the integral operator.)

The five-loop expression for (Z,)° and the six-loop expression for Z, derived from
eq. (4.17) are presented in appendix A, see egs. (A.2) and (A.3), respectively. Here we present
only the six-loop expressions in the case S =1 (i.e. for Z,) for pure poles (corresponding
to the standard MS scheme)

_ab By 4[Bs PP A[Ba (BiBs B3\ 1 BB
Zol =1 e [ g e [N( 6 s ) At )
s[Bs , (3B1Ba  TBaBs\ 1 (BiBs 175153 B8] 6[Bs (26155
- {5a~+< 20 30 )2+( 10 120 > +2054} “ [fia+( 15
502Ba  BE\ 1  (BiBa 5351585 B3\ 1  (Bifs 496153 Bi B2
T +9>52+< 0 " 10 16)2\ 15 7360 +3055}
+0(a") (4.21)

and for pure logarithms (corresponding to the HD+MSL scheme)

zl—aﬁlln——oﬂﬁglné—a {631 A 51521 QA} a4[ﬁ4lnA
I I 1

Za
I

e~ 10

(e 2w 2 B B oo [ 82 51

5 A A A A
+ (1004 22 Y 2 BB B o 24 (04 2280+ )
I [t I 1
A 1 A A
(2515 n Oﬂ1352,53 ﬁg)l 3 (ﬁ1ﬁ3+ 3ﬂ1ﬂz>1 4 . /81521 5 ; —|—0(a7),
(4.22)
where 1, are scheme dependent starting from L > 3.
5 Field renormalization constants
The logarithm of the field renormalization constant can be written in the form
oo [ oluNe o} A
InZ = Z Z Z QPG g p g T 0P = (5.1)
n=0 p=0 g—0 K
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where Cp 9,0 = 0. The MS scheme corresponds to the case when Cr, 9o = 0 for all L > 1.
In this section we express the coefficients Cy1p1q,p,q in terms of the coefficients of the
anomalous dimension and the S-function, see egs. (2.28) and (2.42).

5.1 Coefficients at pure poles

As earlier, at the first step we calculate the coefficients at pure poles. By other words, we
will find the expression for In Z in the standard MS scheme. We start from the equation

omz|  ay(e)  ~a) (1 B B(a))‘l _ (e i <5(a)>n’

Olna “:A_B(a)—sa_ € e € %"

(5.2)
n=0
which follows from eq. (2.40), and substitute into it the expansion for In Z at p = A following
from eq. (5.1),

oo 0

LD 39 S AR (5.3)

n=0qg=1

Equating the coefficients at the same powers of € and o we obtain

1
CL,O,q:_E > Vi Bry - Br,

k17k27---7kq

, (5.4)
k1+k2+...+kq:L
where L > ¢ > 1 and all k; are positive integers satisfying the constraint £ +ko+...+ky = L.
In particular, we see that the coefficients Cy, o 1 are related to the L-loop contribution to

the anomalous dimension vy, by the equation

1
Cr,o1= — 7L (5.5)

5.2 Coefficients at terms containing logarithms

The terms containing logarithms (including the mixed terms) can be found with the help of

the equation

dinZ(a,1/e,In A/ )
dlnp

OlnZ OlnZ
ap=const N B(OZ) oo 8111,[1 ’

V(a) = (5.6)

Substituting into it the expansion (5.1) and equating the coefficients at the terms propor-
tional to aLe®1n® A/ we relate the coefficient Cr, 1 o to the L-loop contribution to the
anomalous dimension,

Cr,1,0=—"7L- (5.7)

Combining this result with eq. (5.5) we obtain the equation analogous to egs. (3.11)
and (4.11),

> 1 A
InZ=— Z afyr < +1In ) + higher poles and logarithms. (5.8)
= Le 7

Similarly, equating the coefficients at o™ P+%~91nP~1 A/ with n > 0, p, ¢ > 1 we obtain
the recurrence relation

1 x 0
Crtpta,pqg= = Z Chy+p—1+q,p—1,q Z (p—1+4+q+ nl)ﬁkq+p _ . (5.9)
p n1=0 gip=1 n1+kg4p=n+1
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It allows relating the coefficients in the left hand side to the coefficients at pure poles,

e}

Crtpta,p.qa= ! Z Cnp+q,0,q Z (g+myp 'qu+1 Z (Q+”p+kq+l)ﬁkq+2x

'er_O kq+1 1 k’q+2=1

X Z (q+np+kgr1+---+kgrp—1)Bk,, (5.10)

kg+p=1

nptkgt1+...+kg+p=n+p
The coefficients C,

Np+q,

found earlier and is given by eq. (5.4). Substituting it into eq. (5.10) we obtain the required

0,q correspond to the pure e-poles. The expression for them has been

coefficients in the form

Kptq!
Crpg=—7 > YeBrabBrs---Bryp, P,

, (5.11)
Kpt+q=L

k1 ,k2yokip g
where the generalized factorial is defined by eq. (3.16). This equation is valid for all
L >p+q > 1, where p,q > 0. In particular, for p = 0 it reproduces eq. (5.4) for the
coefficients at pure poles, and for ¢ = 0 gives the coefficients at pure logarithms

K,_ 1
CLpo==— Y, Yk BrobBrs---Bry z—jz%ZklﬁkQ
k1,k2,. kp T Kp=L P ko
XZ(kl—l-kg)ﬂkSX...XZ(k’l—l-kQ—{—...—l-k‘p_l)ﬂkp R (5.12)
ks k;p ki+ko+...+kp=L

which (up to notations) agree with the result obtained in [36].

5.3 The result for InZ

The final result for In Z obtained by substituting the coefficients (5.11) into the expan-
sion (5.1) can be written as

InZ=- i i

p,q=0 k1,k2,....kp4q=1
p+q=1

where K, = k1 + ko +...+ kn, and K,,,! is defined by eq. (3.16). The terms with p =¢ =0
are absent, and in each term the number of loops L is equal to Kj1,. The explicit five-

1 K

A
BraBrs - Bryyg 0 Prae™ 0 InP =, (5.13)
I

loop expression for In Z is given by eq. (A.4) in appendix A. Note that after the formal
replacement 7, — (1, this expression gives the corresponding result (3.18) for In Z,.

Differentiating eq. (5.13) with respect to Ina we can obtain an equation analogous
to eq. (3.19). However, in this case it is necessary to consider terms with ¢ > 1 and
q = 0 separately,

A

aan s _ k‘ 6 k B
dln o :_Zilnp {Z qzﬁkqﬂ;al o Z qu“’_lalnaa e
kq+p q+p—1
d
XD B — 31 fot Zﬁkq XD B 4D By o —al
kqt1 ko kp
é k A k é k

Pl 2. L 5.14
% Z}@c’“_lalnaa X X%Bbalnaa 8lna}%:%1@ ’ (5.14)

~19 —



where the sums over all k; are taken from 1 to infinity. Note that for p = 0 the first
of these sums in the first term is over ky, and there are no sums in the last term. For
q = 1 only one sum without the operator 5/ dlna is present in the first term. Using
the perturbative expansions of the S-function and the anomalous dimension (egs. (2.28)
and (2.42), respectively) this expression can be rewritten as

omz X1 A 8§ Ba)) & B\ ()
Oln« __pz;)p! <ln ) Z ( )

ﬁ Ona «

o\ e €
1 ( A d Ba) ay)
_p:1p!<ln,u dlna « ) Bla) (5.15)

(Note that in the second term the rightmost 5(a))/a coming from the series cancels «/5(«)
which is multiplied by 7(«), and we obtain the derivative 0/01n « acting only on vy(«).)
After calculating the sums over p and ¢ the expression under consideration can be presented
in the form

0lnZ :—exp{lnA d B(a)} [7(04) (1_5(00)—1}

; dlna «

Olna € EQ
A 9 Bla) ay(a)
— lexp{lnu 8lna7} - 1] ) (5.16)

Summing up the terms containing the exponential functions we obtain the final equation
which encodes all higher e-poles and logarithms in In Z,

olnZz  ay(a) A D Bla)y [av(a) Bla)\
e~ Bl P How 0-50) | e

To check the correctness of this equation, we have again derived the five-loop expression (A.4)
for In Z directly from eq. (5.17). Also we note that after the formal replacement v(a) —
B(a)/a eq. (5.17) produces the corresponding expression for In Z, given by eq. (3.21).

Again, for completeness, we present the expressions for pure e-poles and pure logarithms
following from eq. (A.4). The result for pure poles is written as

2 3 9
@ o o +
an‘ __om_ o (72 n 7151) _ REN 7182 + 7261 N 7153
pu=A € 2 \ e g2 3\ e c2 &3

ot (4 mBs+yBe 3B 2mBif2 + 2B B
-~ |\ =7 2 + 3 +
4 € € € €

_ O‘j <75 i Y184 + 7283 + v3B2 + yabh n 218183 + Y183 + 2723182 + 738%
5 3 62 53

YB3 + 31183682 Bt

+ i + 5

) + 0(a®). (5.18)

Up to notation, it agrees with the three-loop expression for Z presented in [46]. The
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corresponding result for pure logarithms is written as

A A A 2
InZ =—ayIn=—a? (721n +ﬂy1ﬁ11 2 ) ('y In 771/62_‘_ 7201
e~ 150 )2 1% :u 2
A A1 A1
SR I B Yaln =+ = (1183427282 +37361) In* = + = (5718182
poo3 % [ po 6

A 3 A A1 A
+6V25%)1D3H+7f11n4ﬂ> (75111 += (71ﬁ4+27253+37352+47451)111 m

1 A A
4—6(671ﬂ1ﬂ34—371654—147251524—12w3ﬂf)1n3;;4—15(1371ﬂfﬂ24—12725§)ln4;;

4 A
+%fH&M>+om%. (5.19)

As earlier, we should recall that 8 and ~r, are scheme dependent starting from L > 3 and
L > 2, respectively.

6 Relations between coefficients at e-poles and logarithms

6.1 How to transform e-poles into logarithms

The explicit expressions for In Z,, (Z,)°, and In Z derived above allow establishing the
correspondence between the coefficients at e-poles and logarithms. Namely, let us assume
that we have expressed one of these values in the standard MS (or MS) scheme in terms of
the coefficients 57, and ~. Then it is possible to construct the corresponding expression in
the HD+MSL scheme, when the renormalization constants contain only pure logarithms
(certainly under the assumption that all divergences are logarithmic). Note that the
coefficients of the p-function and of the anomalous dimension certainly depend on the
renormalization scheme (starting from the three- and two-loop approximation, respectively).
Therefore, in order to restore the HD+MSL result from the MS result, one should take into
account the change of the coefficients in egs. (2.28) and (2.42). However, here we will only
investigate how the dependence of the renormalization constants on §; and 7 changes if
we transform e-poles into logarithms (for the MS-like renormalization prescriptions).

Let us start with the expression (3.18) for In Z,. Using eq. (2.14) we see that in the
standard MS scheme (without logarithms)

InZy(a,1/e) =InZy(a,1/e,In A/ p) ‘ :—Z Z Ii' Bry B - - - By @ 174,
q=1 ki ka,....kg=1
(6.1)
From the other side, in the HD+MSL scheme (in which only pure logarithms are present in
the renormalization constants) the analogous equation takes the form

1 Kp!

A
InZy(a,1/e,InA/p) ‘ L :—Z Z F ﬁklﬁkg kaozK” In? —. (6.2)
p=1kq,k2,....kp=1 K

Making in this equation the replacement p — ¢ and comparing it with eq. (6.1) we see that
the HD+MSL result can be obtained from the MS one after the replacement et — In A/
by inserting the factor K,!/q!.
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The expressions for (Z,)° and In Z are considered similarly. The result is exactly the
same. Thus, for X = {In Z,, (Z,)®, In Z} if in the MS scheme a certain expression is given
by the series

[e.e]

o0
X\MSZZ S Xpgaafne, (6.3)

n=1ki,....kn=1
then in the HD+MSL scheme the corresponding series takes the form

K 1
’HD+MSL - Z Z

! A
n—’;XkI.__knaKn In" " (6.4)
=1 kl: 7kn—1 ’

where K,,! is defined by eq. (3.16). Certainly, it is also necessary to take into account
that the coefficients of the S-function and anomalous dimension in the HD+MSL and MS
schemes are different.

6.2 Some features of In Z,

From the explicit five-loop expression for In Z, given by eq. (A.1) in appendix A we see
that in this order all terms proportional to 1/e2, ¢e~!In A/u, and In? A/u are factorized
into perfect squares. Here starting from the general equation (3.18) we demonstrate that
this feature is valid in all orders of the perturbation theory. According to eq. (3.15), the
coefficient at 1/¢% in L loops is

N 1 1 L1
B 0,2 = -7 > BB = -7 > BeBr—k- (6.5)
ki+ko=L k=1
Similarly, the coefficient at ¢e~!In A/ is written as
~ 1
Braii=-7 > BriBry(ky + ko) = Z BrBL—k (6.6)
k1+ko=L

and the coefficient at In? A/u has the form

~ ]_ 1
Br20=—57 > BriBro(ky + k2)kr = ~3 > BrBrokr
k1+ko=L ki1+ko=L
-2 > 5k15k2 (k1 + ko) = —— Z BrBr—k- (6.7)
k1+ko=

Therefore, the terms under consideration give the perfect square

1 2 14! 1 L. A\?2
—f§j m=+ =1’ ) =S BB, (-+==) . (6.
BrBr— k( EDM+4 n Lk:15kﬁL k<6+2nﬂ> (6.8)

This implies that for In Z, it is possible to write down the expression generalizing eq. (3.11)

0 Zy = — Za%(ﬂ ) Li; ZﬁkﬁLk( = 2)

+ higher poles and logarithms, (6.9)

which perfectly agrees with eq. (A.1).
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Note that a similar structure appears in the terms with coinciding k;. Really, if
ki =...=kptq =k, then from eq. (3.18) we see that L = (p + ¢)k and the corresponding
contribution to In Z, takes the form

= = PFa—D! k A
InZz, =— Z Z Tk”_ By 4Pk ~a1nP 2 | the other terms. (6.10)
pg=0 k=1 P& a
p+q=>1

Introducing the new summation index m = p + ¢ and using the binomial theorem this
expression can be presented in the form

Inz, =— Z Z s Z Cﬁlkpﬁ,?amks_erp In? ; + the other terms
p=0

m=1 k=1
00 00 k\m m
1 A
_ Z Z (@“O‘k) (5 + kln ) + the other terms, (6.11)
—= m K
m=1 k=1
where m)
p — _ """
cr = T (6.12)

are the binomial coefficients. Again, it is easy to verify that the terms included into eq. (6.11)
exactly agree with the explicit five-loop result (A.1).

6.3 Some features of Z, and (Z,)°

Looking at the explicit six-loop expression (A.3) for the renormalization constant Z,
presented in appendix A we see that all terms containing the only S with L > 2 (in
eq. (A.3) they as well as the one-loop contribution are marked by the bold font) are
factorized into the structures

1 AN k A& L A
gk ( +In ) = Z cr? ehtPpr 2= = Z T — e hHP I 2
€ B/ oo forall 50 =0 po iz ML= p)! I

(6.13)

where L is a number of loops and 1 < k < L—1. As earlier, the condition “c® — 0 for all s >
0” implies that all terms proportional to the positive powers of € should be excluded from
the considered expression.

The statement formulated above can be proven in all orders of the perturbation theory.
As a starting point of the proof we consider the expression (4.17) with S =1,

o0 o
(—1+K + —1)! _ A
Zazl_ Z Z I)'Tp'qﬁklﬁlw...ﬁkp_‘_q aKp+q€ qh’lp;. (614)
P,g=0k1,k2,... kpiq=1 T
p+q=>1
According to eq. (4.15),
(*1+Kp+q,1)!:(*1+k1)(*1+k1+k2)X...X(*1+k1+k2+...+k‘p+q,1), (615)

so that the terms in which all k; = 1 give vanishing contributions except for the ones
corresponding to p + ¢ = 1, which give the contribution

—af (i +In 1:) . (6.16)
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Next, let us consider the terms in that all k; are equal to 1 except for one, which is equal to
m > 1. From eq. (6.15) it is evident that a nontrivial contribution to Z, appears only if k;
differs from 1, while the others k; (with ¢ > 2) are equal to 1. Taking into account that
ki +ky+...+kyrq =L > 2 we conclude that ky = m = L —p — g+ 1. In this case

(=14 Kpiqg)! :(m—l)m...(m+q+p—3)
Pl K (=14 Kpiyg) plm...(m+q—1)
3 L—gq- L
—m-pmtare= Loazp . (6.17)

pl(m+q—1)! L(L-1) pY(L—-p)!
Substituting these values into eq. (6.14) and including the one-loop contribution (6.16) we
obtain the expression for the renormalization constant Z, in the form

1 L—qg—p L! 1
Zo=1-ap ( +1In — ) E § : (BU)PTI Br_gpi1
(e o | o | q—p
p,q=0 L=1+4p+q L(L=1) p(L-p)
p+q>1

A
x o' 79 In? = 4 terms in which at least two k; > 1. (6.18)
,u

(Note that the first term in which two k; # 1 is proportional to (32)? and appears only in
the four-loop approximation, see the explicit six-loop expression (A.3).) Introducing the
new summation index £ = p + ¢ and taking into account that 1 < p+¢q < L — 1 we rewrite
eq. (6.18) in the form

Zazl—a51<1+ln ) Za Z_: "Bk

k
L! A
X Z 75_1”1” In” — + terms in which at least two k; # 1. (6.19)
= ML —p)! I
With the help of the binomial theorem this expression can be transformed to the final form

oo L

A
Zo=1-ap (i—klnﬂ)—ZL( z_: (L —k)(B1) 1 Br—ki1

L=2
1 A
x el=k ( +In )
£ I

+ terms in which at least two k; # 1.

e5—0 for all s>0

(6.20)
In the sixth order this equation gives the expansion

R B )

_ &4 (35364 -+ 2€2B163 + 55%62) < tlo 2)4

5
- (1% + 320+ 27885 + i) (£ 4 m )
6

30
+ terms in which at least two k; # 14+ O(a"), (6.21)

(55556 + 4eB1 85 + 3e* B3 By + 262 53 B3 + 55152) <i +In ‘2)6]

e$—0 for all s>0

which exactly reproduces the terms that are indicated by the bold font in eq. (A.3).
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For an arbitrary S it is also possible to use the binomial theorem for the terms in which
all k; coincide. Starting from eq. (4.17) and repeating the argumentation of section 6.2
after some simple transformations we obtain that the terms of the considered structure are
given by the series

S_q_gNoBeat (1 A g BT o
(Zo)% =1 Skz::l p (éj—k:lnu) 5;22 o (7S +R)(=5 + 2F)

1 AN\™
X...x(=S+(m-1k) (5 + kln M) + the other terms. (6.22)

Comparing it with egs. (A.2) and (A.3) we see that this expansion exactly agrees with the
explicit expressions.

Now, let us consider the terms with the highest overall degree of 1/e and In A/y in an
L-loop approximation assuming that L > 2. (This degree is certainly equal to p 4 ¢.) For a
fixed Kj1q = k1 + k2 + ... + kppq = L the maximal value of p + ¢ corresponds to the case
when k; take the minimal possible values. For Z, this implies that one k; is equal to 2 and
the others are equal to 1, so that p+ ¢ = L — 1. Therefore, the terms with the highest poles
and logarithms are proportional to 52/8572. It is well known [44, 45] that the coefficients /31
and [2 are scheme independent, so that the terms with the largest (L — 1) overall degree of
1/e and In A/p contain only scheme independent coefficients of the S-function.

For In Z,, and (Z,)® (where S > L or S is not a positive integer) there are also terms
of degree L, in which the coefficients are proportional to 3. Therefore, in this case both
leading and (the first) subleading terms contain only scheme independent coefficients of the
p-function. However, for the positive integer S < L from eq. (6.22) we see that the terms
with the degree L (corresponding to k = 1, m = L) disappear. In this case only leading
terms of degree (L — 1) contain only scheme independent coefficients of the S-function
exactly as for Z,.

6.4 Some features of In Z

Let us now investigate the features of In Z. From the five-loop expression (A.4) we see that
the coefficients at the terms which contain only powers of 51 (and do not contain /; with
k > 2) have the form (6.13). Exactly as earlier, it is possible to prove this fact in all loops
and find explicit expressions for these coefficients. As a starting point we consider the exact
expression (5.13) and look at the terms containing only powers of $;. They are obtained if
k; =1 for all i > 2 and k; = m > 1. Taking into account that ki + ko + ...+ kgp = L > 1,
where L is a number of loops, we see that m = L — ¢ — p+ 1. Then the coefficient at the
term under consideration takes the form

Ky mm41)...(m+q+p—1)
Kpiqp! K! Lplm...(m+q—1)
_(m+qg+p-1) 1 L

(6.23)

 Lp'(m4q—1)! _Z.p!(L—p)!'

— 95—



Substituting this expression into eq. (5.13) we can present In Z as

an:—Z Z Li

_ A
(ﬁl)erq YL—p—g+1€ 4 1pP =

pg=0 L—p+q ) H
p+q=>1
+ terms containing 3; with ¢ > 2. (6.24)

Introducing k£ = p + g and taking into account that in this case 1 < p 4+ ¢ < L we rewrite
eq. (6.24) in the form

L A

nZ— — : —k+plpf
n Lzl Z’YL k+1 /81 27@ p)€ n u

+ terms containing 3; with ¢ > 2. (6.25)

Next, using the binomial theorem we obtain the required structure

> 1 ANF
InZz=- Z Z’VL j1 (Br)FtelH <+1H>
=1 € H

e5—0 for all s>0

+ terms containing f3; with i > 2. (6.26)

In the first five loops this equation gives the expansion

1 A\ o? 1 AN o?
InZ = {—a’yl (—Hn) —*<E’Y2+71/31) (—i—ln) _7(62734_572614_%’8%)
€ 1 2 € 1 3
5

1 AN? o 1 M o
X(5+1DM> —Z(5374%-52%51%—5725%4'715?) (5+IDM> —3(5475*-537451

1 AN
+52735%+5725§+715%) (€+IDM> }

e5—0 for all s>0

+ terms containing f; with i >240(a¥), (6.27)

which perfectly agrees with eq. (A.4).

Again we note that the terms in In Z with the highest overall degree of 1/ and InA/u
(in a given order of the perturbation theory) contain only scheme independent coefficients
of RGFs. Really, in L loops they have the degree L and are proportional to 71,6’{“_1.
Taking into account that the one-loop contributions to the S-function and to the anomalous
dimension are scheme independent we obtain the required statement.

Note that it is also possible to find the sum of all terms with coinciding k;. Exactly as
in section 6.2 we obtain the series

m—1 mk m

1 A

InZ = § j § L T 7’“5 ( 4 kn ) + the other terms, (6.28)

€ 7
m=1 k=1

which exactly agrees with the explicit five-loop expression (A.4).
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7 Examples

In this section we compare the general expressions presented in the previous sections with
the results of some explicit calculations made earlier.

7.1 N =1 supersymmetric quantum electrodynamics

First we consider N' =1 SQED with N flavors, which in the massless limit is described by
the (superfield) action

S = 4%Rg/fmeWWWf+§: /ﬁ%@4(¢k”¢a+¢e2V@Q (7.1)
where V' is the gauge superfield, ¢, and gba are Ny pairs of the chiral matter superfields, and
W, = D?>D,V/4 is a supersymmetric gauge superfield strength. The bare gauge coupling
constant is defined as oy = e3/4m, and the matter superfields (for all « = 1,..., N ¢) are
renormalized as ¢, = \/Zqﬁa, r and gga = \/2(’504 R, Where the subscript R indicates the
renormalized superfields.

Using the version of the dimensional technique considered in this paper (analogous to
the DR scheme) the three-loop Z, and the two-loop In Z have been calculated in [38].5 The
results are given by the expressions

N; (1 A 2Ny (1 A SNy[1 1. A
Zo=1-2(2im=) - hm s )+ sm s
T \¢ 1 w2\ 2 1 m |6 2 u
1 3. A 1 1. A A
. - o o 712 9] 4
f( de 4 p  6e2 2 u+2n > +0(a%);
A 2
mz=C (oA L LA
T \e€ 1 w2 de 2 pu
1 1. A 1 1 A A f
Niyl——-In=—+-—+-In— In? 0(a?). 7.2
+ f< gy tam o M+2 M) +0(a?) (7.2)

We see that the result for Z, is in exact agreement with eq. (A.3) (certainly, after the
replacement A — [_\) Moreover, it satisfies eq. (6.21), while the terms in which at least
two k; are not equal to 1 do not appear in the considered approximation. Therefore, all
relations which should be valid for higher poles and logarithms are satisfied. Comparing
egs. (6.21) and (7.2) we see that

2
o= =N o PR (73)
™ s 4
in agreement with [47, 48], see also [49, 50].
Similarly, the expression for In Z agrees with eq. (A.4) in which
v = _L Yo = ! (14 Ny). (7.4)
7’ 272 f

5The contribution to Z, proportional to o® Ny was not found in [38]. However, it can be obtained from
the result of [39] for the Adler D-function if one makes a certain formal replacement of the group Casimirs.
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Thus, all equations relating the coefficients at higher poles and logarithms to the coefficients
in the perturbative expansions of the S-function and the anomalous dimension are satisfied
in this case.

Also we see that the expression for In Z, calculated on the base of eq. (7.2)

- — -\ 2
Ny (1 A 2N, 1 A N [1 A 3N 1
InZy=—""L (—Hn)—a Qf[+ln+f <+ln> ]—O‘ f[—
n

€ 1 € 1 3 6e

1, A 1 3 A 2(1 3 A\ N?/1 A\’
f

S PSRN (R Ml T P P e M

pIn f( - 4nu+3<6+2nu> )+3 <€+nu>

agrees with eq. (A.1). This certainly confirms the correctness of the general equations

+0(at)

(7.5)

derived above.

Note that for pure logarithms the agreement of the expressions (4.22) and (5.19) with
the result of the explicit four- and three-loop calculations made in [51] has already been
demonstrated in [36].

7.2 Coefficients at e-poles in the p*-theory

The above results can also be verified by comparing them with explicit expressions for the
renormalization constants of the O(N)-invariant ¢*-theory described by the Lagrangian

1 al 2 2 )‘0 al 2
L=3 > (f%soaé?“% — mo%) ) d el (7.6)

a=1
It is also convenient to introduce the new bare coupling constant

Ao

The renormalization constants for this theory are defined by the equations’

g0=9Z) Y o=\/Zopr;  mo=\Znpm, (7.8)

where the subscript 0 indicates the bare coupling constant and the bare mass, while the
subscript R denotes the renormalized scalar field. The explicit five-loop expressions for
these renormalization constants in a certain MS-like scheme can be found in [40]. It is
similar to the MS scheme, but the substitution analogous to eq. (2.2) is

v exp(v/2 +¢e((2)/8)
— i ,

(7.9)

where

¢(s)

1
nZ::l — (7.10)

is the Riemann ¢(-function. Note that in the four-loop approximation RGFs for the model (7.6)
were obtained in [52]. The five-loop anomalous dimension of the field ¢ was obtained in [53],

"Note that we use the notations in which the bare coupling and the bare field have integer dimensions.
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where one of the diagrams was calculated numerically. The complete analytic expression for
the five-loop anomalous dimension of the field ¢ can be obtained using the result presented
in [54]. The five-loop S-function and the mass anomalous dimension were found in [55], but
three of 124 diagrams were not calculated analytically. The analytical calculation of the
five-loop [S-function was completed in [56, 57]. After some corrections the final five-loop
results were presented in [58]. The six-loop RGFs for the ¢* model can be found in [59].
For the general scalar theory they have been calculated in [60]. Various recursion relations
for the renormalization constants in higher orders have been verified in [40, 46, 61]. Here
we use the expressions for various renormalization constants for checking the general results
derived above.

The charge renormalization constant Z, is the analog of the renormalization constant
Zq. (However, we reserve the letter a for the gauge coupling constant and use here the
notation Z,.) According to eq. (15.16) of [40],

(Zg) = 1+g(8;EN) +g° [— (
1
648z
(84+N)3

273 }

14+3N) +(8+N)T
6e 9¢2

7
(2960+922N +33N?+((3)(2112+480N) ) — —— (8+N)(14+3N)

3
*9 { 542

+g4{

—((3)(223872+473344N +6048N?)

—196648 —80456 N —6320N2+5N3
155525( 96648 — 80456 N — 6320 N2 +5

+((4)(50688+17856N +1440N?)
—C(5)(357120+105600N—|—3840N2)>

_|_

1
150152465288 N +7388 N2 +165N3
388852< + + +

+¢(3) (84480+29760N+2400N2))

23 a0

N)2(14+43N
324»33(8+ )" (1443N)+ 814

+4° { (13177344+6646336N+808496N2+12578N3+13N4

311040e
+¢(3)(21029376 48836480 N +1082240N2 +19968 N> —144N?)

+¢2(3)(2506752+ 342528 N — 45312N 2 — 4608 N?)
—((4)(6082560+2745216 N 4399744 N2 +18144N?)
+¢(5)(42261504+ 17148416 N +1911296 N 2 4 78080 N?)

—((6)(14284800+6009600N +681600N2+19200N?)
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+¢(7)(59383296 421337344 N + 1580544N2))

1
* 233280¢2

—((3)(29314560+ 13201536 N + 1876224 N2 + 78624 N*)

(— 28905152 —15368600N —2361720N? — 101836 N3 +65N*

+¢(4)(5271552+2515968 N + 381888 N2+ 18720 N'3)

—((5)(37140480+15624960N +1772160 N 2+49920N3))
(8+N)
58320¢3
+C(3)(726528+255936N+2064ON2))

163 (84+N)5
4860¢* 2435

+

(1572136+681832N+76432N2+1419N3

(84+N)3(1443N)+ } +0(g%). (7.11)

For S = —1 the coefficients at g’ /e are equal to 8r/L, where 3, are the coefficients of the
B-function. Therefore, we conclude that

8+ N 14+ 3N
3 3
1
By = 575 (2960 + 922N + 8312 4 ((3)(2112 + 450N) ):
1
B1 = oo (196648 — S0456N — 6320N + 5N? — ((3)(223872 + T3344N + 6043N?)

+ ¢(4)(50688 + 17856 N + 1440N?) — ¢(5)(357120 + 105600N + 3840N2)).
(7.12)

Note that we do not present the (rather large) expression for 35 because it is not needed for
calculating the coefficients at higher poles in the considered (five-loop) approximation. Now
it is possible to compare the expression (7.11) with the prediction of eq. (A.2). Extracting
the terms with pure e-poles, setting S = —1, and replacing o by g we obtain that (Z,)~*
should have the structure®

<§z+f§> g <B3 75152 Bf’) g (54 2031 83+9033

_ 9B
(Z,) 1:1—1—?14-92

3e + 6e2 + g3 de + 24¢2

233752 ﬁi*) 5 (B5  3981B84+34B2P3  172B3B3+1576155 163858 B}
TR R 6022 + 12023 T 60t o
+0(g°%). (7.13)

We have substituted into this expression the coefficients of the S-function given by eq. (7.12).
The result exactly coincided with eq. (7.11). Therefore, this calculation confirms the
correctness of the general result (4.17) derived in section 4. Note that making this verification
we were not checking the 't Hooft pole equations, but their solutions.

8Up to notation, this expression agrees with the two-loop expression presented in [46].
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It is also possible to verify the expressions for Z, and Z,,, using a similar method. In
particular, the five-loop expression for Z, is given by eq. (15.11) in [40],

Z<p:192(2:;35)+93(2+N)(8+N){64186 16;52}
+g4(2+N)[103688(—100—18N+N2)+2592€2(234+53N+N2)—@6j[§¥2]
+¢*(2+N) { i 6;605 (77056+22752N 4296 N2+ 39N

—C(S)(8832—1—3072N—288N2—|—48N3)+C(4)(25344+5760N))
+m(—33872—10610N—461N2+15N3—C(3)(12672+2880N))
+29172063(8+N)(1210+269N+3N2> (Sgo\iﬂ+o(gﬁ). (7.14)

In this paper we present the general result only for the logarithm of the field renormalization
constant, so that, first, it is necessary to calculate the logarithm of the expression (7.14).
In the considered (five-loop) approximation it is written as

le="9 2(2;r61\7)+ (2+N)(8+N){64185_1612£2]
[10368 ~100-18N+N%) + o 2 (2920528 £ V) - (8615532}
°(2+N) [466560 77056+22752N+296N2+39N3
—((3)(8832+3072N — 288 N* +48N?) +( (4 )(25344+5760N))
+m(733792710560N7456N2+15N3—C(3)(12672+2880N))
+291;)83(8+N)(1200+264N+3N2)_m]JrO(ga)_ (7.15)

Considering the terms of the order 1/¢ we see that the coefficients in the anomalous
dimension of the field ¢ up to the five-loop approximation are given by the expressions

(e =0 = JlrgN)? (o) = — 27 ]\;)1(68 ),

Note that we again do not present the large expression for (v,)s because it is not required
for calculating the coefficients at higher poles. To verify the general results for the higher
poles in the expression for In Z derived above, we should compare the coefficients at higher
e-poles in eq. (7.15) with the expression (5.18) following from egs. (5.13) and (5.17). Having
substituted the above values of the coefficients (7,)r, and fz, into eq. (5.18) we obtained
exactly the expression (7.15) thus confirming the correctness of the results presented
in section 5.
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The result for the renormalization constant Z,, (defined by eq. (7.8)) can also be found
in [40], where it is given by eq. (15.15),°

(2+N) [ 5  (5+N)
Zm =1 24+ N
T T (24 N) 365+ 9¢2
1 (5+N)(6+N)
2 IN)+—L———=
32452( 78+61N)+ 27e3 }

2
31104 —31060—757T8N+N

—((3)(3264+480N +144N?) —§(4)(6336+1440N))

3(24+N) { (374+5N

——(6218+1965N +103 N> 2112+480N
+2592€2(6 841965 +103 +<’(3)( +480N) )

6284-+2498N +245N2) + (5+N)(6+N)(13+2N)}

1944¢3 ( 162e4

1
—— (3166528+1077120N +45254 N2 +21 N3
9331205(3 66528 +1077120N 445254 N2 +

+(3)(1528704+393984N +45120 N2+ 816 N?)

+g5(2—|—N){

—((3)?(4469764+111360N +1536N?)
+((4)(768384+235008 N +8352N2 —864N?)
+¢(5)(55296+10752N —3840N?)
+¢(6)(1785600+528000.N + 19200N2))

— ([ —3724856—1536688 N — 138640 N> +49N3
+46656052( +

—((3)(2181504+ 693888 N +58752N? + 1296 N?)
+¢(4)(1393924-25344N — 1440N?)
—C(S)(2856960+844800N+30720N2))

+ 1307420+627164N +85649N2 42697 N3

1166403 (
+C(3)(468864—|—188928N+18720N2))

1 .
——— (307976 +172176 N +31752N? +1933 N>
2916054( * * + )

+ (5+N)(6+N)(13+2N)(34+5N)} +0(g%). (7.17)

24305

Taking into account that the coefficients at g% /e in this expression are equal to —(vm)r/L,

where (y,)r is the L-loop contribution to the mass anomalous dimension,'® we

9The general results obtained in section 5 are also valid for the mass renormalization.
10The mass anomalous dimension is defined in the same way as the field anomalous dimension, but the

renormalization constant Z should in this case be replaced by Z,,.
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conclude that

(2+N) 52+ N) 1
m)l = = m)2 = ————=; m)3=—==(2+N N);
(ym )1 3 (ym)2 s (vm)s = —56(2+ N)(37 +5N)
24+ N
(Ym)a = —(7;6)( — 31060 — 7578N + N2 — ((3)(3264 + 480N + 144N?)

— ((4)(6336 + 1440N) ). (7.18)

Again we do not write down the large expression for (v,,)s because it does not enter into
the expressions for coefficients at higher poles in the considered (five-loop) approximation.
We have calculated the logarithm of the expression (7.17) and compared the result (B.1)
presented in appendix B with eq. (5.18). They exactly coincide. Therefore, all five-loop
expressions for the renormalization constants of the theory (7.6) agree with the general
expressions obtained in this paper.

8 Conclusion

In this paper we investigated the structure of the renormalization constants for such a
version of the dimensional technique in that the dimensionful regularization parameter A
does not coincide with the renormalization point u. In this case in addition to e-poles the
renormalization constants also contain powers of In A/u and the mixed terms. We have
constructed the explicit all-loop expressions which relate all coefficients at higher e-poles,
logarithms, and mixed terms to the coefficients of RGFs (i.e., of the f-function and of
the anomalous dimension). These equations have been written for In Z,, (Za)s ,and In Z,
where Z, and Z are the charge and field renormalization constants. The general results
are given by eqs. (3.18), (4.17), and (5.13), respectively. They can also be rewritten as the
all-loop equations (3.21), (4.20), and (5.17). In the lowest loops we present the explicit
expressions following from these general equations. They have been verified by comparing
with the results of some previous calculations. We have also revealed some interesting
features of the general results. In particular, we explain how one can transform the result
containing e-poles obtained in the standard MS (MS, DR, DR, etc.) schemes into the result
containing pure logarithms (which appears, e.g., in the HD+MSL scheme). Certainly, we
discussed only the dependence of the renormalization constants on the coefficients in RGFs
and did not discuss how the coefficients of the renormalization group functions depend on a
renormalization scheme.

Acknowledgments

K.S. is very grateful to A.L.Kataev and D.I.Kazakov for indicating the problem addressed
in this paper.

This work has been supported by Foundation for Advancement of Theoretical Physics
and Mathematics “BASIS”, grant No. 21-2-2-25-1 (N.M.) and by Russian Science Foundation,
grant No. 21-12-00129 (K.S.).

— 33 —



A Explicit expressions for various functions of the renormalization con-
stants in the lowest loops

In this appendix we present the explicit five-loop expressions for In Z,, (Z,)°, and In Z
and the explicit six-loop expression for Z, calculated with the help of egs. (3.18), (4.17),

and (5.13).
The five-loop expression for In Z, is

InZ, = — af <1+1n2> _{&( +21n2>+ﬁ% <i+ln2)2]

S vong) v (2 ) et (on)
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1 4. A 16, ,A 22 A 1 AN?
+3628, (+2ln+ln2+ln3) 4 <+ln> ]
e 2y 3 opu 9 i € i
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1 5. A 25 LA A
+3ﬁ%53(3 S In=+"In? +513>
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1 5 A 25 LA A
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+ ﬁ162(3 g2 nu+3 18 o

1 A A A 12 A
+ 4833 (84+§31nﬂ+7651n2+9581n +4851n4u” + 0(a®).

(A1)
The five-loop expression for (Z,)°/S is
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For S = 1 the six-loop expression for Z, is written below. In the terms proportional to
(B1)*Br_k (which are described by eq. (6.20)) the coefficients of the 3-function are indicated
by the bold font.
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The five-loop expression for ln Z is

2 2
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B The logarithm of Z,, for the p*-theory

To compare the mass renormalization constant for the p*-theory with the exact equa-
tion (5.13), first, it is necessary to calculate the logarithm of the expression (7.17). The

result is rather large and can be written as
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