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A. X. Cram (Maiikomn) “O6 ynpasjieHu# CyCIUHCKUME CIIEKTPAMU BEPXHUX CUJIbHBIX I1OKA3a-
Teseil KoyiedJIeMOCTH 3HAKOB, HyJIeHl W KOPHEH JIMHEHMHBIX OJHOPOIHLIX JuddepeHInaabHbIX ypaB-
nennit” (15 centsiops 2023 1.).
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st 33IaHHOTO HATYPAJBHOTO 7 PACCMOTPUM MHOXKeCTBO £ JIMHEWHBIX OJIHOPOJHBIX ypaBHe-
HUII M-I0 IOPAJIKa

y(”) + al(t)y(”_l) +.. ot an 1)y +an(t)y=0, teRy=]0,400),

3aj1aBaeMbIx Habopamu a = (aj,...,a,): Ry — R™ HenpepbIBHbIX DYHKIHUIA, ¢ KOTOPBIMA B J1AJIb-
HeifireM 1 Gyj1eM OTOXKECTBIIATH CaMU ypaBHeHns. MHOXKeCTBO BCeX HEHyJIEBBIX DeIleHnil ypaBHe-
aus a € E" obosnaunm uepes Si(a). lamee 3Bé3104KOIl cHU3Y Oymem momedaThb Jr000€ JIMHEHHOe
IIPOCTPAHCTBO, B KOTOPOM BBIKOJIOT Hy/b. [lomoxmm S = (J,cgn Si(a).

Onpepesienne 1 [1]. Ckaxkem, 910 B TOUKe ¢ > (0 IPOUCXOIUT CMPO2AA CMEHA 3HAKA DYHKIN
y: Ry — R, ecim B 1100011 IPOKOJIOTON OKPECTHOCTH 3TOW TOYKM (DYHKIM Y IPUHUMAET Kak
HOJIOKUTEIHHBIE, TAK U OTPUIATEIHHBIE 3HATCHUS.

Onpepenenne 2 [1-3]. dust momenTta t > 0 u dyukuun y € S BBeJEM 0003HAYCHUSI:

v~ (y,t) — amcso Touek eé cmpoeot cmenv, 3naxa Ha npomexkyTtke (0,1];

V0(y,t) — amcno eé nyaedi na nmpomexytke (0,t];

vt (y,t) — ancio eé xopnet (T.e. myneil ¢ yaérom ux xpammuocmu) Ha npomexxyTke (0, ).

Tasee gyist BexTopa m € R? u Bexrop-dyukimn ¥y = (y,7,...,y" 1)) Beesém obosmadenue
vV (y,m,t) = v ({(y,m),t), tne v € {—,0,+} u (-,-) — cKajsipHOE LPOU3BEJICHUE.

Onpepenenne 3 [1]. Beprrue (nuocnue) wacmomo, Cepzeesa 31akos, nyaet u kKopret QyHKIMN
y € S 3amamum upu v € {—,0,+} COOTBETCTBEHHO PABEHCTBAMU

A -— T . . T
)= Tm (e (7)) = m ).
t—+oo 1 t—+o00
Onpepenienne 4 (2, 3|. Beprrue (Huotchue) cusvhoili U cAabbil nOKaA3aMet KoAebAeMOCu
3naxos, nyselu xoprel dyuakiuu y € S 3amaaum npu vy € {—,0,+} COOTBETCTBEHHO paBEHCTBA-
MU

— T ™
Y = 3 3 7 ~Y = 3 ] 7
20 = jof, T8 Gem) (7200 = jaf, i T mmn)
~ - . s . . . ™
()= T it D (R0)= tm it Sm)

*) Cemunap ocuoBar B.B. Crenanossim B 1930 r., Briocseactsun num pykosogamau B.B. Hembriikwmit, B.11. Temumo-
Bu4, B.A. Kongparses, B.M. Muumonmuxos, H.X. Pozos. B nacrosiiiee Bpemsi pykooguresu cemunapa — V.H. Cep-
rees, 11.B. Acramosa, A.B. Boposckux, y4uénblii cekperapb cemunapa — B.B. Boikos, e-mail: vvbykov@gmail.com.

**) Cocrasurens xpornkn U.H. Ceprees.
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1576 O CEMUHAPE 110 KAYECTBEHHOI TEOPUU

Omnpegenenne 5. MuoxecTso Beex sHauennmii nokasarens s: Sy(a) — R = R||{—o0,+o0}
Ha HETPUBHAIBHBIX PEMICHNsX ypasHenns a € £" nazoséM cnexmpom »(S.(a)) sToro mokasaress
ypaBuennst a € E".

Onpepesienne 6 [4, c. 489]. MuoxkectBo A C R HA3BIBAETCSI CYCAUHCKUM MHOHCECTNEOM TPA-
Mmoti R, ecjin OHO SIBJISIETCsT HENPEPBIBHBIM 00PA30M MHOXKECTBA UPPAIMOHAJIBHBIX TUCEJI, PACCMAT-
PUBAEMOro B ecTecTBeHHOl Tonosorun. Muoxkectso A C R — cycauncroe mrosicecmeo pacuupernnot
YUCA0B0T, NPAMOT, €CIN OHO TIPEJCTABAMO B BHJE OOLEINHEHWST CYCJUHCKOTO MHOYKECTBA MPSMON
R u HEKOTOPOTrO (BO3MOYKHO, IIyCTOIO) MOJAMHOXKECTBA MHOXKecTBa R.

Bce mokazarenn kosreb1eMOCTH pelreHuil TUHEeHHBIX OJHOPOIHBIX YPaBHEHUH MEPBOTO MOPSIIKA
PaBHBI HYJIIO, & JIJIs BCEX PeIleHuii 106010 ypaBHEHHsI BTOPOrO MOPsijiKa BCe BepxXHEe (PABHO KaK 1
HIKHUE) TI0Ka3aTel PABHBI MEXK/Iy COOOI, 1 MX CIEKTPbI COCTOAT M3 OJHOIO 3HadeHus [3|.

B pa6ore [5] qokazano cyIiecTBoBaHUEe YPABHEHUSI TPETHErO IOPSIKA € IEPUOJANIECKIMEI KO-
durmenTaMu, CIIeKTPhI MOKa3aTe el KoIebIeMoCT KOTOPOTO COEP:KAT KOHETHBIE TOJMHOYKECTBA,
COCTOSIIIIE U3 CKOJIb YTOIHO OOJIBITIOTO HAIEPET 33 TAHHOTO IHUCIa METPUIECKN U TOTOJIOTUIECKH CY-
IIECTBEHHBIX 3HAYEHMIT, KPOME TOT'0, TIOCTPOEHO JIMHEIHOE OTHOPOIHOE Jud HepeHnuaabHoe ypaBHe-
HUE TPEThEro MOPsSIKA C IEPEMEHHBIMI OMPAHUIEHHBIMU KoM UITMEeHTaMU, CIEKTPHI oKa3aTeei
KOJIEDJIEMOCTH KOTOPOTO COJIEPXKAT OJIHO U TO Ke CIETHOE MHOXKECTBO METPUIECKU U TOIOJIOTUIE-
CKU CYIIIeCTBEHHBIX 3HadeHuil. B crarbe [6] npusomures mneiinoe ogaopoaaoe quddepennuaibHoe
ypaBHEHNE TPETHEro MOPs/IKa ¢ HEOTPAHUIEHHBIMU KOI(DMUIMEHTAMU, CIEKTPhI ToKa3aTeseil Ko-
JIEDJIEMOCTH KOTOPOTO COJEPKAT OJIUH U TOT YK€ OTPE30K UUCJOBOI IPSMOI.

B paborax [7, 8] mokazaHo, 9To crekTpbl BepxHuX dacTor CepreeBa 3HAKOB, HyJseil U KOpHei
JUHEHHOTO T PEPEHNINAIBHOTO YPABHEHUST TOPSJIKA BBINIE JBYX SABJISAIOTCS CYCJIUHCKIME MHO-
JKEeCTBAMU HEOTPUIATEIbHON IOJIYOCH PACIIMPEHHON YucJIoBOi mpsamoii. B mpenosnoxenun, 9To
CIIEKTDBI COJIEpPXKAT TOUKY HyJIb, BEDHO U oO6paTHOEe yTBep:KieHue 9|, KoTopoe pacipocTpaHsieTcs u
Ha BepXHUE CHJIbHBIE [TOKA3aTe I KOJIe0IeMOCTH 3HAKOB, HYJIEIl U KOPHEH, KaK MOKA3bIBAET

Teopema. J[as 1106020 1 > 2 U NPoU3EOALHO20 COOEPAHCAULE20 HYAD CYCAUHCKO20 MHONHCECTNEA
A C Ry cywecmeyem duddeperyuanrvroe ypasnenue a € E”, YI0GACMEOPAIOULEE PAGEHCTNEAM

vy (Si(a)) = 03(Su(a)) = 7 (S.(a) = 07 (S.(a)) = °(Su(a)) = ¥ (Su(a) = A.

JIureparypa. 1. Ceprees .H. Onpesenenne u cBOWCTBa XapAKTEPUCTUIECKUX YACTOT JIMHETHOTO ypaB-
wernus // Tp. cem. umenu W.T. Ierposckoro. 2006. Boi. 25. C. 249-294. 2. Ceprees U.H. Oupenenenue
[OJIHBIX 9acTOT pemienuii jyuueitnoro ypasuenus // Huddepenn. ypasuenus. 2008. T. 44. Ne 11. C. 1577.
3. Ceprees U.H. XapakTepucTuku KOJIe0JeMOCTH U OJIy?KIAeMOCTH peleHuil JmaeiiHo# auddepeHiualib-
uoii cucrems! // Uszs. PAH. Cep. mar. 2012. T. 76. Ne 1. C. 149-172. 4. Kyparosckuit K. Tonosnorus. T. 1.
M., 1966. 5. Cram A.X. O cymmecTBeHHBIX 3HAYEHUSX XAPAKTEPUCTUK KOJIEOJIEMOCTH PEITeHuil JTHHEHHBIX
nuddepeHuaibHbIX ypaBHeHuii Tperbero nopsiaka // Becru. Agpireiickoro roc. yu-ra. Cep. Ecrecrs.-mar.
u rexu. Hayku. 2013. Bour. 2 (119). C. 9-22. 6. Cram A.X. O cymecrBoBanuu jmueitHoro guddepenimalis-
HOI'O yPABHEHUS TPETHEro MOPsI/IKa ¢ KOHTUHYAJLHBIMEI CIIEKTPAMU HOJIHON U BeKTOpHOH yacror // BecTH.
A nipireiickoro roc. yu-ta. Cep. Ecrecrs.-mar. n rexs. Hayku. 2013. Bein. 3 (122). C. 9-17. 7. Brikos B.B.
O 6Goaposckoit knaccudukanun dactor CepreeBa Hyseit U KOpHEH pelreHuii JJuHeHHBIX TuddepeHnaTbHbIx
ypasuenuii // duddepenn. ypasuenus. 2016. T. 52. Ne 4. C. 419-425. 8. Bapabaunos E.A., Boiinesnesua A.C.
K reopun gacror Cepreesa Hyseil, 3HAKOB U KOpHEH perreHuil JuHeHbIX jiuddepeHInalbHbIX yPaBHEHHA.
1T // Duddepenn. ypasuenus. 2016. T. 52. Ne 12. C. 1595-1609. 9. Boiigesesuu A.C. O cnekTpax BepXHUX
gacror Cepreesa jimneiinbix quddepennuanpubix ypasuennii // 2Kypu. Beopycckoro roc. yu-ra. Marema-
tuka. Mudopmaruka. 2019. Ne 1. C. 28-32.

A. H. Beroxun (Mocksa) “K 3amade Musummonnukosa o Kiacce Bapa MuHOpanT nokasareseit
Jlsmynosa cirycrst 30 ster” (22 centsiopst 2023 1.).

DOI: 10.31857/S037406412311016X, EDN: PFDWLW

Hanomunm, uro mist 3aganneix uncer n € N u k€ {1,...,n} s cucrem Buia
t=A(t)r, zeR, teRy=][0;400),
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O CEMUHAPE 10 KAYECTBEHHO! TEOPUU 1577

C HEIIPEPBIBHLIMY OI'DAHUYEHHBIMU KO DUIIMEeHTaMI MAaKCUMAaJIbHAs MOJIyHEeIIPEePhIBHAS CHU3Y MU-
HopanTta k-ro u3 mokasareneit JIsmynosa Aj(A) <...< A\, (A) omnpenensiercss hopmyioit

Ap(4) = lim inf (A + B).

€=0 sup [|B(t)]<e
t€R+

ITo meTpuyeckoMy mpocTpancTBy M U HEIPEpBIBHOMY OIPAHMYEHHOMY OTOOPAXKEHUIO
A: M xRy — EndR" (1)

IMOCTPOUM (DYHKITHIO
s Ap(Ap,)). )

B pa6ote [1] 611 mocTaBiieH BOpoc 0 TOYHOM 03poBckoM Kiacce dbyukmuu (2). B.M. Muumon-
MIMKOB yCTaHOBWJI, 4TO nipu obom n € N m k = 1 mMumHOpanTa Mytaamero nokasarens JIsmynosa
COBIIAJIAET C HUXKHUM IEHTPAJLHBIM [oKazareseM Bunorpasia [2], u noromy dyukinus (2) npunaj-
JIEKUT TpeTbeMy 6opoBckoMy Kiaccy. Okazanock, uro upu n = 3 u k = 2,3 dbyskuun Ag(-)
IPUHAJJIEXKAT TPEeTheMy 09POBCKOMY KJjaccy (3], aHAJIOMMYHbIHA Pe3y/IbTaT CIPABEIJIUB sl IPOU3-
BOJMBHBIX N >3 u k=2,n [4].

B crarpe [5] B ciayuae korga M ecTbh MHOXKeCTBO B MppAIMOHAJILHBIX YHCEJ ¢ eCTECTBEHHON
METPHKOl YHCJIOBOI IPSMOI yCTaHOBJIEHO CylecTBOBaHue orobpaxkenust (1), mis koroporo dbyHK-
st (2) He IPUHAJJIEKUT BTOPOMY G3DOBCKOMY KJIACCY. DTOT pe3ysbraT 0600ImaeT

Teopema 1. Ecau npocmpancmeo M codeporcum mmosicecmeo muna Fyg, ne asamoweecs
muoorcecmeom muna Gy, mo natidémes maxoe omobpasicerue (1), wmo dynryus (2) ne npunad-
aestcum emopomy xaaccy Bapa na npocmpancmee M.

P. Bap ycranosui [6], 9T0 MHOXKECTBO MPPAIMOHAILHBIX YUCEJI, Y KOTOPBIX HEIOJHbIE YaCTHDIE
[P Pa3JI0KEHNU B HEIHYIO JIpo0b CTPEMATCS K OECKOHEYIHOCTH, SBJISETCA MHOXKECTBOM Tuma F s
U He siBJIsieTcsi MHOXKecTBOM Tuiia G, B npocrpancrtee B. Orciojia u u3 TeopemMbl 1 BBITEKAELT

Teopema 2. Ecau M =1[0,1], n>2 u k€ {1,...,n—1}, mo natidémea maxoe omobpasicerue
(1), wmo dynxyus (2) ne npunadaescum emopomy xkaaccy Bapa na npocmparncmee M.

JIureparypa. 1. Mujuimonmukos B.M. Bagaun o munopanrax nokasareseit Jlanynosa // Jduddepentr.
ypasuenus. 1993. T. 29. Ne 11. C. 2014-2015. 2. Muwumonnmkos B.M. JlokazaTeabcTBO JTOCTUKUMOCTI
[EHTPAJBHBIX HoKazareseii // Cub. mar. xkyps. 1969. T. 10. Ne 1. C. 99-104. 3. Ceprees N.H. K zamaue
o kiacce Bapa munopanT nokasareseil Jlsuynosa // duddepeni. ypasaenus. 1995. T. 31. Ne 9. C. 1600-
1601. 4. Beikos B.B., Casos E.E. O ksacce Bapa munopant nokasareneit JIsuynosa // Bectn. Mock. yu-
ta. Cep. 1. Maremaruka. Mexanuka. 2003. Ne 1. C. 33-40. 5. Beroxun A.H. Kiacc Bspa makcuMaabHbIX
[OJIyHEIIPEPBIBHBIX CHU3Y MUHOPAHT mokasareneit Jlanynosa // Tuddepenn. ypasuenus. 1995. T. 34. Ne 10.
C. 1313-1317. 6. Baire R. Sur la representation des functions discontinues // Acta. Math. 1906. V. 30.
P. 1-48.

. H. Ceprees (Mocksa) “CpoiicTBa Mep yCTOHUNBOCTU U HEYCTONYUBOCTH HYJIEBOIO PEIIEHMUsI
nuddepentmanbHoii cucrembr” (29 centsiopst 2023 1.).

DOI: 10.31857/S0374064123110171, EDN: PFGGTM

I[Ipu n € N g zamannoit obsractu G C R”, coumepaxkailiieil HyJib, paccMoTpuM juddepeHIiu-
ABHYIO CHCTEMY

i = f(t,x), [f(t,0)=0, teRy=[0,+00), z€G, f fecCRyxaq). (1)

[Momoxkum Bs = {xg € R™ : 0 < || < 6} uw A = sup{d : Bs C G}, a uepe3 x(-,xg) Oyuem
o6o3HaUaTh Henpojo/KaeMoe pertenne cucreMbl (1) ¢ HavanbubiM 3uadenneM (0, o) = zp.
Ounpenenienne 1. s cucrembr (1) npu 3 = A\, 7,0 COOTBETCTBEHHO HA30BEM AANYHOGCKOU,
NePpoHOSCKoll NI 6ePTHENPEeNbHOT:
a) mepot yemotuusocmu [1, 2| Takoe wncno i, (f) € [0,1], aro npu xaxgaom p < . (f) umeer
MECTO  [1-YCmotUuus0cms, & UMEHHO: st jioboro € > 0 cymecrByer takoe O € (0,A), 4o 1npn
kaxgaom 0 € (0,0:) omnocumesvnas mepa B mape B (r.e. gosst or ero mepsl JlebGera mes By)

JNOOEPEHIIMAJIBHBIE YPABHEHIA tom 59 Ne 11 2023



1578 O CEMUHAPE 110 KAYECTBEHHOI TEOPUU

nopmuoxkectsa M, (f,e,0) Bcex 3naueHuit xg € Bs, yJOBIETBOPSIOIIUX COOTBETCTBYIOIIEMY TPE-
60OBaHUIO

sup |z(t,w0)| <&, lim |z(t,x0)| <&, Lm |x(t,z0)| <, (2)
teR 4 t—+oo t—r+00

He MEHBIIE [, U HAOOOPOT, P KaXKJIOM [t > i, (f) Takasi p-ycToHUMBOCTD HE UMeEeT MecTa,

6) wmepoti neycmotivusocmu |1, 2| takoe wucio v, (f) € [0,1], uro upu xaxgom v < v,(f)
UMeeT MeCTO V-Heycmolinu6ocms, a UMEHHO: jis jnoboro & > 0 cymecryer takoe 0. € (0,A),
qto npu KaxgaoM § € (0,0:) omnocumesvnas Mepa B mape Bs nommuoxkectBa N, (f,€,0) Beex
sHaveHuii ro € By, He yJOBJIETBOPSIONIMX COOTBETCTBYIOIIEMY TpeboBaHUO (2), He MeHbIle V, U
HAOBOPOT, TIPU KaxKJI0M U > U, (f) Takasl V-HEYCTOWYMBOCTH HE MMEeT MeCTa.

Beenénnbie B onpenenennn 1 Mepbl yCTOWYMBOCTH M HEYCTONYMBOCTH IIO3BOJIAIOT OIEHHBATH
CHU3Y BO3MOYKHOCTDH (B HEKOTOPOM CMBICJIE CTOXACTUIECKYI0) BHIOOpA HAYAIBHOIO 3HAYEHHs] BO3MY-
HIEHHOTO PEIEeHUsI, YI0BJIETBOPSIONEro TpeboBanuo (2) U COOTBETCTBEHHO €0 OTPHUIAHUIO.

Ounpenenienne 2. Cucrema (1) mpu » = A\ 7,0 obaagaer AAnyHO6CKol, NEPPOHOBCKOT WIIN
seprrenpedeavrot:

B) ycmotivusocmoio |3, 4] (wim nowmu yemotuusocmoio [5]), ecau mist moboro € > 0 cyire-
cryer takoe 0 € (0,A), aro M,,(f,e,8) = Bs (wiu coorBercrBenno mes M., (f,e,0) = mes By);

1) noanot |3, 4] (wiu noumu noanod [5]) neycmotuusocmoio, eciu cymiecTBytoT Takue £ > 0 u
0 €(0,A), aro N,.(f,e,8) = Bs (wiu coorsercreenno mes N, (f,e,d) = mes By).

Cormacuo |1, 2] nst kaxk1o0it cucremsl (1) eé JsyHOBCKUE, IEDPOHOBCKUE U BEPXHEIPEJIE/IbHBIE
Mepbl YCTONYIMBOCTH U HEYCTONYUBOCTHU 3aJ1aI0TCsA (DOpMyJIaMu

mes M,.(f,¢,0) mes N,.(f,¢e,0)

) = slaiquo 51_%:0 mes By’ vlf) = slamklo 51_%:0 ~ mesBs #=Amo, ()

U YJIOBJIETBOPSIIOT HEPABEHCTBAM
0 < ua(f) S po(f) Spn(f) <1, 0<va(f) Svolf) Soal(f) <1, (4)
0 < px(f) +vi(f) <1, x=Am,o0. (5)

Bee caienyromue yrBepxaenus onybsmkobanbl B pabore [1]. [Ipexe Bcero, us paBeHcTs
mes M, (f,e,0) + mes N, (f,e,0) =mesBs, >0, 0<0<A, x=\m,o, (6)

BBITEKAET

Teopema 1. Ecau 6 gopmyaax (3) npu nexomopom s € {\,m,0} moavko y nepeot uiu moav-
Ko Yy 6mopoti mepv, Huschul npedes npu § — +0 3ameHumsv 6eprHuM, MO OHA 8 cyMMe ¢ OpY2ol
mepoti 6ydem dasamo yoice posno 1, Ho bydem ouenHuBamMd GHAAOZUMHYIO ONUCAHHotl 6 onpedeie-
HUY 1 803MONCHOCTND 6VOOPA HAMAADHO20 ZHAUEHUA BO3MYULEHH020 DeweHus ¢ mpebosaruem (2)
UNU COOMBEMCMBEHHO €20 OMPUUAHUEM YHCE HE CHUSY, G CEEPTY.

Hasee B qmueiiHoM citydae oba ciaraeMbix B dopmysie (6) coBceM He 3aBHCAT OT 0, a JIAIy-
HOBCKHE U BepXHeINpeJe/lbHble MePbl MOI'YT IPUHUMATH JIUIIb CBOM KpaiiHue 3HAYeHUsl, 3aBeJIOMO
peajiu3yeMble TaKyKe U Ha MEPPOHOBCKUX Mepax. DTO U YCTAHABJIMUBAIOT CJIEIyIONINe JBe TeOPEMbI.

Teopema 2. /s 40607 aunetinot cucmemv suda (1) 8 popmysaz (3) daa scex ynomuraemuis 6
HUT mep yemotinusocmu u weycmotinusocmu npedeavt npu & — +0 ABAANOMCA MOUHBLMU, NPUUEM
BO3MONCHBL MOABKO CALIYOWUE 08E CUMYAUUL:

1) aubo 6binoAHEHBL COOMHOWEHUSA

pA(f) = 1o (f) = ux(f) = 1> 0 =v(f) = vo(f) = valf)

u cucmema (1) obaadaem ycmotuusocmuio 6cexr mper munos;
2) Aub0 BLINOAHEHDL COOMHOUEHUS

:u)\(f)::ua(f):()< 1:Va(f) :V)\(f)
INOOEPEHIIMAJIBHBIE YPABHEHUMA Tom 59 Ne 11 2023
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u cucmema (1) obaadaem aanyrosckol u eprHENpPedesvHot noumu noanol (603modHcHo, dadice
noAnotl) Heycmotuuusocmuio.

Teopema 3. IIpu mobom n € N xaorcdas us d8yxr nepeducieHnuxr 6 meopeme 2 cumyauut pea-
AUBYEMCA HA HEKOMOPOT, 02PAHUNENHOT AUNETHOT a8MOHOMHOT cucmeme euda (1), npuvwém emopas
CUMYAUUA DEAAUSYEMCA NO MeHbULET MEPE HaA 08YLT CUCTMEMAT: 00Ha U3 HUX odaadaem nepporos-
CKOT MOAHOT HEYCTNOTHUBOCTBIO, O OPY2aA, HEAGMONOMHAA, — NEPPOHOBCKOT YCMOTHUBOCMNbIO.

B omnomepHOM ciiydae MHOXKECTBO BCEBO3MOXKHBIX PEATU3YEMbBIX HAOOPOB PA3JIMIHBIX MEp YC-
TOWYMBOCTA U HEYCTONIMBOCTH OKA3BIBAETCS] KOHETHBIM, UTO U yTBEPXKIAIOT CJIETYIONINe TIBE Te-
OpEMBI.

Teopema 4. IIpu n =1 mepvl yemotiwusocmu u weycmotuusocmu 10600 cucmemos (1) ydo-
BAEMBOPAIOM, COOMHOULEHUAM

ma(f) = o (f) < pa(f),  wa(f) = vo(f) Z va(f), (7)
N%(f)7yn(f) € {07 1/27 1}7 /J%(f) + V%(f) =1, »x=\m,o. (8)

Teopema 5. IIpu n =1 ob6a nepasencmea 6 coomnowenuar (7) 0ia nexomopot oeparuuenot
Aunetinot cucmemuvs (1) asamomes cmpoeumu, a cayuau ecex pasenems 6 (1) das xascdol napo
MEP YCMOTUHUBOCTNU U HEYCTOTUUBOCTIU, 300A6aEMOT YCAOBUAMUY (8), PEANUSYIOMCHA HA HEKOMOPLLL
asmoromuoir cucmemax (1).

B Teopeme 3 Tak:ke mOATBEp:KIEHA PEATN3YEMOCTD JIJIsi aBTOHOMHBIX JIMHEHHBIX CHCTEM KaK
HYJIEBBIX, TaK W €JIWHUYIHBIX 3HAYEHHWI cpa3y BCEMH MepaMHu YCTONYMBOCTH WA HEYCTOWIUBOCTH.
11 aBTOHOMHBIX HEJIUHEHHBIX JBYMEPHBIX CHCTEM MHOXKECTBO peajn3yeMbIX HaOOPOB BCEX Mep
OKa3bIBAETCS yKe JIOBOJILHO OOraThIM, UTO MOKA3BIBAIOT

Teopema 6. IIpu n = 2 das KaxHcd020 0MAEALHO20 HECMPO2020 HEPAGEHCNBA 6 (4) cyusecmey-
1om dee asmorommvie cucmemv, 6uda (1): daa 00HOT U3 HUXT 0HO 06PAULGEMCA 6 PABEHCTNEO, 4 OAA
dpyeoti — 8 cmpozoe HePaGEHCMEO.

Teopema 7. [Ipu n = 2 dasa aobozo r > 0 cywecmeyem asmonomnas cucmema (1), y komopot
MEPBL YCOTHUBOCTIU 6CET MPET MUNOE NPUHUMAIOM 00HO U MO HCE NONOHCUMEALHOE 3HAUEHUE,
PABHO KAK U 6CE MEPBL HEYCTMOUMUBOCTNU, NPUYEM OMHOUWEHUE IMUL J6YT 3HAYEHUT PABHO T, G
npasoe Hepasencmeo 6 (§) obpawaemcs 6 pasercmeo.

JIureparypa. 1. Ceprees U.H. Ompesiesienne u cBoificTBa Mep yCTOWYIMBOCTH M HEYCTONIMBOCTU HyJIe-
Boro pemtenus Jguddepennuanbaoii cucrembl // Mar. 3amerku. 2023. T. 113. Ne 6. C. 895-904. 2. Cepre-
es I.H. Onpenesnienne Mep yCTOWINBOCTU M HEYCTONIMBOCTH HYJIEBOTO pelenus nuddepeHImaibHoil cucre-
mbt // Tuddepenn. ypasuenusa. 2023. T. 59. Ne 6. C. 851-852. 3. Ceprees .H. Onpeenenne yeroiauBocTu
no Ileppony u eé cBa3b ¢ ycroitunBocthio no Jlanyuosy // Huddepenn. ypasnenus. 2018. T. 54. Ne 6.
C. 855-856. 4. Ceprees .H. Oupeiesienne BepXHEIPEITHLHON YCTONIUBOCTH U €€ CBA3b € YCTOUIUBOCTHIO
o JIanysoBy u ycroituusocrbio 1o Ileppony // duddepenn. ypasuenns. 2020. T. 56. Ne 11. C. 1556-1557.

5. Ceprees I1.H. MaccuBHbIe U TTOYTH MACCUBHBIE CBOMCTBA YCTOWINBOCTH M HEYCTOWINBOCTH Audhepentin-
anbabix cucreM // Tuddepenn. ypasuenns. 2021. T. 57. Ne 11. C. 1576-1578.

H. B. [denucos, B. /1. BacunbeB (Mocksa) “Onpejiesienue u cBoiicTBa NPUMUTHBHON MepPbI
ycToifanBocTH HyseBoro pertenusi nuddepenrmanbaoii cucremsr” (6 okTsaops 2023 1.).

DOI: 10.31857,/50374064123110183, EDN: PFOBHO
Pacemorpum cucremy nuddepennunaabibX ypaBHEHUH
i=f(t,x), (t,x)eGCRY™™ (00 =0, teR,=[0,400), f, f.ecC(Q). (1)
ITpumumuenot mepoti yemotuusocmu HyJIeBOTO peleHns ciucreMbl (1) HA30BEM BeJIUIHHY

. mes{xg € U(0): |z(-,20)| <&, teRL}
/,Lf = ].lm ,
e—+0 mes U, (0)

(2)

rie U.(0) — e-0KpecTHOCTh TOUKM HyJib (Da30BOTO IpocTpancTsa (¢ Mepoii Jlebera mes), a x( -, o) —
pellleHne CHCTeMBI ¢ HadaabHbIM 3HadeHneM (0, x9) = zo. Yepes My 0003HaUNM MHOMKECTBO BCEX
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YACTUIHBIX IpeeoB npu € — +0 npobu B npasoit yactu Gopmysibl (2): ecm 3T0 MHOXKECTBO He
OJIHOTOYEYHO, TO MEPY [if CUHTAEM He ONPedesénHot.

Crreyomue yTBepKICHHSA MOKA3BIBAIOT, B YaCTHOCTH, OTCYTCTBAE KAKON-INOO0 JIOTUYECKOH CBs-
3M MEXKJy 3HAUYEHUSIMM HPUMHUTHBHON MepbI yCTOWYIMBOCTU (B OTJIMYME OT AHAJOIMYHBIX Mep U3
pabor [1-3]) cucrembr (1) U yCTOWYMBOCTBIO WJIM HEYCTOHIMBOCTBHIO 1O JISIyHOBY 9TOi cuCTEMBI
(TouHee, €€ HYJIEBOTO PEIIEHHUS ).

Teopema 1. Jlasn mobozo « € [0,1] cywecmsyem yemotivusan cucmema (1), npumumueras
MEPA YCOTUMUGOCTNU KOMOPOT, PAGHA [Lf = CL.

Teopema 2. /laa aobozo o € [0,1] cywecmeyem neycmotivusasn cucmema (1), npumumuenas
MePa YCMOoTuHU60CmU KOMopoti pasHa [if = .

Teopema 3. Cywecmeyem ycmotivueas Cucmema, NPUMUMUESHAA MEPQ YCMOTUHUGOCU [Lf KO-
mopoti ne onpedesena.

Teopema 4. Cyuecmsyem HeycmoUuu6as Cucmema, NPUMUMUGHAA, MEPL YCMOTHUSOCU [Lf
Komopoti ne onpedenena.

Teopema 5. /lasn aobozo ompeska [a, ] C [0,1] cywecmseyem cucmema (1), ydosaiemesopsio-
was pasencmsy My = [o, ().

JIureparypa. 1. Ceprees U.H. Ompesesienne u cBoificTBa Mep yCTOWYIMBOCTH M HEYCTONIMBOCTU HyJIe-
Boro pemtenust quddepennuanbaoii cucrembl // Mar. 3amerku. 2023. T. 113. Ne 6. C. 895-904. 2. Cepre-
€B N.H. OHpe,quIeHI/Ie Mep yCTOﬁqHBOCTH n HeyCTOI7I1H/IBOCTI/I HYJIEBOTO peleHud ,HI/I(b(bepeHuI/IaJILHOﬁ cucre-
mbt // Huddepenn,. ypasaenus. 2023. T. 59. Ne 6. C. 851-852. 3. Ceprees I1.H. CpoiicTBa Mep yCTORIMBOCTHU U

HeyCcToNYMBOCTHU HyJIeBoro perenus auddepenimanbuoii cucremsl // Huddepenn. ypasuenuns. 2023. T. 59.
Ne 11. C. 1581-1583.

A. K. Hemenuyk, A. B. Konrox (Munck) “O Teopeme Maccepsl 0 CyIecTBOBAaHUY TIEPHO,IH-
YEeCKUX PEIIeHUI JIMHEHHBIX MepuojnIeckux cucrem u eé obobmenun” (13 okrsibps 2023 r.).

DOI: 10.31857/S0374064123110195, EDN: PJDKMQ

[Tpobaeme cyimecTBOBaHUsT MEPUOANIECKUX PENIeHN OOBIKHOBEHHBIX auddepeHnabHbIX I1e-
PHOJMYECKUX CHCTEM, B TOM YHCJI€ JIMHEHHBIX, ITOCBSIIEHO OMPOMHOE 4Yncjo pabor (CM., HAIpHU-
mep, monorpadun [1-3] u npusenéunyio B Hux 6ubsuorpaduio). IIpu 5TOM OCTATOYHO JIUTEIHLHOE
BpeMsl AlPUOPHU IIPEJIIIOJIATAIaCh COM3MEPUMOCTh TIEPUOJIOB CAMOIl CHUCTEMBI U €€ TIEPUOIUIECKOTO
pemenus. X.JI. Maccepa 6bL1, TIO-BHIUMOMY, IEPBBIM, KTO ITOKa3aJl OIMIUOOYHOCTH TAKOI'O ITPEIIIO-
gioxkerus. B 1950 r. oH OIyqmII JJOCTATOYHbBIE YCJIOBHSA CYIIECTBOBAHUS PEIIEHUI, IEPUO KOTOPBIX
HECOM3MEPUM € NEeproJoM camoii cucrembl [4]. BriocsieerBun Takoro pojia penieHnst bl Ha3BaHbI
cuavHo nepeayaspromy |5, ¢. 17|, a onucbiBaeMble MU KostebaHust — acuHIporHvimu. Heobxomumoe
U JIOCTATOYHOE YCJIOBHE HAJWYUs Y JUHEHHON anddepeHInaabHol Mepuomieckoil HeoJHOPOTHOM
CHUCTEMBI CHJIbHO HEPEryJIsiPHBIX PeIleHnii oyyueHo B crarbe [6].

B pa6ore |7] X.JI. Maccepa nokaszas, 4ro JnHefiHAsT HEOIHOPO/HASI CUCTEMA

i=At)z+ f(t), z€R", teR, (1)

C HEMPEPBIBHBIMY W-TIEPUONIeCKUMI (DYHKIUIMU A, f uMeeT w-Tleproanmdeckoe perneHne TOTaa
U TOJIbKO TOIJIa, KOTJI[a OHA UMEET OIDAHUYEHHOE pelleHue. ITOT (DAKT CYIIECTBEHHO YIIPOCTHUJ
IpobJIeMy, CBEIsI BOIIPOC O HAJMYHWH Y JIMTHEHHON w-TIePUOINIECKON CHCTEMBI PEIeHnit u3 Kjaacca Py,
HEIPEPBIBHO UM DEPEHITUPYEMBIX W-TIEPUOINIECKUX BEKTOP-(PYHKINI K BOIIPOCY O HAJIMYUU Y HEE
perternit u3 6oJiee MUPOKOTO Kiacca I3 OrpaHUYIeHHBIX HEIPEPBIBHO JudEepeHInpyeMbIX BEKTOD-
yHKIMA. DTO ONPEIEUIO UHTEPEC K JIAHHOMY PEe3yJbTary u 00yC/IOBUJIO €r0 MHOTOYUC/IEHHBIE
060011IeHNsT Ha JIPYTHUe TUIIbI CUCTeM U UX perenuii (cM., Hanpumep, padorst [8-10]).

Bozuukaer ecrecTBeHHBII BOIIPOC, HEJIB3S JIM YCHJIMTD yKa3aHHYI0 TeopeMmy Maccepsl Tak, 9T00bI
U3 TOro, 4TO w-Iepuojmyeckasi cucrema (1) mmeer pemenue B Gojiee mMUMpPOKOM, deM BB, Kjacce,
TaKKe CJIEJIOBAJIO OBI, 9TO OHA MMeeT W w-lepuogndeckoe perteHue. OIHOMY U3 pelreHuit 3Toi
3aJIaYU ¥ MOCBAIMICH HACTOSIMUN mokaa. Jlamum ciemyroriee

Onpenenenune. Bpeném kinacc L memnpepwiBHO juddepeniupyeMbix dyuknuii z: R — R™,
pacmywuxr medaenree AuHetinot GyrKyuY, T.e. yIOBJIETBOPSIONINX XOTS Obl OJHOMY U3 JIBYX yC-
JIOBUIL:

z(t)=o(t), t— —oc0 wm t— 4o0. (2)
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Mmnozkectso B comepsxutes B £, He coBmaas ¢ nuM: Tax, dynkmua x(t) = (In(t24+1),1,...,1)"
YJOBJIeTBOpsieT obouM ycsoBusiM (2), HO He siBisieTcst orpanudernoit. [Tosromy Teopemy Maccepsr
YCUJIUBAET CJIELYIOIas

Teopema 1. Ecau w-nepuoduveckan cucmema (1) umeem pewenue, pacmyuwee MeOLEHHEE AU~
HEUHOT PYHKUUU, MO OHAG UMEEM U W-NEPUOIUYECKOE DEUWEHUE.

st Toro uToOBI OHSATH, HACKOJIBKO CYIIECTBEHHO Teopema 1 ycmimBaeT TeopeMy Maccepsl, a
3a0/IHO U HACKOJILKO CYIIECTBEHHO caMa Teopema Maccephbl yrpoIaeT BOIPOC O HAJIMIUU W-TI€PUO-
JUYECKUX PEeITeHnii, HageuM MHOXKecTBa L n BB MeTpuKoil paBHOMEPHOH CXOAMMOCTH Ha KOMITaK-
Tax. Torma OTBeTHI Ha 9TH JBa BOIPOCA B ONPEICJIEHHON CTEIeHH TaET

Teopema 2. Mnuootcecmso B 6 mempuueckom npocmparcmee L umeem mepsyro kame20puto
Bapa, pasro kax u mHooicecmeo P, 6 mempuueckom npocmparcmee B.

JInteparypa. 1. Epyrun H.II. Jluneitabie cucreMbl OOBIKHOBEHHBIX U(D(DEPEHITNAIBHBIX yPABHEHUA C
MIEPUOMIECKIME U KBasuiepuoaundecknmu kodddurmenramu. Mumck, 1963. 2. Hezapu JI. Acumnrorutdec-
KO€ IIOBeJIEHNE U yCTOWYMBOCTD PEIleHnil 0OBIKHOBEHHBIX nuddepennnaabubix cucrem. M., 1964. 3. Akybo-
Bu4 B.A., Crapxkunckuit B.M. JIuneiinsie nuddepeHnuaabable ypaBHEHUS C IEPUOTIeCKUME KODDUIinen-
Tamu u ux npuiaoxkenus. M., 1972. 4. Massera J.L. Observaciones sobre les soluciones periodicas de ecuaciones
diferenciales // Bol. de la Facultad de Ingenieria. 1950. V. 4. Ne 1. P. 37-45. 5. /Jemenuyk A. ACHHXpOHHBIE
KoJyiebaHus B JuddepeHInalbHbIX CUCTEMaX. YCJIOBUS CyIlecTBOBaHus u ymnpasienne. Caapopykken, 2012.
6. I'pyno .M., Hdemenuyk A.K. O nepuonnvaeckux peIieHnusix ¢ HECOU3MEPUMBIMU MEPUOIAME JIMHEHHBIX
HEOJ[HOPO/IHBIX Hepuondeckux nuddepenimanbupix cucreM // Tuddepenn. ypasuenus. 1987. T. 23. Ne 3.
C. 409-416. 7. Massera J.L. The existence of periodic solutions of systems of differential equations // Duke
Math. J. 1950. V. 17. Ne 4. P. 457-475. 8. Makay G. On some possible extensions of Massera’s theorem
// Proc. Collog. Qual. Theory Differ. Equat. Electron J. Qual. Theory Differ. Equat. Szeged, 2000. Ne 16.
9. Murakami S., Naito T., Minh N. Massera’s theorem for almost periodic solutions of functional differential
equations // J. Math. Soc. Japan. 2004. V. 56. Ne 1. P. 247-268. 10. Okada Y. Massera type theorems in
hyperfunctions with refleexive Banach values // RIMS Kuokyuroku Bessatsu. 2013. B40. P. 001-014.

E. A. Bapa6anos (Munck), B. B. BeikoB (Mocksa) “IloBenenne pasmeprocTeil JnHeaIoB
peleHnil TPaBUILHON CHCTEMBl IPU OECKOHEYHO MAJIBIX HapaMETPUYECKUX BO3MYIIECHHSX €€ MaT-
putibl kKo3dunuentos” (20 okrsibpst 2023 1.).

DOI: 10.31857/S0374064123110201, EDN: PESHBC

[Tyctb M — merpuueckoe npocrpanctio. st kaxkgaoro p € M obosnaunm vepes S(u, A)
IPOCTPAHCTBO PelleHui CUCTEeMbI

t=A(t,p)z, xzeR" teRy=]I0,+00), (1)
¢ KYCOYHO-HEIIPEPBIBHBIMI W OrpaHmYeHHbIMI Kodddurmentamu. isa kaxxmgoro a € R momgoxkum
La(p, A) ={z € S(p, A) : Az] < a}, Na(p,A) ={z € S(u, A) : Alz] < a},

rje A[z] — xapakrepucrudeckuii nokazaresb Gyukiuun = |1, c. 41| (1y1st HyseBOTO perenus cauTaeMm
ero paBHbIM —00). Kak m3sectno, mist ymoboro o € R muoxkectBa Lo (p, A) um No(p, A) saBis-
I0TCsl JTMHEHHBIMU TIOJpocTpancTBaMu npocrpanctsa S(u, A). O6o3HAUNM UX PA3MEPHOCTHU UYepe3
do(p, A) m Dy, A) coorsercrsenno. B wacrnocru, Beqmauna do(p, A) HasbiBaeTcs undexcom
IKCNOHEHUUAALHOT YCTNOTHUBOCTNU.

O6osuatanm wepes R"™ (M) kiacc cemeiicts cucrem (1) ¢ marpunavu A(t, u) = B(t) + Q(t, ),
riae dbyuknus B @ Ry — R™™ nenpepbiBHa u orpanuvena, cucrema & = B(t)r npasuibna |1,
c. 80, a @ : Ry x M — R™ ™ menpepsiBHa u yjoBjerBopsier yciaosuio sup ||Q(¢, u)|| — 0 upn

neM
t — +o00. 3adukcupoBas «,f € R, mojgoxum

as(M) ={(da(-, A), Ds(-, A)) : A € R"(M)}.

Crenys [2, c. 221|, ayst kaxapix unciaa r € R u dysknun f 1 M — R ycioBumes 0603Ha9aTH
aepes [f = 1] aebezosckoe muooicecmeo {p € M : f(u) = r} dyukuun f. Kpome Toro, uepes Z,
6ysem obosnauars mMuokecTBo {0,1,...,n}.
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O606mmenne npumepa P.9. Bunorpasa [3] meycroitunBoctn nokasareseii JIsiyHoBa npaBuibHOI
CUCTEMBI IIPU yOBIBAIOIINX K HYJIIO Ha OECKOHEYHOCTH BO3MYIIEHUAX €€ KOI(P(MDUINEHTOB IIPeICTaB-
JIster

Teopema. /laa npoudsosvnux mempuueckozo npocmpancmea M, wucea o, € R u namy-
pasvhozo n = 2 eekmop-pynruus (g,h): M — Z, X Z, npunadaesxcum xaaccy RZ’B(M) mozda
U MoAvKo mozda, K02da 0z Kaxcdozo T € R wmmnoocecmeo [g = r| umeem mun F,, a mnoocecmeo
[h > 7] — mun Fu5, npuuém dasn ecex pn € M swnoanaemca nepasencmeo h(p) = g(p), ecau
B = a, u nepasencmeo h(u) < g(u), ecau [ < a.

Bameuanwue. [ToHoe onncanne aHAJIOIMYHOIO Kjacca BeKTop-dyHKIwmii j1j1st cemeiicTs (1) ¢ mar-
punamu B(t) + Q(t, u), tme B : Ry — R™ ™ nenpepbiBHa u orpanuvena, a @ : Ry x M — R™*"
HelPEPbIBHA 1 SKCIIOHEHIUAIBHO yObIBAET (PABHOMEDHO 1O f1) 1pu t — 400, MoJydeHo B pabore [4]
U COBIAJIAET C IIPUBEIEHHBIM.

Jlureparypa. 1. Axpuanosa JI.4. Beenenne B Teopuio JimHeHbIX cucTeM JquddepeHnuaabHbIX ypaB-
wennii. CII6., 1992. 2. Xaycuopd @. Teopus muoxkects. M.; JI., 1937. 3. Bunorpas P.9. HeycroitausocTs
XapaKTepUCTUYECKUX [oKazareseil npasuiabubix cucreM // Hokmn. AH CCCP. 1953. T. 91. Ne 5. C. 1001-
1002. 4. Bapab6anos E.A., Beikos B.B., Kapnyk M.B. Ilorepst ycroitanBocTr B JIMHEHHON CHCTEME C IKCITO-
HEHIMAJIbHO yObIBAOUM HapaMerpudeckuM Bo3myinenueM // Juddepenn. ypasuenus. 2020. T. 56. Ne 11.
C. 1563-1564.

M. M. Baiigeas (Mocksa) “IlosiHoe onucanue nap MHIEKCOB yCTONYMBOCTH M SKCIIOHEHIH-
AJIbHON yCTOWYMBOCTU JIMHEIHOW CHCTEMBI MPU SKCIIOHEHITUATBLHO yOBIBAIOIIUX ITAPAMETPUIECKUX
BosMymienusx’ (27 okrsabps 2023 r.).

DOLI: 10.31857/S0374064123110213, EDN: PCIFYG

st 33JaHHOTIO HATYPAJIBHOIO 7 > 2 PAacCMOTPUM MHOXKeCTBO M, JimHelHbIX Tuddepeniiy-
aJbHBIX CUCTEM

t=A(t)r, zeR", teRy=][0,400), (1)

C HEIPEPBIBHBIME M ONPaHMYEHHbIME Ha 1ojiyocu Ry koadduimentamu. st KpaTKOCTH MbI OTOXK-
necrBisgeM cucremy (1) ¢ marpuanosnaunoit dyskmueit A: Ry — R™ " u nmumem A € M,,.

Yepes s (A) obosnauum underc yemotivusocmu cucreMbl A € M, T.e. pa3MepHOCTDb JINHEIH-
HOI'O TIOJIIIPOCTPAHCTBA €6 OrPAaHUYEHHbIX perieHuii, a yepes es (A) — eé undexc aKcnoHenyuabHOT
ycmotiuusocmu, T.e. PaA3MEPHOCTh JIMHEHOIO MOJIIPOCTPAHCTBA €€ PeIleHuil ¢ OTpUIaTe IbHBIMI
XapaKTepUCTUIeCKUME HoKazareaamu Jlsnyrosa [1, c. 12].

Hus cucrempr A € M, u merpudeckoro npocrparcrsa M paccmorpum Kiace E,[A](M)
HEIPEPBIBHBIX (10 COBOKYIIHOCTH TIEPEMEHHBIX ) MATPUIHO3HAUHBIX (hyHKImi Q: Ry x M — R™*™
VAOBJIETBOPAIOIMNX JIJIsI HEKOTOPBIX ITOJIO2KUTEJIbHBIX ITOCTOAHHBIX CQ n UQ (CBOI/IX JJI Ka)K,HOfI
MaTpuibl Q) OleHKe

1Q(, w)|l < Cqexp(—oqt), (t,u) € Ry x M,

a TaKyKe HEePABeHCTBAM
s(A+Q(-,p) <s(4), es(A+Q(-,p) <es(A), peM.

s kaxkapix M m n > 2 craBuTcd 3a1a49a MOJHOTO JIECKPUITUBHO-(PYHKIINOHAJIHHOTO OIUCA~
HU$ KJIacca 1ap

Y&.(M)={((s(A),es (A),s(A+Q),es(A+Q))): AeM,, Qc&,[A(M)},

COCTABJIEHHBIX U3 MAp MHJEKCOB CHCTeMbl A W Iap MHEKCOB (3aBUCAIUX OT napamerpa i € M)
cemeiictea A + @, xorga A mnpoberaer MHOKecTBO My, a @ (upu KaxkaoM (HDUKCUPOBAHHOM
A) — wiace E,[A](M). Hanmomuum, uro dbyskuust f: M — R wHaseiBaercs [2, c. 224] dbyukuueit
kaacca (F,,*) (a 3maunt, Broporo kiacca Bapa [2, c¢. 249]), ecam must moboro r € R npoobpas
F((r,+o0)) aBnserca F,-MHOXKecTBOM mpocTpancTBa M, T.e. IPeJCTABIATCS B BUJE CIETHOTO
00beIMHEHNS €r0 3aMKHYThIX MoIMHOXKecTB. Kpome Toro, 6ymaem 0603Ha4MaTh uepe3 2, MHOYKECTBO
{0,1,...,n}. Pemenne nocrapieHHoil 3aaun aér
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Teopema. /las ao6wx mempuieckozo npocmpancmea M u namypaaivrozo wucaa n = 2 napa
(v, Po), (a(), B(+))), 2de ag,Bo € 2, u a,B: M — Z,, npunadaesrcum xaaccy XE,(M) moeda
U MOAVKO M020a, k0204 GLNONHAIMCA CACOYIOULUE YCAOBUA:

1) ag = Po;

2) a() > Au) oan aces € M;

3) a(u) < ao, B(u) < Po dan ecex p € M;

4) pynryuu o, f npunadaesrcam xaaccy (Fy,*).

Jasee paccMOTpHM Takoe HapaMeTpUdecKoe ceMefcTBO JIMHeRHbIX anuddepeHInagIbHbIX CUCTEM

x:A(t7M)x7 .’EER”, t€R+7 H€M7

qto mpu KaxkgaoM g € M dynkmma A(-,pu): Ry — R™ ™ menpepbiBHa u orpanudena Ha R..
Kitace takux cemeiicts A(-,-), HenpepblBHbIX 1O 1 € M B KOMIAKTHO-OTKDPBLITOH TOLOJIOIMI
Ha npocrpaHcTBe M, obosnaunm vepe3 C"(M), a B paBHOMepHOil Tonosornu — epe3 U™(M).
Vmeer MeCTO HErnovka BKIIOYEHU

U &A1) cu™(M) c e (M),
AeM,

a M3 TEOPEMBI BBITEKAET
Canencrue. /s xascooxr mempudeckozo npocmpancmea M u Hamyparvrozo wucsa n = 2
KAGCCHL

YCh(M)={(s(A),es(A): AeC" (M)}, XU,(M)={(s(A),es(A)): AecU(M)} (2)

cognadarom mesicdy cobott u cocmoam uz nap (a(-),5(+)) dynwyui o, B : M — Z,, npunadaesrca-

wux kaaccy (Fy,*) u ydosaemsopaowux nepasencmey o) = B(p) oas ecex p € M.
Bameuanwne. Onucanue KJaaccoB, COCTABJIEHHBIX JIUIIb U3 BTOPBIX JIEMEHTOB T1ap KJaccos (2),

nostydeHo B pabore [3]: 91u Kacchl COBIQJAIOT MeK Ly coboil 1 cocTosT u3 dyHKIwmit Kinacca (F,,*).

JIureparypa. 1. 130608 H.A. Beenenne B Teopuio mokaszareseit Jlsmynosa. Munck, 2006. 2. Xay-
cnopd . Teopus muoxkects. M.; J1., 1937. 3. Bapabanos E.A., Beikos B.B., Kapnyk M.B. IToaroe onrcanue
WHJIEKCA IKCIOHEHIUAJBHON YCTONIMBOCTH JIMHEHHBIX [TaPAMETPUIECKAX CUCTEM KaK (DYHKIMHU MapaMerpa
// Huddepenn. ypasaenus. 2019. T. 55. Ne 10. C. 1307-1318. (TTonpaska: ITucomo B pepakuumio // Hudde-
penr. ypasuerus. 2019. T. 55. Ne 12. C. 1726.)

9. E. Tycynb6ekoBa (Mocksa) “VccieioBanne 1 aHaIN3 CUCTEMbI, OIUCHIBAIOIIEH MOJIEh “J1ec—
6uomacca’ (10 HosiGpst 2023 1.).

DOI: 10.31857/S0374064123110225, EDN: PBMWWYV

B pabore [1]| npegioxkena MaTemMaTHdecKast MOJIEIb CUCTEMbI ‘iec—Onomacca” (B €€ OCHOBY IO-
JIOZKEeHA MOJIeJIb “XUIHUK—KepTBa” [2]), B KOTOpOIl yunThIBaeTCs BO3pacTHas CTPYKTYPa JIECHOMH
6uoMacchl Yepe3 Bbljesienue B e€ nomyssiun P mosionbix u M 3pesibix JiepeBbeB, a nepementas [
ob6o3HaaeT 00BEM Oy YCHHOM IPOIYKITUN TTOCE UX UHIYCTPUAILHOM ntepepadoTku. Jjist onucanus
B3auMojeiicTBusa Mexkny Beauuunnamu P, M wu [ paccMarpuBaeTcs IUHAMUYECKAs CUCTEMA

P .
P:rP<1—E> — BP+~P, M =BP —qdyM — di M,

i- <a1 - Lf)f—dﬂ, P(0), M(0), 1(0) >0, M)
ag + M

B KOTOpO# mapaMmeTrpsl 7, k, v, B, a1, a9, a3, ¢, dy, di, do XapaKTepusyiOT COOTBETCTBEHHO

CKOPOCTh POCTa MOJIOJBIX JIE€PEBBEB, EMKOCTb CPEIbl JIECHOI OHOMACChI, pa3Mep HOBBIX ILIAHTALIMIA,

CKOPOCTH TIEPEX0JIa JIEPEBA OT MOJIOIOTO JI0 3PEJIOTO COCTOSIHUST, MAKCUMAJIBHBIN TEMIT HHyCTPHAJIU-

3alluu, MakKCUMaJIbHOE€ CHH2KEHUE TEeMIIOB HUHYyCTPpUaJIn3allui, CPEIHIOI0 CTaBKY IIpaBUTE/ILCTBA IIO
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[PEJIOCTABJICHHIO 3AIIUTHI JIECHON OHOMACCDHI, CKOPOCTD UCYEPIAHNUS 3PEJIBIX [I€PEBLEB HPOMBIIIICH-
HBIMU [PE/IIPUATUSIME, HEOOXOIUMBIE 3aTpaThl Ha BBIPYOKY Jleca, CKOPOCTb HCYEPIAHUs 3DEJIbIX
JIEPEBBEB 1107 BIIMSHUEM NPUPOAHBIX (DAKTOPOB M CHHUKEHHE HPOU3BOIUTELHOCTH IIPEIPUSTHI
U3-3a OTCYTCTBHUS NPEIIOUUTAEMBIX 3DEJIbIX JI€PEBbEB.

B crarpe [1] ¢ ucrmonbzoBammeM MeTOLOB pabOTHI 3] MOKa3aHBI IOJOKUTEILHOCTE M OTPAMH-
YEeHHOCTb pelleHnii cucremsl (1) U cylecTBOBaHNE UX [PEJIEIbHBIX 3HaYeHHl (Ha GECKOHEUTHOCTH).
Hurke acHMITOTHYECKHE CBOWCTBA PEIICHHN HCCIEAYIOTCS C HOMOIBbI0 MeTonoB paborst [4]. Cuc-
rema (1), ucxonst U3 GU3MIECKOrO CMBIC/IA €6 HapaMeTPOB U B COOTBETCTBHU C KJaccuduKarmeit
0COOBIX TOYEK B TPEXMEPHOM HPOCTPAHCTBE, MOXKET UMEThb IOJIOKEHUsSI PABHOBECHS TOJILKO THIIA
ysea Wi cedaoyszen (C HEHYTIEBBIMU JEHCTBUTEILHBIMUA COOCTBEHHBIMU 3HAYEHUSIME OJIHOIO 3HAKA
WJIM, COOTBETCTBEHHO, PA3HBIX 3HAKOB — IIPH 9TOM y3JIOBYIO YaCTh HA3LIBAEM YCMOU4UGOU, eC/IH
OTPUIATEJILHLIX COOCTBEHHBIX 3HAYEHUIT OOJIbIe, U Heycmoluueot, ecan ux Menbiie). O6o3HadnM

A=r—p+vy, B=qgdy+d,, D=a—ds.
Teopema 1. Cucmema (1) umeem “emuvipe NOAOHCEHUA PAGHOBECUA
EO = (0707 0)7 El = (p07m070)7 E2 = (0707i2)7 E3 = (p07m07i3)7

20e B Ak B Apk . Dag . D(Oég —I—mo)
bo=— Mo=—FH_> 2=— WB3=——"
T Br a9 a9

a npu yeaosuu A, B, D #£ 0 0as HUT pPeasusyomces 6 mouHOCMU CAeJYUUE B0CEMD CAYUGES:

1) ecau A,D <0< B, mo Ey — yemotivuenii ysea, a Es u Ey, FEy — cedaoysavs ¢ neycmoti-
Yugol U YCmMOoUUUBHMU Y3A0BBIMYU HACTAMY COOMBEMCMBEHHO;

2) ecau A,D > 0 > B, mo Ey — neycmotuuswiii yzea, a Es u Ey, FEy — cedaoysav ¢
YCmotiuueoti U HeYCmoTUNUBHLMU Y3A0BDIMU YACTNAMU COOMBEMCMBEHHO;

3) ecau A,B > 0> D, mo Ey — yemotwuswi ysea, a Eo u Ey, FEs — cedaoyzavs ¢ neycmot-
Yugol U YCmMOoUUUBHMU Y3A0GBIMU HACTAMY COOMBEMCMBEHHO;

4) ecau A,B < 0 < D, mo Ey — neyemotinuewi ysea, a FEo u FEy, FEs — cedaoyzav c
YCmotiuueoti U HeYCmoTU I UBHLMU Y3A0BDIMU YACTNAMU COOMBEMCMBEHHO;

5) ecau B, D > 0> A, mo Ey — yemotwuewt ysea, a Fy u Ey, FEs — cedroyszavs ¢ neycmot-
Yugol U YCmoU UUSHLMU Y3A06DLMYU HACTAMU COOTGEMCMBEHHO;

6) ecou B,D < 0 < A, mo FEs — neycmotivuewii ysea, a Ey u Ey, FEs — cedaoysav ¢
Ycmotinuueoti U HeYCcmoUuUBHLMYU Y3A0BBIMU YACTNAMU COOMBEMCMBEHHO;

7) ecau A, B, D > 0, mo E3 —ycmotnueni yzea, a Ey u Ey, Es — cedaroyszav. ¢ neycmotiuusol
U YCMOTUUUBHMU Y3A0BDLMU YACTAMU COOMBEMCMBEHHO;

8) ecau A, B,D < 0, mo Es —neycmotnusni yzea, a Ey u Ey, Es — cedroysavs ¢ yemotivueot
U HEYCMOUUBHMYU Y3A0GBMU HACTAMYU COOMBEMCIMBEHHO.

Wnrepec jyisi NpUIOXKEHUH TIPeICTABISIOT ciiydan 4) u 7) TeopeMbl 1, B KOTOPBIX OCTABJIEHHASI
3ajada UMEET MPAKTUIECKUN CMBIC/I.

Teopema 2. Ecau A # 0, mo pewerus cucmemuv, (1) umerom sud

P(t) = A<<% - %)e‘At + %>_1, M(t) = %t | eBT <<% - %) e AT 4 %>_1 dr + Cy,

1

t S
bt s AB A A _Ar - - -
I(t)zea—2</eD <6Bs/€B <<W_£>e A +%> d7+01> ds+02> ,

to t1

aecau A=0, mo

P(t) = <%t 4 %yl, M(t) = % t 637<%T + %)4 dr + C1,

t1
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-1

D t s 1 1
I(t)—e—t /eDS ﬁ/eBT - +L dr +C ds + C t1,t2,C1,Cy € R
- o 6BS kT P(O) T 1 2 3 1,0t2,V1,0L2 .

to t1

[TpuBeiénnbie pe3y/IbTaThI MTO3BOJISIIOT UCCAEIOBATD IUHAMUKY U3YYaeMOro IPOIECcca U IOHATD,
Ipu KaKkoM Habope napaMeTpoB CHUCTEMa UMEeT YCTONYUUBBLINA PEXKUM CYIIECTBOBAHMSI.

Jlureparypa. 1. Chaudhary M., Dhar J., Misra O. A mathematical model for the conservation of
forestry biomass with an alternative resource for industrialization: a modified Leslie Gower interaction
// Modeling Earth Systems and Environment. 2015. V. 1 (43). P. 1-10. 2. Leslie P.H. Some further notes on
the use of matrices in population mathematics // Biometrika. 1948. P. 213-245. 3. Chen F. On a nonlinear
nonautonomous predator-prey model with diffusion and distributed delay // Comput. Appl. Math. 2014.
V. 180. Ne 1. P. 33-49. 4. Acramosa U.B. [Ipumenenre quHAMUYIECKUX CUCTEM K HCCJIEIOBAHMIO aCUMIITO-
TUYECKUX CBONCTB perreHnii Hejmuedubx quddepeHnuaabHbX ypaBHeHui BoICOKUX mopaakos // Cospem.
maremaTrka u eé mpusoxkenus. 2003. T. 8. C. 3-33.

1. B. Acramosa (Mocksa) “O6 acHMITOTHYIECKO SKBUBAIEHTHOCTH KBa3NINHENHBIX ypaBHe-
HUIi TIPH BO3MYIIEHUN cTernennoil Magoctu 7 (17 HosiOps 2023 r.).

DOI: 10.31857/50374064123110237, EDN: PQNSOX

PaccmarpuBaeTrcs 3aada acHMITOTHYIECKON SKBUBAJEHTHOCTH CJAEAYIONNX IBYX YPaBHEHUIA:

n—1
Y™+ aj(x)yV) + pla)sguy |yl = f(a), )
j=0
n—1 )
2+ 3" a;()29 + p(x) sgn z|2|F = 0. (2)
7=0

B paborax [1, 2] npuBozsTCst pe3ysibTaThl 00 ACUMITOTUYIECKOH GJIM30CTU PeleHuii ypaBHeHui
(1) u (2) upu SKCIOHEHIMAIBLHO MaJIoii IpaBoil yacTu f; B crarbe [3| JoKa3bIBAIOTCS PE3ysIbTaThl
06 X aCUMITOTHUYECKON SKBUBAJIEHTHOCTU npu aj = 0 B C/Iy4dae 3KCIIOHEHIUaJIbHO MJIM CTEIIEHHO
MaJsibix Bo3mytnenuit f; B [4] upu f = 0 u3ydaercss BOUPOC O PA3IUYHBIX THUIAX ACHMIITOTHYE-
CKOIl 6IM30CTH pelleHnit ypaBHeHHsI (2) M ero YacTHBIX CJIYYaeB K PEIIeHUsIM COOTBETCTBYIOIIIX
JMHERHbIX ypaBHeHuil; B paborax [5, 6] comep:karcsi, B 9aCTHOCTH, Pe3yJIbTaThl 00 ACHMIITOTHYE-
CKOM TIOBEJICHUU PEIeHuil HeBO3MYINEHHbIX ypaBHeHuit. Huke, B npemamnonoxkenun k> 1 u n > 2,
oboznaunm o =n/(k —1).

Teopema. Fcau dpynxuuyu ag, ..., Gn_1, P, [ HENPEPLIGHDLL, NPUUEM D 02PAHUYEHE U

+o0o
/ 2" aj(z)|de < +oo, j=0,n—1,

o

mo daa mobozo C > 0 natidémea maxoe o > o, wmo ecau f(x) =o(x™7""), = — 400, Mo daa
Kaotcdo2o pewenus Yy ypashwenus (2), ydosaemeopsowezo yeaosuto |y(x)| < Cx™%, cywecmasyem
edurcmeentoe pewenue z ypasuenus (1), ydosaemsoparowee Ycioeuro

ly(z) = z(2)| = O(=77), = = +oo, (3)

a das Kadicdozo pewenus z ypasuenusa (1), ydosaemsoparowezo yeaosuro |z(x)| < Cx™%, cywe-
cmeyem eduncmeennoe pewenue Yy ypasuenua (2), ydosaemesoparowee ycaosuio (3).

Pabora BoimostHeHa Npw YacTHYHOM brHaHCOBOM momepkke Poccmiickoro HaydHOro hoHIA
(mpoekr 20-11-20272-1).

JIurepatypa. 1. Astashova I. On asymptotic equivalence of n-th order nonlinear differential equations
// Memoirs on Differ. Equat. and Math. Phys. 2022. V. 87. P. 17-24. 2. Acramosa 1.B. O6 acumnrornye-

CKOIl 9KBUBAJIEHTHOCTH KBa3uinHeinbix ypasuennii // JTuddepenn. ypasuenuga. 2022. T. 58. Ne 11. C. 1572~
1573. 3. Astashova I.V. On asymptotic equivalence of n-th order nonlinear differential equations // Tatra

10 INOOPEPEHIINMAJIBHBIE YPABHEHIA tom 59 Ne 11 2023



1586 O CEMUHAPE 110 KAYECTBEHHOI TEOPUU

Mountains Math. Publ. 2015. V. 63. P. 31-38. 4. Astashova I., Bartusek M., Dosla Z., Marini M. Asymptotic
proximity to higher order nonlinear differential equations // Adv. in Nonlin. Anal. 2022. V. 11 (1). P. 1598-
1613. 5. Kurypasgze N.T., Hanrypus T.A. Acumnrorndeckne CBOWCTBA pEIIEHUl HEABTOHOMHBIX OOBIKHO-
BeHHBIX muddepennnanpubix ypasaeruit. M., 1990. 6. Acramosa U.B. Kauecrsenusie cBoiicTBa perreHuit
kBaswmHeHHbIX quddepennuaabubix ypasuenuii // KauecrBennbie cBoiicTBa pemenuii judGepennuaibHbIX
ypaBHEHHUIl 1 CMeXKHbIe BOIPOCHI crieKTpasibHoro anauusa / [lox pex. U.B. Acramosoit. M., 2012. P. 22-290.

. H. Ceprees (Mocksa) “Onpejiesienue MOTHBIX CBOICTB KOJIEOIEMOCTH U BPAIAEMOCTH JTU(D-
bepeHImaNIbHON CHCTEMBI M MX UCCJIEOBAHKE 110 TIepBOMY Npubimkenuto” (24 Hosbps 2023 r.).

DOI: 10.31857/50374064123110249, EDN: PPKMFX

st obmactn G eBkymiosa npocrpancrsa R™ (n > 1) pacemorpum auddepeHnuaibHyo
(HestmHEiHYTO, BOOOIIIE TOBOPsT) CUCTEMY BHJIA

C KOTOPOil CBSI2KEM JIMHEHHYIO OJIHOPOJHYIO CUCTEMY €€ MeP8020 NPUubAUIfCEHUA
i=At)r = fi(t,z), A(t) = [f,(t,0), teRy, zeR" (2)

npu4éM Ha HeJmHelHyo 106asky h(t,x) = f(t,x) — A(t)r = o(x) (z — 0) obbraHOE TpeHGOBaHUE €€
paBHOMepHOIt MaJsiocTi 110 t € Ry 31eck He HakaapiBaeM. Uepes xf( -, 20) 0003HAYMM HEIPOIOJ-
»Kaemoe perenne cucreMsl (1) ¢ naganpubiv yetosueM T ¢(0,x9) = o, a yepes Ss(f) — MHOXKeCTBO
pelennii ¢ Hada bHBIMU 3HAUCHUSIMU T(, yJIOBIeTBopsiomumu ycaosuio 0 < |zg| < 4.

Onpepesienne 1 [1]. Jist onncanusi XapakTepuCTUK KOJIEOJIEMOCTH U OPUEHTHPOBAHHON Bpa-
MAeMOCTH (AHAJIOIMYIHBIX XapaKTEePUCTUKAM OJIyKIaeMOCTH |2]) BBIIOJIHEM CIeyTolee:

1) xaxomy unciay t € Ry u venpepsisao-nuddepenipyemoit dbyaxmun u : [0,¢] — R™\ {0}
[IOCTABUM B COOTBETCTBUE 3HavYeHUsi Pynkyuonarose K = N, O kosebaemocmu u spaujaemocmu
COOTBETCTBEHHO (HeoUpeeaéHuble, ecan (DYHKIUs u oupejeieHa He Ha BcéM orpeske [0,t]):

a) K(t,u) = N(t,u) — nopmuposannoe (ymuoxkennoe Ha 7) wnco Hyseit na npomexyrtke (0, ]
dbyukiuun Pju, time P; — opTOroHajbHBIN MPOEKTOP HA (PUKCUPOBAHHYIO IpsMyio B R"™, mpuuém
B KpUmu4eckol CATYaIluH, Korja XoTs Obl ojuH u3 Hyseir 7 € [0,t] xpamen (T.e. siBisieTcss HysIéM
emé u npousBonHoit (Pju)’), canraeMm Bbipaxkenue N(t,u) neonpedesérnvim;

6) K(t,u) = O(t,u) = |p(t, Pou)| — Momyib opuenmuposannozo yesa p(t, Pau) (HempepbiBHOrO
no t, ¢ madanbueiM ycaosueM (0, Pau) = 0) mexkay BekTOopoM Phu(t) M HaYaJIbHBIM BEKTOPOM
Pyu(0), rme P — OpTOroHAJIbHBIN IIPOEKTOP Ha (DPUKCUPOBAHHYTO MJIOCKOCTh B R™, mpudém B kpu-
muueckot curyaiun, korna Pyu(7) = 0 xorst 661 ipu ogoM T € [0, t], cunraem Boipazkerue O (¢, u)
HEONPEJeAEHHDIM;

2) nmanee, cucreme (1), momenty t € Ry wu HeBbIpoXKIeHHOMY npeobpasoBanuio L € AutR”"
[OCTABUM B COOTBETCTBUE 3HAUCHUS HUNCHE20 T 6€PTHE20 (UaAPOBHIT ) PYHKUUOHANOE KOAECOAEMOCTNU,
u epausaemocmu npu K = N, ©® coOTBETCTBEHHO, OIIPEJIEIAEMbIX PABEHCTBAMMU

Kb(f7t7 L) = h_m K(Lﬁf(,l‘o),t), Kb(f7t7 L) = m K(fo(ax(])at)a

zo—0 zo—0

o o o ~ 0 o o o ~ o

3) makomern, Huoicnutl (caabvitl waposoti) 3 (f) u eeprruts (curvroti waposoti) 3 (f) no-

Kazameau Koaebaemocmu u epawsaemocmy cucreMsl (1) 3agaguM npu ¢ = 1,6 COOTBETCTBEHHO
dopmyaamu

- o — 7 . —1y e : T -1
A(f) = tm |t R L), ()= et T R L) (3)

(a eeprruti craborli 3¢ (f) m nuocrud cunonvts 3 (f) — Temu ke dopmynamu (3), HO ¢ epecTas-
JIEHHBIMH B HUX MECTaMH IpPeJesIoM IIpH ¢ — +00 U To4uHOil HizKHeil rpanbio 1o L € AutR"™).

[Tokazarenn (3) okasbIBatOTCst jijist cuCTeMbl (1) COOTBETCTBEHHO HAMMEHBIINM M HAMOOJIBIIIM
B KaskJIOil 4eTBEPKe HOoKa3aTeseil K0JaeOIeMOCTH Ul BPAIAeMOCTU U3 OLpejie/ieHnst 1.
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N3zBecTHBI U Jpyrue QyHKIIMOHABI, OTBEYAOIINE 38 aHAJOTHYIHBIE CBONCTBA peIleHuil, He CBsI-
3aHHBIE ¢ UX HOPMOii (CM., HampuMep, [3-5|): Heopuenmuposarnyto, “acmomuyo U NAOCKYO 6pa-
WaemMocms, OAYHCIGEMOCTIL, & TAKIKE NOGOPAMUBAEMOCTVL 3QTAHHOIO paread. IIoMUMO MAapOBBIX IMO-
Kazareseil MOXKHO paccMmarpuBarh (cM. [6-8]) em@é cepuueckue u paduasvhoie nokazameu.

OnpeensieMble HIXKe CBORCTBa 1M PepeHIuaIbLHON CUCTeMbI OTAAJIEHHO HAIIOMIHAIOT YCTONIH-
BOCTh 110 JIsiyHOBY (HyJ1eBOrO perrienusi). B orimdue or Heé 3/1eCh HA BCe PellleHus], HaunHAIOIIUECs
JIOCTATOYHO OJIM3KO K HYJIIO, HAKJIAIbIBAIOTCS OIPAHUYEHUs HE 110 HOPME, a 110 CPEJHEMY KOJIMYECTBY
HyJIeil UX IIPOEKIMil Ha MPsIMble UJIM 110 CPETHEMY YIVIOBOMY OTKJIOHEHHIO (OT HAYAIBHOTO TIOJIOKE-
HUs1) WX [IPOEKINI Ha MJIOCKOCTH, IPUYEM JIMIH HA KOHEYHBIX (IIyCTh U PACTYIIHX) MPOMEKYTKAX
BPEMEHU, TTOCKOJIbKY B HEJIMHEHHOM CJIydae PelleHus] MOTYT OBbITh OIpeeseHbl He Ha BCEH MOJTyOCH.

Ounpenesienne 2. Bynem rosopurs, urto cucrema (1) obsamgaer:

1) noanoti xoaebaemocmvro Wiam NoAHOT BPAUAEMOCTBIO, €CJIU CYIIeCTBYIOT Takue & > 0 u
T € Ry, garo mas kaxxgaoro L € Aut R™ crmpaBejinBbl, COOTBETCTBEHHO, OIEHKN

Ny(f,t,L) > et wm Oy(f,t,L) >ct, t>T;

2) noanol HEKOAEOAEMOCTIDIO TITH NOAHOT HEeBPAUALMOCTIVI0, eCTr s Jioboro € > 0 cyime-
crBytor Takue T € Ry u L € AutR", uTo cnipaBeyinBbI, COOTBETCTBEHHO, OTCHKI

No(f,t,L) <et wma Ou(f,t,L) <et, t>T.

Hasimaue y cucreMbl HOJIHBIX CBOMCTB KOJIEOJEMOCTH U BPAIAEMOCTH, KaK 1 0JIyKIaeMoCTH |2,
OJIHO3HAYHO OIIPEJIEsISeTCs 3HAKAMU €€ COOTBETCTBYIONINX MIAPOBLIX ITOKAa3aTeJell, KaK II0KA3bIBAET

Teopema 1. Iloanaa K0A64€MOCTD U NOANAA BPAULAEMOCTD cUCMEMbL (1) PABHOCUABIHDL 1040~
HCUMEABHOCTNU €€ HUNCHE20 NOKAZAMENS KOACOAEMOCTIU U COOMBEMCMEEHHO SPAUAEMOCTIU:

a €€ NOANAA HEKOACONEMOCTV U NOANAA HEBPAULAEMOCTN® PABHOCUABHDL PABEHCTNEY HYANO eé GEPITHEZO
NOKA3AMNENASA KONCOAEMOCTNU U COOMBEMCINBEHHO epau,aemocmu:

B nBymepHom ciiyuae Bce IIApOBbIE MMOKA3aTeNU BPAIIAEMOCTH HCXOJHOW CHCTEMBI COBIIAIAIOT
C AHAJIOTMYHBIMY TTOKA3ATEJISIMHA CUCTEMbI €€ IepPBOr0 MPUOJIMKEHNUs, 110 KOTOPOW, TAKUM 00pa30M,
ONHO3HAYHO YCTAHABJINBAETCS HAJMINE Y WCXOTHOM CUCTEMBI MOJTHOM BPAIAeMOCTH WM IOJHOU
HEBPAIIAEMOCTH, YTO U MMOJTBEPXKIAET

Teopema 2. [Ipu n =2 noanvie 8PAUAEMOCTNY U HEBPAUWAEMOCTL cucmembl (1) pasHoCuAbHbL
NOAOHCUMEADHOCTIU HUNHCHEZO U COOMBEMCMBEHHO PABEHCNEY HYAIO BEPTHE20 NOKAZAMENS 8PAULQA-
emocmu auretnot cucmemovt (2) e€ nepeozo npubsudiceHuA:

0;(f) >0, 63(f) =0,

u bosee moeo, UMerm MeCcimo paceHcmea
Hg(f):'gg(f/)v Y=Yy, * =o0,e.

Kax uszBectro [9], HuzKHEE HOKa3aTes M KOJIEOJIEMOCTH U BPAIAEMOCTU UCXOJHOMN CHCTEMBI Olle-
HUBAIOTCS CBEPXY COOTBETCTBYIOIIUMHE ITOKA3aTEJIIMIA CUCTEMBI €€ IIEPBOI0 MPUOINKEHNS, ITO 103~
BOJISIET TIEPEHOCUTH OT/EJ/IbHBIE CBOMCTBA MOCJEHEN HA MCXOAHYIO CUCTEMY, O YEM M TOBOPUT

Teopema 3. Ecau aunetinas cucmema (2), ABAAOWAACA CUCTIEMOT NEPEO2O NPUOAUNCENUA
oas cucmemut (1), ne obaadaem noanol KOACOAEMOCTNBIO UAU NMOAHOT GPAULAEMOCTNBIO, MO €10 HEe
obaadaem makorce u cucmema (1), u 6oaee Mo20, UMEOM MECTO HEPABEHCMEA

7 (f) ST (), 05(f) <Op(f), x=o,e.
JINOPEPEHIIMAJIBHBIE YVPABHEHUS tom 59 Ne 11 2023 10"



1588 O CEMUHAPE 110 KAYECTBEHHOI TEOPUU

OjtHakO MHOTHE CBOMCTBA BPAIIAEMOCTH CHUCTEMBI MEPBOTO MPUOJIMKEHUST HE IIEPEHOCSITCS Ha
UCXOJIHYIO CUCTEMY YK€ B TPEXMEPHOM CJIydae, a CBOHCTBA KOJEOJEMOCTH — JlaXKe B JIBYMEDHOM,
9TO U JIEMOHCTPHUPYIOT

Teopema 4. [Ipu n = 2 cywecmeyem aunetinas cucmema (2), ABAAOWAACA CUCTNEMOT NEPBO20
npubsudtcenus oas cucmemuvi (1) u obaadarowas noanot Kosebaemocmyio, Komopot ne obaadaem
cucmema (1), u 6oaee Mo20, UMENM MECTNO COOMHOWEHUSA

Teopema 5. IIpu n = 3 cywecmeyem aunelinasi cucmema (2), ABAAOWAACH CUCTNEMOT NEPE020
npubsudtcenus ons cucmemos (1) u 06aadar0uas noAHOT HEKONEOAEMOCTNDIO U NOAHOT, HEGPAUALEMO-
cmwio, Komopuimu He obaadaem cucmema (2), u boaee mo20, UMENM MECMO COOMHOUEHUSA

Rp(f) =/ (f) =0 <1 =FRp(f), x=o,0 k=10

3ameuaHue. Bo3MOXKHOCTH UCCIEIOBAHKSA 110 IIEPBOMY IPUOJINKEHUIO MTOJHBIX CBOWCTB KOJIe0-
JIEMOCTHU U BPAIAeMOCTH, B OTJIMYUe OT OJIy2KaaeMocTu [2], noKa emé He BHOJIHE U3y 9IeHbI.

JIureparypa. 1. Ceprees U.H. Onpenenenne mapoBbIX MOKa3aTeeil KoJIeOJIeMOCTH, BPAIlaeMOCTH 1
Gy maemoctu nuddepennuanbuoil cucrembl // Juddepenn. ypasuenus. 2021. T. 57. Ne 6. C. 859-861.
2. Ceprees U.H. Omupejiesienne moHBIX OIyKaaeMOCTH U HEOIy K aaeMocTh JinddepeHIuaabHOl CUCTeMbL
U UX UCCJeoBaHue 1o nepBoMy npubiamxkenuto // Huddepenn. ypasuenns. 2022. T. 58. Ne 11. C. 1577-
1578. 3. Ceprees N.H. JlsamyHoBCcKHEe XapaKTEpPUCTUKU KOJEOJEMOCTH, BPAIAEMOCTH U OJIYKIAEMOCTH Pe-
menuit auddepentmanbubix cucrem // Tp. cem. umenun N.T. Ilerposckoro. 2016. Bem. 31. C. 177-219.
4. Ceprees I.H. Tlokazareyu nj0ckoii Bpamaemocru juaeiinoi quddepennuanpuoii cucremsr // Tp. cem.
nm. W.T. Ilerposckoro. 2019. Bem. 32. C. 325-348. 5. Ceprees .H. XapakTepucTUKU TOBOPAIUBAEMO-
cru pemennii puddepenrmanbubix cucreM // Huddepenn. ypapuennsa. 2014. T. 50. Ne 10. C. 1353-1361.
6. Ceprees .H. Omnpejenenne chepraecknx mokasareseil KojgebJeMOCTH, BPAIAEMOCTH U OJIyKIaeMOCTH
nuddepennuanbhoil cucremsl // duddepenn. ypasuenus. 2020. T. 56. Ne 6. C. 839-840. 7. Ceprees I1.H.
Ompeniesienne paJuaabHBIX TOKa3aTes el KoebJIeMOCTH, BPAIaeMOCT u OJryKaaeMocTu audepeHimalib-
uoit cucrempr // Huddepenn. ypasuenus. 2020. T. 56. Ne 11. C. 1560-1562. 8. Ceprees N.H. Oupeneie-
HUe ToKa3aTe el KoJiebJIeMoCTH, BPAIaeMOCTH U OJIy K IaeMOCTU HeJIMHEHHBIX TuddepeHInaIbHbIX CUCTEM
// Bectu. Mock. yu-ra. Cep. 1. Maremaruka. Mexanuka. 2021. Ne 3. C. 41-46. 9. Ceprees I1.H. Uccaenosa-
HI€ [T0Ka3aTeseil KoJiebIeMOCTH, BPAIIAeMOCTH U 0JIyZKaeMOCTH 110 lepBoMy ipubimkenuto // Tuddepentr.

ypasuenus. 2023. T. 59. Ne 6. C. 726—734.

JUNOOEPEHIINMAJIBHBIE YVPABHEHUA tom 59 Ne 11 2023



