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áÌÇÅÂÒÁ É ÁÎÁÌÉÚ�ÏÍ 23 (2011), �6ï òáúòõûåîéé éïîîï-ú÷õëï÷ùè ÷ïìî ÷ ðìáúíåó óéìøîïê ðòïó�òáîó�÷åîîï-÷òåíåîîïêäéóðåòóéåê© í. ï. ëïòðõóï÷÷ ÜÔÏÊ ÒÁÂÏÔÅ ÍÙ ÒÁÓÓÍÏÔÒÅÌÉ ÏÄÎÏ ÍÏÄÅÌØÎÏÅ ÕÒÁ×ÎÅÎÉÅ, Ï�ÉÓÙ×ÁÀ-ÝÅÅ ÉÏÎÎÏ-Ú×ÕËÏ×ÙÅ ×ÏÌÎÙ × �ÌÁÚÍÅ �ÒÉ ÕÞÅÔÅ ÓÉÌØÎÏÊ ÎÅÌÉÎÅÊÎÏÊ ÄÉÓ-ÓÉ�Á�ÉÉ É ÎÅÌÉÎÅÊÎÙÈ ÉÓÔÏÞÎÉËÏ× ÏÂÝÅÇÏ ×ÉÄÁ É ÓÉÌØÎÏÊ �ÒÏÓÔÒÁÎÓÔ-×ÅÎÎÏ-×ÒÅÍÅÎÎÏÊ ÄÉÓ�ÅÒÓÉÉ. äÌÑ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÅÊ ÎÁÞÁÌØÎÏ-ËÒÁÅ×ÏÊÚÁÄÁÞÉ × ÏÇÒÁÎÉÞÅÎÎÏÊ ÔÒÅÈÍÅÒÎÏÊ ÏÂÌÁÓÔÉ Ó ÏÄÎÏÒÏÄÎÙÍÉ ÕÓÌÏ×ÉÑÍÉäÉÒÉÈÌÅ{îÅÊÍÁÎÁ ÎÁ ÇÒÁÎÉ�Å ÜÔÏÊ ÏÂÌÁÓÔÉ ÎÁÍÉ �ÏÌÕÞÅÎÙ ÄÏÓÔÁÔÏÞ-ÎÙÅ ÕÓÌÏ×ÉÑ ÒÁÚÒÕÛÅÎÉÑ ÒÅÛÅÎÉÑ ÜÔÏÊ ÚÁÄÁÞÉ. ðÒÉ ÜÔÏÍ ÍÙ �ÏÌÕÞÉ-ÌÉ Ï�ÅÎËÕ ÎÁ ×ÒÅÍÑ ÓÕÝÅÓÔ×Ï×ÁÎÉÑ ÒÅÛÅÎÉÑ. îÁËÏÎÅ�, ÎÁÍÉ ÄÏËÁÚÁÎÏ,ÞÔÏ ÄÌÑ ÌÀÂÙÈ ÎÁÞÁÌØÎÙÈ ÄÁÎÎÙÈ ÉÚ H
20(
) ÓÕÝÅÓÔ×ÕÅÔ ÌÏËÁÌØÎÏÅ ×Ï×ÒÅÍÅÎÉ ÓÉÌØÎÏÅ ÏÂÏÂÝÅÎÎÏÅ ÒÅÛÅÎÉÅ ÒÁÓÓÍÁÔÒÉ×ÁÅÍÏÊ ÚÁÄÁÞÉ, Ô. Å.ÄÏËÁÚÁÎÏ, ÞÔÏ ×ÒÅÍÑ ÒÁÚÒÕÛÅÎÉÑ ÒÅÛÅÎÉÑ ÚÁÄÁÞÉ ×ÓÅÇÄÁ ÂÏÌØÛÅ ÎÕÌÑ.§1. ÷×ÅÄÅÎÉÅ÷ ÄÁÎÎÏÊ ÒÁÂÏÔÅ ÍÙ �ÒÏÄÏÌÖÁÅÍ ÉÓÓÌÅÄÏ×ÁÎÉÅ ÎÅÌÉÎÅÊÎÙÈ ÓÏÂÏÌÅ×ÓËÉÈÕÒÁ×ÎÅÎÉÊ Ó �ÒÏÉÚ×ÏÄÎÏÊ �Ï ×ÒÅÍÅÎÉ ×ÔÏÒÏÇÏ �ÏÒÑÄËÁ É Ó ÎÅÌÉÎÅÊÎÙÍÏ�ÅÒÁÔÏÒÏÍ �ÒÉ �ÅÒ×ÏÊ �ÒÏÉÚ×ÏÄÎÏÊ �Ï ×ÒÅÍÅÎÉ. òÁÓÓÍÏÔÒÉÍ ÓÌÅÄÕÀÝÅÅÍÏÄÅÌØÎÏÅ ÕÒÁ×ÎÅÎÉÅ:�2�t2 (

−△2u+△u)+ ��t div('1(x; |∇u|)∇u) +△u− div('2(x; |∇u|)∇u) = 0:äÌÑ ÜÔÏÇÏ ÕÒÁ×ÎÅÎÉÑ ÛÉÒÏËÏ ÉÚ×ÅÓÔÎÙÊ ÍÅÔÏÄ è. á. ìÅ×ÉÎÁ (ÓÍ. [13, 14, 3℄)ÕÖÅ ÎÅ ÒÁÂÏÔÁÅÔ, �Ï ËÒÁÊÎÅÊ ÍÅÒÅ × ÔÏÍ ×ÉÄÅ, × ËÏÔÏÒÏÍ ÏÎ �ÒÅÄÌÏÖÅÎ ×ÒÁÂÏÔÁÈ [14℄ É [3℄, ÉÚ-ÚÁ ÎÁÌÉÞÉÑ ÓÌÁÇÁÅÍÏÇÏ��t div('1(x; |∇u|)∇u):ïÔÍÅÔÉÍ, ÞÔÏ ÓÕÝÅÓÔ×ÕÀÔ ÔÒÉ ÏÓÎÏ×ÎÙÈ ÍÅÔÏÄÁ ÉÓÓÌÅÄÏ×ÁÎÉÑ ×ÏÚÎÉË-ÎÏ×ÅÎÉÑ ÒÁÚÒÕÛÅÎÉÑ. ðÅÒ×ÙÊ ÍÅÔÏÄ | ÜÔÏ ÍÅÔÏÄ ÎÅÌÉÎÅÊÎÏÊ ÅÍËÏÓÔÉó. é. ðÏÈÏÖÁÅ×Á É ü. ì. íÉÔÉÄÉÅÒÉ [8℄, ×ÔÏÒÏÊ | ÜÔÏ ÜÎÅÒÇÅÔÉÞÅÓËÉÊëÌÀÞÅ×ÙÅ ÓÌÏ×Á: ÒÁÚÒÕÛÅÎÉÅ, ÕÒÁ×ÎÅÎÉÑ ÓÏÂÏÌÅ×ÓËÏÇÏ ÔÉ�Á, ÎÅÌÉÎÅÊÎÙÊ ÁÎÁÌÉÚ.òÁÂÏÔÁ ×Ù�ÏÌÎÅÎÁ �ÒÉ ÆÉÎÁÎÓÏ×ÏÊ �ÏÄÄÅÒÖËÅ òææé, �ÒÏÅËÔ 11-01-12018-ÏÆÉ-Í-2011, É �ÒÅÚÉÄÅÎÔÓËÏÊ �ÒÏÇÒÁÍÍÙ �ÏÄÄÅÒÖËÉ ÍÏÌÏÄÙÈ ÄÏËÔÏÒÏ× ÎÁÕË íä-99.2009.1.96



ï òáúòõûåîéé éïîîï-ú÷õëï÷ùè ÷ïìî ÷ ðìáúíå 97ÍÅÔÏÄ è. á. ìÅ×ÉÎÁ [13, 14, 3, 10℄ É, ÎÁËÏÎÅ�, ÔÒÅÔÉÊ ÍÅÔÏÄ | ÜÔÏ ÍÅÔÏÄÁ×ÔÏÍÏÄÅÌØÎÙÈ ÒÅÖÉÍÏ×, ÏÓÎÏ×ÁÎÎÙÊ ÎÁ ÒÁÚÌÉÞÎÙÈ �ÒÉÚÎÁËÁÈ ÓÒÁ×ÎÅÎÉÑÉ ÒÁÚ×ÉÔÙÊ × ÒÁÂÏÔÁÈ á. á. óÁÍÁÒÓËÏÇÏ, ÷. á. çÁÌÁËÔÉÏÎÏ×Á, ó. ð. ëÕÒ-ÄÀÍÏ×Á É á. ð. íÉÈÁÊÌÏ×Á [9℄ (ÓÍ. ÔÁËÖÅ [2℄).§2. ðÏÓÔÁÎÏ×ËÁ ÚÁÄÁÞÉðÒÉ ÒÁÓÓÍÏÔÒÅÎÉÉ Ë×ÁÚÉÓÔÁ�ÉÏÎÁÒÎÙÈ �ÒÏ�ÅÓÓÏ× × �ÌÁÚÍÅ ÍÙ ×ÓÔÒÅ-ÞÁÅÍÓÑ ÓÏ ÓÌÅÄÕÀÝÅÊ ÚÁ×ÉÓÉÍÏÓÔØÀ ÔÅÎÚÏÒÁ ÄÉÜÌÅËÔÒÉÞÅÓËÏÊ �ÒÏÎÉ�ÁÅ-ÍÏÓÔÉ ÏÔ ÞÁÓÔÏÔÙ ËÏÌÅÂÁÎÉÊ ! ∈ R1 É ×ÏÌÎÏ×ÏÇÏ ×ÅËÔÏÒÁ k ∈ R3 (ÓÍ.,ÎÁ�ÒÉÍÅÒ, [6℄ É [7℄): "(k; !) = |k|2 + 1− !20!2 ; (2.1)ÇÄÅ ÜÔÏÔ ×ÉÄ ÔÅÎÚÏÒÁ ÄÉÜÌÅËÔÒÉÞÅÓËÏÊ �ÒÏÎÉ�ÁÅÍÏÓÔÉ ÕÞÉÔÙ×ÁÅÔ ÓÉÌØ-ÎÕÀ �ÒÏÓÔÒÁÎÓÔ×ÅÎÎÕÀ ÄÉÓ�ÅÒÓÉÀ ÓÒÅÄÙ| ÜÔÏ ÚÁ×ÉÓÉÍÏÓÔØ ÏÔ ×ÏÌÎÏ×ÏÇÏ×ÅËÔÏÒÁ k ∈ R3; É ×ÒÅÍÅÎÎÕÀ ÄÉÓ�ÅÒÓÉÀ | ÜÔÏ ÚÁ×ÉÓÉÍÏÓÔØ ÏÔ ÞÁÓÔÏÔÙ! ∈ R1: ïÔÍÅÔÉÍ, ÞÔÏ ÕÒÁ×ÎÅÎÉÅ (2.1) ÚÁ�ÉÓÁÎÏ × ÓÍÙÓÌÅ �ÒÅÏÂÒÁÚÏ×ÁÎÉÑæÕÒØÅ, É ÓÏÂÓÔ×ÅÎÎÏ Ï�ÅÒÁÔÏÒ ÄÉÜÌÅËÔÒÉÞÅÓËÏÊ �ÒÏÎÉ�ÁÅÍÏÓÔÉ ÉÍÅÅÔ ÓÌÅ-ÄÕÀÝÉÊ ×ÉÄ: "̂· = −△ ·+I ·+!20 t
∫0 ds(t− s)·; (2.2)�ÒÉÞÅÍ Ó×ÑÚØ ×ÅËÔÏÒÁ ÉÎÄÕË�ÉÉ ÜÌÅËÔÒÉÞÅÓËÏÇÏ �ÏÌÑ D É ÎÁ�ÒÑÖÅÎÎÏÓÔÉÜÌÅËÔÒÉÞÅÓËÏÇÏ �ÏÌÑ E ÓÌÅÄÕÀÝÁÑ:

D = "̂E: (2.3)ïÄÎÁËÏ Ï�ÅÒÁÔÏÒ ÄÉÜÌÅËÔÒÉÞÅÓËÏÊ �ÒÏÎÉ�ÁÅÍÏÓÔÉ "̂; Ï�ÒÅÄÅÌÅÎÎÙÊ ÆÏÒ-ÍÕÌÏÊ (2.2), ÎÅ ÕÞÉÔÙ×ÁÅÔ ÎÅÌÉÎÅÊÎÙÅ Ó×ÏÊÓÔ×Á ÓÒÅÄÙ. ðÏÜÔÏÍÕ ÎÁÛÁ ÚÁ-ÄÁÞÁ ÏÂÏÂÝÉÔØ ×ÙÒÁÖÅÎÉÅ (2.2) ÄÌÑ Ï�ÅÒÁÔÏÒÁ ÄÉÜÌÅËÔÒÉÞÅÓËÏÊ �ÒÏÎÉ�Á-ÅÍÏÓÔÉ ÓÒÅÄÙ ÎÁ ÎÅÌÉÎÅÊÎÙÊ ÓÌÕÞÁÊ. äÅÊÓÔ×ÉÔÅÌØÎÏ, ÏÂÝÉÊ ×ÉÄ ÕÒÁ×ÎÅ-ÎÉÑ, Ó×ÑÚÙ×ÁÀÝÅÇÏ ÉÎÄÕË�ÉÀ ÜÌÅËÔÒÉÞÅÓËÏÇÏ �ÏÌÑ × ÓÒÅÄÅ D Ó ÎÁ�ÒÑÖÅÎ-ÎÏÓÔØÀ ÜÌÅËÔÒÉÞÅÓËÏÇÏ �ÏÌÑ E ÓÌÅÄÕÀÝÉÊ:
D = E+ 4�P; (2.4)ÇÄÅ P | ÜÔÏ ×ÅËÔÏÒ �ÏÌÑÒÉÚÁ�ÉÉ ÓÒÅÄÙ. ðÒÉ ÕÞÅÔÅ ×ÒÅÍÅÎÎÏÊ É �ÒÏÓÔÒÁÎ-ÓÔ×ÅÎÎÏÊ ÄÉÓ�ÅÒÓÉÉ ÓÒÅÄÙ Ó×ÑÚØ ×ÅËÔÏÒÁ �ÏÌÑÒÉÚÁ�ÉÉ ÓÒÅÄÙ P ÏÔ ×ÅËÔÏÒÁÎÁ�ÒÑÖÅÎÎÏÓÔÉ ÜÌÅËÔÒÉÞÅÓËÏÇÏ �ÏÌÑ E ÓÌÅÄÕÀÝÁÑ:

P = −△E+ !20 t
∫0 d�(t− �) [E(�)− κ(x; |E|(�))E(�)℄ : (2.5)



98 í. ï. ëïòðõóï÷úÄÅÓØ ÆÕÎË�ÉÑ κ(x; |E|) ÕÞÉÔÙ×ÁÅÔ, × ÞÁÓÔÎÏÓÔÉ, ËÅÒÒÏ×ÓËÕÀ ÚÁ×ÉÓÉÍÏÓÔØ×ÅËÔÏÒÁ �ÏÌÑÒÉÚÁ�ÉÉ ÓÒÅÄÙ ÏÔ �ÏÌÑ
κ(x; |E|) = κ0|E|2; κ0 > 0:ðÒÉÞÅÍ ÜÔÁ ÆÕÎË�ÉÑ ×ÈÏÄÉÔ × ÕÒÁ×ÎÅÎÉÅ (2.5) Ó ÏÔÒÉ�ÁÔÅÌØÎÙÍ ÚÎÁËÏÍ,ÞÔÏ ÓÏÏÔ×ÅÔÓÔ×ÕÅÔ ÔÁË ÎÁÚÙ×ÁÅÍÏÊ ÄÅÆÏËÕÓÉÒÕÀÝÅÊ ÓÒÅÄÅ (ÓÍ., ÎÁ�ÒÉ-ÍÅÒ, [6℄). ÷ Ë×ÁÚÉÓÔÁ�ÉÏÎÁÒÎÏÍ �ÒÉÂÌÉÖÅÎÉÉ ÓÉÓÔÅÍÁ ÕÒÁ×ÎÅÎÉÊ íÁËÓ-×ÅÌÌÁ ÄÌÑ ÜÌÅËÔÒÉÞÅÓËÏÇÏ �ÏÌÑ �ÒÉÍÅÔ ÓÌÅÄÕÀÝÉÊ ×ÉÄ:divD = −4�n; rotE = 0; (2.6)ÇÄÅ n | ÜÔÏ ËÏÎ�ÅÎÔÒÁ�ÉÑ Ó×ÏÂÏÄÎÙÈ ÚÁÒÑÄÏ×, ÄÌÑ ËÏÔÏÒÏÊ ÉÍÅÅÔ ÍÅÓÔÏÓÌÅÄÕÀÝÅÅ ÕÒÁ×ÎÅÎÉÅ: �n�t = div J; J = �(x; |E|)E; (2.7)ÇÄÅ ÆÕÎË�ÉÑ �(x; |E|) ÉÍÅÅÔ ÆÉÚÉÞÅÓËÉÊ ÓÍÙÓÌ �ÒÏ×ÏÄÉÍÏÓÔÉ ÓÒÅÄÙ, ËÏÔÏ-ÒÁÑ, ×ÏÏÂÝÅ ÇÏ×ÏÒÑ, Ñ×ÌÑÅÔÓÑ ÆÕÎË�ÉÅÊ ËÁË ÏÔ x ∈ 
; ÔÁË É ÏÔ |E|| ÍÏÄÕ-ÌÑ ÎÁ�ÒÑÖÅÎÎÏÓÔÉ ÜÌÅËÔÒÉÞÅÓËÏÇÏ �ÏÌÑ. �Å�ÅÒØ ÏÇÏ×ÏÒÉÍ Ó×ÏÊÓÔ×Á ÏÂÌÁ-ÓÔÉ 
 ⊂ R3; × ËÏÔÏÒÏÊ ÒÁÓÓÍÁÔÒÉ×ÁÅÔÓÑ ÓÉÓÔÅÍÁ ÍÁÔÅÒÉÁÌØÎÙÈ É �ÏÌÅ×ÙÈÕÒÁ×ÎÅÎÉÊ (2.4){(2.7). äÅÊÓÔ×ÉÔÅÌØÎÏ, �ÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ ÏÂÌÁÓÔØ 
 ⊂ R3Ñ×ÌÑÅÔÓÑ ÏÇÒÁÎÉÞÅÎÎÏÊ, �Ï×ÅÒÈÎÏÓÔÎÏ-ÏÄÎÏÓ×ÑÚÎÏÊ ÏÂÌÁÓÔØÀ Ó ÇÒÁÎÉ�ÅÊ�
 ∈ C4;Æ �ÒÉ Æ ∈ (0; 1℄. ðÏÓËÏÌØËÕ ÏÂÌÁÓÔØ 
 Ñ×ÌÑÅÔÓÑ �Ï×ÅÒÈÎÏÓÔÎÏ-ÏÄÎÏÓ×ÑÚÎÏÊ, ÔÏ ÉÚ ÕÒÁ×ÎÅÎÉÑ rotE = 0 ×ÙÔÅËÁÅÔ ÓÕÝÅÓÔ×Ï×ÁÎÉÅ ÜÌÅËÔÒÉ-ÞÅÓËÏÇÏ �ÏÔÅÎ�ÉÁÌÁ:

E(x) = −∇u(x); x = (x1; x2; x3) ∈ 
:îÏ ÔÏÇÄÁ ÉÚ ÕÒÁ×ÎÅÎÉÊ (2.4){(2.6) �ÏÌÕÞÉÍ ÓÌÅÄÕÀÝÅÅ ÒÁ×ÅÎÓÔ×Ï:
−4�△2u+△u+4�!20 t

∫0 (t−�) [△u(�) + div (κ(x; |∇u|)∇u) (�)℄ = 4�n; (2.8)Á ÉÚ ÕÒÁ×ÎÅÎÉÑ (2.7) �ÏÌÕÞÉÍ, ÞÔÏ�n�t = −div (�(x; |∇u|)∇u) : (2.9)éÚ �ÏÓÌÅÄÎÉÈ Ä×ÕÈ ÕÒÁ×ÎÅÎÉÊ ×ÙÔÅËÁÅÔ ÓÌÅÄÕÀÝÅÅ ÏÄÎÏ ÕÒÁ×ÎÅÎÉÅ:�2�t2 (

−4�△2u+△u)+ 4� ��t div(�(x; |∇u|)∇u)+ 4�!20△u− 4�!20 div(κ(x; |∇u|)∇u) = 0; (2.10)



ï òáúòõûåîéé éïîîï-ú÷õëï÷ùè ÷ïìî ÷ ðìáúíå 99ËÏÔÏÒÏÅ × ÂÅÚÒÁÚÍÅÒÎÙÈ �ÅÒÅÍÅÎÎÙÈ �ÒÉÍÅÔ ÓÌÅÄÕÀÝÉÊ ×ÉÄ:�2�t2 (

−△2u+△u)+ ��t div('1(x; |∇u|)∇u) +△u− div('2(x; |∇u|)∇u) = 0;(2.11)ÇÄÅ
△2 ≡ △△; △ = ( �2�x21 ; �2�x22 ; �2�x23) ;x = (x1; x2; x3); |∇u| = √u2x1 + u2x2 + u2x3 ; x ∈ 
 ⊂ R

3:ðÏ Ó×ÏÅÍÕ ÆÉÚÉÞÅÓËÏÍÕ ÓÍÙÓÌÕ ÆÕÎË�ÉÑ u = u(x; t) ÅÓÔØ �ÏÔÅÎ�ÉÁÌ ÜÌÅË-ÔÒÉÞÅÓËÏÇÏ �ÏÌÑ, �ÏÜÔÏÍÕ ÅÓÌÉ �ÒÅÄ�ÏÌÏÖÉÔØ, ÞÔÏ ÇÒÁÎÉ�Á �
 ÏÂÌÁÓÔÉ 
�ÒÅÄÓÔÁ×ÌÑÅÔ ÓÏÂÏÊ ,,ÚÁÚÅÍÌÅÎÎÙÊ\, ,,ÉÄÅÁÌØÎÏ �ÒÏ×ÏÄÑÝÉÊ\ �ÒÏ×ÏÄÎÉË,ÔÏ Ó�ÒÁ×ÅÄÌÉ×Ù ÓÌÅÄÕÀÝÉÅ ÇÒÁÎÉÞÎÙÅ ÕÓÌÏ×ÉÑ äÉÒÉÈÌÅ{îÅÊÍÁÎÁ:u∣∣
∣�
 = �u�nx ∣

∣

∣�
 = 0: (2.12)ëÒÏÍÅ ÔÏÇÏ, ÄÏ�ÏÌÎÉÍ ÕÒÁ×ÎÅÎÉÅ (2.11) ÅÝÅ ÎÁÞÁÌØÎÙÍÉ ÕÓÌÏ×ÉÑÍÉ:u(x; 0) = u0(x); u′(x; 0) = u1(x); u0(x); u1(x) ∈ H
20(
); (2.13)ÇÄÅ ÓÉÍ×ÏÌÏÍ v′ ÚÄÅÓØ É ÄÁÌÅÅ ÂÕÄÅÍ ÏÂÏÚÎÁÞÁÔØ ÞÁÓÔÎÕÀ �ÒÏÉÚ×ÏÄÎÕÀ �Ï×ÒÅÍÅÎÉ. §3. òÁÚÒÕÛÅÎÉÅ ÓÉÌØÎÏÇÏ ÏÂÏÂÝÅÎÎÏÇÏ ÒÅÛÅÎÉÑðÒÅÖÄÅ ×ÓÅÇÏ ××ÅÄÅÍ ÎÅËÏÔÏÒÙÅ ÕÓÌÏ×ÉÑ ÎÁ ÆÕÎË�ÉÉ'1(x; s); '2(x; s) : 
⊗ R

1+ → R
1:îÁ�ÏÍÎÉÍ Ï�ÒÅÄÅÌÅÎÉÅ ËÁÒÁÔÅÏÄÏÒÉÅ×ÏÊ ÆÕÎË�ÉÉ.ï�ÒÅÄÅÌÅÎÉÅ 1. ëÁÒÁÔÅÏÄÏÒÉÅ×ÏÊ ÆÕÎË�ÉÅÊ ÉÌÉ ÆÕÎË�ÉÅÊ ëÁÒÁÔÅÏÄÏÒÉÎÁÚÙ×ÁÅÔÓÑ ÆÕÎË�ÉÑ f(x; s) : 
⊗ R1+ → R1; ËÏÔÏÒÁÑ ÄÌÑ �ÏÞÔÉ ×ÓÅÈ x ∈ 
ÎÅ�ÒÅÒÙ×ÎÁ �Ï s ∈ R1+ É ÄÌÑ ×ÓÅÈ s ∈ R1+ ÉÚÍÅÒÉÍÁ �Ï x ∈ 
.ðÕÓÔØ ÆÕÎË�ÉÑ '1(x; s) : 
⊗R1+ → R1+ ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ ÓÌÅÄÕÀÝÉÍ ÕÓÌÏ-×ÉÑÍ.õÓÌÏ×ÉÑ ÄÌÑ ÆÕÎË�ÉÉ '1(x; s).(i)1 ÆÕÎË�ÉÑ '1(x; s) ËÁÒÁÔÅÏÄÏÒÉÅ×Á;(ii)1 ÆÕÎË�ÉÑ '1(x; s) ÄÌÑ �ÏÞÔÉ ×ÓÅÈ x ∈ 
 ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ ÓÌÅÄÕÀÝÉÍÕÓÌÏ×ÉÑÍ ÒÏÓÔÁ:

|'1(x; s)| 6 1 + 2|s|p1−2 �ÒÉ p1 ∈ (2; 4℄; (3.1)



100 í. ï. ëïòðõóï÷ÄÌÑ �ÏÞÔÉ ×ÓÅÈ x ∈ 
 ÆÕÎË�ÉÑ '1(x; s) ∈ C(1)([0;+∞)) �Ï �ÅÒÅÍÅÎ-ÎÏÊ s É ÉÍÅÅÔ ÍÅÓÔÏ ÎÅÒÁ×ÅÎÓÔ×Ï
|s'′1s(x; s)| 6 1 + 2|s|p1−2 �ÒÉ p1 ∈ (2; 4℄; (3.2)'(x; s) > 0; '′1s(x; s) > 0 ÄÌÑ ×ÓÅÈ s ∈ R

1+ É �ÏÞÔÉ ×ÓÅÈ x ∈ 
;(3.3)(iii)1 Ï�ÅÒÁÔÏÒ div('1(x; |∇v|)∇v) ÄÌÑ ×ÓÅÈ v ∈ W
1;p10 (
) Ñ×ÌÑÅÔÓÑ ÌÏËÁÌØ-ÎÏ ÌÉ�ÛÉ�-ÎÅ�ÒÅÒÙ×ÎÙÍ É ÄÉÆÆÅÒÅÎ�ÉÒÕÅÍÙÍ �Ï æÒÅÛÅ:

‖div('1(x; |∇v1|)∇v1)− div('1(x; |∇v2|)∇v2)‖−1;p′1 6 �1(R1)‖∇v1 −∇v2‖p1(3.4)ÄÌÑ ×ÓÅÈ v1; v2 ∈ W
1;p10 (
); ÇÄÅ p′1 = p1=(p1−1), ‖·‖−1;p′1 | ÜÔÏ ÎÏÒÍÁÂÁÎÁÈÏ×Á �ÒÏÓÔÒÁÎÓÔ×Á W−1;p′1(
), Á ‖·‖p1 | ÜÔÏ ÎÏÒÍÁ ÂÁÎÁÈÏ×Á�ÒÏÓÔÒÁÎÓÔ×Á Lp1(
);R1 = max{‖∇v1‖p1 ; ‖∇v2‖p1};�1(·) | ÜÔÏ ÎÅÏÔÒÉ�ÁÔÅÌØÎÁÑ É ÎÅÕÂÙ×ÁÀÝÁÑ ÆÕÎË�ÉÑ Ó×ÏÅÇÏ ÁÒ-ÇÕÍÅÎÔÁ.úÁÍÅÞÁÎÉÅ 1. �Ï, ÞÔÏ × ÕÓÌÏ×ÉÑÈ (3.1) É (3.2) ÆÉÇÕÒÉÒÕÀÔ ÏÄÎÉ É ÔÅ ÖÅ�ÏÓÔÏÑÎÎÙÅ 1; 2 > 0, ÎÅ Ñ×ÌÑÅÔÓÑ ÓÉÌØÎÙÍ ÏÇÒÁÎÉÞÅÎÉÅÍ. é ÍÙ ÉÈ ×ÚÑÌÉÏÄÉÎÁËÏ×ÙÍÉ ÔÏÌØËÏ ÉÚ{ÚÁ ÓÏËÒÁÝÅÎÉÑ ÓÏ×ÓÅÍ ÎÅÎÕÖÎÙÈ ÇÒÏÍÏÚÄËÉÈ ×Ù-ÒÁÖÅÎÉÊ. ïÔÍÅÔÉÍ, ËÒÏÍÅ ÔÏÇÏ, ÞÔÏ �ÒÉÍÅÒÏÍ ÆÕÎË�ÉÉ '1(x; s) Ñ×ÌÑÅÔÓÑ,ÎÁ�ÒÉÍÅÒ, ÓÌÅÄÕÀÝÁÑ ÆÕÎË�ÉÑ: '1(x; s) = sp1−2 �ÒÉ p1 ∈ [3; 4℄. ïÔÍÅÔÉÍ,ÞÔÏ ÄÌÑ ÜÔÏÊ ÆÕÎË�ÉÉ Ï�ÅÒÁÔÏÒdiv('1(x; |∇u|)∇u) = div(|∇u|p1−2∇u) �ÒÉ p1 ∈ [3; 4℄| ÜÔÏ ËÌÁÓÓÉÞÅÓËÉÊ Ï�ÅÒÁÔÏÒ �ÓÅ×ÄÏ-ÌÁ�ÌÁÓÉÁÎÁ.�Å�ÅÒØ ××ÅÄÅÍ ÕÓÌÏ×ÉÑ ÎÁ ÆÕÎË�ÉÀ '2(x; s) : 
⊗ R1+ → R1:õÓÌÏ×ÉÑ ÄÌÑ ÆÕÎË�ÉÉ '2(x; s).(i)2 ÆÕÎË�ÉÑ '2(x; s) ËÁÒÁÔÅÏÄÏÒÉÅ×Á;(ii)2 ÆÕÎË�ÉÑ '2(x; s) ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ ÕÓÌÏ×ÉÀ ÒÏÓÔÁ:

|'2(x; s)| 6 3 + 4|s|p2−2 ÄÌÑ �ÏÞÔÉ ×ÓÅÈ x ∈ 
 �ÒÉ p2 ∈ (2; 6℄; (3.5)(iii)2 ÓÕÝÅÓÔ×ÕÅÔ ÔÁËÏÅ # > 2, ÞÔÏ ÄÌÑ ×ÓÅÈ v(x) ∈ W
1;p20 (
) ×Ù�ÏÌÎÅÎÏÎÅÒÁ×ÅÎÓÔ×Ï

∫
 |∇v|2'2(x; |∇v|) dx > #∫
 dx |∇v|
∫0 s'2(x; s) ds; (3.6)



ï òáúòõûåîéé éïîîï-ú÷õëï÷ùè ÷ïìî ÷ ðìáúíå 101(iv)2 Ï�ÅÒÁÔÏÒ div('1(x; |∇v|)∇v) ÄÌÑ ×ÓÅÈ v ∈ W
1;p10 (
) Ñ×ÌÑÅÔÓÑ ÌÏËÁÌØ-ÎÏ ÌÉ�ÛÉ�-ÎÅ�ÒÅÒÙ×ÎÙÍ:

‖div('2(x; |∇v1|)∇v1)− div('2(x; |∇v2|)∇v2)‖−1;p′2 6 �2(R2)‖∇v1 −∇v2‖p2(3.7)ÄÌÑ ×ÓÅÈ v1; v2 ∈ W
1;p20 (
); ÇÄÅ p′2 = p2=(p2−1), ‖·‖−1;p′2 | ÜÔÏ ÎÏÒÍÁÂÁÎÁÈÏ×Á �ÒÏÓÔÒÁÎÓÔ×Á W−1;p′2(
), Á ‖·‖p2 | ÜÔÏ ÎÏÒÍÁ ÂÁÎÁÈÏ×Á�ÒÏÓÔÒÁÎÓÔ×Á Lp2(
);R2 = max{‖∇v1‖p2 ; ‖∇v2‖p2};�2(·) | ÜÔÏ ÎÅÏÔÒÉ�ÁÔÅÌØÎÁÑ É ÎÅÕÂÙ×ÁÀÝÁÑ ÆÕÎË�ÉÑ Ó×ÏÅÇÏ ÁÒ-ÇÕÍÅÎÔÁ.ðÏÓÔÏÑÎÎÙÅ 1; 2; 3; 4 > 0.ðÒÅÖÄÅ ÞÅÍ ÄÁ×ÁÔØ Ï�ÒÅÄÅÌÅÎÉÅ ÓÉÌØÎÏÇÏ ÏÂÏÂÝÅÎÎÏÇÏ ÒÅÛÅÎÉÑ ÚÁÄÁÞÉ,ÎÁÍ ÎÅÏÂÈÏÄÉÍÏ ÏÂÓÕÄÉÔØ Ó×ÏÊÓÔ×Á Ï�ÅÒÁÔÏÒÏ×div('1(x; |∇v|)∇v) É div('2(x; |∇v|)∇v):ó ÜÔÏÊ �ÅÌØÀ ÎÁ�ÏÍÎÉÍ Ï�ÒÅÄÅÌÅÎÉÅ Ï�ÅÒÁÔÏÒÁ îÅÍÙ�ËÏÇÏ.ï�ÒÅÄÅÌÅÎÉÅ 2. ï�ÅÒÁÔÏÒ Nf (u) ≡ f(x; u); �ÏÒÏÖÄÅÎÎÙÊ ËÁÒÁÔÅÏÄÏÒÉ-Å×ÏÊ ÆÕÎË�ÉÅÊ f(x; u); ÎÁÚÙ×ÁÅÔÓÑ Ï�ÅÒÁÔÏÒÏÍ îÅÍÙ�ËÏÇÏ.äÏËÁÖÅÍ, ÞÔÏ �ÒÉ ÕÓÌÏ×ÉÑÈ (i)1{(ii)1 É (i)2{(ii)2 ÜÔÉ Ï�ÅÒÁÔÏÒÙ ÄÅÊÓÔ×Õ-ÀÔ ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ:div('1(x; |∇v|)∇v) : W

1;p10 (
) → W
−1;p′1(
);div('2(x; |∇v|)∇v) : W

1;p20 (
) → W
−1;p′2(
);ÇÄÅ p′1 = p1=(p1 − 1) É p′2 = p2=(p2 − 1). äÅÊÓÔ×ÉÔÅÌØÎÏ, ÒÁÓÓÍÏÔÒÉÍ ÓÌÕ-ÞÁÊ Ï�ÅÒÁÔÏÒÁ div('1(x; |∇v|)∇v); �ÏÓËÏÌØËÕ Ï�ÅÒÁÔÏÒ div('2(x; |∇v|)∇v)ÒÁÓÓÍÁÔÒÉ×ÁÅÔÓÑ ÁÎÁÌÏÇÉÞÎÙÍ ÏÂÒÁÚÏÍ.éÔÁË, �ÕÓÔØ v ∈ W

1;p10 (
) �ÒÉ p1 ∈ (2; 4℄; ÔÏÇÄÁ Ï�ÅÒÁÔÏÒ� = ∇v : W
1;p10 (
) → L

p1(
)⊗ L
p1(
)⊗ L

p1(
): (3.8)òÁÓÓÍÏÔÒÉÍ ÓÌÅÄÕÀÝÕÀ ×ÅËÔÏÒ-ÆÕÎË�ÉÀ:f(x; �) ≡ '1(x; |�|)�: (3.9)÷ ÓÉÌÕ ÕÓÌÏ×ÉÑ (i)1 ÆÕÎË�ÉÑ '1(x; s) : 
⊗R1+ → R1 Ñ×ÌÑÅÔÓÑ ËÁÒÁÔÅÏÄÏÒÉ-Å×ÏÊ. ðÏÜÔÏÍÕ ÆÕÎË�ÉÑ '1(x; |�|) Ñ×ÌÑÅÔÓÑ ËÁÒÁÔÅÏÄÏÒÉÅ×ÏÊ ËÁË ÆÕÎË�ÉÑ'1(x; |�|) : 
⊗ R
3 → R

1:



102 í. ï. ëïòðõóï÷úÎÁÞÉÔ, �ÒÏÉÚ×ÅÄÅÎÉÅ '1(x; |�|)� Ñ×ÌÑÅÔÓÑ ÔÁËÖÅ ËÁÒÁÔÅÏÄÏÒÉÅ×ÏÊ ËÁËÆÕÎË�ÉÑ ÏÔ � = (�1; �2; �3). �ÁËÉÍ ÏÂÒÁÚÏÍ, ÄÏËÁÚÁÎÏ, ÞÔÏ ÆÕÎË�ÉÑf(x; �) ≡ '1(x; |�|)� : 
⊗ R
3 → R

3Ñ×ÌÑÅÔÓÑ ËÁÒÁÔÅÏÄÏÒÉÅ×ÏÊ. ðÏÌÕÞÉÍ ÔÅ�ÅÒØ Ï�ÅÎËÕ ÎÁ ÒÏÓÔ ÆÕÎË�ÉÉ f(x; �).äÅÊÓÔ×ÉÔÅÌØÎÏ,
|f(x; �)| 6 |'1(x; |�|)||�| 6 1|�|+ 2|�|p1−1

6
|�|p1−1p1 − 1 + p1 − 2p1 − 1(p1−1)=(p1−2)1 + 2|�|p1−1 = 1 + 2|�|p1−1; (3.10)ÇÄÅ 1 = p1 − 2p1 − 1(p1−1)=(p1−2)1 ; 2 = 2 + 1p1 − 1 :óÌÅÄÏ×ÁÔÅÌØÎÏ, ÆÕÎË�ÉÑ f(x; �) Ñ×ÌÑÅÔÓÑ ËÁÒÁÔÅÏÄÏÒÉÅ×ÏÊ É ÕÄÏ×ÌÅÔ×Ï-ÒÑÅÔ ÕÓÌÏ×ÉÀ ÒÏÓÔÁ (3.10). üÔÏ ÏÚÎÁÞÁÅÔ, ÞÔÏ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÊ Ï�ÅÒÁÔÏÒîÅÍÙ�ËÏÇÏ Nf (�) ÄÅÊÓÔ×ÕÅÔ� = Nf (�) : L
p1(
)⊗L

p1(
)⊗L
p1(
)→L

p′1(
)⊗L
p′1(
)⊗L

p′1(
); p′1 = p1p1 − 1 ;(3.11)É × ÓÉÌÕ ÔÅÏÒÅÍÙ í. á. ëÒÁÓÎÏÓÅÌØÓËÏÇÏ [4℄ Ñ×ÌÑÅÔÓÑ ÎÅ�ÒÅÒÙ×ÎÙÍ ÏÔÏ-ÂÒÁÖÅÎÉÅÍ ÏÔÎÏÓÉÔÅÌØÎÏ ÓÉÌØÎÙÈ ÔÏ�ÏÌÏÇÉÊ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÈ ÂÁÎÁÈÏ-×ÙÈ �ÒÏÓÔÒÁÎÓÔ×
B ≡ L

p1(
)⊗ L
p1(
)⊗ L

p1(
) É B
∗ ≡ L

p′1(
)⊗ L
p′1(
)⊗ L

p′1(
):ïÓÔÁÌÏÓØ ÚÁÍÅÔÉÔØ, ÞÔÏ Ï�ÅÒÁÔÏÒ div ·; �ÏÎÉÍÁÅÍÙÊ × ÓÌÁÂÏÍ ÓÍÙÓÌÅ, ÄÅÊ-ÓÔ×ÕÅÔ ÓÌÅÄÕÀÝÉÍ ÏÂÒÁÚÏÍ:div � : L
p′1(
)⊗ L

p′1(
)⊗ L
p′1(
) → W

−1;p′1(
): (3.12)ðÏÓËÏÌØËÕ div('1(x; |∇v|)∇v) = div(Nf (∇v));ÔÏ �ÒÉÈÏÄÉÍ Ë ×Ù×ÏÄÕ, ÞÔÏdiv('1(x; |∇v|)∇v) : W
1;p10 (
) → W

−1;p′1(
):�Å�ÅÒØ ÚÁÍÅÔÉÍ, ÞÔÏ × ÓÉÌÕ ÕÓÌÏ×ÉÊ (ii)1 É (ii)2 �ÏËÁÚÁÔÅÌÉ p1 ∈ (2; 4℄ Ép2 ∈ (2; 6℄; �ÏÜÔÏÍÕ × ÓÉÌÕ ÏÇÒÁÎÉÞÅÎÎÏÓÔÉ ÏÂÌÁÓÔÉ 
 ⊂ R3 É ÒÅÆÌÅËÓÉ×-ÎÏÓÔÉ ÂÁÎÁÈÏ×Á �ÒÏÓÔÒÁÎÓÔ×Á H20(
) ÉÍÅÀÔ ÍÅÓÔÏ ÓÌÅÄÕÀÝÉÅ Ä×Å �Å�ÏÞËÉ�ÌÏÔÎÙÈ É ÎÅ�ÒÅÒÙ×ÎÙÈ ×ÌÏÖÅÎÉÊ:
H
20(
) ds⊂ W

1;p10 (
) ds⊂ W
−1;p′1(
) ds⊂ H

−2(
); (3.13)
H
20(
) ds⊂ W

1;p20 (
) ds⊂ W
−1;p′2(
) ds⊂ H

−2(
): (3.14)
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H20(
) É H−2(
), ÓËÏÂËÉ Ä×ÏÊÓÔ×ÅÎÎÏÓÔÉ 〈·; ·〉1 ÍÅÖÄÕ ÂÁÎÁÈÏ×ÙÍÉ �ÒÏ-ÓÔÒÁÎÓÔ×ÁÍÉW

1;p10 (
) ÉW−1;p′1(
) É, ÎÁËÏÎÅ�, ÓËÏÂËÉ Ä×ÏÊÓÔ×ÅÎÎÏÓÔÉ 〈·; ·〉2ÍÅÖÄÕ ÂÁÎÁÈÏ×ÙÍÉ �ÒÏÓÔÒÁÎÓÔ×ÁÍÉ W
1;p20 (
) É W−1;p′2(
): ÷×ÅÄÅÍ, ËÒÏÍÅÔÏÇÏ, Ï�ÅÒÁÔÏÒÙ ×ÌÏÖÅÎÉÑ J1 É J2 ÓÌÅÄÕÀÝÉÍ ÏÂÒÁÚÏÍ:

J1 : H
20(
) → W

1;p10 (
); J2 : H
20(
) → W

1;p20 (
):�ÏÇÄÁ Ó ÕÞÅÔÏÍ (3.13) É (3.14) ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÅ ÔÒÁÎÓ�ÏÎÉÒÏ×ÁÎÎÙÅ Ï�Å-ÒÁÔÏÒÙ
J
t1 : W

−1;p′1(
) → H
−2(
); J

t2 : W
−1;p′2(
) → H

−2(
);Ï�ÒÅÄÅÌÅÎÎÙÅ ÒÁ×ÅÎÓÔ×ÁÍÉ
〈

J
t1f1; w〉 = 〈f1; J1w〉1 ÄÌÑ ×ÓÅÈ f1 ∈ W

−1;p′1(
) É ×ÓÅÈ w ∈ H
20(
); (3.15)

〈

J
t2f2; w〉 = 〈f2; J2w〉2 ÄÌÑ ×ÓÅÈ f2 ∈ W

−1;p′2(
) É ×ÓÅÈ w ∈ H
20(
); (3.16)Ñ×ÌÑÀÔÓÑ ÔÁËÖÅ Ï�ÅÒÁÔÏÒÁÍÉ ×ÌÏÖÅÎÉÑ. ðÏÜÔÏÍÕ ÅÓÌÉ ÍÙ ÏÔÏÖÄÅÓÔ×ÉÍ

H20(
) Ó J1H20(
) ⊂ W
1;p′10 (
) É H20(
)  J2H20(
) ⊂ W

1;p′20 (
); ÔÏ W−1;p′1(
)ÍÏÖÎÏ ÏÔÏÖÄÅÓÔ×ÉÔØ Ó Jt1W−1;p′1(
) ⊂ H−2(
); Á W−1;p′2(
) ÍÏÖÎÏ ÏÔÏÖÄÅ-ÓÔ×ÉÔØ Ó Jt2W−1;p′2(
) ⊂ H−2(
): é ÔÏÇÄÁ �ÏÓÌÅ ÕËÁÚÁÎÎÏÇÏ ÏÔÏÖÄÅÓÔ×ÌÅ-ÎÉÑ ÍÙ �ÏÌÕÞÉÍ ÉÚ (3.15) É (3.16) ÓÌÅÄÕÀÝÉÅ ÒÁ×ÅÎÓÔ×Á ÓËÏÂÏË Ä×ÏÊÓÔ×ÅÎ-ÎÏÓÔÉ:
〈f1; w〉 = 〈f1; w〉1 ÄÌÑ ×ÓÅÈ f1 ∈ W

−1;p′1(
) É ×ÓÅÈ w ∈ H
20(
); (3.17)

〈f2; w〉 = 〈f2; w〉2 ÄÌÑ ×ÓÅÈ f2 ∈ W
−1;p′2(
) É ×ÓÅÈ w ∈ H

20(
): (3.18)�Å�ÅÒØ ÍÙ ÍÏÖÅÍ ÄÁÔØ Ï�ÒÅÄÅÌÅÎÉÅ ÓÉÌØÎÏÇÏ ÏÂÏÂÝÅÎÎÏÇÏ ÒÅÛÅÎÉÑ ÚÁ-ÄÁÞÉ (2.11){(2.13).ï�ÒÅÄÅÌÅÎÉÅ 3. æÕÎË�ÉÑ ËÌÁÓÓÁ u(x; t) ∈ C(2)([0;T℄;H20(
)) �ÒÉ ÎÅËÏ-ÔÏÒÏÍ T > 0 ÎÁÚÙ×ÁÅÔÓÑ ÓÉÌØÎÙÍ ÏÂÏÂÝÅÎÎÙÍ ÒÅÛÅÎÉÅÍ ÚÁÄÁÞÉ (2.11){(2.13), ÅÓÌÉ ×Ù�ÏÌÎÅÎÏ ÓÌÅÄÕÀÝÅÅ ÒÁ×ÅÎÓÔ×Ï:
〈D(u); w〉 = 0 ÄÌÑ ×ÓÅÈ t ∈ [0;T℄ É ×ÓÅÈ w ∈ H

20(
); (3.19)ÇÄÅD(u) ≡ �2�t2 (

−△2u+△u)+ ��t div('1(x; |∇u|)∇u)+△u−div('2(x; |∇u|)∇u);
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〈·; ·〉 | ÜÔÏ ÓËÏÂËÉ Ä×ÏÊÓÔ×ÅÎÎÏÓÔÉ ÍÅÖÄÕ ÂÁÎÁÈÏ×ÙÍÉ �ÒÏÓÔÒÁÎÓÔ×ÁÍÉ
H20(
) É H−2(
).úÁÍÅÞÁÎÉÅ 2. úÄÅÓØ ÎÁÍ ÎÅÏÂÈÏÄÉÍÏ �ÏÑÓÎÉÔØ, ÞÔÏ Ï�ÅÒÁÔÏÒ △2 ÎÁÍÉ�ÏÎÉÍÁÅÔÓÑ × ÓÌÅÄÕÀÝÅÍ ÓÍÙÓÌÅ:

〈

△2u;w〉

≡
∫
 △u△w dx ÄÌÑ ×ÓÅÈ u;w ∈ H

20(
):é ÍÙ ÂÕÄÅÍ ÉÓ�ÏÌØÚÏ×ÁÔØ ÔÅÒÍÉÎ ÉÎÔÅÇÒÉÒÏ×ÁÎÉÑ �Ï ,,ÞÁÓÔÑÍ\ ÄÌÑ ÒÁÓ-�ÒÅÄÅÌÅÎÉÑ △2u × ÓÍÙÓÌÅ ÕËÁÚÁÎÎÏÇÏ ÒÁ×ÅÎÓÔ×Á.÷×ÅÄÅÍ ÓÌÅÄÕÀÝÉÅ ÏÂÏÚÎÁÞÅÎÉÑ:�(t) ≡ �[u℄(t) ≡ 12 ∫
 |△u|2 dx+ 12 ∫
 |∇u|2 dx; (3.20)J(t) ≡ J[u℄(t) ≡ ∫
 |△u′ |2 dx+ ∫
 |∇u′ |2 dx: (3.21)ó�ÒÁ×ÅÄÌÉ×Á ÓÌÅÄÕÀÝÁÑ ÌÅÍÍÁ.ìÅÍÍÁ 1. ðÕÓÔØ u(x; t) ∈ C(1)([0;T℄;H10(
)) �ÒÉ ÎÅËÏÔÏÒÏÍ T > 0; ÔÏÇÄÁÓ�ÒÁ×ÅÄÌÉ×Ï ÎÅÒÁ×ÅÎÓÔ×Ï(�′)2(t) 6 2�(t)J(t) ÄÌÑ ×ÓÅÈ t ∈ [0;T℄: (3.22)äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÏÓËÏÌØËÕ u(x; t) ∈ C(1)([0;T℄;H10(
)); ÔÏ Ó�ÒÁ×ÅÄÌÉ×ÏÒÁ×ÅÎÓÔ×Ï �′ = ∫
 (

∇u′ ;∇u) dx+ ∫
 △u′△u dx:ó�ÒÁ×ÅÄÌÉ×Ù ÓÌÅÄÕÀÝÉÅ ÎÅÒÁ×ÅÎÓÔ×Á:
∣

∣

∣

∣

∫
 (

∇u′ ;∇u) dx∣∣∣
∣

6 ‖∇u′‖2‖∇u‖2;
∣

∣

∣

∣

∫
 △u′△u dx∣∣∣
∣

6

(∫
 |△u′ |2 dx)1=2(∫
 |△u|2 dx)1=2:
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‖∇u′‖2‖∇u‖2 +(∫
 |△u′ |2 dx)1=2(∫
 |△u|2 dx)1=2


2
6 ‖∇u′‖22‖∇u‖22 + ∫
 |△u′ |2 dx∫
 |△u|2 dx+ 2‖∇u′‖2‖∇u‖2(∫
 |△u′ |2 dx)1=2(∫
 |△u|2 dx)1=2
6 ‖∇u′‖22‖∇u‖22 + ∫
 |△u′ |2 dx∫
 |△u|2 dx+ ‖∇u′‖22 ∫
 |△u|2 dx+ ‖∇u‖22 ∫
 |△u′ |2 dx= (

‖∇u′‖22 + ∫
 |△u′ |2 dx)(

‖∇u‖22 + ∫
 |△u|2 dx) = 2J(t)�(t);ÇÄÅ ÍÙ ×ÏÓ�ÏÌØÚÏ×ÁÌÉÓØ ÎÅÒÁ×ÅÎÓÔ×ÏÍ 2ab 6 a2 + b2 �ÒÉa = ‖∇u′‖2( ∫
 |△u|2 dx)1=2; b = ‖∇u‖2( ∫
 |△u′ |2 dx)1=2:ìÅÍÍÁ ÄÏËÁÚÁÎÁ. ��Å�ÅÒØ ÍÙ �ÅÒÅÊÄÅÍ Ë ×Ù×ÏÄÕ �ÅÒ×ÏÇÏ É ×ÔÏÒÏÇÏ ÜÎÅÒÇÅÔÉÞÅÓËÉÈ ÒÁ-×ÅÎÓÔ×. ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ �ÒÉ ÎÅËÏÔÏÒÏÍ T > 0 ÓÕÝÅÓÔ×ÕÅÔ ÓÉÌØÎÏÅ ÏÂÏÂ-ÝÅÎÎÏÅ ÒÅÛÅÎÉÅ ÚÁÄÁÞÉ (2.11){(2.13), �ÏÎÉÍÁÅÍÏÊ × ÓÍÙÓÌÅ Ï�ÒÅÄÅÌÅÎÉÑ 3,ËÌÁÓÓÁ u(x; t) ∈ C(2)([0;T℄;H20(
)).÷ÏÚØÍÅÍ × ÒÁ×ÅÎÓÔ×Å (3.19) × ËÁÞÅÓÔ×Å ÆÕÎË�ÉÉ w ÓÁÍÏ ÒÅÛÅÎÉÅ u:w = u: �ÏÇÄÁ �ÏÓÌÅ ÉÎÔÅÇÒÉÒÏ×ÁÎÉÑ �Ï ,,ÞÁÓÔÑÍ\ ÍÙ �ÏÌÕÞÉÍ ÓÌÅÄÕÀÝÅÅÒÁ×ÅÎÓÔ×Ï:
∫
 △u′′△u dx+ ∫
 (∇u′′ ;∇u) dx+ ∫
 (

∇u; ��t ['1(x; |∇u|)∇u℄) dx+ ∫
 |∇u|2 dx = ∫
 '2(x; |∇u|)|∇u|2 dx: (3.23)



106 í. ï. ëïòðõóï÷úÁÍÅÔÉÍ, ÞÔÏ Ó�ÒÁ×ÅÄÌÉ×Ù ÓÌÅÄÕÀÝÉÅ ÒÁ×ÅÎÓÔ×Á:
∫
 (

∇u′′ ;∇u) dx = ddt ∫
 (

∇u′ ;∇u) dx− ‖∇u′‖22 = 12 d2dt2 ‖∇u‖22 − ‖∇u′‖22;(3.24)
∫
 △u′′△u dx= ddt ∫
 △u′△u dx−∫
 |△u′ |2 dx=12 d2dt2 ∫
 |△u|2 dx−∫
 |△u′ |2 dx:(3.25)òÁÓÓÍÏÔÒÉÍ ÏÔÄÅÌØÎÏ ÓÌÅÄÕÀÝÉÊ ÉÎÔÅÇÒÁÌ:I1 ≡ ∫
 (

∇u; ��t ['1(x; |∇u|)∇u℄) dx = ∫
 '1(x; |∇u|)(∇u′ ;∇u) dx+ ∫
 |∇u|2'′1s(x; s)∣∣∣s=|∇u| ��t |∇u| dx = I2 + I3: (3.26)ðÒÅÏÂÒÁÚÕÅÍ ÉÎÔÅÇÒÁÌ I3 ÓÌÅÄÕÀÝÉÍ ÏÂÒÁÚÏÍ:I3 = ∫
 |∇u|2'′1s(x; s)∣∣∣s=|∇u| ��t |∇u| dx= ∫
 |∇u|'′1s(x; s)∣∣∣s=|∇u|12 ��t |∇u|2 dx= ∫
 |∇u|'′1s(x; s)∣∣∣s=|∇u|(∇u′ ;∇u) dx= ∫
 (

∇u′ ; |∇u|'′1s(x; s)∣∣∣s=|∇u|∇u) dx: (3.27)
äÌÑ ÉÎÔÅÇÒÁÌÁ I2 �ÏÌÕÞÉÍ ÓÌÅÄÕÀÝÅÅ ÒÁ×ÅÎÓÔ×Ï:I2 = ∫
 (

∇u′ ; '1(x; |∇u|)∇u) dx: (3.28)�Å�ÅÒØ ÉÚ ÒÁ×ÅÎÓÔ×Á (3.23) Ó ÕÞÅÔÏÍ ÏÂÏÚÎÁÞÅÎÉÊ (3.20), (3.21) É Ï�ÒÅÄÅ-ÌÅÎÉÑ ÉÎÔÅÇÒÁÌÏ× I2 É I3 �ÏÌÕÞÉÍ ÓÌÅÄÕÀÝÅÅ ÒÁ×ÅÎÓÔ×Ï:�′′ − J + I2 + I3 + ∫
 |∇u|2 dx = ∫
 '2(x; |∇u|)|∇u|2 dx: (3.29)�Å�ÅÒØ ÎÁÛÁ ÚÁÄÁÞÁ | �ÏÌÕÞÉÔØ Ï�ÅÎËÉ Ó×ÅÒÈÕ ÎÁ ÉÎÔÅÇÒÁÌÙ I2 É I3;Ï�ÒÅÄÅÌÅÎÎÙÅ ÒÁ×ÅÎÓÔ×ÁÍÉ (3.28) É (3.27). òÁÓÓÍÏÔÒÉÍ ÉÎÔÅÇÒÁÌ I2: ÷ÏÓ-�ÏÌØÚÕÅÍÓÑ ÕÓÌÏ×ÉÅÍ ÒÏÓÔÁ (3.1). éÔÁË, ÉÍÅÅÔ ÍÅÓÔÏ ÓÌÅÄÕÀÝÁÑ �Å�ÏÞËÁ



ï òáúòõûåîéé éïîîï-ú÷õëï÷ùè ÷ïìî ÷ ðìáúíå 107ÎÅÒÁ×ÅÎÓÔ×:
|I2| 6

∫
 |∇u′ ||'1(x; |∇u|)||∇u| dx 6 ‖∇u′‖2(∫
 |'1(x; |∇u|)|2|∇u|2 dx)1=2
6
"2‖∇u′‖22 + 12" ∫
 |'1(x; |∇u|)|2|∇u|2 dx

6
"2J + 2212" ∫
 |∇u|2 dx+ 2222" ∫
 |∇u|2(1+q1) dx

6
"2J + 221" �+ 22" ∫
 |∇u|2(1+q1) dx; (3.30)ÇÄÅ ÍÙ ××ÅÌÉ ÏÂÏÚÎÁÞÅÎÉÅ q1 = p1 − 2, Á ×ÅÌÉÞÉÎÁ " > 0. �Å�ÅÒØ ÏÔÄÅÌØÎÏÒÁÓÓÍÏÔÒÉÍ ÉÎÔÅÇÒÁÌ I4 = ∫
 |∇u|2(1+q1) dx: (3.31)úÁÍÅÔÉÍ, ÞÔÏ × ÓÉÌÕ ÕÓÌÏ×ÉÑ (ii)1 ×ÅÌÉÞÉÎÁ p1 ∈ (2; 4℄ É, ÚÎÁÞÉÔ, × ÓÉ-ÌÕ Ï�ÒÅÄÅÌÅÎÉÑ q1 = p1 − 2 ∈ (0; 2℄. ðÏÜÔÏÍÕ ÉÍÅÅÔ ÍÅÓÔÏ ÎÅ�ÒÅÒÙ×ÎÏÅ×ÌÏÖÅÎÉÅ:

H
20(
) ⊂ W

1;q0 (
) �ÒÉ q = 2(1 + q1):ðÏÜÔÏÍÕ ÎÁÊÄÅÔÓÑ ÔÁËÁÑ ÎÁÉÌÕÞÛÁÑ �ÏÓÔÏÑÎÎÁÑ 5 > 0, ÞÔÏ
‖∇w‖q 6 5‖△w‖2 ÄÌÑ ×ÓÅÈ w ∈ H

20(
):úÎÁÞÉÔ, ÉÍÅÅÔ ÍÅÓÔÏ ÓÌÅÄÕÀÝÅÅ ÎÅÒÁ×ÅÎÓÔ×Ï:I4 = ∫
 |∇u|2(1+q1) dx 6 q5(∫
 |△u|2 dx)q=2= q52q=2(12 ∫
 |△u|2 dx)q=2
6 q52q=2�1+q1 ; q1 = p1 − 2: (3.32)�ÁËÉÍ ÏÂÒÁÚÏÍ, ÄÌÑ ÉÎÔÅÇÒÁÌÁ I2 Ó ÕÞÅÔÏÍ �Å�ÏÞËÉ ÎÅÒÁ×ÅÎÓÔ× (3.30) É�ÏÌÕÞÅÎÎÏÊ Ï�ÅÎËÉ (3.32) ×ÙÔÅËÁÅÔ ÓÌÅÄÕÀÝÁÑ Ï�ÅÎËÁ:

|I2| 6
"2J + 221" �+ 22q52q=2" �1+q1 ; q1 = p1 − 2; " > 0: (3.33)



108 í. ï. ëïòðõóï÷ðÏÌÕÞÉÍ ÔÅ�ÅÒØ Ï�ÅÎËÕ ÄÌÑ ÉÎÔÅÇÒÁÌÁ I3; Ï�ÒÅÄÅÌÅÎÎÏÇÏ ÒÁ×ÅÎÓÔ×ÏÍ (3.27).äÅÊÓÔ×ÉÔÅÌØÎÏ, ÉÍÅÅÔ ÍÅÓÔÏ ÓÌÅÄÕÀÝÁÑ �Å�ÏÞËÁ ÎÅÒÁ×ÅÎÓÔ×:
|I3| 6

∫
 |∇u′ ||'′1s(x; |∇u|)||∇u|2 dx
6 ‖∇u′‖2(∫
 |'′1s(x; |∇u|)|2|∇u|4 dx)1=2
6
"2‖∇u′‖22 + 12" ∫
 |'′1s(x; |∇u|)|2|∇u|2|∇u|2 dx: (3.34)

úÁÍÅÔÉÍ, ÞÔÏ ÄÌÑ ÆÕÎË�ÉÉ '′1s(x; s)s É ÆÕÎË�ÉÉ '1(x; s) Ó�ÒÁ×ÅÄÌÉ×Ù ÔÁ-ËÉÅ ÖÅ ÕÓÌÏ×ÉÑ ÒÏÓÔÁ Ó ÔÅÍÉ ÖÅ �ÏÓÔÏÑÎÎÙÍÉ (ÓÍ. ÕÓÌÏ×ÉÅ (ii)1). ðÏÜÔÏÍÕÄÁÌØÛÅ ÍÙ �ÏÌÕÞÉÍ ÄÌÑ ÉÎÔÅÇÒÁÌÁ I3 ÔÕ ÖÅ Ï�ÅÎËÕ, ÞÔÏ É ÄÌÑ ÉÎÔÅÇÒÁÌÁI2. éÔÁË, �ÏÌÕÞÉÌÉ Ï�ÅÎËÕ
|I3| 6

"2J + 221" �+ 22q52q=2" �1+q1 ; q1 = p1 − 2; " > 0: (3.35)�ÁËÉÍ ÏÂÒÁÚÏÍ, ÉÚ Ï�ÅÎÏË (3.33) É (3.35) É ÒÁ×ÅÎÓÔ×Á (3.29) �ÏÌÕÞÉÍ ×Ù-ÒÁÖÅÎÉÅ�′′ − J+ "J+ 421" �+ 22q52q=2+1" �1+q1 +∫
 |∇u|2 dx >

∫
 '2(x; |∇u|)|∇u|2 dx;(3.36)ÇÄÅ q = 2(1 + q1); q1 = p1 − 2.�Å�ÅÒØ ÎÁÍ ÎÁÄÏ �ÏÌÕÞÉÔØ ×ÔÏÒÏÅ ÜÎÅÒÇÅÔÉÞÅÓËÏÅ ÒÁ×ÅÎÓÔ×Ï. ðÒÅÄ×Á-ÒÉÔÅÌØÎÏ ××ÅÄÅÍ ÓÌÅÄÕÀÝÉÊ ÆÕÎË�ÉÏÎÁÌ: (v)≡ ∫
 dxF(x; |∇v|); F(x; |∇v|)= |∇v|
∫0 s'2(x; s) ds ÄÌÑ ×ÓÅÈ v ∈ W

1;p20 (
):(3.37)úÁÍÅÔÉÍ, ÞÔÏ ÜÔÏÔ ÆÕÎË�ÉÏÎÁÌ ÍÏÖÎÏ �ÅÒÅ�ÉÓÁÔØ × ×ÉÄÅ (h) = ∫
 dxF(x; h); ÇÄÅ h = |∇v| ∈ L
p2(
): (3.38)ó�ÒÁ×ÅÄÌÉ×Á ÓÌÅÄÕÀÝÁÑ ÉÚ×ÅÓÔÎÁÑ ÌÅÍÍÁ.ìÅÍÍÁ 2. ðÕÓÔØ ÆÕÎË�ÉÑ '2(x; s) ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ ÕÓÌÏ×ÉÑÍ (i)2{(ii)2; ÔÏ-ÇÄÁ ÆÕÎË�ÉÏÎÁÌ  (h); Ï�ÒÅÄÅÌÅÎÎÙÊ ÆÏÒÍÕÌÏÊ (3.38), ÄÅÊÓÔ×ÕÀÝÉÊ (h) : L

q2+2(
) → R
1; q2 = p2 − 2;



ï òáúòõûåîéé éïîîï-ú÷õëï÷ùè ÷ïìî ÷ ðìáúíå 109Ñ×ÌÑÅÔÓÑ ÄÉÆÆÅÒÅÎ�ÉÒÕÅÍÙÍ �Ï æÒÅÛÅ, É ÅÇÏ �ÒÏÉÚ×ÏÄÎÁÑ æÒÅÛÅ ′f (h) : L
q2+2(
) → L

(q2+2)=(q2+1)(
)ÒÁ×ÎÁ ′f (h) = Ns'2(x;s)(h) ÄÌÑ ×ÓÅÈ h(x) ∈ L
q2+2(
) É �ÏÞÔÉ ×ÓÅÈ x ∈ 
:äÌÑ ÄÁÌØÎÅÊÛÅÇÏ ÎÁÍ �ÏÔÒÅÂÕÅÔÓÑ ÓÌÅÄÕÀÝÉÊ ÒÅÚÕÌØÔÁÔ (ÓÍ., ÎÁ�ÒÉ-ÍÅÒ, [12℄).�ÅÏÒÅÍÁ 1. ðÕÓÔØ F : B1 → B2 É G : B2 → B3; �ÒÉÞÅÍ Ï�ÅÒÁÔÏÒ FÄÉÆÆÅÒÅÎ�ÉÒÕÅÍ �Ï æÒÅÛÅ × ÎÅËÏÔÏÒÏÊ ÔÏÞËÅ u ∈ B1; Á Ï�ÅÒÁÔÏÒ GÄÉÆÆÅÒÅÎ�ÉÒÕÅÍ �Ï æÒÅÛÅ × ÔÏÞËÅ F(u). �ÏÇÄÁ ÉÈ ËÏÍ�ÏÚÉ�ÉÑ

K ≡ G ◦ FÄÉÆÆÅÒÅÎ�ÉÒÕÅÍÁ �Ï æÒÅÛÅ × ÔÏÞËÅ u ∈ B1; �ÒÉÞÅÍ ÉÍÅÅÔ ÍÅÓÔÏ ÓÌÅÄÕ-ÀÝÅÅ ÒÁ×ÅÎÓÔ×Ï:
K

′f (u) = G
′f (F(u))F′f (u): (3.39)�ÏÇÄÁ ÄÌÑ ÆÕÎË�ÉÏÎÁÌÁ  (u); Ï�ÒÅÄÅÌÅÎÎÏÇÏ ÆÏÒÍÕÌÏÊ (3.37), Ó ÕÞÅÔÏÍÒÅÚÕÌØÔÁÔÁ ÌÅÍÍÙ 2 �ÏÌÕÞÉÍ, ÞÔÏ ÄÌÑ ÆÕÎË�ÉÉ u(x; t) ∈ C(1)([0;T℄;H20(
))ÉÍÅÅÔ ÍÅÓÔÏ ÓÌÅÄÕÀÝÅÅ ÒÁ×ÅÎÓÔ×Ï:ddt (u) = ∫
 |∇u|'2(x; |∇u|) ��t |∇u| dx: (3.40)ðÒÏ×ÅÄÅÍ ÓÌÅÄÕÀÝÉÅ ÜÌÅÍÅÎÔÁÒÎÙÅ �ÒÅÏÂÒÁÚÏ×ÁÎÉÑ × ÒÁ×ÅÎÓÔ×Å (3.40):

∫
 |∇u|'2(x; |∇u|) ��t |∇u| dx = 12 ∫
 '2(x; |∇u|) ��t |∇u|2 dx= ∫
 '2(x; |∇u|)(∇u′ ;∇u) dx = ∫
 (∇u′ ; '2(x; |∇u|)∇u) dx= −
〈div('2(x; |∇u|)∇u); u′

〉2 = −
〈div('2(x; |∇u|)∇u); u′

〉 ; (3.41)ÇÄÅ ÎÁ�ÏÍÎÉÍ 〈·; ·〉2 | ÜÔÏ ÓËÏÂËÉ Ä×ÏÊÓÔ×ÅÎÎÏÓÔÉ ÍÅÖÄÕ ÂÁÎÁÈÏ×ÙÍÉ �ÒÏ-ÓÔÒÁÎÓÔ×ÁÍÉ W
1;p20 (
) É W−1;p′2(
). ðÏÓÌÅÄÎÅÅ ÒÁ×ÅÎÓÔ×Ï ÉÍÅÅÔ ÍÅÓÔÏ ×ÓÉÌÕ ÒÁ×ÅÎÓÔ×Á ÓËÏÂÏË Ä×ÏÊÓÔ×ÅÎÎÏÓÔÉ (3.18).�Å�ÅÒØ ÍÙ ÍÏÖÅÍ �ÅÒÅÊÔÉ Ë ×Ù×ÏÄÕ ×ÔÏÒÏÇÏ ÜÎÅÒÇÅÔÉÞÅÓËÏÇÏ ÒÁ×ÅÎ-ÓÔ×Á. äÅÊÓÔ×ÉÔÅÌØÎÏ, ×ÏÚØÍÅÍ ÔÅ�ÅÒØ × ËÁÞÅÓÔ×Å w × ÒÁ×ÅÎÓÔ×Å (3.19) �ÒÏ-ÉÚ×ÏÄÎÕÀ �Ï ×ÒÅÍÅÎÉ ÏÔ ÓÁÍÏÇÏ ÒÅÛÅÎÉÑ: w = u′ . �ÏÇÄÁ �ÏÓÌÅ ÉÎÔÅÇÒÉÒÏ-×ÁÎÉÑ �Ï ,,ÞÁÓÔÑÍ\ Ó ÕÞÅÔÏÍ Ï�ÒÅÄÅÌÅÎÉÑ (3.21) ÆÕÎË�ÉÏÎÁÌÁ J É �Å�ÏÞËÉ



110 í. ï. ëïòðõóï÷ÒÁ×ÅÎÓÔ× (3.41) �ÏÌÕÞÉÍ ÓÌÅÄÕÀÝÅÅ ÒÁ×ÅÎÓÔ×Ï:12 ddtJ + ∫
 (

∇u′ ; ��t ['1(x; |∇u|)∇u℄) dx+ 12 ddt ∫
 |∇u|2 dx= −
〈div('2(x; |∇u|)∇u); u′

〉 = ddt ∫
 F(x; |∇u|) dx: (3.42)òÁÓÓÍÏÔÒÉÍ ÔÅ�ÅÒØ ÏÔÄÅÌØÎÏ ÉÎÔÅÇÒÁÌI5 ≡ ∫
 (

∇u′ ; ��t ['1(x; |∇u|)∇u℄) dx = ∫
 (∇u′ ;∇u′)'1(x; |∇u|) dx+ ∫
 (∇u′ ;∇u)'′1s(x; s)∣∣∣s=|∇u| ��t |∇u| dx = ∫
 '1(x; |∇u|)|∇u′ |2 dx+ ∫
 '′1s(x; s)∣∣∣s=|∇u| ��t |∇u|12 ��t |∇u|2 dx= ∫
 '1(x; |∇u|)|∇u′ |2 dx+ ∫
 '′1s(x; s)∣∣∣s=|∇u||∇u| [ ��t |∇u|]2 dx > 0;ÇÄÅ �ÏÓÌÅÄÎÅÅ ÎÅÒÁ×ÅÎÓÔ×Ï ×Ù�ÏÌÎÅÎÏ × ÓÉÌÕ ÕÓÌÏ×ÉÊ (3.3). �ÁËÉÍ ÏÂÒÁÚÏÍ,ÉÚ ÜÔÏÇÏ ÎÅÒÁ×ÅÎÓÔ×Á É ÒÁ×ÅÎÓÔ×Á (3.42) �ÏÌÕÞÉÍ ÓÌÅÄÕÀÝÅÅ ÎÅÒÁ×ÅÎÓÔ×Ï:12 ddtJ+12 ddt ∫
 |∇u|2 dx 6
ddt ∫
 F(x; |∇u|) dx; F(x; |∇u|) = |∇u|

∫0 s'2(x; s) ds:(3.43)÷×ÅÄÅÍ ÓÌÅÄÕÀÝÅÅ ÏÂÏÚÎÁÞÅÎÉÅ:E(t) ≡ ∫
 F(x; |∇u|) dx − 12J(t)− 12 ∫
 |∇u|2 dx; (3.44)ÉÚ ËÏÔÏÒÏÇÏ É ÉÚ (3.43) ×ÙÔÅËÁÅÔ ÎÅÒÁ×ÅÎÓÔ×ÏE(t) > E(0): (3.45)�Å�ÅÒØ �ÏÔÒÅÂÕÅÍ ×Ù�ÏÌÎÅÎÉÑ �ÅÒ×ÏÇÏ ÕÓÌÏ×ÉÑ ÎÁ ÎÁÞÁÌØÎÙÅ ÄÁÎÎÙÅ:E(0) = ∫
 F(x; |∇u0|) dx−12 ∫
 |△u1|2 dx−12 ∫
 |∇u1|2 dx−12 ∫
 |∇u0|2 dx > 0:(3.46)



ï òáúòõûåîéé éïîîï-ú÷õëï÷ùè ÷ïìî ÷ ðìáúíå 111�ÏÇÄÁ ÉÚ ÜÔÏÇÏ ÕÓÌÏ×ÉÑ É ÉÚ ÎÅÒÁ×ÅÎÓÔ×Á (3.45) �ÏÌÕÞÉÍ, ÞÔÏE(t) > 0 ÄÌÑ ×ÓÅÈ t ∈ [0;T℄: (3.47)�Å�ÅÒØ ×ÏÓ�ÏÌØÚÕÅÍÓÑ Ó×ÏÊÓÔ×ÏÍ (iii)2 ÄÌÑ ÆÕÎË�ÉÉ '2(x; s) É ÉÚ (3.47)�ÏÌÕÞÉÍ ÎÅÒÁ×ÅÎÓÔ×Ï
∫
 |∇u|2'2(x; |∇u|) dx >

#2 J(t) + #2 ∫
 |∇u|2 dx: (3.48)éÚ ÜÔÏÇÏ ÎÅÒÁ×ÅÎÓÔ×Á É ÎÅÒÁ×ÅÎÓÔ×Á (3.36) �ÏÌÕÞÉÍ ÓÌÅÄÕÀÝÕÀ �Å�ÏÞËÕÎÅÒÁ×ÅÎÓÔ×Á:�′′ −
(1 + #2) J + "J + 421" �+ 22q52q=2+1" �1+q1 +(1− #2)

∫
 |∇u|2 dx
>

∫
 |∇u|2'2(x; |∇u|) dx − #2 J(t)− #2 ∫
 |∇u|2 dx > 0:ðÏÓËÏÌØËÕ # > 2; ÔÏ ÉÚ ÜÔÏÇÏ ÎÅÒÁ×ÅÎÓÔ×Á �ÏÌÕÞÁÅÍ ÓÌÅÄÕÀÝÕÀ Ï�ÅÎËÕ:
(1 + #2 − ") J 6 �′′ + 7" �+ 6" �1+q1 ; q1 = p1 − 2;7 = 421; 6 = 22q52q=2+1; q = 2(q1 + 1); (3.49)�ÒÉ ÄÏ�ÏÌÎÉÔÅÌØÎÏÍ ÕÓÌÏ×ÉÉ, ÞÔÏ12 (1 + #2 − ") > 1 ⇒ " ∈ (0; #− 22 ) :éÚ ÎÅÒÁ×ÅÎÓÔ× (3.49) É (3.22) �ÒÉÈÏÄÉÍ Ë ÓÌÅÄÕÀÝÅÍÕ ÏÂÙËÎÏ×ÅÎÎÏÍÕÄÉÆÆÅÒÅÎ�ÉÁÌØÎÏÍÕ ÎÅÒÁ×ÅÎÓÔ×Õ ×ÔÏÒÏÇÏ �ÏÒÑÄËÁ:��′′ − �(�′)2 + ��2 + �2+q1 > 0; q1 = p1 − 2; (3.50)ÇÄÅ � = 12 (1 + #2 − ") ; � = 7" ;  = 6" ; " ∈ (0; #− 22 ) ; # > 2:÷×ÅÄÅÍ ÎÏ×ÕÀ ÆÕÎË�ÉÀ 	 = �1−�: (3.51)



112 í. ï. ëïòðõóï÷òÁÚÄÅÌÉÍ ÏÂÅ ÞÁÓÔÉ ÎÅÒÁ×ÅÎÓÔ×Á (3.50) ÎÁ �1+� > 0 (�Ï Ï�ÒÅÄÅÌÅÎÉÀ(3.20)), ÔÏÇÄÁ �ÏÌÕÞÉÍ ÎÅÒÁ×ÅÎÓÔ×Ï�′′�� − �(�′
)2�1+� + ��1−� + �1+q1−� > 0

⇒ ddt[ �′��]+ ��1−� + �1+q1−� > 0
⇒ 11− � d2dt2�1−� + ��1−� + �1+q1−� > 0;ÏÔËÕÄÁ Ó ÕÞÅÔÏÍ ××ÅÄÅÎÎÏÇÏ ÏÂÏÚÎÁÞÅÎÉÑ (3.51) �ÏÌÕÞÉÍ ÓÌÅÄÕÀÝÅÅ ÎÅÒÁ-×ÅÎÓÔ×Ï: 11− �	′′ + �	+ 	(1+q1−�)=(1−�) > 0: (3.52)�Å�ÅÒØ ÓÄÅÌÁÅÍ ÅÝÅ ÏÄÎÏ �ÒÅÄ�ÏÌÏÖÅÎÉÅ ÏÔÎÏÓÉÔÅÌØÎÏ ÎÁÞÁÌØÎÙÈ ÄÁÎÎÙÈ�′(0) = ∫
 (∇u1;∇u0) dx+ ∫
 △u1△u0 dx > 0: (3.53)ðÏÓËÏÌØËÕ �Ï �ÒÅÄ�ÏÌÏÖÅÎÉÀ u(x; t) ∈ C(2)([0;T℄;H20(
)), ÔÏ �(t) ∈

C(1)([0;T℄): úÎÁÞÉÔ, ÎÁÊÄÅÔÓÑ ÔÁËÏÊ ÍÏÍÅÎÔ ×ÒÅÍÅÎÉ t1 > 0; ÞÔÏ�′(t) > 0 ÄÌÑ ×ÓÅÈ t ∈ [0; t1℄: (3.54)�Å�ÅÒØ ÚÁÍÅÔÉÍ, ÞÔÏ × ÓÉÌÕ Ï�ÒÅÄÅÌÅÎÉÑ (3.51) ÆÕÎË�ÉÉ 	(t) ÉÍÅÅÔ ÍÅÓÔÏ×ÙÒÁÖÅÎÉÅ 	′ = (1− �)�−��′ ; (3.55)ÉÚ ËÏÔÏÒÏÇÏ × ÓÉÌÕ (3.54), �ÏÓËÏÌØËÕ � > 1, �ÏÌÕÞÉÍ, ÞÔÏ	′(t) 6 0 ÄÌÑ ×ÓÅÈ t ∈ [0; t1℄: (3.56)�ÏÇÄÁ, ÕÍÎÏÖÁÑ (3.52) ÎÁ 	′ , �ÏÌÕÞÉÍ ÓÌÅÄÕÀÝÅÅ ÎÅÒÁ×ÅÎÓÔ×Ï:11− �	′	′′ + �	′	+ 	′	(1+q1−�)=(1−�)
6 0 ÄÌÑ ×ÓÅÈ t ∈ [0; t1℄;ÉÚ ËÏÔÏÒÏÇÏ �ÏÌÕÞÉÍ ÎÅÒÁ×ÅÎÓÔ×Ï	′	′′

> �(� − 1)	′	+ (�− 1)	′	(1+q1−�)=(1−�) ÄÌÑ ×ÓÅÈ t ∈ [0; t1℄:ïÔÓÀÄÁ �ÏÌÕÞÉÍ ÎÅÒÁ×ÅÎÓÔ×Ï12 ddt(	′)2
>
�(� − 1)2 ddt	2 + (�− 1)Æ ddt	Æ; (3.57)ÇÄÅ Æ = 1 + 1 + q1 − �1− � :



ï òáúòõûåîéé éïîîï-ú÷õëï÷ùè ÷ïìî ÷ ðìáúíå 113òÁÓÓÍÏÔÒÉÍ ÕÓÌÏ×ÉÅ, ÞÔÏ Æ > 0: äÅÊÓÔ×ÉÔÅÌØÎÏ, ÉÍÅÀÔ ÍÅÓÔÏ ÓÌÅÄÕÀÝÉÅ×ÙËÌÁÄËÉ:Æ > 0⇒ 1− �+ 1 + q1 − �1− � > 0 ⇒ 2�− 2− q1�− 1 > 0⇒ 2� > q1 + 2
⇒ 1 + #2 − " > q1 + 2⇒ " ∈ (0; #− 2q1 − 22 ) :�ÁËÉÍ ÏÂÒÁÚÏÍ, Ó ÎÅÏÂÈÏÄÉÍÏÓÔØÀ �ÏÌÕÞÉÍ ÅÝÅ ÕÓÌÏ×ÉÅ ÎÁ ×ÅÌÉÞÉÎÕ # > 2ÉÚ ÕÓÌÏ×ÉÑ (iii)2. äÅÊÓÔ×ÉÔÅÌØÎÏ,# > 2 + 2q1; q1 = p1 − 2: (3.58)úÁÍÅÞÁÎÉÅ 3. ïÔÍÅÔÉÍ, ÞÔÏ ÓÕÝÅÓÔ×ÕÀÔ ÔÁËÉÅ ÆÕÎË�ÉÉ '2(x; |∇u|); ÄÌÑËÏÔÏÒÙÈ ÕÓÌÏ×ÉÅ (3.58) ×Ù�ÏÌÎÑÅÔÓÑ. äÅÊÓÔ×ÉÔÅÌØÎÏ, �ÕÓÔØ'2(x; |∇u|) = |∇u|p2−2 �ÒÉ q2 > 2q1;ÇÄÅ q1 = p1 − 2 É q2 = p2 − 2. äÌÑ ÜÔÏÊ ÆÕÎË�ÉÉ # = q2 + 2, É �ÏÜÔÏÍÕ �ÒÉÕÓÌÏ×ÉÉ q2 > 2q1 ÉÍÅÅÔ ÍÅÓÔÏ ÕÓÌÏ×ÉÅ (3.58).ðÕÓÔØ ×Ù�ÏÌÎÅÎÏ ÕÓÌÏ×ÉÅ (3.58), É �ÒÏÄÏÌÖÉÍ ÒÁÓÓÍÏÔÒÅÎÉÅ ÎÅÒÁ×ÅÎ-ÓÔ×Á (3.57). ðÏÓÌÅ ÅÇÏ ÉÎÔÅÇÒÉÒÏ×ÁÎÉÑ �ÏÌÕÞÉÍ ÎÅÒÁ×ÅÎÓÔ×Ï

(	′)2
> A2 + �(�− 1)	2 + 2(� − 1)Æ 	Æ > A2; (3.59)ÇÄÅ A2 ≡ (	′(0))2 − �(� − 1)	2(0) − 2(�− 1)Æ 	Æ(0): (3.60)�Å�ÅÒØ �ÏÔÒÅÂÕÅÍ ×Ù�ÏÌÎÅÎÉÑ ÅÝÅ ÏÄÎÏÇÏ ÕÓÌÏ×ÉÑ ÎÁ ÎÁÞÁÌØÎÙÅ ÄÁÎÎÙÅA2 > 0: (3.61)ó ÕÞÅÔÏÍ Ï�ÒÅÄÅÌÅÎÉÑ (3.51) ÆÕÎË�ÉÉ 	(t) ÉÚ ÕÓÌÏ×ÉÑ (3.61) �ÏÌÕÞÉÍ ÓÌÅ-ÄÕÀÝÅÅ ÜË×É×ÁÌÅÎÔÎÏÅ ÎÅÒÁ×ÅÎÓÔ×Ï:(�− 1)2�−2�0 (�′(0))2 − �(�− 1)�−2�0 �20 − 2(�− 1)Æ �−Æ�0 �Æ0 > 0;ÉÚ ËÏÔÏÒÏÇÏ �ÏÌÕÞÉÍ ÓÌÅÄÕÀÝÅÅ ÎÅÒÁ×ÅÎÓÔ×Ï:

(�′(0))2 > ��− 1�20 + 2(�− 1)Æ��(2−Æ)+Æ0 : (3.62)ðÒÏ×ÅÄÅÍ ÓÌÅÄÕÀÝÉÅ ÁÌÇÅÂÒÁÉÞÅÓËÉÅ �ÒÅÏÂÒÁÚÏ×ÁÎÉÑ:�(2 − Æ) + Æ = 2�+ (1− �)Æ = 2�+ 1− �+ 1 + q1 − � = 2 + q1;Æ(� − 1) = �− 1− 1− q1 + � = 2�− q1 − 2:



114 í. ï. ëïòðõóï÷�ÁËÉÍ ÏÂÒÁÚÏÍ, ÉÚ (3.62) �ÒÉÈÏÄÉÍ Ë ÓÌÅÄÕÀÝÅÍÕ ÎÅÒÁ×ÅÎÓÔ×Õ:
(�′(0))2 > ��− 1�20 + 22� − q1 − 2�2+q10 ; q1 = p1 − 2; (3.63)�ÒÉÞÅÍ 2�− q1 − 2 > 0 �ÒÉ ÕÓÌÏ×ÉÉ # > 2 + 2q1 É" ∈ (0; #− 2q1 − 22 ) :úÁÍÅÞÁÎÉÅ 4. �Å�ÅÒØ ÎÁÛÁ ÚÁÄÁÞÁ ÄÏËÁÚÁÔØ, ÞÔÏ ÍÎÏÖÅÓÔ×Ï ÆÕÎË�ÉÊ'1(x; s) É '2(x; s), Á ÔÁËÖÅ ÍÎÏÖÅÓÔ×Ï ÎÁÞÁÌØÎÙÈ ÕÓÌÏ×ÉÊ u0(x); u1(x);ÕÄÏ×ÌÅÔ×ÏÒÑÀÝÉÈ ÏÄÎÏ×ÒÅÍÅÎÎÏ ÕÓÌÏ×ÉÑÍ (3.46), (3.53) É (3.63), ÎÅ�ÕÓÔÏ.äÅÊÓÔ×ÉÔÅÌØÎÏ, �ÕÓÔØ 2q1 < q2 (q1 = p1 − 2 É q2 = p2 − 2) É, ËÒÏÍÅ ÔÏ-ÇÏ, q3 ∈ (2q1; q2) É �ÒÉ ÆÉËÓÉÒÏ×ÁÎÎÏÊ ÆÕÎË�ÉÉ u0(x) ∈ C∞0 (
) ⊂ H20(
)(ÎÁ�ÏÍÎÉÍ, ÞÔÏ �
 ∈ C4;Æ �ÒÉ Æ ∈ (0; 1℄), ÄÌÑ ËÏÔÏÒÏÊ ‖△u0‖2 > 0; �ÕÓÔØu1(x) | ÜÔÏ ËÌÁÓÓÉÞÅÓËÏÅ ÒÅÛÅÎÉÅ u1(x) ∈ C4+�(
) ∩ C

(2)0 (
) ÓÌÅÄÕÀÝÅÊÚÁÄÁÞÉ:
△2u1(x)−△u1(x) = (|u0|q3=2u0)(x) ∈ C

�(
); � = �(q3) ∈ (0; 1℄;u1∣∣∣�
 = �u1�nx ∣

∣

∣�
 = 0: (3.64)�ÏÇÄÁ ÕÓÌÏ×ÉÅ (3.53) ÍÏÖÎÏ �ÒÅÏÂÒÁÚÏ×ÁÔØ ÓÌÅÄÕÀÝÉÍ ÏÂÒÁÚÏÍ:�′(0) = ∫
 △u1△u0 dx+ ∫
 (∇u1;∇u0) dx= ∫
 [

△2u1 −△u1]u0 dx = ∫
 |u0|2+q3=2dx > 0;ËÏÔÏÒÏÅ, ÏÞÅ×ÉÄÎÏ, ×Ù�ÏÌÎÅÎÏ. ðÒÏ×ÅÒÉÍ ÔÅ�ÅÒØ ÕÓÌÏ×ÉÅ (3.63). äÅÊÓÔ×É-ÔÅÌØÎÏ, �ÏÓÌÅ �ÏÄÓÔÁÎÏ×ËÉ �ÏÌÕÞÉÍ ÎÅÒÁ×ÅÎÓÔ×Ï
(∫
 |u0|2+q3=2 dx)2 > ��− 1�20 + 22�− q1 − 2�2+q10 :ðÕÓÔØ ÔÅ�ÅÒØ ×ÍÅÓÔÏ u0(x) ÍÙ ×ÏÚØÍÅÍ ru0(x); ÇÄÅ r > 0. �ÏÇÄÁ ÕÓÌÏ×ÉÅ(3.53) ÎÅ ÉÚÍÅÎÉÔÓÑ, Á �ÏÓÌÅ �ÏÄÓÔÁÎÏ×ËÉ �ÏÓÌÅÄÎÅÅ ÎÅÒÁ×ÅÎÓÔ×Ï �ÏÌÕÞÉÍÓÌÅÄÕÀÝÅÅ ×ÙÒÁÖÅÎÉÅ:r4+q3(∫
 |u0|2+q3=2 dx)2 > r4 ��− 1�20 + r4+2q1 22�− q1 − 2�2+q10 :



ï òáúòõûåîéé éïîîï-ú÷õëï÷ùè ÷ïìî ÷ ðìáúíå 115�ÏÇÄÁ, �ÏÓËÏÌØËÕ �Ï Ï�ÒÅÄÅÌÅÎÉÀ q3 > 2q1, �ÒÉ ÄÏÓÔÁÔÏÞÎÏ ÂÏÌØÛÏÍ r > 0ÎÅÒÁ×ÅÎÓÔ×Ï (3.44) ÂÕÄÅÔ ×Ù�ÏÌÎÅÎÏ. îÁËÏÎÅ�, ÒÁÓÓÍÏÔÒÉÍ ÕÓÌÏ×ÉÅ (3.47),ËÏÔÏÒÏÅ ÍÙ ÄÌÑ ÕÄÏÂÓÔ×Á ×Ù�ÉÛÅÍ
∫
 F(x; |∇u0|) dx >

12 ∫
 |∇u1|2 dx+ 12 ∫
 |△u1|2 dx+ 12 ∫
 |∇u0|2 dx:÷ÏÚØÍÅÍ × ËÁÞÅÓÔ×Å ÆÕÎË�ÉÉ '2(x; |∇u|) = |∇u|q2 �ÒÉ q2 = p2 − 2, ÔÏÇÄÁ�ÏÓÌÅ ÉÎÔÅÇÒÉÒÏ×ÁÎÉÑ �ÏÌÕÞÉÍ, ÞÔÏ
∫
 F(x; |∇u0|) dx = 1q2 + 2 ∫
 |∇u0|q2+2 dx:úÎÁÞÉÔ, �ÏÌÕÞÉÍ ÎÅÒÁ×ÅÎÓÔ×Ï12 ∫
 |∇u1|2 dx+ 12 ∫
 |△u1|2 dx+ 12 ∫
 |∇u0|2 dx 6

1q2 + 2 ∫
 |∇u0|q2+2 dx:(3.65)�Å�ÅÒØ ××ÅÄÅÍ ÆÕÎË�ÉÀ çÒÉÎÁ K(x; y) ÌÉÎÅÊÎÏÊ ÎÅÏÄÎÏÒÏÄÎÏÊ ÚÁÄÁÞÉ(3.64), ËÏÔÏÒÁÑ × ÓÉÌÕ ÒÅÚÕÌØÔÁÔÏ× ÒÁÂÏÔÙ [5℄ ÓÕÝÅÓÔ×ÕÅÔ (ÓÏÏÔ×ÅÔÓÔ×Õ-ÀÝÉÊ Ï�ÅÒÁÔÏÒ çÒÉÎÁ K : C�(
) → C4+�(
)), Ó �ÏÍÏÝØÀ ËÏÔÏÒÏÊ ÍÏÖ-ÎÏ ×ÙÒÁÚÉÔØ ÒÅÛÅÎÉÅ u1(x) ÜÔÏÊ ÚÁÄÁÞÉ ÞÅÒÅÚ �ÒÁ×ÕÀ ÞÁÓÔØ ÓÌÅÄÕÀÝÉÍÏÂÒÁÚÏÍ: u1(x) = ∫
 K(x; y)(|u0|q3=2u0)(y) dy:ðÏÄÓÔÁ×ÉÍ ÜÔÕ ÆÕÎË�ÉÀ × ÎÅÒÁ×ÅÎÓÔ×Ï (3.65) É ÏÄÎÏ×ÒÅÍÅÎÎÏ ÓÄÅÌÁÅÍÚÁÍÅÎÕ u0 → ru0 É �ÏÌÕÞÉÍ ÓÌÅÄÕÀÝÅÅ ÎÅÒÁ×ÅÎÓÔ×Ï:r2+q3 12 ∫
 ∣

∣

∣

∣

∣

∣

∫
 ∇xK(x; y)(|u0|q3=2u0)(y) dy∣∣∣∣
∣

∣

2 dx+ r2+q3 12 ∫
 ∣

∣

∣

∣

∣

∣

∫
 △xK(x; y)(|u0|q3=2u0)(y) dy∣∣∣∣
∣

∣

2 dx+ r2 12 ∫
 |∇u0|2 dx 6 rq2+2 1q2 + 2 ∫
 |∇u0|q2+2 dx;ËÏÔÏÒÏÅ, ÏÞÅ×ÉÄÎÏ, ÂÕÄÅÔ ×Ù�ÏÌÎÅÎÏ �ÒÉ ÄÏÓÔÁÔÏÞÎÏ ÂÏÌØÛÏÍ r > 0; �Ï-ÓËÏÌØËÕ q3 < q2: �ÁËÉÍ ÏÂÒÁÚÏÍ, ÕÓÌÏ×ÉÑ (3.46), (3.53) É (3.63) Ñ×ÌÑÀÔÓÑÓÏ×ÍÅÓÔÎÙÍÉ.



116 í. ï. ëïòðõóï÷ðÒÏÄÏÌÖÉÍ ÉÓÓÌÅÄÏ×ÁÎÉÅ ÎÅÒÁ×ÅÎÓÔ×Á (3.59), ÉÚ ËÏÔÏÒÏÇÏ ×ÙÔÅËÁÅÔ,ÞÔÏ
∣

∣	′
∣

∣ > A > 0 ÄÌÑ ×ÓÅÈ t ∈ [0; t1℄: (3.66)úÎÁÞÉÔ,
−	′

> A > 0 ⇒ 	′

6 −A < 0 ÄÌÑ ×ÓÅÈ t ∈ [0; t1℄:�Å�ÅÒØ ÎÁ�ÏÍÎÉÍ, ÞÔÏ 	′(t) = (1− �)�−��′(t):óÔÁÌÏ ÂÙÔØ, (1− �)�−��′(t) 6 −A⇒ �′

>
A�− 1�� > 0;ÎÏ ÏÔÓÀÄÁ ×ÙÔÅËÁÅÔ, ÞÔÏ �ÒÉ ÎÁÞÁÌØÎÏÍ ÕÓÌÏ×ÉÉ (3.53) ×ÅÌÉÞÉÎÁ �′(t)ÏÓÔÁÅÔÓÑ ÂÏÌØÛÅ ÎÕÌÑ ÄÌÑ ×ÓÅÇÏ ÉÎÔÅÒ×ÁÌÁ ÓÕÝÅÓÔ×Ï×ÁÎÉÑ ÒÅÛÅÎÉÑ ÉÓÈÏÄ-ÎÏÊ ÚÁÄÁÞÉ. �ÁËÉÍ ÏÂÒÁÚÏÍ, ÉÚ (3.66) �ÏÌÕÞÉÍ	′(t) 6 −A < 0 ÄÌÑ ×ÓÅÈ t ∈ [0;T0);ÇÄÅ T0 | ÜÔÏ ×ÒÅÍÑ ÓÕÝÅÓÔ×Ï×ÁÎÉÑ ÒÅÛÅÎÉÑ. éÎÔÅÇÒÉÒÕÑ �ÏÓÌÅÄÎÅÅ ÎÅÒÁ-×ÅÎÓÔ×Ï, �ÏÌÕÞÉÍ, ÞÔÏ 	(t) 6 	0 −At;ÚÎÁÞÉÔ, ÚÁ ËÏÎÅÞÎÏÅ ×ÒÅÍÑ T0 ∈ [0;T1℄ ÆÕÎË�ÉÑ 	(t) ÏÂÒÁÔÉÔÓÑ × ÎÕÌØ,ÇÄÅ T1 = �1−�0A > 0:óÔÁÌÏ ÂÙÔØ, lim supt↑T0 �(t) = +∞:�Å�ÅÒØ ÎÁÛÁ ÚÁÄÁÞÁ ×ÙÂÒÁÔØ �ÁÒÁÍÅÔÒ" ∈ (0; #− 2q1 − 22 )Ï�ÔÉÍÁÌØÎÙÍ ÏÂÒÁÚÏÍ. äÅÊÓÔ×ÉÔÅÌØÎÏ, ×ÙÂÅÒÅÍ"0 ∈ (0; #− 2q1 − 22 )ËÁË ÔÁËÏÅ ÚÎÁÞÅÎÉÅ, �ÒÉ ËÏÔÏÒÏÍ ×ÅÌÉÞÉÎÁQ0 = Q0(") ≡ ��− 1 + 22�− q1 − 2�q10 ; q1 = p1 − 2;�ÒÉÎÉÍÁÅÔ ÍÉÎÉÍÁÌØÎÏÅ ÚÎÁÞÅÎÉÅ. ñÓÎÏ, ÞÔÏ ÜÔÏ ÞÉÓÌÏ "0 Ñ×ÌÑÅÔÓÑ ÆÕÎË-�ÉÅÊ ÏÔ �0:



ï òáúòõûåîéé éïîîï-ú÷õëï÷ùè ÷ïìî ÷ ðìáúíå 117�ÁËÉÍ ÏÂÒÁÚÏÍ, × ÜÔÏÍ �ÁÒÁÇÒÁÆÅ ÍÙ �ÏÌÕÞÉÌÉ ÓÌÅÄÕÀÝÉÊ ÒÅÚÕÌØ-ÔÁÔ | �ÒÉ ÕÓÌÏ×ÉÑÈ (3.46), (3.53), (3.58) É (3.63) ÓÉÌØÎÏÅ ÏÂÏÂÝÅÎÎÏÅ ÒÅÛÅ-ÎÉÅ u(x; t) ∈ C(2)([0;T℄;H20(
)) ÚÁÄÁÞÉ (2.11){(2.13) × ÓÍÙÓÌÅ Ï�ÒÅÄÅÌÅÎÉÑ3 ÎÅ ÓÕÝÅÓÔ×ÕÅÔ ÇÌÏÂÁÌØÎÏ ×Ï ×ÒÅÍÅÎÉ. �Å�ÅÒØ ÎÁÛÁ ÚÁÄÁÞÁ ÄÏËÁÚÁÔØ, ÞÔÏT0 = T0(u0; u1) > 0; Ô. Å. ÄÏËÁÚÁÔØ ÌÏËÁÌØÎÕÀ ×Ï ×ÒÅÍÅÎÉ ÒÁÚÒÅÛÉÍÏÓÔØÚÁÄÁÞÉ × ÓÉÌØÎÏÍ ÏÂÏÂÝÅÎÎÏÍ ÓÍÙÓÌÅ ÄÌÑ ÌÀÂÙÈ u0; u1 ∈ H20(
). é ÜÔÏ ÍÙÄÏËÁÖÅÍ × ÓÌÅÄÕÀÝÅÍ �ÁÒÁÇÒÁÆÅ.§4. ìÏËÁÌØÎÁÑ ÒÁÚÒÅÛÉÍÏÓÔØúÁÄÁÞÕ (2.11){(2.13) ÍÏÖÎÏ �ÅÒÅ�ÉÓÁÔØ × ÓÌÅÄÕÀÝÅÍ ×ÉÄÅ:d2dt2Au+ ddtB1(u)+Lu = B2(u); u(0) = u0; u′(0) = u1; u0(x); u1(x) ∈ H
20(
);(4.1)ÇÄÅ

A ≡ △2 −△; B1(u) ≡ −div('1(x; |∇u|)∇u);
B2(u) ≡ −div('2(x; |∇u|)∇u); L ≡ −△: (4.2)äÌÑ ÄÁÌØÎÅÊÛÅÇÏ ÎÁÍ ÎÅÏÂÈÏÄÉÍÏ ÄÏËÁÚÁÔØ ÏÂÒÁÔÉÍÏÓÔØ Ï�ÅÒÁÔÏÒÁ

A ≡ △2 −△ : H
20(
) → H

−2(
)É ÌÉ�ÛÉ�-ÎÅ�ÒÅÒÙ×ÎÏÓÔØ ÏÂÒÁÔÎÏÇÏ Ï�ÅÒÁÔÏÒÁ
A
−1 : H

−2(
) → H
20(
):ó ÜÔÏÊ �ÅÌØÀ ÍÙ ×ÏÓ�ÏÌØÚÕÅÍÓÑ ÓÌÅÄÕÀÝÉÍ ×ÁÒÉÁÎÔÏÍ ÔÅÏÒÅÍÙ âÒÁÕ-ÄÅÒÁ{íÉÎÔÉ (ÓÍ., ÎÁ�ÒÉÍÅÒ, [1℄).�ÅÏÒÅÍÁ âÒÁÕÄÅÒÁ{íÉÎÔÉ. ðÕÓÔØ Ï�ÅÒÁÔÏÒ A; ÄÅÊÓÔ×ÕÀÝÉÊ ÉÚ ÂÁ-ÎÁÈÏ×Á �ÒÏÓÔÒÁÎÓÔ×Á W × ÓÉÌØÎÏ ÓÏ�ÒÑÖÅÎÎÏÅ W∗; Ñ×ÌÑÅÔÓÑ ÒÁÄÉÁÌØÎÏ-ÎÅ�ÒÅÒÙ×ÎÙÍ, ÓÉÌØÎÏ ÍÏÎÏÔÏÎÎÙÍ É ËÏÜÒ�ÉÔÉ×ÎÙÍ. �ÏÇÄÁ ÓÕÝÅÓÔ×ÕÅÔÏÂÒÁÔÎÙÊ Ï�ÅÒÁÔÏÒ A−1 : W∗ → W; ËÏÔÏÒÙÊ Ñ×ÌÑÅÔÓÑ ÌÉ�ÛÉ�-ÎÅ�ÒÅ-ÒÙ×ÎÙÍ.÷ ÆÏÒÍÕÌÉÒÏ×ËÅ ÔÅÏÒÅÍÙ ÕÞÁÓÔ×ÕÀÔ ÔÒÉ �ÏÎÑÔÉÑ, ÄÌÑ ËÏÔÏÒÙÈ ÍÙ ÄÌÑ�ÏÌÎÏÔÙ ÉÚÌÏÖÅÎÉÑ �ÒÉ×ÅÄÅÍ ÓÌÅÄÕÀÝÉÅ Ï�ÒÅÄÅÌÅÎÉÑ.ï�ÒÅÄÅÌÅÎÉÅ 4. ï�ÅÒÁÔÏÒ A : W → W∗ ÎÁÚÙ×ÁÅÔÓÑ ÒÁÄÉÁÌØÎÏ-ÎÅ�ÒÅ-ÒÙ×ÎÙÍ, ÅÓÌÉ ÆÕÎË�ÉÑ'(s) = 〈A(u+ sv); v〉 ∈ C[0; 1℄ (4.3)ÄÌÑ ×ÓÅÈ u; v ∈ W; ÇÄÅ ÓÉÍ×ÏÌÏÍ 〈·; ·〉 ÍÙ ÏÂÏÚÎÁÞÉÌÉ ÓËÏÂËÉ Ä×ÏÊÓÔ×ÅÎÎÏ-ÓÔÉ ÍÅÖÄÕ ÂÁÎÁÈÏ×ÙÍÉ �ÒÏÓÔÒÁÎÓÔ×ÁÍÉ W É W∗.



118 í. ï. ëïòðõóï÷ï�ÒÅÄÅÌÅÎÉÅ 5. ï�ÅÒÁÔÏÒ A : W → W∗ ÎÁÚÙ×ÁÅÔÓÑ ÓÉÌØÎÏ ÍÏÎÏÔÏÎÎÙÍ,ÅÓÌÉ ÓÕÝÅÓÔ×ÕÅÔ ÔÁËÁÑ �ÏÓÔÏÑÎÎÁÑ m > 0; ÞÔÏ ÉÍÅÅÔ ÍÅÓÔÏ ÓÌÅÄÕÀÝÅÅÎÅÒÁ×ÅÎÓÔ×Ï:
〈A(u)− A(v); u − v〉 > m‖u− v‖2; (4.4)ÇÄÅ ‖·‖ | ÜÔÏ ÎÏÒÍÁ ÂÁÎÁÈÏ×Á �ÒÏÓÔÒÁÎÓÔ×Á W:ï�ÒÅÄÅÌÅÎÉÅ 6. ï�ÅÒÁÔÏÒ A : W → W∗ ÎÁÚÙ×ÁÅÔÓÑ ËÏÜÒ�ÉÔÉ×ÎÙÍ, ÅÓÌÉÓÕÝÅÓÔ×ÕÅÔ ÔÁËÁÑ ÆÕÎË�ÉÑ(s) : R

1+ → R
1+ lims→+∞

(s) = +∞;ÞÔÏ ÉÍÅÅÔ ÍÅÓÔÏ ÎÅÒÁ×ÅÎÓÔ×Ï
〈A(u); u〉 > (‖u‖)‖u‖ ÄÌÑ ×ÓÅÈ u ∈ W: (4.5)�Å�ÅÒØ ÎÁÍ ÎÁÄÏ �ÒÏ×ÅÒÉÔØ, ÞÔÏ Ï�ÅÒÁÔÏÒ A; Ï�ÒÅÄÅÌÅÎÎÙÊ ÆÏÒÍÕÌÏÊ(4.2), Ñ×ÌÑÅÔÓÑ ÒÁÄÉÁÌØÎÏ-ÎÅ�ÒÅÒÙ×ÎÙÍ, ÓÉÌØÎÏ ÍÏÎÏÔÏÎÎÙÍ É ËÏÜÒ�É-ÔÉ×ÎÙÍ ËÁË Ï�ÅÒÁÔÏÒ ÄÅÊÓÔ×ÕÀÝÉÊ ÉÚ W = H20(
) × W∗ = H−2(
), Ô. Å.ÞÔÏ ÏÎ ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ ×ÓÅÍ ÕÓÌÏ×ÉÑÍ ÔÅÏÒÅÍÙ âÒÁÕÄÅÒÁ{íÉÎÉÔÉ.(I) äÏËÁÖÅÍ, ÞÔÏ Ï�ÅÒÁÔÏÒ A Ñ×ÌÑÅÔÓÑ ÒÁÄÉÁÌØÎÏ-ÎÅ�ÒÅÒÙ×ÎÙÍ. äÅÊ-ÓÔ×ÉÔÅÌØÎÏ, ÒÁÓÓÍÏÔÒÉÍ ×ÙÒÁÖÅÎÉÅ'(s) = 〈A(u+ sv); v〉 = ∫
 (∇(u+ sv);∇v) dx+ ∫
 (△u+ s△v)△v dx= ∫
 (∇u;∇v) dx + s∫
 |∇v|2 dx+ ∫
 △u△v dx+ s∫
 |△v|2 dx:ñÓÎÏ, ÞÔÏ ÄÌÑ ÌÀÂÙÈ u; v ∈ H20(
) ÆÕÎË�ÉÑ '(s) ∈ C[0; 1℄. óÌÅÄÏ×ÁÔÅÌØÎÏ,Ï�ÅÒÁÔÏÒ A : H20(
)→ H−2(
) Ñ×ÌÑÅÔÓÑ ÒÁÄÉÁÌØÎÏ-ÎÅ�ÒÅÒÙ×ÎÙÍ.(II) äÏËÁÖÅÍ ÔÅ�ÅÒØ, ÞÔÏ Ï�ÅÒÁÔÏÒ A : H20(
) → H−2(
) Ñ×ÌÑÅÔÓÑ ÓÉÌØ-ÎÏ ÍÏÎÏÔÏÎÎÙÍ. äÅÊÓÔ×ÉÔÅÌØÎÏ, ÉÍÅÅÔ ÍÅÓÔÏ ÓÌÅÄÕÀÝÁÑ �Å�ÏÞËÁ ×ÙÒÁ-ÖÅÎÉÊ:

〈A(u)− A(v); u − v〉 = ∫
 |∇u−∇v|2 dx+ ∫
 |△u−△v|2 dx
>

∫
 |△u−△v|2 dx = ‖u− v‖2;ÇÄÅ ÓÉÍ×ÏÌÏÍ ‖·‖ ÍÙ ÏÂÏÚÎÁÞÉÌÉ ÎÏÒÍÕ ÂÁÎÁÈÏ×Á �ÒÏÓÔÒÁÎÓÔ×Á H20(
). �Á-ËÉÍ ÏÂÒÁÚÏÍ, Ï�ÅÒÁÔÏÒ A : H20(
) → H−2(
) Ñ×ÌÑÅÔÓÑ ÓÉÌØÎÏ ÍÏÎÏÔÏÎÎÙÍÓ �ÏÓÔÏÑÎÎÏÊ m = 1.



ï òáúòõûåîéé éïîîï-ú÷õëï÷ùè ÷ïìî ÷ ðìáúíå 119(III) äÏËÁÖÅÍ ËÏÜÒ�ÉÔÉ×ÎÏÓÔØ Ï�ÅÒÁÔÏÒÁ A : H20(
) → H−2(
). äÅÊ-ÓÔ×ÉÔÅÌØÎÏ, ÉÍÅÅÔ ÍÅÓÔÏ �Å�ÏÞËÁ ×ÙÒÁÖÅÎÉÊ
〈A(u); u〉 = ∫
 |∇u|2 dx+ ∫
 |△u|2 dx >

∫
 |△u|2 dx = ‖u‖2:�ÁËÉÍ ÏÂÒÁÚÏÍ, Ï�ÅÒÁÔÏÒ A Ñ×ÌÑÅÔÓÑ ËÏÜÒ�ÉÔÉ×ÎÙÍ Ó ÆÕÎË�ÉÅÊ (s) = s.ðÏÜÔÏÍÕ × ÓÉÌÕ ÔÅÏÒÅÍÙ âÒÁÕÄÅÒÁ{íÉÎÔÉ Ï�ÅÒÁÔÏÒ A : H20(
) → H−2(
);Ï�ÒÅÄÅÌÅÎÎÙÊ ÆÏÒÍÕÌÏÊ (4.2), Ñ×ÌÑÅÔÓÑ ÏÂÒÁÔÉÍÙÍ, �ÒÉÞÅÍ ÏÂÒÁÔÎÙÊÏ�ÅÒÁÔÏÒ
A
−1 : H

−2(
)→ H
20(
)Ñ×ÌÑÅÔÓÑ ÌÉ�ÛÉ�-ÎÅ�ÒÅÒÙ×ÎÙÍ. äÁ×ÁÊÔÅ ÄÏËÁÖÅÍ, ÞÔÏ �ÒÉ ÜÔÏÍ �ÏÓÔÏ-ÑÎÎÁÑ ìÉ�ÛÉ�Á ÒÁ×ÎÁ 1. äÅÊÓÔ×ÉÔÅÌØÎÏ, × ÓÉÌÕ ÄÏËÁÚÁÎÎÏÇÏ Ó×ÏÊÓÔ×Á (II)ÓÉÌØÎÏÊ ÍÏÎÏÔÏÎÎÏÓÔÉ Ï�ÅÒÁÔÏÒÁ A ÉÍÅÅÔ ÍÅÓÔÏ ÎÅÒÁ×ÅÎÓÔ×Ï

〈A(u)− A(v); u − v〉 > ‖u− v‖2 ÄÌÑ ×ÓÅÈ u; v ∈ H
10(
); (4.6)ÉÚ ËÏÔÏÒÏÇÏ × ÓÉÌÕ ÓÔÁÎÄÁÒÔÎÏÇÏ Ï�ÒÅÄÅÌÅÎÉÑ ÎÏÒÍÙ ‖·‖∗ ÓÉÌØÎÏ ÓÏ�ÒÑ-ÖÅÎÎÏÇÏ ÂÁÎÁÈÏ×Á �ÒÏÓÔÒÁÎÓÔ×Á H−2(
) Ë ÂÁÎÁÈÏ×Õ �ÒÏÓÔÒÁÎÓÔ×Õ H20(
)

‖f‖∗ ≡ supv∈H20(
); ‖v‖61 |〈f; v〉| (4.7)ÉÍÅÅÔ ÍÅÓÔÏ ÎÅÒÁ×ÅÎÓÔ×Ï
‖A(u)− A(v)‖∗‖u− v‖ > 〈A(u)− A(v); u− v〉 : (4.8)äÅÊÓÔ×ÉÔÅÌØÎÏ, ÎÅÒÁ×ÅÎÓÔ×Ï (4.8) ÅÓÔØ �ÒÏÓÔÅÊÛÅÅ ÓÌÅÄÓÔ×ÉÅ ÆÏÒÍÕÌÙ(4.7). éÍÅÎÎÏ Ó�ÒÁ×ÅÄÌÉ×Á ÏÂÝÁÑ ÆÏÒÍÕÌÁ

|〈f;w〉| 6 ‖f‖∗‖w‖: (4.9)äÏËÁÖÅÍ ÜÔÏ ÎÅÒÁ×ÅÎÓÔ×Ï. äÅÊÓÔ×ÉÔÅÌØÎÏ, ÅÓÌÉ w = #| ÎÕÌÅ×ÏÍÕ ÜÌÅÍÅÎ-ÔÕ ÂÁÎÁÈÏ×Á �ÒÏÓÔÒÁÎÓÔ×Á H20(
); ÔÏ ÜÔÏ ÎÅÒÁ×ÅÎÓÔ×Ï ×Ù�ÏÌÎÅÎÏ. ðÕÓÔØÔÅ�ÅÒØ w 6= #; ÔÏÇÄÁ ÉÚ (4.7) ×ÙÔÅËÁÅÔ ÓÌÅÄÕÀÝÅÅ ÎÅÒÁ×ÅÎÓÔ×Ï:
|〈f; v〉| 6 ‖f‖∗ ÄÌÑ ×ÓÅÈ ‖v‖ 6 1:÷ ÞÁÓÔÎÏÓÔÉ, ÄÌÑ v = w

‖w‖�ÏÌÕÞÉÍ ×ÙÒÁÖÅÎÉÅ
|〈f;w〉| 6 ‖f‖∗‖w‖:ðÏÜÔÏÍÕ ÎÅÒÁ×ÅÎÓÔ×Ï (4.8) ÅÓÔØ ÓÌÅÄÓÔ×ÉÅ ÎÅÒÁ×ÅÎÓÔ×Á (4.9), × ËÏÔÏÒÏÍÎÁÄÏ �ÏÌÏÖÉÔØ f = A(u)− A(v); w = u− v:éÚ ÎÅÒÁ×ÅÎÓÔ× (4.6) É (4.8) ×ÙÔÅËÁÅÔ ÎÅÒÁ×ÅÎÓÔ×Ï

‖u− v‖ 6 ‖A(u) − A(v)‖∗ ÄÌÑ ×ÓÅÈ u; v ∈ H
20(
): (4.10)



120 í. ï. ëïòðõóï÷�Å�ÅÒØ �ÏÌÏÖÉÍ w1 = A(u); w2 = A(v);ÏÔËÕÄÁ ÉÚ (4.10) × ÓÉÌÕ ÄÏËÁÚÁÎÎÏÊ ÏÂÒÁÔÉÍÏÓÔÉ Ï�ÅÒÁÔÏÒÁ A : H20(
) →
H−2(
) �ÒÉÈÏÄÉÍ Ë ÎÅÒÁ×ÅÎÓÔ×Õ
‖A−1(w1)− A

−1(w2)‖ 6 ‖w1 − w2‖∗ ÄÌÑ ×ÓÅÈ w1; w2 ∈ H
−2(
): (4.11)�ÁËÉÍ ÏÂÒÁÚÏÍ, ÎÁÍÉ ÄÏËÁÚÁÎÏ, ÞÔÏ Ï�ÅÒÁÔÏÒ A−1 : H−2(
)→ H20(
) Ñ×ÌÑ-ÅÔÓÑ ÌÉ�ÛÉ�-ÎÅ�ÒÅÒÙ×ÎÙÍ Ó �ÏÓÔÏÑÎÎÏÊ ìÉ�ÛÉ�Á, ÒÁ×ÎÏÊ 1.÷ ËÌÁÓÓÅ u(x; t) ∈ C(2)([0;T℄;H20(
)) Ó ÕÞÅÔÏÍ ÏÂÒÁÔÉÍÏÓÔÉ Ï�ÅÒÁÔÏÒÁ

A ÍÏÖÎÏ ××ÅÓÔÉ ÎÏ×ÕÀ ÆÕÎË�ÉÀ v = Au É �ÅÒÅ�ÉÓÁÔØ ÚÁÄÁÞÕ (4.1) ×ÓÌÅÄÕÀÝÅÍ ÜË×É×ÁÌÅÎÔÎÏÍ ×ÉÄÅ:d2vdt2 + ddtB1(A−1v) + LA
−1v = B2(A−1v);v0 = v(0) = Au0 ∈ H

−2(
); v1 = v′(0) = Au1 ∈ H
−2(
): (4.12)÷ ËÌÁÓÓÅ v(x; t) ∈ C(2)([0;T℄;H−2(
)) �ÒÉ ÎÅËÏÔÏÒÏÍ T > 0 ÚÁÄÁÞÁ (4.12)ÜË×É×ÁÌÅÎÔÎÁ ÓÌÅÄÕÀÝÅÍÕ ÉÎÔÅÇÒÁÌØÎÏÍÕ ÕÒÁ×ÎÅÎÉÀ:v(t) = w1 + t

∫0 dsG(v)(s); w1 = v0 + B1(A−1v0)t; (4.13)G(v)(s) ≡ v1 − B1(A−1v(s)) + s
∫0 d� [

−LA
−1v(�) + B2(A−1v(�))] : (4.14)úÁÍÅÞÁÎÉÅ 5. ðÒÉ ×Ù×ÏÄÅ ÉÎÔÅÇÒÁÌØÎÏÇÏ ÕÒÁ×ÎÅÎÉÑ (4.13) ÍÙ ×ÏÓ�ÏÌØ-ÚÏ×ÁÌÉÓØ ÔÅÍ, ÞÔÏ Ï�ÅÒÁÔÏÒ B1(w) Ñ×ÌÑÅÔÓÑ ÎÅ�ÒÅÒÙ×ÎÙÍ Ï�ÅÒÁÔÏÒÏÍ, ÎÏÜÔÏ ÄÅÊÓÔ×ÉÔÅÌØÎÏ ÔÁË | ÜÔÏ, ËÁË ÍÙ �ÏËÁÖÅÍ ÎÉÖÅ, ×ÙÔÅËÁÅÔ ÉÚ Ó×ÏÊ-ÓÔ×Á (iii)1.âÕÄÅÍ ÉÓËÁÔØ ÒÅÛÅÎÉÅ ÉÎÔÅÇÒÁÌØÎÏÇÏ ÕÒÁ×ÎÅÎÉÑ (4.13) × ÂÁÎÁÈÏ×ÏÍ�ÒÏÓÔÒÁÎÓÔ×Å

L
∞(0;T;H−2(
)):ó ÜÔÏÊ �ÅÌØÀ ××ÅÄÅÍ ÓÌÅÄÕÀÝÅÅ ÚÁÍËÎÕÔÏÅ, ÏÇÒÁÎÉÞÅÎÎÏÅ É ×Ù�ÕËÌÏÅ �ÏÄ-ÍÎÏÖÅÓÔ×Ï ÜÔÏÇÏ ÂÁÎÁÈÏ×Á �ÒÏÓÔÒÁÎÓÔ×Á:

Vr≡{v∈L
∞(0;T;H−2(
)) : |‖v‖|= ess:supt∈[0;T℄ ‖v‖∗ 6 r}�ÒÉ ÎÅËÏÔÏÒÏÍ r > 0;(4.15)ÇÄÅ ‖·‖∗ | ÜÔÏ ÎÏÒÍÁ ÂÁÎÁÈÏ×Á �ÒÏÓÔÒÁÎÓÔ×Á H−2(
).ðÒÅÖÄÅ ×ÓÅÇÏ ÎÁÍ ÎÕÖÎÏ �ÏÌÕÞÉÔØ Ï�ÅÎËÉ Ó×ÅÒÈÕ ÄÌÑ Ï�ÅÒÁÔÏÒÏ×

B1(A−1v) É B2(A−1v)



ï òáúòõûåîéé éïîîï-ú÷õëï÷ùè ÷ïìî ÷ ðìáúíå 121�ÒÉ v ∈ Vr �Ï ÎÏÒÍÅ ‖·‖∗. äÅÊÓÔ×ÉÔÅÌØÎÏ, ÒÁÓÓÍÏÔÒÉÍ �ÅÒ×ÙÊ Ï�ÅÒÁÔÏÒ.÷ ÓÉÌÕ ÕÓÌÏ×ÉÑ ÒÏÓÔÁ (ii)1 Ó�ÒÁ×ÅÄÌÉ×Á ÓÌÅÄÕÀÝÁÑ �Å�ÏÞËÁ ÎÅÒÁ×ÅÎÓÔ×:
‖B1(w)‖∗ 6 8‖|∇w|'1(x; |∇w|)‖p′1 6 8 [1‖∇w‖p′1 + 2‖|∇w|p1−1‖p′1]

6 9‖∇w‖p1 + 10‖∇w‖p1−1p1
6
p1 − 2p1 − 1(p1−1)=(p1−2)9 + 1p1 − 1‖∇w‖p1−1p1 + 10‖∇w‖p1−1p1= 11 + 12‖∇w‖p1−1p1 ; (4.16)ÇÄÅ ÓÉÍ×ÏÌÏÍ ‖·‖r ÍÙ ÏÂÏÚÎÁÞÁÅÍ ÎÏÒÍÕ ÂÁÎÁÈÏ×Á �ÒÏÓÔÒÁÎÓÔ×Á Lr(
).ðÒÉÞÅÍ �ÒÉ ×Ù×ÏÄÅ �ÏÓÌÅÄÎÅÇÏ ÎÅÒÁ×ÅÎÓÔ×Á ÍÙ ×ÏÓ�ÏÌØÚÏ×ÁÌÉÓØ ÔÅÍ, ÞÔÏ�Ï ÕÓÌÏ×ÉÀ (ii)1 ×ÅÌÉÞÉÎÁ p1 > 2. ÷ÏÚØÍÅÍ × �ÏÓÌÅÄÎÅÍ ÎÅÒÁ×ÅÎÓÔ×Å w =

A−1v ∈ H20(
); ÔÏÇÄÁ ÉÚ ÎÅÒÁ×ÅÎÓÔ×Á (4.16) �ÏÌÕÞÉÍ ÓÌÅÄÕÀÝÕÀ ÉÓËÏÍÕÀÏ�ÅÎËÕ:
‖B1(A−1v)‖∗ 6 11+12‖∇A

−1v‖p1−1p1 6 11+13‖A−1v‖p1−1611+13‖v‖p1−1
∗ ;(4.17)ÇÄÅ ÍÙ ×ÏÓ�ÏÌØÚÏ×ÁÌÉÓØ ÌÉ�ÛÉ�-ÎÅ�ÒÅÒÙ×ÎÏÓÔØÀ Ï�ÅÒÁÔÏÒÁ A−1 Ó �ÏÓÔÏ-ÑÎÎÏÊ ìÉ�ÛÉ�Á, ÒÁ×ÎÏÊ 1, É �Å�ÏÞËÏÊ ÎÅ�ÒÅÒÙ×ÎÙÈ É �ÌÏÔÎÙÈ ×ÌÏÖÅÎÉÊ(3.13). éÔÁË, ÍÙ �ÒÉÛÌÉ Ë ÓÌÅÄÕÀÝÅÊ Ï�ÅÎËÅ:

‖B1(A−1v)‖∗ 6 11 + 13‖v‖p1−1
∗ ÄÌÑ ×ÓÅÈ v ∈ H

−2(
): (4.18)áÎÁÌÏÇÉÞÎÙÍ ÏÂÒÁÚÏÍ ÄÏËÁÚÙ×ÁÅÔÓÑ ÓÌÅÄÕÀÝÁÑ Ï�ÅÎËÁ:
‖B2(A−1v)‖∗ 6 14 + 15‖v‖p2−1

∗ ÄÌÑ ×ÓÅÈ v ∈ H
−2(
); (4.19)ÇÄÅ ÍÙ ×ÏÓ�ÏÌØÚÏ×ÁÌÉÓØ ÔÁËÖÅ ÌÉ�ÛÉ�-ÎÅ�ÒÅÒÙ×ÎÏÓÔØÀ Ó �ÏÓÔÏÑÎÎÏÊìÉ�ÛÉ�Á, ÒÁ×ÎÏÊ 1, É �Å�ÏÞËÏÊ ÎÅ�ÒÅÒÙ×ÎÙÈ ×ÌÏÖÅÎÉÊ (3.14).�ÏÇÄÁ ÄÌÑ ×ÅÌÉÞÉÎÙ w1; Ï�ÒÅÄÅÌÅÎÎÏÊ × ÆÏÒÍÕÌÅ (4.13), Ó�ÒÁ×ÅÄÌÉ×ÁÓÌÅÄÕÀÝÁÑ Ï�ÅÎËÁ:

‖w1‖∗ 6 ‖v0‖∗ +T‖B1(A−1v0)‖∗ 6 ‖v0‖∗ +T11 +T13‖v0‖p1−1
∗ :ðÏÜÔÏÍÕ ÅÓÌÉ ×ÙÂÒÁÔØ r > 0 ÎÁÓÔÏÌØËÏ ÂÏÌØÛÉÍ, ÞÔÏÂÙ ÉÍÅÌÏ ÍÅÓÔÏ ÓÌÅ-ÄÕÀÝÅÅ ÎÅÒÁ×ÅÎÓÔ×Ï:

‖v0‖∗ +T11 +T13‖v0‖p1−1
∗ 6

r2 ;ÔÏ �ÏÌÕÞÉÍ ÎÅÒÁ×ÅÎÓÔ×Ï
‖w1‖∗ 6

r2 : (4.20)
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H(v) ≡ w1 + t

∫0 dsG(v)(s); (4.21)ÇÄÅ G(v)(s) Ï�ÒÅÄÅÌÅÎÁ ÆÏÒÍÕÌÏÊ (4.14). �ÏÇÄÁ ÉÎÔÅÇÒÁÌØÎÏÅ ÕÒÁ×ÎÅÎÉÅ(4.13) ÍÏÖÎÏ �ÅÒÅ�ÉÓÁÔØ × Ï�ÅÒÁÔÏÒÎÏÊ ÆÏÒÍÅv = H(v): (4.22)äÏËÁÖÅÍ, ÞÔÏ Ï�ÅÒÁÔÏÒ H(v); Ï�ÒÅÄÅÌÅÎÎÙÊ ÆÏÒÍÕÌÏÊ (4.21), ÄÅÊÓÔ×ÕÅÔÉÚ Vr × Vr; Ñ×ÌÑÅÔÓÑ ÓÖÉÍÁÀÝÉÍ ÎÁ Vr �ÒÉ ÄÏÓÔÁÔÏÞÎÏ ÂÏÌØÛÏÍ r > 0 ÉÄÏÓÔÁÔÏÞÎÏ ÍÁÌÏÍ T > 0:ðÒÅÖÄÅ ×ÓÅÇÏ �ÏÌÕÞÉÍ Ï�ÅÎËÕ Ó×ÅÒÈÕ ÄÌÑ Ï�ÅÒÁÔÏÒÁ G(v)(s); Ï�ÒÅÄÅÌÅÎ-ÎÏÇÏ ÆÏÒÍÕÌÏÊ (4.14). äÅÊÓÔ×ÉÔÅÌØÎÏ, ÚÁÍÅÔÉÍ, ÞÔÏ ÌÉÎÅÊÎÙÊ Ï�ÅÒÁÔÏÒ
L Ñ×ÌÑÅÔÓÑ ÏÇÒÁÎÉÞÅÎÎÙÍ ËÁË Ï�ÅÒÁÔÏÒ

L ≡ −△ : H
20(
) ⊂ H

10(
) → H
−1(
) ⊂ H

−2(
);�ÏÜÔÏÍÕ ÉÚ Ï�ÅÎÏË (4.18) É (4.19) �ÏÌÕÞÉÍ ÓÌÅÄÕÀÝÕÀ Ï�ÅÎËÕ:
‖G(v)‖∗(s) 6 ‖v1‖∗ + 11 + 13‖v‖p1−1

∗ (s)+ s
∫0 d� [16‖v‖∗(�) + 14 + 15‖v‖p2−1

∗ (�)] : (4.23)�Å�ÅÒØ Ó ÕÞÅÔÏÍ Ï�ÅÎËÉ (4.23) ÍÙ �ÏÌÕÞÉÍ ÓÌÅÄÕÀÝÕÀ Ï�ÅÎËÕ ÄÌÑ Ï�ÅÒÁ-ÔÏÒÁ H(v):
|‖H(v)‖| 6 ‖w1‖∗ +T [

‖v1‖∗ + 11 + 13|‖v‖|p1−1]+T2 [16|‖v‖| + 14 + 15|‖v‖|p2−1] 6
r2 + T [

‖v1‖∗ + 11 + 13rp1−1]+T2 [16r + 14 + 15rp2−1]
6
r2 + r2 = r�ÒÉ ÄÏÓÔÁÔÏÞÎÏ ÍÁÌÏÍ T > 0 É ÄÏÓÔÁÔÏÞÎÏ ÂÏÌØÛÏÍ r > 0: �ÁËÉÍ ÏÂÒÁÚÏÍ,

H : Vr → Vr:�Å�ÅÒØ ÎÁÛÁ ÚÁÄÁÞÁ | ÄÏËÁÚÁÔØ ÓÖÉÍÁÅÍÏÓÔØ Ï�ÅÒÁÔÏÒÁ H ÎÁ Vr �ÒÉÄÏÓÔÁÔÏÞÎÏ ÍÁÌÏÍ T > 0 É ÄÏÓÔÁÔÏÞÎÏ ÂÏÌØÛÏÍ r > 0: äÅÊÓÔ×ÉÔÅÌØÎÏ,�ÕÓÔØ v1; v2 ∈ Vr. �ÏÇÄÁ × ÓÉÌÕ ÕÓÌÏ×ÉÊ (iii)1 É (iv)2 Ó�ÒÁ×ÅÄÌÉ×Á ÓÌÅÄÕÀÝÁÑ
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|‖H(v1)− H(v2)‖| 6 T|‖G(v1)−G(v2)‖| 6 T|‖B1(A−1v1)− B1(A−1v2)‖|+T2|‖LA

−1v1 − LA
−1v2‖|+T2|‖B2(A−1v1)− B2(A−1v2)‖|

6 T17 ess:supt∈[0;T℄ �1(R1)‖A−1v1 − A
−1v2‖1;p1 +T217 ess:supt∈[0;T℄ ‖A−1v1 − A

−1v2‖+T217 ess:supt∈[0;T℄ �2(R2)‖A−1v1 − A
−1v2‖1;p2 ; (4.24)ÇÄÅR1 = max{‖A−1v1‖1;p1 ; ‖A−1v2‖1;p1}; R2 = max{‖A−1v1‖1;p2 ; ‖A−1v2‖1;p2};Á ×ÅÌÉÞÉÎÁ ‖·‖1;p | ÜÔÏ ÎÏÒÍÁ ÂÁÎÁÈÏ×Á �ÒÏÓÔÒÁÎÓÔ×Á W

1;p0 (
) �ÒÉ p > 2:�Å�ÅÒØ ×ÏÓ�ÏÌØÚÕÅÍÓÑ ÎÅ�ÒÅÒÙ×ÎÙÍ ×ÌÏÖÅÎÉÅÍ
H
20(
) ⊂ W

1;p0 (
) �ÒÉ N = 3 É p = (2; 6℄:ðÏÜÔÏÍÕ ÍÏÖÎÏ �ÒÏÄÏÌÖÉÔØ Ï�ÅÎËÕ (4.24) É �ÏÌÕÞÉÔØ ÓÌÅÄÕÀÝÅÅ ÎÅÒÁ-×ÅÎÓÔ×Ï:
|‖H(v1)− H(v2)‖| 6 1718T�1(18R)|‖v1 − v2‖|+ 17T2|‖v1 − v2‖|+ 1917T2�2(19R)|‖v1 − v2‖|; (4.25)ÇÄÅ ÍÙ ×ÏÓ�ÏÌØÚÏ×ÁÌÉÓØ ÌÉ�ÛÉ�-ÎÅ�ÒÅÒÙ×ÎÏÓÔØÀ Ï�ÅÒÁÔÏÒÁ A−1 Ó �ÏÓÔÏ-ÑÎÎÏÊ ìÉ�ÛÉ�Á, ÒÁ×ÎÏÊ 1, R = max{|‖v1‖|; |‖v2‖|}, 18 | ÜÔÏ ÎÁÉÌÕÞÛÁÑ�ÏÓÔÏÑÎÎÁÑ ×ÌÏÖÅÎÉÑ H20(
) ⊂ W

1;p10 (
):
‖w‖1;p1 6 18‖w‖ ÄÌÑ ×ÓÅÈ w ∈ H

20(
);19 | ÜÔÏ ÎÁÉÌÕÞÛÁÑ �ÏÓÔÏÑÎÎÁÑ ×ÌÏÖÅÎÉÑ H20(
) ⊂ W
1;p20 (
) :

‖w‖1;p2 6 19‖w‖ ÄÌÑ ×ÓÅÈ w ∈ H
20(
):úÁÍÅÔÉÍ, ÞÔÏ �ÏÓËÏÌØËÕ v1; v2 ∈ Vr; ÔÏ R 6 r: ðÏÔÒÅÂÕÅÍ ÔÅ�ÅÒØ, ÞÔÏÂÙ1817T�1(18r) + 17T2 + 1719T2�2(19r) 6

12 ; (4.26)ÞÔÏ ÍÏÖÅÔ ÂÙÔØ ÓÄÅÌÁÎÏ ÚÁ ÓÞÅÔ ×ÙÂÏÒÁ ÄÏÓÔÁÔÏÞÎÏ ÍÁÌÏÇÏ T > 0. �ÁËÞÔÏ × ÒÅÚÕÌØÔÁÔÅ �ÏÌÕÞÉÍ ÓÌÅÄÕÀÝÅÅ ÎÅÒÁ×ÅÎÓÔ×Ï:
|‖H(v1)− H(v2)‖| 6

12 |‖v1 − v2‖|:óÌÅÄÏ×ÁÔÅÌØÎÏ, ÉÚ ÔÅÏÒÅÍÙ Ï ÓÖÉÍÁÀÝÅÍ ÏÔÏÂÒÁÖÅÎÉÉ ×ÙÔÅËÁÅÔ, ÞÔÏÏ�ÅÒÁÔÏÒÎÏÅ ÕÒÁ×ÎÅÎÉÅ (4.22) ÉÍÅÅÔ ÅÄÉÎÓÔ×ÅÎÎÏÅ ÒÅÛÅÎÉÅ ËÌÁÓÓÁ v(x; t) ∈
L∞(0;T;H−2(
)).



124 í. ï. ëïòðõóï÷äÏËÁÖÅÍn ÔÅ�ÅÒØ, ÞÔÏ ÒÅÛÅÎÉÅ v(t) ∈ L∞(0;T;H−1(
)) ÉÎÔÅÇÒÁÌØÎÏÇÏÕÒÁ×ÎÅÎÉÑ (4.13) ÍÏÖÅÔ ÂÙÔØ �ÒÏÄÏÌÖÅÎÏ ÎÁ ÔÁËÏÊ ÍÁËÓÉÍÁÌØÎÙÊ ÉÎÔÅÒ-×ÁÌ [0;T0); ÞÔÏ ÌÉÂÏ T0 = +∞, ÌÉÂÏ T0 < +∞, É × �ÏÓÌÅÄÎÅÍ ÓÌÕÞÁÅ ÉÍÅÅÔÍÅÓÔÏ �ÒÅÄÅÌØÎÏÅ ÒÁ×ÅÎÓÔ×Ïlim supt↑T0 ‖v‖∗(t) = +∞:äÅÊÓÔ×ÉÔÅÌØÎÏ, ÒÁÓÓÍÏÔÒÉÍ ÎÏÒÍÕ (T) ≡ ess:supt∈[0;T℄ ‖ v(t) ‖∗ (t):ëÁË ÆÕÎË�ÉÑ ÏÔ T ÆÕÎË�ÉÑ  (T) Ñ×ÌÑÅÔÓÑ ÍÏÎÏÔÏÎÎÏ ÎÅÕÂÙ×ÁÀÝÅÊ. óÔÁ-ÌÏ ÂÙÔØ, �ÒÉ T ↑ T0 ÆÕÎË�ÉÑ  (T) ÉÍÅÅÔ ÌÉÂÏ ËÏÎÅÞÎÙÊ, ÌÉÂÏ ÂÅÓËÏÎÅÞ-ÎÙÊ �ÒÅÄÅÌ. ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ  (T) ÉÍÅÅÔ ËÏÎÅÞÎÙÊ �ÒÅÄÅÌ �ÒÉ T ↑ T0:ðÕÓÔØ T′ ∈ (0;T0) òÁÓÓÍÏÔÒÉÍ ÓÌÅÄÕÀÝÉÅ ÉÎÔÅÇÒÁÌØÎÙÅ ÕÒÁ×ÎÅÎÉÑ:v(T′) = v0 + T′

∫0 dsG(v)(s); G(v)(s) = G(v)(s) + B1(A−1v0); (4.27)ÇÄÅ G(v)(s) Ï�ÒÅÄÅÌÅÎÏ ÆÏÒÍÕÌÏÊ (4.14)v(T′ + t) = v(T′) + T′+t
∫T′

dsG(v)(s); t > 0: (4.28)÷×ÅÄÅÍ ÆÕÎË�ÉÀ w(t) = v(T′ + t) É ÓÄÅÌÁÅÍ ÚÁÍÅÎÕ �ÅÒÅÍÅÎÎÙÈ � = s−T′× �ÏÓÌÅÄÎÅÍ ÉÎÔÅÇÒÁÌÅ. �ÏÇÄÁ �ÏÌÕÞÉÍ ÕÒÁ×ÎÅÎÉÅw(t) = v(T′) + t
∫0 d� G(w)(�); t > 0: (4.29)úÁÍÅÔÉÍ, ÞÔÏ

‖v‖∗(T′) 6 C < +∞; T′ ∈ (0;T0): (4.30)á ÕÒÁ×ÎÅÎÉÅ (4.29) ÉÍÅÅÔ ×ÉÄ (4.13). ðÏÜÔÏÍÕ ÎÁÊÄÅÔÓÑ ÔÁËÏÊ ÍÏÍÅÎÔ ×ÒÅ-ÍÅÎÉ T∗ = T∗(T′); ÞÔÏ ÓÕÝÅÓÔ×ÕÅÔ ÒÅÛÅÎÉÅ ÕÒÁ×ÎÅÎÉÑ (4.29) ÎÁ ÉÎÔÅÒ×ÁÌÅt ∈ (0;T∗): ÷ ÓÉÌÕ (4.30) ÆÕÎË�ÉÑ T∗ = T∗(T′) ÉÍÅÅÔ ÍÉÎÉÍÕÍ, ÂÏÌØÛÉÊÎÕÌÑ, ËÏÔÏÒÙÊ ÍÙ ÓÎÏ×Á ÏÂÏÚÎÁÞÉÍ ÞÅÒÅÚ T∗. �Å�ÅÒØ × ËÁÞÅÓÔ×Å T′ ×ÏÚØ-ÍÅÍ ×ÅÌÉÞÉÎÕ T′ = T0 −T∗=2. �ÁËÉÍ ÏÂÒÁÚÏÍ, �ÏÌÕÞÁÅÍ, ÞÔÏ ÓÕÝÅÓÔ×ÕÅÔ



ï òáúòõûåîéé éïîîï-ú÷õëï÷ùè ÷ïìî ÷ ðìáúíå 125ÒÅÛÅÎÉÅ ÚÁÄÁÞÉ (4.29) ÎÁ ÉÎÔÅÒ×ÁÌÅ t ∈ (0;T∗): �Å�ÅÒØ �ÏÄÓÔÁ×ÉÍ ×ÙÒÁ-ÖÅÎÉÅ ÄÌÑ v(T′) ÉÚ ÕÒÁ×ÎÅÎÉÑ (4.27) × ÕÒÁ×ÎÅÎÉÅ (4.29), ÔÏÇÄÁ �ÏÌÕÞÉÍv(t0) = v0 + t0
∫0 dsG(v)(s); t0 = T′ + t; t ∈ (0;T∗): (4.31)óÔÁÌÏ ÂÙÔØ, × ÓÉÌÕ �ÒÅÄÙÄÕÝÅÇÏ ÓÕÝÅÓÔ×ÕÅÔ ÅÄÉÎÓÔ×ÅÎÎÏÅ ÒÅÛÅÎÉÅ ÚÁ-ÄÁÞÉ (4.31) ÎÁ ÉÎÔÅÒ×ÁÌÅ t0 ∈ (0;T′ + T∗). ÷ ÓÉÌÕ ×ÙÂÏÒÁ T′ = T0 − T∗=2ÉÍÅÅÍ t0 ∈ (0;T0+T∗=2). �ÁËÉÍ ÏÂÒÁÚÏÍ, ÉÓ�ÏÌØÚÕÑ ÕËÁÚÁÎÎÙÊ ÁÌÇÏÒÉÔÍ�ÒÏÄÏÌÖÅÎÉÑ ×Ï ×ÒÅÍÅÎÉ, ÍÙ �ÒÉÈÏÄÉÍ Ë ×Ù×ÏÄÕ, ÞÔÏ T0 = +∞. ðÏÌÕ-ÞÅÎÎÏÅ �ÒÏÔÉ×ÏÒÅÞÉÅ Ó ÕÓÌÏ×ÉÅÍ, ÞÔÏ T0 < +∞ ÄÏËÁÚÙ×ÁÅÔ ÓÌÅÄÕÀÝÅÅ�ÒÅÄÅÌØÎÏÅ ÒÁ×ÅÎÓÔ×Ï: limT↑T0  (T) = +∞:ïÔÓÀÄÁ ÓÒÁÚÕ ÖÅ �ÏÌÕÞÁÅÍ, ÞÔÏlim supt↑T0 ‖ v ‖∗ (t) = +∞:äÏËÁÖÅÍ, ÞÔÏ ÒÅÛÅÎÉÅ Ï�ÅÒÁÔÏÒÎÏÇÏ ÕÒÁ×ÎÅÎÉÑ (4.22) ËÌÁÓÓÁ v(x; t) ∈

L∞(0;T;H−2(
)) Ñ×ÌÑÅÔÓÑ ÇÌÁÄËÉÍ ËÌÁÓÓÁ v(x; t) ∈ C(2)(0;T;H−2(
)). óÜÔÏÊ �ÅÌØÀ ×ÏÓ�ÏÌØÚÕÅÍÓÑ ÔÁË ÎÁÚÙ×ÁÅÍÙÍ ,,ÂÕÔÓÔÜ�\ ÍÅÔÏÄÏÍ. ðÒÅÖÄÅ×ÓÅÇÏ ÄÏËÁÖÅÍ, ÞÔÏ v(x; t) ∈ C(0;T;H−2(
)):äÅÊÓÔ×ÉÔÅÌØÎÏ, ÉÍÅÅÔ ÍÅÓÔÏ ÓÌÅÄÕÀÝÁÑ Ï�ÅÎËÁ:
‖v(t1)− v(t2)‖∗ 6

t2
∫t1 ds‖G(v)‖∗(s) 6 |‖G(v)‖||t1 − t2| → 0 �ÒÉ t1 → t2ÄÌÑ ×ÓÅÈ t1; t2 ∈ [0;T℄. óÌÅÄÏ×ÁÔÅÌØÎÏ, v(x; t) ∈ C(0;T;H−2(
)): �Å�ÅÒØÎÁÛÁ ÚÁÄÁÞÁ | ÄÏËÁÚÁÔØ, ÞÔÏ v(x; t) ∈ C(1)(0;T;H−2(
)): äÅÊÓÔ×ÉÔÅÌØÎÏ,Ó ÜÔÏÊ �ÅÌØÀ ÎÕÖÎÏ ÄÏËÁÚÁÔØ, ÞÔÏG(v)(s) ∈ C(0;T;H−2(
)):ðÏÓËÏÌØËÕ v(x; t) ∈ C(0;T;H−2(
)) É ÌÉ�ÛÉ�-ÎÅ�ÒÅÒÙ×ÎÏÓÔÉ Ï�ÅÒÁÔÏÒÁ

A−1 Ó �ÏÓÔÏÑÎÎÏÊ ìÉ�ÛÉ�Á, ÒÁ×ÎÏÊ 1, ÉÍÅÅÔ ÍÅÓÔÏ ÓÌÅÄÕÀÝÁÑ Ï�ÅÎËÁ:
‖A−1v(t1)− A

−1v(t2)‖ 6 ‖v(t1)− v(t2)‖∗ → 0 �ÒÉ t1 → t2ÄÌÑ ×ÓÅÈ t1; t2 ∈ [0;T℄. óÌÅÄÏ×ÁÔÅÌØÎÏ, A−1v ∈ C(0;T;H20(
)). ó ÄÒÕÇÏÊÓÔÏÒÏÎÙ, × ÓÉÌÕ ÕÓÌÏ×ÉÊ (iii)1 É (iv)2 ÄÌÑ Ï�ÅÒÁÔÏÒÏ× B1(·) É B2(·) ÉÍÅÀÔÍÅÓÔÏ ÓÌÅÄÕÀÝÉÅ Ï�ÅÎËÉ:
‖B1(A−1v(t1))− B1(A−1v(t2))‖∗ 6 21�1(20R)‖A−1v(t1)− A

−1v(t2)‖ → 0



126 í. ï. ëïòðõóï÷�ÒÉ t1 → t2 ÄÌÑ ×ÓÅÈ t1; t2 ∈ [0;T℄: �ÁËÉÍ ÏÂÒÁÚÏÍ,
B1(A−1v(t)) ∈ C(0;T;H−2(
)):áÎÁÌÏÇÉÞÎÙÍ ÏÂÒÁÚÏÍ ÄÏËÁÚÙ×ÁÅÔÓÑ, ÞÔÏ
B2(A−1v(t)) ∈ C(0;T;H−2(
)):îÁËÏÎÅ�,

LA
−1v(t) ∈ C(0;T;H−2(
))× ÓÉÌÕ ÌÉÎÅÊÎÏÓÔÉ É ÎÅ�ÒÅÒÙ×ÎÏÓÔÉ Ï�ÅÒÁÔÏÒÁ L ≡ −△; ËÁË ÄÅÊÓÔ×ÕÀÝÅ-ÇÏ

L ≡ −△ : H
20(
) ⊂ H

10(
) → H
−1(
) ⊂ H

−2(
):óÔÁÌÏ ÂÙÔØ, G(v)(s) ∈ C(0;T;H−2(
)):ðÏÜÔÏÍÕ
H(v) ∈ C

(1)(0;T;H−2(
));É × ÓÉÌÕ Ï�ÅÒÁÔÏÒÎÏÇÏ ÒÁ×ÅÎÓÔ×Á (4.22) �ÏÌÕÞÉÍ, ÞÔÏv(x; t) ∈ C
(1)(0;T;H−2(
)):äÏËÁÖÅÍ ÔÅ�ÅÒØ, ÞÔÏ ÏÔÓÀÄÁ É ÉÚ Ï�ÒÅÄÅÌÅÎÉÑ (4.14) ÆÕÎË�ÉÉ G(v)(s)ÂÕÄÅÔ ÓÌÅÄÏ×ÁÔØ, ÞÔÏ

H(v) ∈ C
(2)(0;T;H−2(
)):äÌÑ ÜÔÏÇÏ ÎÁÍ ÎÕÖÎÏ ÄÏËÁÚÁÔØ, ÞÔÏ

B1(A−1v(t)) ∈ C
(1)(0;T;H−2(
)):ðÒÅÖÄÅ ×ÓÅÇÏ ÚÁÍÅÔÉÍ, ÞÔÏ × ÓÉÌÕ ÔÅÏÒÅÍÙ 1 Ï �Å�ÎÏÍ �ÒÁ×ÉÌÅ ÄÌÑ �ÒÏ-ÉÚ×ÏÄÎÏÊ æÒÅÛÅ ÉÍÅÅÔ ÍÅÓÔÏ ×ËÌÀÞÅÎÉÅ

A
−1v(t) ∈ C

(1)(0;T;H20(
));�ÏÓËÏÌØËÕ A−1 : H−2(
) → H20(
) | ÜÔÏ ÌÉÎÅÊÎÙÊ ÏÇÒÁÎÉÞÅÎÎÙÊ Ï�ÅÒÁ-ÔÏÒ. �Å�ÅÒØ × ÓÉÌÕ Ó×ÏÊÓÔ×Á (iii)1 Ï�ÅÒÁÔÏÒ
B1(w) ≡ −div('1(x; |∇w|)∇w) : W

1;p10 (
) → W
−1;p′1(
);�ÏÒÏÖÄÅÎÎÙÊ ÜÔÏÊ ÆÏÒÍÕÌÏÊ, Ñ×ÌÑÅÔÓÑ ÄÉÆÆÅÒÅÎ�ÉÒÕÅÍÙÍ �Ï æÒÅÛÅ.�Å�ÅÒØ ÏÓÔÁÌÏÓØ �ÒÉÍÅÎÉÔØ ÔÅÏÒÅÍÕ 1 É �ÏÌÕÞÉÔØ, ÞÔÏ

B1(A−1v(t)) ∈ C
(1)(0;T;H−2(
)):�ÁËÉÍ ÏÂÒÁÚÏÍ, G(v)(s) ∈ C

(1)(0;T;H−2(
));ÎÏ ÔÏÇÄÁ
H(v) ∈ C

(2)(0;T;H−2(
)):



ï òáúòõûåîéé éïîîï-ú÷õëï÷ùè ÷ïìî ÷ ðìáúíå 127óÌÅÄÏ×ÁÔÅÌØÎÏ, × ÓÉÌÕ Ï�ÅÒÁÔÏÒÎÏÇÏ ÒÁ×ÅÎÓÔ×Á (4.22) �ÏÌÕÞÉÍ, ÞÔÏv(x; t) ∈ C
(2)(0;T;H−2(
)):�Å�ÅÒØ ÚÁÍÅÔÉÍ, ÞÔÏ u = A

−1v;É × ÓÉÌÕ ÔÅÏÒÅÍÙ 1 Ï �Å�ÎÏÍ �ÒÁ×ÉÌÅ ÄÌÑ �ÒÏÉÚ×ÏÄÎÙÈ æÒÅÛÅ �ÏÌÕÞÉÍ,ÞÔÏ u(x; t) ∈ C
(2)([0;T℄;H20(
)):�ÁËÉÍ ÏÂÒÁÚÏÍ, ÎÁÍÉ ÄÏËÁÚÁÎÁ ÓÌÅÄÕÀÝÁÑ ÔÅÏÒÅÍÁ.�ÅÏÒÅÍÁ 2. ðÕÓÔØ ×Ù�ÏÌÎÅÎÙ Ó×ÏÊÓÔ×Á (i)1 − (iii)1 É (i)2; (ii)2; (iv)2; ÔÏ-ÇÄÁ ÄÌÑ ÌÀÂÙÈ u0(x); u1(x) ∈ H20(
) ÎÁÊÄÅÔÓÑ ÔÁËÏÅ T0 = T0(u0; u1) > 0;ÞÔÏ ÓÕÝÅÓÔ×ÕÅÔ ÓÉÌØÎÏÅ ÏÂÏÂÝÅÎÎÏÅ ÒÅÛÅÎÉÅ ÚÁÄÁÞÉ (2.11){(2.13) ËÌÁÓÓÁu(x; t) ∈ C(2)([0;T0);H20(
)); �ÏÎÉÍÁÅÍÏÅ × ÓÍÙÓÌÅ Ï�ÒÅÄÅÌÅÎÉÑ 3, �ÒÉÞÅÍÌÉÂÏ T0 = +∞, ÌÉÂÏ T0 < +∞; É × �ÏÓÌÅÄÎÅÍ ÓÌÕÞÁÅ ÉÍÅÅÔ ÍÅÓÔÏ ÓÌÅ-ÄÕÀÝÅÅ �ÒÅÄÅÌØÎÏÅ ÒÁ×ÅÎÓÔ×Ï:lim supt↑T0 ‖Au‖∗(t) = +∞; A ≡ △2 −△: (4.32)úÁÍÅÞÁÎÉÅ 6. äÁ×ÁÊÔÅ ÏÂÓÕÄÉÍ ×ÙÒÁÖÅÎÉÅ (4.32). úÁÍÅÔÉÍ, ÞÔÏ Ó�ÒÁ-×ÅÄÌÉ×Á ÓÌÅÄÕÀÝÁÑ �Å�ÏÞËÁ ÎÅÒÁ×ÅÎÓÔ×:

‖Au‖∗(t) = supw∈H
20(
); ‖w‖61 |〈Au;w〉|

6 supw∈H
20(
); ‖w‖61 ∣

∣

∣

∣

∣

∣

∫
 (∇u;∇w) dx + ∫
 △u△w dx∣∣∣∣
∣

∣

6 2 supw∈H
20(
); ‖w‖61�1=2[u℄(t)�1=2[w℄ 6 22�1=2[u℄(t); (4.33)

ÇÄÅ �1=2[u℄(t) Ï�ÒÅÄÅÌÅÎÏ ÆÏÒÍÕÌÏÊ (3.20). �Å�ÅÒØ ÚÁÍÅÔÉÍ, ÞÔÏ Ó�ÒÁ×ÅÄ-ÌÉ×Á ÓÌÅÄÕÀÝÁÑ Ï�ÅÎËÁ ÓÎÉÚÕ:
‖Au‖∗(t)‖u‖(t) > 〈Au(t); u(t)〉 = 2�(t): (4.34)ó ÄÒÕÇÏÊ ÓÔÏÒÏÎÙ,

‖u‖2 = ∫
 |△u|2 dx;�ÏÜÔÏÍÕ × ÓÉÌÕ Ï�ÒÅÄÅÌÅÎÉÑ (3.20) ×ÙÔÅËÁÅÔ Ï�ÅÎËÁ Ó×ÅÒÈÕ ‖u‖2(t) 6 2�(t);ÏÔËÕÄÁ É ÉÚ (4.34) �ÏÌÕÞÉÍ ÎÅÒÁ×ÅÎÓÔ×Ï
√2�1=2[u℄(t)‖Au‖∗(t) > 2�(t) ⇒ ‖Au‖∗(t) >

√2�1=2[u℄(t): (4.35)



128 í. ï. ëïòðõóï÷�ÅÍ ÓÁÍÙÍ ÉÚ ÎÅÒÁ×ÅÎÓÔ× (4.33) É (4.35) �ÏÌÕÞÉÍ Ä×ÕÓÔÏÒÏÎÅÅ ÎÅÒÁ×ÅÎÓÔ×Ï
√2�1=2[u℄(t) 6 ‖Au‖∗(t) 6 22�1=2[u℄(t):�ÁËÉÍ ÏÂÒÁÚÏÍ, ×ÙÒÁÖÅÎÉÅ (4.32) ÜË×É×ÁÌÅÎÔÎÏ ×ÙÒÁÖÅÎÉÀlim supt↑T0 �[u℄(t) = +∞; (4.36)ÇÄÅ ÆÕÎË�ÉÏÎÁÌ �[u℄(t) Ï�ÒÅÄÅÌÅÎ ÆÏÒÍÕÌÏÊ (3.20).�ÁËÉÍ ÏÂÒÁÚÏÍ, ÉÚ ÔÅÏÒÅÍÙ 2 É ÒÅÚÕÌØÔÁÔÏ× §3 ×ÙÔÅËÁÅÔ ÓÌÅÄÕÀÝÁÑÏÓÎÏ×ÎÁÑ ÔÅÏÒÅÍÁ ÎÁÓÔÏÑÝÅÊ ÒÁÂÏÔÙ.�ÅÏÒÅÍÁ 3. ðÕÓÔØ ÄÌÑ ÆÕÎË�ÉÊ '1(x; s) É '2(x; s) ×Ù�ÏÌÎÅÎÙ ÕÓÌÏ×ÉÑ(i)1{(iii)1 É (i)2{(iv)2; u0; u1 ∈ H20(
) É, ËÒÏÍÅ ÔÏÇÏ, ×Ù�ÏÌÎÅÎÙ ÓÌÅÄÕÀÝÉÅÄÏÓÔÁÔÏÞÎÙÅ ÕÓÌÏ×ÉÑ:# > 2 + 2q1; q1 = p1 − 2;

∫
 F(x; |∇u0|) dx >
12 ∫
 |∇u1|2 dx+ 12 ∫
 |△u1|2 dx+ 12 ∫
 |∇u0|2 dx;

F(x; s) = s
∫0 d��'2(x; �);�′(0) > ( ��− 1�20 + 22�− q1 − 2�2+q10 )1=2 ;ÔÏÇÄÁ ×ÒÅÍÑ ÓÕÝÅÓÔ×Ï×ÁÎÉÑ T0 ÓÉÌØÎÏÇÏ ÏÂÏÂÝÅÎÎÏÇÏ ÒÅÛÅÎÉÑ ÏÇÒÁÎÉ-ÞÅÎÏ Ó×ÅÒÈÕ É ÂÏÌØÛÅ ÎÕÌÑT0 ∈ (0;T1℄; T1 = �1−�0A > 0;É ÉÍÅÅÔ ÍÅÓÔÏ �ÒÅÄÅÌØÎÏÅ ÒÁ×ÅÎÓÔ×Ïlim supt↑T0 �(t) = +∞;



ï òáúòõûåîéé éïîîï-ú÷õëï÷ùè ÷ïìî ÷ ðìáúíå 129ÇÄÅ�(t) ≡ 12 ∫
 |∇u|2 dx+ 12 ∫
 |△u|2 dx;�0 = �(0) = 12 ∫
 |∇u0|2 dx+ 12 ∫
 |△u0|2 dx;�′(0) = ∫
 (∇u1;∇u0) dx+ ∫
 △u1△u0 dx;� = 12 (1 + #2 − "0) ; � = 7"0 ;  = 6"0 ; "0 ∈ (0; #− 2− 2q12 ) ;A2 ≡ (�− 1)2�−2�0 (�′(0))2
− �(�− 1)�−2�0 �20 − 2(�− 1)Æ �−Æ�0 �Æ0 > 0;Æ = 1 + 1 + q1 − �1− �É "0 ÄÏÓÔÁ×ÌÑÅÔ ÍÉÎÉÍÕÍ ÆÕÎË�ÉÉQ0 = Q0(") ≡ ��− 1 + 22�− q1 − 2�q10�ÒÉ ÕÓÌÏ×ÉÉ, ÞÔÏ "0 ∈ (0; (# − 2− 2q1)=2).§5. úÁËÌÀÞÅÎÉÅïÔÍÅÔÉÍ, ÞÔÏ ÍÙ × ÄÁÎÎÏÊ ÒÁÂÏÔÅ ÒÁÓÓÍÏÔÒÅÌÉ �ÒÏÓÔÒÁÎÓÔ×ÅÎÎÏ ÌÏ-ËÁÌÉÚÏ×ÁÎÎÙÅ ,,ÉÓÔÏÞÎÉËÉ\, Ï�ÉÓÙ×ÁÅÍÙÅ ÆÕÎË�ÉÅÊ '2(x; s); É ,,ÓÔÏËÉ\,Ï�ÉÓÙ×ÁÅÍÙÅ ÆÕÎË�ÉÅÊ '1(x; s); × �ÌÁÚÍÅ É ÜÔÏ ×ÁÖÎÏ Ó ÆÉÚÉÞÅÓËÏÊ ÔÏÞËÉÚÒÅÎÉÑ, �ÏÓËÏÌØËÕ × ÒÅÁÌØÎÏÊ �ÌÁÚÍÅ ÉÓÔÏÞÎÉËÉ É ÓÔÏËÉ, ÄÅÊÓÔ×ÉÔÅÌØÎÏ,ÌÏËÁÌÉÚÏ×ÁÎÙ. úÁÍÅÔÉÍ, ÞÔÏ ÁÎÁÌÏÇÉÞÎÏ ×Ù×ÏÄÕ ÒÁÓÓÍÏÔÒÅÎÎÏÇÏ × ÄÁÎ-ÎÏÊ ÒÁÂÏÔÅ ÕÒÁ×ÎÅÎÉÑ ÍÏÖÎÏ ×Ù×ÅÓÔÉ É ÕÒÁ×ÎÅÎÉÅ ÎÅÌÉÎÅÊÎÙÈ ÉÏÎÎÏ-Ú×ÕËÏ×ÙÈ ×ÏÌÎ × ,,ÚÁÍÁÇÎÉÞÅÎÎÏÊ\ �ÌÁÚÍÅ, ÏÄÎÁËÏ ÜÔÏ ÕÒÁ×ÎÅÎÉÅ ÞÅÔ×ÅÒ-ÔÏÇÏ �ÏÒÑÄËÁ �Ï ×ÒÅÍÅÎÉ É Ó ÎÅÌÉÎÅÊÎÙÍ ÜÌÌÉ�ÔÉÞÅÓËÉÍ Ï�ÅÒÁÔÏÒÏÍ �ÒÉ×ÔÏÒÏÊ �ÒÏÉÚ×ÏÄÎÏÊ �Ï ×ÒÅÍÅÎÉ. îÁÓËÏÌØËÏ ÎÁÍ ÉÚ×ÅÓÔÎÏ, ÔÁËÉÅ ÕÒÁ×ÎÅ-ÎÉÑ ÅÝÅ × �ÒÉÎ�É�Å ÎÅ ÉÓÓÌÅÄÏ×ÁÌÉÓØ.ó�ÉÓÏË ÌÉÔÅÒÁÔÕÒÙ[1℄ çÁÅ×ÓËÉÊ è., çÒÅÇÅÒ ë., úÁÈÁÒÉÁÓ ë., îÅÌÉÎÅÊÎÙÅ Ï�ÅÒÁÔÏÒÎÙÅ ÕÒÁ×-ÎÅÎÉÑ É Ï�ÅÒÁÔÏÒÎÙÅ ÄÉÆÆÅÒÅÎ�ÉÁÌØÎÙÅ ÕÒÁ×ÎÅÎÉÑ, íÉÒ, í., 1978,336 .
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