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Ïóñòü (Ω, µ) � âåðîÿòíîñòíîå ïðîñòðàíñòâî.

Lp, 1 ≤ p < ∞, íîðìà ôóíêöèé îïðåäåëÿåòñÿ ñòàíäàðòíûì îáðàçîì:

∥f ∥p := ∥f ∥Lp(Ω,µ) :=

(∫
Ω
|f |p dµ

)1/p

.

Ïîä L∞(Ω) íîðìîé ìû ïîíèìàåì ðàâíîìåðíóþ íîðìó îãðàíè÷åííûõ
ôóíêöèé

∥f ∥∞ := sup
ω∈Ω

|f (ω)|.
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Äèñêðåòíîå ïðîñòðàíñòâî Lmp âåêòîðîâ x = (x1, . . . , xm) ∈ Rm ñ
íîðìîé

∥x∥p :=


(

1
m

∑m
j=1 |xj |p

)1/p
, 1 ≤ p < ∞,

max
1≤j≤m

|xj |, p = ∞.

Ôóíêöèè f , îïðåäåëåííîé íà Ω, è íàáîðó òî÷åê ξ1, . . . , ξm ∈ Ω ìû
ñòàâèì â ñîîòâåòñòâèå âåêòîð�âûáîðêó (sampling vector)

S(f , ξ) := (f (ξ1), . . . , f (ξm)).
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Ïóñòü XN � N�ìåðíîå ïîäïðîñòðàíñòâî Lp, 1 ≤ p < ∞.

Äëÿ XN âûïîëíåíà òåîðåìà äèñêðåòèçàöèè òèïà Ìàðöèíêåâè÷à ñ
ïàðàìåòðàìè m, p, C1, C2, åñëè ñóùåñòâóåò ìíîæåñòâî {ξj}mj=1 ⊂ Ω
òàêîå, ÷òî

C1∥f ∥pp ≤ 1

m

m∑
j=1

|f (ξj)|p ≡ ∥S(f , ξ)∥pp ≤ C2∥f ∥pp, ∀f ∈ XN .

Äëÿ p = ∞

C1∥f ∥∞ ≤ max
1≤j≤m

|f (ξj)| ≡ ∥S(f , ξ)∥∞ ≤ ∥f ∥∞, ∀f ∈ XN .
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Ïóñòü 1 ≤ p, q ≤ ∞, D > 0.
ÏÍÄ. Áóäåì ãîâîðèòü, ÷òî XN äîïóñêàåò Ïðàâîå Íåðàâåíñòâî
Äèñêðåòèçàöèè, åñëè äëÿ íåêîòîðûõ òî÷åê ξ1, . . . , ξm ∈ Ω äëÿ ëþáîãî
f ∈ XN âûïîëíåíî íåðàâåíñòâî

∥S(f , ξ)∥q ≤ D∥f ∥p.
Îáîçíà÷åíèå: XN ∈ RD(m, p, q,D).

Ïðåäëîæåíèå 1

Ïóñòü 2 < p < ∞, 1 ≤ q < ∞ è ïîäïðîñòðàíñòâî XN óäîâëåòâîðÿåò

íåðàâåíñòâó Íèêîëüñêîãî ñ ïàðàìåòðàìè 2 è p, òî åñòü äëÿ íåêîòîðîãî

M > 0
∥f ∥p ≤ M∥f ∥2, ∀f ∈ XN .

Ïóñòü XN èìååò îðòîíîðìèðîâàííûé áàçèñ {ui}Ni=1 cî ñëåäóþùèì

ñâîéñòâîì:
∑N

i=1 |ui (ω)|2 ≥ cN, c > 0, äëÿ ëþáîãî ω ∈ Ω. Ïóñòü
XN ∈ RD(m, p, q,D). Òîãäà

(cN)q/2 ≤ m(DM)q.
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Ñëåäñòâèå 1

Ïóñòü ΛN = {ki}Ni=1 � ëàêóíàðíàÿ ïîñëåäîâàòåëüíîñòü, òî åñòü

ki+1 ≥ bki , b > 1, i = 1, . . . ,N − 1. Îáîçíà÷èì

T (ΛN) :=

f : f (x) =
∑
k∈ΛN

cke
ikx , x ∈ T

 .

Ïóñòü T (ΛN) ∈ RD(m, p, q,D) äëÿ íåêîòîðûõ 2 < p < ∞, 2 < q < ∞.

Òîãäà

Nq/2 ≤ mC (p, q, b)Dq.

ËÍÄ ïðè 2 < p < ∞, 2 < q < ∞ äëÿ T (ΛN) ìîæåò áûòü äîñòèãíóòî ñ
èñïîëüçîâàíèåì m = O(N) òî÷åê: ñóùåñòâóåò m ≤ CN òî÷åê
ξ1, . . . , ξm, äàþùèõ äèñêðåòèçàöèþ â L2 (Â. Í. Òåìëÿêîâ, 2017), îòêóäà

∥f ∥p ≤ C1∥f ∥2 ≤ C2

 1

m

m∑
j=1

|f (ξj)|2
1/2

≤ C2

 1

m

m∑
j=1

|f (ξj)|q
1/q

.
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Òåîðåìà A (À. À. Ëóíèí, 1989). Ñóùåñòâóåò òàêîå C > 0, ÷òî äëÿ
ëþáîé N × n ìàòðèöû A íàéäåòñÿ n × n ïîäìàòðèöà A1, îáðàçîâàííàÿ
n ñòðîêàìè ìàòðèöû A, ñî ñëåäóþùèì ñâîéñòâîì:

sup
∥x∥2=1

∥A1x∥2 ≤ C sup
∥x∥2=1

∥Ax∥2.

Ïðåäëîæåíèå 2

Ïóñòü XN � N�ìåðíîå ïîäïðîñòðàíñòâî L2(Ω, µ), òîãäà
XN ∈ RD(N, 2,C ) äëÿ íåêîòîðîé àáñîëþòíîé ïîñòîÿííîé C > 0.

Ñëåäñòâèå 2

Ïóñòü p ∈ N ÷¼òíî, òîãäà XN ∈ RD(Np/2, p,C 2/p).
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Ïðåäëîæåíèå A (D. Freeman, D. Ghoreishi, 2023). Ïóñòü 1 ≤ p < ∞.

Ïóñòü (Ω, µ) � âåðîÿòíîñòíîå ïðîñòðàíñòâî, XN ⊂ Lp(Ω, µ) �
N�ìåðíîå ïîäïðîñòðàíñòâî. Òîãäà äëÿ ëþáîãî ε > 0 íàéä¼òñÿ m0 ∈ N
òàêîå, ÷òî åñëè M ≥ m0 è {ξj}Mj=1 ⊂ Ω � íåçàâèñèìûå ñëó÷àéíûå

òî÷êè, òî ñ âåðîÿòíîñòüþ íå ìåíüøå (1− ε) èìåþò ìåñòî íåðàâåíñòâà

(1− ε)∥f ∥pp ≤ 1

M

M∑
j=1

|f (ξj)|p ≤ (1 + ε)∥f ∥pp, ∀f ∈ XN .
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Òåîðåìà B (D. Freeman, D. Ghoreishi, 2023). Äëÿ ëþáîãî 1 ≤ q < 2 è

N ∈ N ñóùåñòâóåò N�ìåðíîå ïîäïðîñòðàíñòâî XN ⊂ L1([0, 1]) ñî
ñëåäóþùèìè ñâîéñòâàìè:

(a) XN ∈ NI (q,∞,K−1
q N1/q);

(b) Åñëè m ∈ N è tj , j = 1, . . . ,m, òàêîâû, ÷òî
m∑
j=1

|f (tj)|q > 0 äëÿ

ëþáîãî f ∈ XN\{0}, òî ñóùåñòâóåò f ∈ XN , äëÿ êîòîðîãî

1

m

m∑
j=1

|f (tj)|q ≥ N2−q/2

m
∥f ∥qq.

Â ÷àñòíîñòè, îòñþäà ñëåäóåò, ÷òî åñëè m = o(N2−q/2), òî ÏÍÄ(q) ñ
èíúåêòèâíûì îïåðàòîðîì âûáîðêè íå âûïîëíåíî.

Ëèìîíîâà È.Â. Îäíîñòîðîííÿÿ äèñêðåòèçàöèÿ 19 ñåíòÿáðÿ 2024 ã. 9 / 29



Ïóñòü 1 ≤ p, q ≤ ∞, D > 0.

ËÍÄ. Áóäåì ãîâîðèòü, ÷òî XN äîïóñêàåò Ëåâîå Íåðàâåíñòâî
Äèñêðåòèçàöèè, åñëè äëÿ íåêîòîðûõ òî÷åê ξ1, . . . , ξm ∈ Ω äëÿ ëþáîãî
f ∈ XN âûïîëíåíî íåðàâåíñòâî

∥f ∥p ≤ D∥S(f , ξ)∥q.
Îáîçíà÷èì ýòî ñâîéñòâî êàê XN ∈ LD(m, p, q,D).

Ïðåäëîæåíèå 3

Ïóñòü X � ìíîæåñòâî ôóíêöèé â Lp(Ω, µ). Ïóñòü òî÷êè ξ1, . . . , ξm ∈ Ω
è íåîòðèöàòåëüíûå âåñà λ1, . . . , λm òàêîâû, ÷òî λ1 + · · ·+ λm ≤ C è

∥f ∥p ≤ D

 m∑
j=1

λj |f (ξj)|q
1/q

, ∀f ∈ X .

Òîãäà ñóùåñòâóåò m0 ≤ (C 2 + 1)m òàêîå, ÷òî

X ∈ LD(m0, p, q,D(C + C−1)1/q).
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ËÍÄ. Áóäåì ãîâîðèòü, ÷òî XN äîïóñêàåò Ëåâîå Íåðàâåíñòâî
Äèñêðåòèçàöèè, åñëè äëÿ íåêîòîðûõ òî÷åê ξ1, . . . , ξm ∈ Ω äëÿ ëþáîãî
f ∈ XN âûïîëíåíî íåðàâåíñòâî

∥f ∥p ≤ D∥S(f , ξ)∥q.
Îáîçíà÷èì ýòî ñâîéñòâî êàê XN ∈ LD(m, p, q,D).

Ïðåäëîæåíèå 3

Ïóñòü X � ìíîæåñòâî ôóíêöèé â Lp(Ω, µ). Ïóñòü òî÷êè ξ1, . . . , ξm ∈ Ω
è íåîòðèöàòåëüíûå âåñà λ1, . . . , λm òàêîâû, ÷òî λ1 + · · ·+ λm ≤ C è

∥f ∥p ≤ D

 m∑
j=1

λj |f (ξj)|q
1/q
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Òîãäà ñóùåñòâóåò m0 ≤ (C 2 + 1)m òàêîå, ÷òî

X ∈ LD(m0, p, q,D(C + C−1)1/q).
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Ïðåäëîæåíèå 4

Ïóñòü 1 ≤ p < ∞. Ñóùåñòâóþò ïîëîæèòåëüíûå ïîñòîÿííûå C1(p) è
C2(p) òàêèå, ÷òî ëþáîãî N-ìåðíîãî ïîäïðîñòðàíñòâà XN ⊂ C(Ω)
âûïîëíåíî XN ∈ LD(m, p,C2), ò.å. ñóùåñòâóåò íàáîð òî÷åê {ξj}mj=1 ñî

ñâîéñòâîì

∥f ∥p ≤ C2

 m∑
j=1

1

m
|f (ξj)|p

1/p

≤ C2 max
1≤j≤m

|f (ξj)|, ∀f ∈ XN ,

ïðè íåêîòîðîì m ≤ C1N (ïðè p = 2),
m ≤ C1N logN (ïðè p = 1),
m ≤ C1N logN log2 logN (â ñëó÷àå 1 < p < 2),
m ≤ C1N

p/2 (äëÿ ÷¼òíûõ p), m ≤ C1N
p/2 logN (äëÿ p > 2).

p = 2 òàêæå F. Bartel, M. Sch�afer, T. Ullrich, 2023
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Îòêðûòàÿ çàäà÷à 1. Ïðè êàêîì óñëîâèè íà m ïðîèçâîëüíîå
N�ìåðíîå ïîäïðîñòðàíñòâî XN ⊂ C(Ω) îáëàäàåò ñâîéñòâîì
XN ∈ LD(m, p,∞,D), ãäå 2 < p < ∞ è D = D(p), òî åñòü íàéäåòñÿ
ìíîæåñòâî òî÷åê {ξj}mj=1 ñî ñëåäóþùèì ñâîéñòâîì:

∥f ∥p ≤ D max
1≤j≤m

|f (ξj)|, ∀f ∈ XN ?

Ìîæåì âçÿòü m ïîðÿäêà N â ñëó÷àå p ≤ 2,
m ≤ CNp/2 logN â ñëó÷àå p > 2,
m ≤ CNp/2 äëÿ ÷¼òíûõ p,
m = 9N äëÿ p = ∞ (Á. C. Êàøèí, Ñ. Â. Êîíÿãèí, Â. Í. Òåìëÿêîâ, 2023),
äëÿ ïîäïðîñòðàíñòâà T (ΛN) òðåáóåòñÿ (N/e)eCN/D2

òî÷åê.
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Òåîðåìà C (D. Krieg, K. Pozharska, M. Ullrich, T. Ullrich, 2024). Ïóñòü
2 ≤ p ≤ ∞. Ñóùåñòâóþò ïîëîæèòåëüíûå ïîñòîÿííûå C1 = 4 è C2 = 83
òàêèå, ÷òî ëþáîå N-ìåðíîå ïîäïðîñòðàíñòâî XN ⊂ C(Ω) óäîâëåòâîðÿåò
ñâîéñòâó XN ∈ LD(C1N, p, 2,C2N

1
2
− 1

p ), ò.å. ñóùåñòâóåò ìíîæåñòâî èç

m ≤ C1N òî÷åê {ξj}mj=1 òàêîå, ÷òî

∥f ∥p ≤ C2N
1
2
− 1

p

 m∑
j=1

1

m
|f (ξj)|2

1/2

, ∀f ∈ XN .
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Ïðèëîæåíèÿ ê çàäà÷àì âîññòàíîâëåíèÿ

Äëÿ ôóíêöèîíàëüíîãî êëàññà F îáîçíà÷èì (Â.Í. Òåìëÿêîâ, 1993)

ϱm(F, Lp) := inf
linearΦ; ξ

sup
f ∈F

∥f − Φ(f (ξ1), . . . , f (ξm))∥p.

Áóäåì ðàçðåøàòü ëþáîå îòîáðàæåíèå Φ : Cm → XN ⊂ Lp(Ω, µ), ãäå XN

� ëèíåéíîå ïîäïðîñòðàíñòâî ðàçìåðíîñòè N ≤ m. Îïðåäåëèì
(D. Dunh, 1990)

ϱ∗m(F, Lp) := inf
Φ;ξ;XN ,N≤m

sup
f ∈F

∥f − Φ(f (ξ1), . . . , f (ξm))∥p.

Èìåþò ìåñòî ñëåäóþùèå î÷åâèäíûå íåðàâåíñòâà:

dm(F, Lp) ≤ ϱ∗m(F, Lp) ≤ ϱm(F, Lp),

ãäå dm(F, Lp) � ïîïåðå÷íèê ïî Êîëìîãîðîâó.
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Ïðèëîæåíèÿ ê çàäà÷àì âîññòàíîâëåíèÿ

F. Bartel, A. Cohen, F. Dai, M. Dolbeault, L. K�amerer, D. Krieg,
G. Migliorati, N. Nagel, K. Pozharska, M. Sch�afer, V. N. Temlyakov,
M. Ullrich, T. Ullrich, T. Volkmer, . . .
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Ïðèëîæåíèÿ ê çàäà÷àì âîññòàíîâëåíèÿ

Äëÿ ïîëîæèòåëüíîãî âåñà w := (w1, . . . ,wm) ∈ Rm îïðåäåëèì
ïîëóíîðìó

∥S(f , ξ)∥p,w :=

 m∑
j=1

wj |f (ξj)|p
1/p

, 1 ≤ p < ∞.

Ðàññìîòðèì ñëåäóþùèé îïåðàòîð (àëãîðèòì) âîññòàíîâëåíèÿ:

ℓpw(ξ)(f ) := ℓpw(ξ,XN)(f ) := arg min
u∈XN

∥S(f − u, ξ)∥p,w, 1 ≤ p < ∞,

ℓ∞(ξ)(f ) := ℓ∞(ξ,XN)(f ) := arg min
u∈XN

∥S(f − u, ξ)∥∞.

Íàïîìíèì, ÷òî íàèëó÷øåå ïðèáëèæåíèå f ∈ Lp(Ω, µ), 1 ≤ p ≤ ∞,
ýëåìåíòàìè XN îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì:

d(f ,XN)p := inf
u∈XN

∥f − u∥p.
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Ïðèëîæåíèÿ ê çàäà÷àì âîññòàíîâëåíèÿ

A1. Äèñêðåòèçàöèÿ. Ïóñòü 1 ≤ p ≤ ∞ è òî÷êè ξ := {ξj}mj=1 ⊂ Ω
îáåñïå÷èâàþò ÂËÍÄ, òî åñòü, â ñëó÷àå p < ∞ èìååò ìåñòî íåðàâåíñòâî

∥u∥p ≤ D∥S(u, ξ)∥p,w, ∀u ∈ XN ,

à â ñëó÷àå p = ∞ �

∥u∥∞ ≤ D∥S(u, ξ)∥∞, ∀u ∈ XN

ñ íåêîòîðîé ïîëîæèòåëüíîé ïîñòîÿííîé D.

A2. Âåñà. Äëÿ ïîëîæèòåëüíîé ïîñòîÿííîé W

m∑
j=1

wj ≤ W .
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Ïðèëîæåíèÿ ê çàäà÷àì âîññòàíîâëåíèÿ

Òåîðåìà D (Â. Í. Òåìëÿêîâ, 2021). Â ïðåäïîëîæåíèÿõ A1 è A2 äëÿ

ëþáîãî f ∈ C(Ω) èìååì äëÿ 1 ≤ p < ∞

∥f − ℓpw(ξ)(f )∥p ≤ (2DW 1/p + 1)d(f ,XN)∞.

Åñëè âûïîëíåíî A1, òî äëÿ ëþáîãî f ∈ C(Ω)

∥f − ℓ∞(ξ)(f )∥∞ ≤ (2D + 1)d(f ,XN)∞.

Òåîðåìà 1. Ïóñòü p ∈ [1,∞) è íàáîð ξ = {ξj}mj=1 îáåñïå÷èâàåò

ñâîéñòâî XN ∈ LD(m, p,∞,D) äëÿ ïîäïðîñòðàíñòâà XN ⊂ C(Ω), òî
åñòü äëÿ ëþáîãî u ∈ XN

∥u∥p ≤ D max
1≤j≤m

|u(ξj)|. (1)

Òîãäà äëÿ ëþáîãî f ∈ C(Ω)

∥f − ℓ∞(ξ)(f )∥p ≤ (2D + 1)d(f ,XN)∞.
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Ïóñòü h ∈ XN � ýëåìåíò íàèëó÷øåãî ïðèáëèæåíèÿ ê f èç XN â L∞.
Èìååì

∥f − h∥p ≤ ∥f − h∥∞ = d(f ,XN)∞. (2)

ßñíî, ÷òî
∥S(f − h, ξ)∥∞ ≤ ∥f − h∥∞ = d(f ,XN)∞. (3)

Èç îïðåäåëåíèÿ àëãîðèòìà ℓ∞(ξ) ïîëó÷àåì

∥S(f − ℓ∞(ξ)(f ), ξ)∥∞ ≤ ∥S(f − h, ξ)∥∞ ≤ d(f ,XN)∞. (4)

Îöåíêè (3) è (4) äàþò

∥S(h − ℓ∞(ξ)(f ), ξ)∥∞ ≤ 2d(f ,XN)∞.

Èç ïðåäïîëîæåíèÿ (1) î äèñêðåòèçàöèè ñëåäóåò, ÷òî

∥h − ℓ∞(ξ)(f )∥p ≤ D∥S(h − ℓ∞(ξ)(f ), ξ)∥∞ ≤ 2Dd(f ,XN)∞. (5)

Èñïîëüçóÿ îöåíêè (2) è (5), ïîëó÷àåì

∥f − ℓ∞(ξ)(f )∥p ≤ (1 + 2D)d(f ,XN)∞.
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Ïðèëîæåíèÿ ê çàäà÷àì âîññòàíîâëåíèÿ

Òåîðåìà D è Òåîðåìà 1 âëåêóò ñëåäóþùèå íåðàâåíñòâà äëÿ ëþáîãî
êîìïàêòà F ⊂ C(Ω) è ïðîèçâîëüíîé âåðîÿòíîñòíîé ìåðû µ íà Ω

ϱ∗m(F, Lp(Ω, µ)) ≤ CdN(F, L∞), C = 2DW 1/p + 1, 1 ≤ p < ∞.

Çäåñü çíà÷åíèå m òàêîâî, ÷òî, â ñëó÷àå Òåîðåìû D, óñëîâèÿ A.1 è
A.2, à â ñëó÷àå Òåîðåìû 1, óñëîâèå (1) âûïîëíÿåòñÿ äëÿ ëþáîãî
N-ìåðíîãî ïîäïðîñòðàíñòâà C(Ω), ò.å. ìîæíî âçÿòü CNp/2 logN.

Îòêðûòàÿ çàäà÷à 2. Ïóñòü 2 < p < ∞. Êàêîâ ìèíèìàëüíûé ðîñò
m(N) ïî N, ãàðàíòèðóþùèé âûïîëíåíèå ñëåäóþùåãî ñâîéñòâà: äëÿ
ëþáîãî êîìïàêòà F ⊂ C(Ω) è ïðîèçâîëüíîé âåðîÿòíîñòíîé ìåðû µ íà Ω

ϱ∗m(N)(F, Lp(Ω, µ)) ≤ CdN(F, L∞), 2 < p < ∞.

Äëÿ p = 2 ϱbN(F, L2(Ω, µ)) ≤ BdN(F, L∞) (Â. Í. Òåìëÿêîâ, 2021).
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Ïðèëîæåíèÿ ê çàäà÷àì âîññòàíîâëåíèÿ

Òåîðåìà 2. Ñóùåñòâóþò äâå ïîëîæèòåëüíûå ïîñòîÿííûå C1 è C2

òàêèå, ÷òî äëÿ ëþáîãî N-ìåðíîãî ïîäïðîñòðàíñòâà XN ⊂ C(Ω)
íàéäåòñÿ ìíîæåñòâî òî÷åê {ξj}mj=1 ñ m ≤ C1N, îáëàäàþùèõ

ñëåäóþùèì ñâîéñòâîì: äëÿ ëþáîãî f ∈ C(Ω)

∥f − ℓ∞(ξ,XN)(f )∥2 ≤ (2C2 + 1)d(f ,XN)∞.
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Ïðèëîæåíèÿ ê çàäà÷àì âîññòàíîâëåíèÿ

Îäíîñòîðîííÿÿ óíèâåðñàëüíàÿ äèñêðåòèçàöèÿ

Íàïîìíèì îïðåäåëåíèå v�÷ëåííîãî ïðèáëèæåíèÿ ïî çàäàííîé ñèñòåìå
DN = {gi}Ni=1. Äëÿ v ∈ N ÷åðåç Xv (D) îáîçíà÷èì íàáîð âñåõ ëèíåéíûõ
ïðîñòðàíñòâ, ïîðîæä¼ííûõ gj , j ∈ J, ãäå J ⊂ N ñ |J| = v . Îáîçíà÷èì
Σv (D) � ìíîæåñòâî âñåõ v�÷ëåííûõ ïðèáëèæåíèé ïî D:

Σv (D) :=
⋃

V∈Xv (D)

V .

Îïðåäåëèì âåëè÷èíó

σv (f ,D)X := inf
g∈Σv (D)

∥f − g∥X

íàèëó÷øåãî v�÷ëåííîãî ïðèáëèæåíèÿ ýëåìåíòà f ∈ X â íîðìå X ïî
îòíîøåíèþ ê D.
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Îáîçíà÷èì

ℓp(ξ, L) := ℓpwm(ξ, L), wm := (1/m, . . . , 1/m).

Àëãîðèòì ℓp. Äëÿ ñèñòåìû DN è ìíîæåñòâà òî÷åê ξ := {ξj}mj=1 ⊂ Ω
îïðåäåëèì àëãîðèòì

L(ξ, f ) := arg min
L∈Xv (DN)

∥f − ℓp(ξ, L)(f )∥p,

ℓp(ξ,Xv (DN))(f ) := ℓp(ξ, L(ξ, f ))(f ).

Àëãîðèòì ℓps . Äëÿ ñèñòåìû DN è ìíîæåñòâà òî÷åê ξ := {ξj}mj=1 ⊂ Ω
îïðåäåëèì àëãîðèòì

Ls(ξ, f ) := arg min
L∈Xv (DN)

∥S(f − ℓp(ξ, L)(f ), ξ)∥p,

ℓps(ξ,Xv (DN))(f ) := ℓp(ξ, Ls(ξ, f ))(f ).

ℓps(ξ,Xv (DN))(f ) � íàèëó÷øåå v�÷ëåííîå ïðèáëèæåíèå ôóíêöèè f ïî
ñèñòåìå DN â ïðîñòðàíñòâå Lp(ξ) ñ íîðìîé ∥S(f , ξ)∥p.
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Îïðåäåëåíèå 1 (Ô. Äàé, Â. Í. Òåìëÿêîâ, 2023)

Ïóñòü 1 ≤ p < ∞. Áóäåì ãîâîðèòü, ÷òî ìíîæåñòâî ξ := {ξj}mj=1 ⊂ Ω
äà¼ò îäíîñòîðîííþþ Lp-óíèâåðñàëüíóþ äèñêðåòèçàöèþ ñ ïàðàìåòðîì

D ≥ 1 äëÿ íàáîðà X := {X (n)}kn=1 êîíå÷íîìåðíûõ ëèíåéíûõ
ïîäïðîñòðàíñòâ X (n), åñëè

∥f ∥p ≤ D

 1

m

m∑
j=1

|f (ξj)|p
1/p

∀f ∈
k⋃

n=1

X (n). (6)

Ëèìîíîâà È.Â. Îäíîñòîðîííÿÿ äèñêðåòèçàöèÿ 19 ñåíòÿáðÿ 2024 ã. 24 / 29



Ïðèëîæåíèÿ ê çàäà÷àì âîññòàíîâëåíèÿ

Òåîðåìà E (Ô. Äàé, Â. Í. Òåìëÿêîâ, 2023). Ïóñòü m, v , N �

íàòóðàëüíûå ÷èñëà, ïðè÷¼ì v ≤ N. Ïóñòü DN ⊂ C(Ω) � ñèñòåìà èç N
ýëåìåíòîâ. Ïðåäïîëîæèì, ÷òî ìíîæåñòâî ξ := {ξj}mj=1 ⊂ Ω äà¼ò

óíèâåðñàëüíîå ËÍÄ(p) ñâîéñòâî (6) ñ 1 ≤ p < ∞ äëÿ íàáîðà Xv (DN).
Òîãäà äëÿ ëþáîé ôóíêöèè f ∈ C(Ω) èìååò ìåñòî íåðàâåíñòâî

∥f − ℓp(ξ,Xv (DN))(f )∥p ≤ (2D + 1)σv (f ,DN)∞.

Òåîðåìà F (Ô. Äàé, Â. Í. Òåìëÿêîâ, 2023). Ïóñòü m, v , N �

íàòóðàëüíûå ÷èñëà, ïðè÷¼ì 2v ≤ N. Ïóñòü DN ⊂ C(Ω) � ñèñòåìà èç N
ýëåìåíòîâ. Ïðåäïîëîæèì, ÷òî ìíîæåñòâî ξ := {ξj}mj=1 ⊂ Ω äà¼ò

óíèâåðñàëüíîå ËÍÄ(p) ñâîéñòâî (6) ñ 1 ≤ p < ∞ äëÿ íàáîðà X2v (DN).
Òîãäà äëÿ ëþáîé ôóíêöèè f ∈ C(Ω) âûïîëíåíî

∥f − ℓps(ξ,Xv (DN))(f ))∥p ≤ (2D + 1)σv (f ,DN)∞.
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Îïðåäåëåíèå 2

Ïóñòü 1 ≤ p < ∞. Áóäåì ãîâîðèòü, ÷òî ìíîæåñòâî ξ := {ξj}mj=1 ⊂ Ω
äà¼ò óíèâåðñàëüíîå ËÍÄ(p,∞) ñ ïàðàìåòðîì D ≥ 1 äëÿ íàáîðà
X := {X (n)}kn=1 êîíå÷íîìåðíûõ ëèíåéíûõ ïîäïðîñòðàíñòâ X (n), åñëè

ξ îáåñïå÷èâàåò âûïîëíåíèå ñâîéñòâà
k⋃

n=1
X (n) ∈ LD(m, p,∞,D), òî

åñòü

∥f ∥p ≤ D max
1≤j≤m

|f (ξj)| ∀f ∈
k⋃

n=1

X (n). (7)

Ìû îáñóæäàåì ñëåäóþùóþ âåðñèþ àëãîðèòìà ℓp.
Àëãîðèòì ℓ(p,∞). Äëÿ ñèñòåìû DN è ìíîæåñòâà òî÷åê
ξ := {ξj}mj=1 ⊂ Ω îïðåäåëèì àëãîðèòì

L(ξ, f ) := arg min
L∈Xv (DN)

∥f − ℓ∞(ξ, L)(f )∥p,

ℓ(p,∞)(ξ,Xv (DN))(f ) := ℓ∞(ξ, L(ξ, f ))(f ).
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Òåîðåìà 3. Ïóñòü m, v , N � íàòóðàëüíûå ÷èñëà òàêèå, ÷òî v ≤ N.

Ïóñòü DN ⊂ C(Ω) � ñèñòåìà èç N ýëåìåíòîâ. Ïðåäïîëîæèì, ÷òî

ñóùåñòâóåò ìíîæåñòâî ξ := {ξj}mj=1 ⊂ Ω, êîòîðîå äà¼ò óíèâåðñàëüíîå
ËÍÄ(p,∞) ñâîéñòâî (7) ñ 1 ≤ p < ∞ äëÿ íàáîðà Xv (DN). Òîãäà äëÿ

ëþáîé ôóíêöèè f ∈ C(Ω) èìååò ìåñòî íåðàâåíñòâî

∥f − ℓ(p,∞)(ξ,Xv (DN))(f )∥p ≤ (2D + 1)σv (f ,DN)∞.

Äîêàçàòåëüñòâî.

Ïóñòü ξ := {ξj}mj=1 ⊂ Ω � ìíîæåñòâî, îáåñïå÷èâàþùåå óíèâåðñàëüíîå
ËÍÄ(p,∞) äëÿ íàáîðà Xv (DN). Òîãäà äëÿ êàæäîãî ïîäïðîñòðàíñòâà
X (n) èç íàáîðà Xv (DN) ìû ìîæåì ïðèìåíèòü Òåîðåìó 2 ñ îäíèì è
òåì æå ìíîæåñòâîì òî÷åê ξ. Ýòî âëå÷¼ò äëÿ âñåõ n = 1, . . . , k ,
k =

(N
v

)
, âûïîëíåíèå íåðàâåíñòâà

∥f − ℓ∞(ξ,X (n))(f )∥p ≤ (2D + 1)d(f ,X (n))∞.

Òîãäà ∥f − ℓ(p,∞)(ξ,X )(f )∥p ≤ (2D + 1) min
1≤n≤k

d(f ,X (n))∞.
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Òåîðåìà 4. Ïóñòü m, v , N � íàòóðàëüíûå ÷èñëà, ïðè÷¼ì 2v ≤ N.

Ïóñòü DN ⊂ C(Ω) � ñèñòåìà èç N ýëåìåíòîâ. Ïðåäïîëîæèì, ÷òî

ìíîæåñòâî ξ := {ξj}mj=1 ⊂ Ω, îáåñïå÷èâàåò óíèâåðñàëüíîå ËÍÄ(p,∞)

ñâîéñòâî (7) ñ 1 ≤ p < ∞ äëÿ íàáîðà X2v (DN). Òîãäà äëÿ ëþáîé

ôóíêöèè f ∈ C(Ω) èìååì íåðàâåíñòâî

∥f − ℓps(ξ,Xv (DN))(f )∥p ≤ (2D + 1)σv (f ,DN)∞.
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Ñïàñèáî çà âíèìàíèå!
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