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Ââåäåíèå

Íàñòîÿùàÿ äèññåðòàöèÿ ÿâëÿåòñÿ èññëåäîâàíèåì â òåîðèè îïåðàòîðîâ
Øòóðìà-Ëèóâèëëÿ, ïîðîæäàåìûõ íà êîíå÷íîì èíòåðâàëå (a, b) ∈ R äèô-
ôåðåíöèàëüíûì âûðàæåíèåì

l(y) = −y′′ + q(x)y. (1)

Â êëàññè÷åñêîé òåîðèè îáû÷íûì óñëîâèåì íà ôóíêöèþ q(x) ÿâëÿåòñÿ óñëî-
âèå q(x) ∈ L1,loc(a, b), ò.å. ôóíêöèÿ ïðåäïîëàãàåòñÿ ñóììèðóåìîé íà ëþáîì
îòðåçêå, êîìïàêòíî âëîæåííîì â (a, b), à ñèíãóëÿðíûå îïåðàòîðû Øòóðìà-
Ëèóâèëëÿ õàðàêòåðèçóþòñÿ òåì, ÷òî ëèáî ôóíêöèÿ q(x) íå ñóììèðóåìà íà îò-
ðåçêå [a, b] (èìååòñÿ íåèíòåãðèðóåìàÿ îñîáåííîñòü ïî êðàéíåé ìåðå íà îäíîì
èç êîíöîâ îòðåçêà), ëèáî èíòåðâàë (a, b) áåñêîíå÷åí. Â äèññåðòàöèè èçó÷àþòñÿ
îïåðàòîðû ñ ïîòåíöèàëàìè q ∈ W−1

2 [a, b] èç ïðîñòðàíñòâà Ñîáîëåâà ñ îòðè-
öàòåëüíûì �ïîêàçàòåëåì ãëàäêîñòè�. Â ÷àñòíîñòè, ïîòåíöèàë ìîæåò èìåòü
íåèíòåãðèðóåìûå îñîáåííîñòè âíóòðè èíòåðâàëà. Íàïðèìåð, â êà÷åñòâå q(x)
ìîæíî âçÿòü ôóíêöèþ (x− c)α, ãäå c ∈ (a, b), α > −3/2 èëè q(x) = δ(x− c).
Òàêèå ôóíêöèè ìû áóäåì ïîíèìàòü â ñìûñëå òåîðèè ðàñïðåäåëåíèé.

Çàäà÷è îá èçó÷åíèè îïåðàòîðà Øòóðìà-Ëèóâèëëÿ è åãî ìíîãîìåðíûõ àíà-
ëîãîâ −∆+q(x) ñ ïîòåíöèàëàìè êîðîòêîãî âçàèìîäåéñòâèÿ (òèïà δ-ôóíêöèè)
âîçíèêëè â ôèçè÷åñêîé ëèòåðàòóðå. Ìàòåìàòè÷åñêèå èññëåäîâàíèÿ ñîîòâåò-
ñòâóþùèõ ôèçè÷åñêèõ ìîäåëåé áûëè èíèöèèðîâàíû â íà÷àëå 60-õ ãîäîâ â
ðàáîòàõ Áåðåçèíà, Ôàääååâà è Ìèíëîñà [1], [2], [3]. Â ýòèõ ðàáîòàõ îñíîâíîé
èäååé áûëà ïîäõîäÿùàÿ ðåãóëÿðèçàöèÿ ïîòåíöèàëà. Ýòà òåìàòèêà èíòåíñèâíî
ðàçâèâàëàñü â ïîñëåäíèå ÷åòûðå äåñÿòèëåòèÿ. Èìåþòñÿ ìîíîãðàôèè Àëüáå-
âåðèî, Ãåøòåçè, Õîýã-Êðîíà è Õîëüäåíà [4], Êîøìàíåíêî [5], Àëüáåâåðèî è
Êóðàñîâà [6], ãäå ìîæíî ïîçíàêîìèòüñÿ ñ ïîäðîáíîñòÿìè òåîðèè Áåðåçèíà-
Ìèíëîñà-Ôàääååâà â åå ñîâðåìåííîì ñîñòîÿíèè è äðóãèìè íîâûìè íàïðàâëå-
íèÿìè, âîçíèêøèìè íà îñíîâå ýòîé òåîðèè. Òàì æå ìîæíî ïîçíàêîìèòüñÿ ñ
îáøèðíîé áèáëèîãðàôèåé.

Äðóãîé ïîäõîä ê èçó÷åíèþ îïåðàòîðîâ Øòóðìà-Ëèóâèëëÿ ñ íåêëàññè÷å-
ñêèìè ïîòåíöèàëàìè q(x), ÿâëÿþùèìèñÿ ïðîèçâîäíûìè îò ôóíêöèé îãðàíè-
÷åííîé âàðèàöèè (çàðÿäàìè), áûë ïðåäïðèíÿò Êðåéíîì [7], Êàöåì [8], Àòêèí-
ñîíîì [9] è Æèêîâûì [10]. Íà ýòîì ïóòè â ðàáîòå Âèíîêóðîâà è Ñàäîâíè÷åãî
[11] ïîëó÷åíû àñèìïòîòè÷åñêèå ôîðìóëû äëÿ ñîáñòâåííûõ çíà÷åíèé è ñîá-
ñòâåííûõ ôóíêöèé òàêîãî êëàññà îïåðàòîðîâ. Èç ïîòåíöèàëîâ, íå ïðèíàäëå-
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æàùèõ ïîñëåäíåìó êëàññó, èçó÷àëñÿ êóëîíîâñêèé ïîòåíöèàë q(x) = 1/x íà
îòðåçêå [−1, 1] èëè íà ïðÿìîé R, íàïðèìåð, â ðàáîòàõ Ãóíñîíà [12], Êóðàñîâà
[13], Àòêèíñîíà, Ýâåðèòòà è Çåòòëà [14].

Â ðàáîòå Ñàâ÷óêà è Øêàëèêîâà [15] (ñì. òàêæå ðàáîòó Íåéìàíà-çàäå è
Øêàëèêîâà [16]) áûëî ïîêàçàíî, ÷òî îïåðàòîð Øòóðìà-Ëèóâèëëÿ ìîæíî êîð-
ðåêòíî îïðåäåëèòü äëÿ ñóùåñòâåííî áîëåå îáùåãî êëàññà ïîòåíöèàëîâ q(x),
ÿâëÿþùèõñÿ ñèíãóëÿðíûìè ðàñïðåäåëåíèÿìè ïåðâîãî ïîðÿäêà. Äàëåå â ñòà-
òüÿõ [17], [18] è [19] áûëî ïðåäïðèíÿòî äàëüíåéøåå èçó÷åíèå îïåðàòîðîâ ñ
òàêèìè ïîòåíöèàëàìè. Âñêîðå ïîÿâèëèñü ðàáîòû Ãðèíèâà è Ìèêèòþêà [20]
� [24], ãäå ýòîò ïîäõîä ïîëó÷èë ñóùåñòâåííîå ðàçâèòèå, â îñîáåííîñòè ïðè
ðåøåíèè îáðàòíîé çàäà÷è Øòóðìà-Ëèóâèëëÿ ñ íåêëàññè÷åñêèìè ïîòåíöèà-
ëàìè.

Â ïîñëåäíåå âðåìÿ ýòè îïåðàòîðû àêòèâíî èçó÷àþòñÿ. Òàê, â ðàáîòàõ Ñàâ-
÷óêà è Øêàëèêîâà [25] � [30] èññëåäîâàíû ðàçëè÷íûå àñïåêòû ðåøåíèÿ îá-
ðàòíûõ çàäà÷ äëÿ îïåðàòîðîâ ñ òàêèìè ïîòåíöèàëàìè. Â ðàáîòàõ Ìèòÿãèíà è
Äüÿêîâà [31] � [32] ðàññìîòðåíû âîïðîñû ðàâíîñõîäèìîñòè, áàçèñíîñòè è ò.ï.
äëÿ îïåðàòîðîâ ñ ïåðèîäè÷åñêèìè è àíòèïåðèîäè÷åñêèìè êðàåâûìè óñëîâè-
ÿìè. Â ðàáîòàõ Ñàäîâíè÷åé [33] � [34] òàêæå èçó÷àëèñü âîïðîñû ðàâíîñõîäè-
ìîñòè äëÿ ïîäîáíûõ îïåðàòîðîâ. Â ïîñëåäíåå âðåìÿ àêòèâíî èññëåäîâàëèñü
îïåðàòîðûØòóðìà�Ëèóâèëëÿ è Øðåäèíãåðà ñ ïåðèîäè÷åñêèìè ñèíãóëÿðíû-
ìè ïîòåíöèàëàìè, òàêèìè, íàïðèìåð, êàê

∑
k∈Z δ(x − k). Èçó÷àëèñü è áîëåå

îáùèå êëàññû ïîòåíöèàëîâ âèäà
∑

k∈Z ckδ(x − ak) íà âñåé îñè è íà ïîëóîñè
(ñì., íàïðèìåð, ðàáîòó Ìàëàìóäà è Êîñòåíêî [35]). Â ðàáîòàõ Ìèðçîåâà è Êî-
íå÷íîé [36] � [38] ðàññìàòðèâàëèñü âîïðîñû îá èíäåêñàõ äåôåêòà îïåðàòîðîâ
ñ ñèíãóëÿðíûìè ïîòåíöèàëàìè íà ïîëóîñè.

Ìû íà÷íåì èçëîæåíèå ðåçóëüòàòîâ ñ îïðåäåëåíèÿ îïåðàòîðîâ ñ ñèíãóëÿð-
íûìè ïîòåíöèàëàìè è îïèñàíèÿ èõ ñâîéñòâ. Çäåñü ìû ñëåäóåì ñòàòüå Ñàâ÷óêà
è Øêàëèêîâà [39], â êîòîðîé äàíû íåñêîëüêî ñïîñîáîâ îïðåäåëåíèÿ îïåðàòî-
ðîâ Øòóðìà-Ëèóâèëëÿ ñ ïîòåíöèàëîì-ðàñïðåäåëåíèåì è ðàññêàçàíî îá èõ
âçàèìîñâÿçè. Òàêæå â ýòîé ðàáîòå íàìå÷åíû ïîäõîäû ê îïðåäåëåíèþ îïå-
ðàòîðîâ ñ ïîòåíöèàëàìè âûñîêîé ñèíãóëÿðíîñòè (äëÿ ïîòåíöèàëîâ q(x), íå
ïðèíàäëåæàùèõ ïðîñòðàíñòâóW−1

2 ), êîãäà îäíîçíà÷íîãî îïðåäåëåíèÿ îïåðà-
òîðà ñ ïîìîùüþ âûøå ïðåäëîæåííûõ ñïîñîáîâ íå ñóùåñòâóåò. Ìû îñòàíî-
âèìñÿ ïîäðîáíåå íà ðåçóëüòàòàõ ýòîé ñòàòüè â íà÷àëå ïåðâîé ãëàâû â ðàçäåëå
Îñíîâíûå ñâåäåíèÿ è ðàññìîòðèì èçëîæåííûå â íåé ñïîñîáû îïðåäåëåíèÿ
îïåðàòîðîâ ñ ïîòåíöèàëàìè-ðàñïðåäåëåíèÿìè. Ìåòîäû è èäåè ýòîé ðàáîòû
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áóäóò íàìè èñïîëüçîâàòüñÿ âî âñåé äèññåðòàöèè.

Èçëîæèì îñíîâíûå ðåçóëüòàòû äèññåðòàöèè.

Â ïåðâîé Ãëàâå (ïîìèìî ðàçäåëà Îñíîâíûå ñâåäåíèÿ) ïîëó÷åíû àñèìï-
òîòè÷åñêèå ôîðìóëû äëÿ ñîáñòâåííûõ çíà÷åíèé äëÿ ðàçëè÷íûõ âèäîâ ãðà-
íè÷íûõ óñëîâèé. Äëÿ ôîðìóëèðîâêè ðåçóëüòàòîâ ýòîé ãëàâû ââåäåì íåêîòî-
ðûå îáîçíà÷åíèÿ. Ìû âåçäå â äèññåðòàöèè ïðåäïîëàãàåì, ÷òî q(x) ∈ W−1

2 [0, π]
è èñïîëüçóåì ïðåäñòàâëåíèå

< q, φ >= −
∫ π

0

u(x)φ′(x)dx+ uπφ(π)− u0φ(0),

ãäå ôóíêöèÿ u ∈ L2[0, π] (ìû áóäåì íàçûâàòü åå îáîáùåííîé ïåðâîîáðàçíîé
ôóíêöèè q), à u0 è uπ � êîìïëåêñíûå ÷èñëà. Ìû òàêæå áóäåì ïîñòîÿííî èñ-
ïîëüçîâàòü âûðàæåíèå y[1](x) := y′(x)− u(x)y(x), êîòîðîå, ñîãëàñíî ðàáîòàì
Ñàâ÷óêà è Øêàëèêîâà, áóäåì íàçûâàòü ïåðâîé êâàçèïðîèçâîäíîé ôóíêöèè
y. Âî èçáåæàíèå ïóòàíèöû, îòìåòèì, ÷òî ýòî ïîíÿòèå îòëè÷àåòñÿ îò êëàññè-
÷åñêîãî ïîíÿòèÿ êâàçèïðîèçâîäíûõ, îïðåäåëÿåìûõ, íàïðèìåð â ìîíîãðàôèè
[40].

Îñíîâíîé ðåçóëüòàò ýòîé ãëàâû çàêëþ÷åí â ñëåäóþùåé òåîðåìå.

Òåîðåìà 1.4.

Äëÿ ñîáñòâåííûõ çíà÷åíèé îïåðàòîðà L = −d2/dx2 − q(x), q(x) = u′(x),
u(x) ∈ L2, âûïîëíåíî:

λ1/2n = m− 1

π
v(c, π,m2) + ρ(λn),

ãäå â ñëó÷àå ãðàíè÷íûõ óñëîâèé

• Äèðèõëå (y(0) = 0, y(π) = 0) : m ∈ N, c = 0

• Íåéìàíà (y[1](0) = 0, y[1](π) = 0): m ∈ N
⋃

0, c = π/2,

• Äèðèõëå�Íåéìàíà (y(0) = 0, y[1](π) = 0): m = n− 1
2 , n ∈ N, c = 0,

• Íåéìàíà�Äèðèõëå (y[1](0) = 0, y(π) = 0): m = n− 1
2 , n ∈ N, c = π/2,

à |ρ(λn)| ≤Mγ2(c, π, λn).

5



Çäåñü ìû èñïîëüçóåì îáîçíà÷åíèÿ

v(c, x, λ) =

∫ x

0

u(t) sin(2c+ 2λ1/2t)dt+
1

2
λ−1/2

∫ x

0

u2(t)dt+

+ 2

∫ x

0

∫ t

0

u(t)u(s) cos(2c+ 2λ1/2t) sin(2c+ 2λ1/2s)dsdt−

− 1

2
λ−1/2

∫ x

0

u2(t) cos(2c+ 2λ1/2t)dt,

(2)

γ(c, λ, x) =

∣∣∣∣∫ x

0

u(t) sin(2c+ 2λ1/2t)dt

∣∣∣∣+

∣∣∣∣∫ x

0

u(t) cos(2c+ 2λ1/2t)dt

∣∣∣∣+
+ 2

∣∣∣∣∫ x

0

∫ t

0

u(t)u(s) cos(2c+ 2λ1/2t) sin(2c+ 2λ1/2s)dtds

∣∣∣∣+
+

1

2

∣∣∣∣λ−1/2 ∫ x

0

u2(t) cos(2c+ 2λ1/2t)dt

∣∣∣∣+ |λ|−1/2||u||2L2
+ ||v(x, λ)||L2

.

Ìåòîä, ïîçâîëÿþùèé ïîëó÷èòü ðåçóëüòàò òåîðåìû
1.4 îñíîâàí íà ìîäèôèöèðîâàííîé çàìåíå Ïðþôåðà
y(x, λ) = r(x, λ) sin θ(x, λ), y[1](x, λ) − u(x)y(x, λ) = λ1/2r(x, λ) cos θ(x, λ),
(äëÿ îïðåäåëåííîñòè ìû çäåñü ïðèâîäèì çàìåíó, èñïîëüçóåìóþ äëÿ ñëó÷àÿ
êðàåâûõ óñëîâèé Äèðèõëå è Äèðèõëå�Íåéìàíà). Ýòà çàìåíà ïîçâîëÿåò
ñâåñòè óðàâíåíèå Ly = λy íà ñîáñòâåííûå çíà÷åíèÿ ê ðåøåíèþ ñèñòåìû

θ′(x, λ) = λ1/2 + λ−1/2u2(x) sin2 θ(x, λ) + u(x) sin 2θ(x, λ), (3)

r′(x, λ) = −r(x, λ)

[
u(x) cos 2θ(x, λ) +

1

2
λ−1/2u2(x) sin 2θ(x, λ)

]
. (4)

Òàêèì îáðàçîì, äëÿ ïîëó÷åíèÿ àñèìïòîòè÷åñêèõ ôîðìóë äëÿ ñîáñòâåííûõ
çíà÷åíèé, äîñòàòî÷íî èçó÷èòü ïåðâîå óðàâíåíèå ñèñòåìû. Çäåñü îñíîâíîé ÿâ-
ëÿåòñÿ ëåììà

Ëåììà 1

Ïóñòü α > 0 - ïðîèçâîëüíîå ôèêñèðîâàííîå ÷èñëî, à Pα - îáëàñòü, îãðà-
íè÷åííàÿ ïàðàáîëîé | Im

√
λ| < α. Òîãäà ñóùåñòâóåò ÷èñëî µ, çàâèñÿùåå

òîëüêî îò u(x) è α òàêîå, ÷òî ïðè ëþáûõ λ ∈ Pα, Re λ > µ, óðàâíåíèå (3)
èìååò åäèíñòâåííîå ðåøåíèå θ(c, x, λ), îïðåäåëåííîå ïðè âñåõ 0 ≤ x ≤ π è
óäîâëåòâîðÿþùåå íà÷àëüíîìó óñëîâèþ θ(c, 0, λ) = c. Ýòî ðåøåíèå äîïóñêà-
åò ïðåäñòàâëåíèå

θ(c, x, λ) = c+ λ1/2x+ v(c, x, λ) + ρ(c, x, λ),
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ãäå |ρ(c, x, λ)| ≤ Mγ2(c, x, λ), λ ∈ Pα, Re λ > µ, ïðè÷åì âûáîð ïîñòîÿííîé
M çàâèñèò îò ôóíêöèè u è α, íî íå çàâèñèò îò c, x, λ.

Âî âòîðîé Ãëàâå ðàññìàòðèâàåòñÿ àñèìïòîòèêà ñîáñòâåííûõ ôóíêöèé îïå-
ðàòîðîâ Øòóðìà�Ëèóâèëëÿ äëÿ ðàçëè÷íûõ âèäîâ êðàåâûõ óñëîâèé è ñ ïî-
ìîùüþ ðåçóëüòàòîâ Ãëàâû 1 â ÿâíîì âèäå ïîëó÷åíû ïåðâûå è âòîðûå ÷ëåíû
ýòèõ àñèìïòîòèê.

Òåîðåìà 2.4

Ðàññìîòðèì îïåðàòîð L, ïîðîæäåííûé äèôôåðåíöèàëüíûì âûðàæåíèåì
−y′′ + q(x)y, ãäå q(x) = u′(x) â ñìûñëå ðàñïðåäåëåíèé, à êîìïëåêñíîçíà÷-
íàÿ ôóíêöèÿ u(x) ∈ L2. Îáîçíà÷èì ÷åðåç {yn(x)}∞n=1 ñèñòåìó ñîáñòâåí-
íûõ è ïðèñîåäèíåííûõ ôóíêöèé îïåðàòîðà L, ÷åðåç {vn(x)}∞n=1 � áèîðòî-
ãîíàëüíóþ ñèñòåìó (ïðè÷åì ñîáñòâåííûå ôóíêöèè ìû íîðìèðóåì óñëîâèåì
||yn||L2

= 1). Òîãäà

1) Äëÿ ãðàíè÷íûõ óñëîâèé Äèðèõëå (y(0) = 0, y(π) = 0): m = n, n ∈ N è
ñïðàâåäëèâû ñëåäóþùèå ôîðìóëû:√
π

2
yn(x) = sin(mx)

(
1 +

1

π

∫ π

0

(π − t)uR(t) cos(2mt)dt−
∫ x

0

u(t) cos(2mt)dt

)
+

+
1

2m
sin(mx)

(
−
∫ x

0

u2(t) sin(2mt)dt+

+
1

π

∫ π

0

(π − t)(u2R(t)− u2I(t)) sin(2mt)dt

)
+

+ cos(mx)

(∫ x

0

u(t) sin(2mt)dt+ 2

∫ x

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt−

− x

π

∫ π

0

u(t) sin(2mt)dt− 2x

π

∫ π

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt

)
+

+
1

2m
cos(mx)

(∫ x

0

u2(t)dt−
∫ x

0

u2(t) cos(2mt)dt−

− x

π

∫ π

0

u2(t)dt+
x

π

∫ π

0

u2(t) cos(2mt)dt

)
+ ρ(x, λn),

(5)
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Ñîîòâåòñòâóþùèå ôóíêöèè áèîðòîãîíàëüíîé ñèñòåìû èìåþò âèä:√
π

2
vn(x) =

= sin(mx)

(
1 +

1

π

∫ π

0

(π − t)(uR(t) + 2iuI(t)) cos(2mt)dt−

−
∫ x

0

u(t) cos(2mt)dt

)
+

+
1

2m
sin(mx)

(
−
∫ x

0

u2(t) sin(2mt)dt+

+
1

π

∫ π

0

(π − t)(u2R(t)− u2I(t) + 4iuR(t)uI(t)) sin(2mt)dt

)
+

+ cos(mx)

(∫ x

0

u(t) sin(2mt)dt+ 2

∫ x

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt−

− x

π

∫ π

0

u(t) sin(2mt)dt− 2x

π

∫ π

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt

)
+

+
1

2m
cos(mx)

(∫ x

0

u2(t)dt−
∫ x

0

u2(t) cos(2mt)dt−

− x

π

∫ π

0

u2(t)dt+
x

π

∫ π

0

u2(t) cos(2mt)dt

)
+ ρ(x, λn);

(6)

2) Äëÿ ãðàíè÷íûõ óñëîâèé Äèðèõëå�Íåéìàíà (y(0) = 0, y[1](π) = 0):
m = n− 1

2 , n ∈ N è âûïîëíåíû ðàâåíñòâà (5) è (6);

3) Äëÿ ãðàíè÷íûõ óñëîâèé Íåéìàíà (y[1](0) = 0, y[1](π) = 0):
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m = n, n ∈ N
⋃

0 è âåðíû ôîðìóëû:√
π

2
yn(x) = cos(mx)

(
1− 1

π

∫ π

0

(π − t)uR(t) cos(2mt)dt+

∫ x

0

u(t) cos(2mt)dt

)
+

+
1

2m
cos(mx)

(∫ x

0

u2(t) sin(2mt)dt−

− 1

π

∫ π

0

(π − t)(u2R(t)− u2I(t)) sin(2mt)dt

)
+

+ sin(mx)

(∫ x

0

u(t) sin(2mt)dt− 2

∫ x

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt−

− x

π

∫ π

0

u(t) sin(2mt)dt+
2x

π

∫ π

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt

)
+

+
1

2m
sin(mx)

(
−
∫ x

0

u2(t)dt−
∫ x

0

u2(t) cos(2mt)dt+

+
x

π

∫ π

0

u2(t)dt+
x

π

∫ π

0

u2(t) cos(2mt)dt

)
+ ρ(x, λn),

(7)

Ïðè ýòîì ñîîòâåòñòâóþùèå ôóíêöèè áèîðòîãîíàëüíîé ñèñòåìû èìåþò
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âèä:√
π

2
vn(x) =

= cos(mx)

(
1− 1

π

∫ π

0

(π − t)(uR(t) + 2iuI(t)) cos(2mt)dt+

+

∫ x

0

u(t) cos(2mt)dt

)
+

+
1

2m
cos(mx)

(∫ x

0

u2(t) sin(2mt)dt−

− 1

π

∫ π

0

(π − t)(u2R(t)− u2I(t) + 4iuR(t)uI(t)) sin(2mt)dt

)
+

+ sin(mx)

(∫ x

0

u(t) sin(2mt)dt− 2

∫ x

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt−

− x

π

∫ π

0

u(t) sin(2mt)dt+
2x

π

∫ π

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt

)
+

+
1

2m
sin(mx)

(
−
∫ x

0

u2(t)dt−
∫ x

0

u2(t) cos(2mt)dt+

+
x

π

∫ π

0

u2(t)dt+
x

π

∫ π

0

u2(t) cos(2mt)dt

)
+ ρ(x, λn);

(8)

4) Äëÿ ãðàíè÷íûõ óñëîâèé Íåéìàíà�Äèðèõëå (y[1](0) = 0, y(π) = 0):
m = n− 1

2 , n ∈ N è èìåþò ìåñòî ðàâåíñòâà (7) è (8).

Â ïîñëåäíåé Ãëàâå äîêàçàíû òåîðåìû î ðàâíîñõîäèìîñòè è îöåíêè åå ñêî-
ðîñòè.

Òåîðåìà 3.4

Ðàññìîòðèì îïåðàòîð L, ïîðîæäåííûé äèôôåðåíöèàëüíûì âûðàæåíè-
åì −y′′ + q(x)y, ãäå q(x) = u′(x) â ñìûñëå ðàñïðåäåëåíèé, à êîìïëåêñ-
íîçíà÷íàÿ ôóíêöèÿ u(x) ∈ L2[0, π]. Ïóñòü {yn(x)}∞n=1 � ñèñòåìà ñîá-
ñòâåííûõ è ïðèñîåäèíåííûõ ôóíêöèé îïåðàòîðà L, ïðè÷åì äëÿ ñîáñòâåí-
íûõ ôóíêöèé ||yn(x)||L2

= 1, à {vn(x)}∞n=1� áèîðòîãîíàëüíàÿ ê íåé. Äëÿ
ïðîèçâîëüíîé ôóíêöèè f ∈ L2[0, π] îáîçíà÷èì çà cn = (f(x), vn(x)),
cn,0 =

√
2/π(f(x), F (mx)). Òîãäà èìååò ìåñòî ðàâíîìåðíàÿ íà âñåì îòðåçêå

[0, π] ðàâíîñõîäèìîñòü ðàçëîæåíèÿ ôóíêöèè f â ðÿä ïî ñèñòåìå {yn(x)}∞n=1

è ïî ñèñòåìå {F (mx)}. Ïðè ýòîì ñêîðîñòü ðàâíîñõîäèìîñòè õàðàêòåðèçó-
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åòñÿ ñëåäóþùèì âûðàæåíèåì

∣∣∣∣ l∑
n=1

cnyn(x)−
l∑

n=1

√
2

π
cn,0F (mx)

∣∣∣∣
C
≤

≤ Cu
( ∑
n≥l1/2−ε

|cn,0|2
)1/2

+ ||f ||L2
(vu([l

1/2−ε]) + Cul
−ε),

(9)

ãäå ε ∈ (0, 1/2) � ïðîèçâîëüíîå ìàëîå ïîëîæèòåëüíîå ÷èñëî, l1/2−ε > Nu, à

vu(k) = Cu((
∑
n≥k

||ψn||2L2
)1/2 + (

∑
n≥k

||φn||2L2
)1/2), k ≤ Nu.

Çäåñü â ñëó÷àå ãðàíè÷íûõ óñëîâèé

• Äèðèõëå (y(0) = 0, y(π) = 0) F (α) = sin(α), m ∈ N,

• Íåéìàíà (y[1](0) = 0, y[1](π) = 0) F (α) = cos(α), m ∈ N
⋃

0,

• Äèðèõëå�Íåéìàíà (y(0) = 0, y[1](π) = 0) F (α) = sin(α), m = n − 1
2,

n ∈ N,

• Íåéìàíà�Äèðèõëå (y[1](0) = 0, y(π) = 0) F (α) = cos(α),m = n − 1
2,

n ∈ N.

Îñíîâíûå ðåçóëüòàòû äèññåðòàöèè îïóáëèêîâàíû â ðàáîòàõ [41] � [42], à
òàêæå äîêëàäûâàëèñü íà êîíôåðåíöèÿõ â 2011-2013 ãîäàõ (òåçèñû äîêëàäîâ
ìîæíî ïîñìîòðåòü â [43] � [45]).

Àâòîð ñåðäå÷íî áëàãîäàðèò ñâîåãî íàó÷íîãî ðóêîâîäèòåëÿ Èííó Âèêòîðîâ-
íó Ñàäîâíè÷óþ çà ïîñòàíîâêó çàäà÷è, ïîñòîÿííîå âíèìàíèå ê ðàáîòå è ñîâåòû
ïî îôîðìëåíèþ íàó÷íûõ òðóäîâ.
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Ãëàâà 1. Àñèìïòîòèêà ñîáñòâåííûõ çíà÷åíèé

Â íàñòîÿùåé ãëàâå ïîëó÷åíû àñèìïòîòè÷åñêèå ôîðìóëû äëÿ ñîáñòâåí-
íûõ çíà÷åíèé îïåðàòîðà Øòóðìà�Ëèóâèëëÿ, ïîðîæäåííîãî â ïðîñòðàíñòâå
L2[0, π] äèôôåðåíöèàëüíûì âûðàæåíèåì

L(y) = −y′′ + q(x)y (10)

è ãðàíè÷íûìè óñëîâèÿìè, êîòîðûå ìû ââåäåì íèæå. Ïîòåíöèàë q(x) = u′(x),
ãäå u(x) ∈ L2[0, π] (ïðîèçâîäíàÿ ïîíèìàåòñÿ â ñìûñëå ðàñïðåäåëåíèé) ïðåä-
ïîëàãàåòñÿ êîìïëåêñíîçíà÷íûì.

1. Îñíîâíûå ñâåäåíèÿ

Èçëîæèì íåîáõîäèìûå íàì îïðåäåëåíèÿ è óòâåðæäåíèÿ. Íàøå èçëîæåíèå
ñëåäóåò ðåçóëüòàòàì ðàáîòû [39]. Ìû íà÷íåì ñ îïðåäåëåíèÿ îïåðàòîðà L.

1. Ïåðâûé ñïîñîá - ìåòîä ðåãóëÿðèçàöèè.

Îáîçíà÷èì ÷åðåç D ïðîñòðàíñòâî òåñò-ôóíêöèé íà èíòåðâàëå (0, π) (ò.å.
áåñêîíå÷íî äèôôåðåíöèðóåìûõ ôóíêöèé ñ êîìïàêòíûì íîñèòåëåì íà (0, π)),
à ÷åðåç D′ � ïðîñòðàíñòâî ðàñïðåäåëåíèé íà D. ×åðåçW−1

2 [0, π] (ñîêðàùåííî
W−1

2 ) îáîçíà÷èì ïðîñòðàíñòâî, ñîñòîÿùåå èç ôóíêöèé q(x) ∈ D′, äëÿ êîòî-
ðûõ ïåðâîîáðàçíàÿ u(x) =

∫
q(ξ)dξ (â ñìûñëå ðàñïðåäåëåíèé) ïðèíàäëåæèò

L2[0, π]. Íîðìó â W−1
2 îïðåäåëèì ðàâåíñòâîì ||q||−1 = inf ||u(x) + c||L2

, ãäå
èíôèìóì áåðåòñÿ ïî âñåì êîíñòàíòàì c. Íåòðóäíî ïîêàçàòü, ÷òî ïðîñòðàí-
ñòâî W−1

2 ñîâïàäàåò ñ äóàëüíûì ê ïðîñòðàíñòâó Ẇ 1
2 [0, π] ïî îòíîøåíèþ ê

ñêàëÿðíîìó ïðîèçâåäåíèþ â L2[0, π]. Çäåñü

Ẇ 1
2 [0, π] = {y|y ∈ W 1

2 [0, π], y(0) = y(π) = 0},

ãäå ÷åðåç W k
p îáîçíà÷àåòñÿ ñîáîëåâñêîå ïðîñòðàíñòâî ñ íîðìîé

||y||k,p = ||y||Lp
+ ||y(k)||Lp

. Äàëåå, åñëè íîðìà || · || ïèøåòñÿ áåç èíäåê-
ñîâ, ïðåäïîëàãàåì, ÷òî îíà áåðåòñÿ â ïðîñòðàíñòâå L2.

Ïóñòü â äèôôåðåíöèàëüíîì âûðàæåíèè (1) q(x) ∈ W−1
2 , à u(x) =

∫
q(ξ)d(ξ)

� ïåðâîîáðàçíàÿ èç ïðîñòðàíñòâà L2. Ââåäåì êâàçèïðîèçâîäíóþ

y[1](x) = y′ − u(x)y(x). (11)

Òåïåðü ìû ìîæåì ïåðåïèñàòü (10) â âèäå

L(y) = −(y[1])′ − u(x)y[1] − u2(x)y. (12)
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Çàìåòèì, ÷òî äëÿ ãëàäêîé ôóíêöèè u(x) óðàâíåíèÿ (10) è (12) ñîâïàäàþò.
Îäíàêî âûðàæåíèå (12) îáëàäàåò òåì ïðåèìóùåñòâîì, ÷òî íå ñîäåðæèò ðàñ-
ïðåäåëåíèé, à ïîòîìó ñ íèì ìîæíî îïåðèðîâàòü, ïî ñóùåñòâó, òàê æå, êàê â
êëàññè÷åñêîé òåîðèè. Ìåòîäû ïîñòðîåíèÿ îïåðàòîðîâ íà îñíîâå êâàçèäèôôå-
ðåíöèàëüíûõ âûðàæåíèé ìîæíî íàéòè â ìîíîãðàôèè Íàéìàðêà [40], ñòàòüÿõ
Ýâåðèòòà, Ìàðêóñà è Çåòòëà [46], [47], [48]. Âîñïîëüçóåìñÿ êîíñòðóêöèåé, ïðè-
âåäåííîé â ðàáîòå Ñàâ÷óêà è Øêàëèêîâà [15] (íèæå ïðèâåäåì îñíîâíûå øàãè
ýòîãî ìåòîäà áåç äîêàçàòåëüñòâ, áîëåå ïîäðîáíî ñì. ñòàòüè [15], [39]).

Ñâÿæåì ñ âûðàæåíèåì (12) ìàêñèìàëüíûé îïåðàòîð LM , îïðåäåëåííûé
ñèñòåìîé

LMy = L(y),

D(LM) = {y| y, y[1] ∈ W 1
1 [0, π], L(y) ∈ L2[0, π]},

(13)

è ìèíèìàëüíûé îïåðàòîð Lm, êîòîðûé ÿâëÿåòñÿ ñóæåíèåì ìàêñèìàëüíîãî
îïåðàòîðà íà îáëàñòü

D(Lm) = {y| y ∈ D(LM), y(0) = y(π) = y[1](0) = y[1](π) = 0}.

Òàê êàê ôóíêöèÿ u(x) â îáùåì ñëó÷àå êîìïëåêñíà, ââåäåì LM è Lm � ìàê-
ñèìàëüíûé è ìèíèìàëüíûé îïåðàòîðû, ïîðîæäåííûå ñîïðÿæåííûì äèôôå-
ðåíöèàëüíûì âûðàæåíèåì L(y), â êîòîðîì ôóíêöèÿ u(x) çàìåíåíà íà u(x).
Äëÿ îïèñàííûõ îïåðàòîðîâ âåðíî ñëåäóþùåå óòâåðæäåíèå

Òåîðåìà À (ôîðìóëà Ëàãðàíæà)

Äëÿ ôóíêöèé f ∈ D(LM) è g ∈ D(LM) ñïðàâåäëèâî òîæäåñòâî

(LMf, g) = (f, LMg) + [f, g]π0 ,

ãäå [f, g]π0 = −f [1](x)g(x)|π0 − g[1](x)f(x)|π0 .
Îòñþäà âèäíî, ÷òî îïåðàòîðû LM è Lm âçàèìíî ñîïðÿæåíû, òî åñòü

(LMf, g) = (f, Lmg), f ∈ D(LM), g ∈ D(Lm).

Äàëåå ïåðåïèøåì óðàâíåíèå

LMy := −y′′ + u′(x)y = λy + f, λ ∈ C, f ∈ L2

â âèäå ñèñòåìû (
y1
y2

)′
=

(
u 1

−λ− u2 −u

)(
y1
y2

)
, (14)
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ãäå y1 = y, y2 = y[1]. Ïðè ýòîì ýëåìåíòû ìàòðèöû A, îáðàçîâàííîé èç êîýô-
ôèöèåíòîâ ñèñòåìû (13)

A(x) =

(
u 1

−λ− u2 −u

)
ÿâëÿþòñÿ ôóíêöèÿìè èç L1[0, π], áëàãîäàðÿ ÷åìó âåðíà

Òåîðåìà Á

Ïóñòü A(x) � ìàòðèöà, ðàçìåðîì n ∗ n, ýëåìåíòû êîòîðîé ÿâëÿþòñÿ
ôóíêöèÿìè ïðîñòðàíñòâà L1[0, π], à f ∈ [L1[0, π]]n � âåêòîð-ôóíêöèÿ. Òîãäà
ïðè ëþáîì c ∈ [0, π] óðàâíåíèå

y′ = A(x)y + f, y(c) = ξ ∈ Cn,

èìååò åäèíñòâåííîå ðåøåíèå y(x), ïðè÷åì y(x) � àáñîëþòíî íåïðåðûâíàÿ
íà [0, π] âåêòîð-ôóíêöèÿ. Åñëè ïîñëåäîâàòåëüíîñòü ìàòðèö Aε(x) ñ ýëåìåí-
òàìè èç L1[0, π] òàêîâà, ÷òî ||Aε(x)−A(x)||L1

→ 0 ïðè ε→ 0, òî ðåøåíèÿ
óðàâíåíèé

y′ε = Aε(x)yε + f, yε(c) = ξ,

ñõîäÿòñÿ ê y(x) ðàâíîìåðíî íà [0, π]. Êðîìå òîãî, ñïðàâåäëèâà îöåíêà

||y(x)− yε(x)||W 1
1 [0,π]

≤ C (||f ||L1
+ ‖ξ‖) ||A(x)− Aε(x)||L1

,

ãäå ïîñòîÿííàÿ C íå çàâèñèò îò f è ε.

Äàëåå ñ ïîòîùüþ Òåîðåìû Á ëåãêî äîêàçàòü ñëåäóþùåå óòâåðæäåíèå:

Òåîðåìà Â

Äëÿ ëþáîãî λ ∈ C îïåðàòîðû LM − λ è Lm − λ ôðåäãîëüìîâû, ÿâëÿþòñÿ
ñîïðÿæåííûìè äðóã ê äðóãó, à èõ äåôåêòíûå ÷èñëà ðàâíû 0, 2 è 2, 0 ñîîò-
âåòñòâåííî.

Íàïîìíèì, ÷òî îïåðàòîð F , äåéñòâóþùèé â ãèëüáåðòîâîì (èëè áàíàõîâîì)
ïðîñòðàíñòâå Ω, íàçûâàåòñÿ ôðåäãîëüìîâûì, åñëè îáëàñòü åãî îïðåäåëåíèÿ
D(F ) ïëîòíà â Ω, îáðàç çàìêíóò, à äåôåêòíûå ÷èñëà {α, β}, ðàâíûå ðàçìåð-
íîñòÿì ÿäðà è êîÿäðà, êîíå÷íû.

Òàêæå îòìåòèì ñëåäóþùóþ

Òåîðåìà Ã

Ïóñòü îïåðàòîð L ÿâëÿåòñÿ ñóæåíèåì îïåðàòîðà LM íà îáëàñòü

D(L) = {y|y ∈ D(LM), U1(y) = U2(y) = 0},

14



ãäå

Uj(y) = aj1y(0) + aj2y
[1](0) + bj1y(π) + bj2y

[1](π), j = 1, 2. (15)

Îáîçíà÷èì ÷åðåç Jαβ îïðåäåëèòåëü, ñîñòàâëåííûé èç α-ãî è β-ãî ñòîëáöà
ìàòðèöû (

a11 a12 b11 b12
a21 a22 b21 b22

)
.

Òîãäà îïåðàòîð L èìååò íåïóñòîå ðåçîëüâåíòíîå ìíîæåñòâî è ñïåêòð åãî
äèñêðåòåí, åñëè âûïîëíåíî îäíî èç ñëåäóþùèõ óñëîâèé:

• J42 6= 0,

• J42 = 0, J14 + J32 6= 0,

• J42 = J14 = J32 = 0, J12 + J34 = 0, J13 6= 0.

Äîêàçàòåëüñòâà òåîðåì À-Ã ïðèâåäåíû â ðàáîòàõ [15], [39].

Ïðè èçó÷åíèè îïåðàòîðîâ ñ ðåãóëÿðíûìè ïîòåíöèàëàìè, êðàåâûå óñëîâèÿ,
äëÿ êîòîðûõ âûïîëíÿåòñÿ îäíî èç óñëîâèé 1-3, íàçûâàþòñÿ ðåãóëÿðíûìè ïî
Áèðêãîôó. Åñëè u(x) � ãëàäêàÿ ôóíêöèÿ, òî çàìåíà â êðàåâûõ óñëîâèÿõ ïå-
ðåìåííûõ y′(0), y′(π) íà êâàçèïðîèçâîäíûå ñîõðàíÿåò ñâîéñòâî ðåãóëÿðíîñòè
êðàåâûõ óñëîâèé. Óòâåðæäåíèå Òåîðåìû Â ñîõðàíÿåòñÿ è â ñëó÷àå íåâûðîæ-
äåííûõ êðàåâûõ óñëîâèé, â êîòîðûõ ïóíêò 3 çàìåíÿåòñÿ íà (ñì. [49])

J42 = 0, J14 + J32 = 0, J13 6= 0.

Â äàëüíåéøåì íàñ áóäóò èíòåðåñîâàòü èìåííî ðåãóëÿðíûå êðàåâûå óñëîâèÿ,
òàê êàê äëÿ ðàññìàòðèâàåìîé çàäà÷è ïðè u(x) ∈ L2 îïåðàòîðû ñ ðåãóëÿðíûìè
êðàåâûìè óñëîâèÿìè ñîõðàíÿþò êëàññè÷åñêèå àñèìïòîòèêè äëÿ ñîáñòâåííûõ
çíà÷åíèé è ñîáñòâåííûõ ôóíêöèé, ïðè÷åì ñèñòåìà ñîáñòâåííûõ è ïðèñîåäè-
íåííûõ ôóíêöèé îáðàçóåò áàçèñ Ðèññà (ïîäðîáíåå îá ýòîì áóäåò ñêàçàíî â
Ãëàâå 2).

Â ñëó÷àå âåùåñòâåííîñòè ôóíêöèè u(x) ìèíèìàëüíûé îïåðàòîð Lm ñèììåò-
ðè÷åí ñ èíäåêñàìè äåôåêòà (2, 2). Íåñëîæíî îïèñàòü âñå ñàìîñîïðÿæåííûå
ðàñøèðåíèÿ Lm.

Òåîðåìà Ä

Åñëè ôóíêöèÿ u(x) âåùåñòâåííà, òî ïðîèçâîëüíîå ñàìîñîïðÿæåííîå ðàñ-
øèðåíèå L ñèììåòðè÷åñêîãî îïåðàòîðà Lm ÿâëÿåòñÿ ñóæåíèåì îïåðàòîðà
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LM íà îáëàñòü

D(L) = {y|y ∈ D(LM), U1(y) = U2(y) = 0},

ãäå ëèíåéíûå ôîðìû U1 è U2 èìåþò ïðåäñòàâëåíèå (15), äëÿ êîýôôèöèåíòîâ
êîòîðûõ âûïîëíåíû ðàâåíñòâà

AJA∗ −BJB∗ = 0, A =

(
a11 a12
a21 a22

)
, B =

(
b11 b12
b21 b22

)
, J =

(
0 1
−1 0

)
. (16)

Íàîáîðîò, ëþáûå êðàåâûå óñëîâèÿ âèäà (15), (16) îïðåäåëÿþò ñàìîñîïðÿ-
æåííûé îïåðàòîð L.

Äîêàçàòåëüñòâà ýòîé òåîðåìû ïîëó÷àåòñÿ ïîâòîðåíèåì ðàññóæäåíèé èç ðà-
áîòû Êðåéíà [50], �3.

Ïîëåçíî îòìåòèòü, ÷òî êðàåâûå óñëîâèÿ, îïðåäåëÿþùèå ñàìîñîïðÿæåííûå
ðàñøèðåíèÿ, ìîæíî çàïèñàòü òàêæå â ôîðìå

(U − 1)

(
y[1](0)

−y[1](π)

)
+ i(U + 1)

(
y(0)
y(π)

)
= 0,

ãäå U � ïðîèçâîëüíàÿ óíèòàðíàÿ ìàòðèöà âòîðîãî ïîðÿäêà. Äîêàçàòåëüñòâî
ýêâèâàëåíòíîñòè òàêîé çàïèñè ïðåäûäóùåé ïðîèçâîäèòñÿ òàê æå, êàê â ìî-
íîãðàôèè Ðîôå-Áåêåòîâà è Õîëüêèíà [51]. Ïîëåçíî îòìåòèòü, ÷òî êðàåâûå
óñëîâèÿ, îïðåäåëÿþùèå ñàìîñîïðÿæåííûé îïåðàòîð, îáÿçàòåëüíî óäîâëåòâî-
ðÿþò îäíîìó èç óñëîâèé 1 � 3 Òåîðåìû Ã, ò.å. ÿâëÿþòñÿ ðåãóëÿðíûìè ïî
Áèðêãîôó.

2. Âòîðîé ñïîñîá îïðåäåëåíèÿ îïåðàòîðîâ ñ ïîòåíöèàëàìè-
ðàñïðåäåëåíèÿìè - àïïðîêñèìàöèÿ ãëàäêèìè ïîòåíöèàëàìè.

Ïóñòü q(x) ∈ W−1
2 [0, π], u(x) =

∫
q(t)dt. Ïóñòü qε(x) � ñåìåéñòâî ôóíêöèé,

òàêèõ, ÷òî ||qε(x)− q(x)||W−12
→ 0 ïðè ε→ 0. Ýòî óñëîâèå ýêâèâàëåíòíî òîìó,

÷òî uε(x) =
∫
qε(t)dt→ u(x) ïðè ε→ 0 â ïðîñòðàíñòâå L2.

Îáîçíà÷èì ÷åðåç Lε îïåðàòîð, ïîðîæäåííûé äèôôåðåíöèàëüíûì âûðàæå-
íèåì Lε(y) = −y′′ + qε(x)y è ðåãóëÿðíûìè êðàåâûìè óñëîâèÿìè (15), â êîòî-
ðûõ ïåðåìåííûå y[1](0), y[1](π) îïðåäåëÿþòñÿ ðàâåíñòâîì

y[1](x) = y′(x)− uε(x)y(x).

Â ñëó÷àå ãëàäêèõ ôóíêöèé uε(x) ïîäñòàíîâêà â êðàåâûå óñëîâèÿ ïåðåìåííûõ
y[1](0), y[1](π) âìåñòî îáû÷íûõ ïðîèçâîäíûõ ñîõðàíÿåò ðåãóëÿðíîñòü êðàåâûõ
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óñëîâèé. Ïîýòîìó (ñì. [52], Ãë. 1)îïåðàòîðû Lε êîððåêòíî îïðåäåëåíû è èìå-
þò äèñêðåòíûé ñïåêòð. Îêàçûâàåòñÿ ñïðàâåäëèâûì ñëåäóþùèé ðåçóëüòàò:

Òåîðåìà Å

Ñóùåñòâóþò çíà÷åíèÿ λ ∈ C òàêèå, ÷òî ïðè âñåõ äîñòàòî÷íî ìàëûõ
ε > 0 çíà÷åíèå λ ïðèíàäëåæèò ðåçîëüâåíòíûì ìíîæåñòâàì îïåðàòîðîâ
Lε, à ïîñëåäîâàòåëüíîñòü (Lε − λ)−1 ôóíäàìåíòàëüíà ïðè ε → 0 â ðàâíî-
ìåðíîé îïåðàòîðíîé òîïîëîãèè, ò.å.

‖(Lε − λ)−1 − (Lδ − λ)−1‖ → 0 ïðè ε, δ → 0.

Îïåðàòîð T ÿâëÿþùèéñÿ ïðåäåëîì ïîñëåäîâàòåëüíîñòè (Lε−λ)−1 íå èìååò
ÿäðà, à ïîòîìó íà îáëàñòè çíà÷åíèé T îïðåäåëåí îïåðàòîð T−1. Ïðè ýòîì
îïåðàòîð T−1 + λ ñîâïàäàåò ñ îïåðàòîðîì L, îïðåäåëåííîì â Òåîðåìå Ä.

Äîêàçàòåëüñòâî ýòîé òåîðåìû ìîæíî íàéòè â ðàáîòå [39], �1.

3. Ñëåäóþùèé ìåòîä, êîòîðûé ðàññìàòðèâàåòñÿ â ñòàòüå [39] � ìåòîä
êâàäðàòè÷íûõ ôîðì.

Ïðåäïîëîæèì ñíà÷àëà, ÷òî u(x) � âåùåñòâåííàÿ ôóíêöèÿ. Âûïèøåì êâàä-
ðàòè÷íóþ ôîðìó, îòâå÷àþùóþ äèôôåðåíöèàëüíîìó âûðàæåíèþ (12). Èìååì

(L(y), y) = −((y[1])′, y)− (u(x)y[1], y)− (u2(x)y, y) =

= (y[1], y[1])− (u2(x)y, y) + (y∨, y∧),
(17)

ãäå y∨ =

(
y(0)
y(π)

)
, y∧ =

(
y[1](π)

−y[1](π)

)
. Ïóñòü A � ïðîèçâîëüíàÿ ñàìîñîïðÿæåí-

íàÿ ìàòðèöà ðàçìåðà 2× 2. Ïîëîæèì

W 1
2,U = {y ∈ W 1

2 [0, π]|Uy∧ = 0}, (18)

ãäå U � ïðîèçâîëüíàÿ ìàòðèöà ðàçìåðà 2 × 2. W 1
2,U åñòü ïîäïðîñòðàíñòâî â

W 1
2 êîðàçìåðíîñòè ≤ 2, â çàâèñèìîñòè îò ðàíãà ìàòðèöû U . Ïðè U = 0 èìååì

W 1
2,U = W 1

2 . Îïðåäåëèì íà ïðîñòðàíñòâå W 1
2,U êâàäðàòè÷íóþ ôîðìó

,y)ג y) = (y[1], y[1])− (u2(x)y, y) + (Ay∧, y∧). (19)

Òîãäà äëÿ íåå ñïðàâåäëèëâî ñëåäóþùåå óòâåðæäåíèå:

Òåîðåìà Ê

Êâàäðàòè÷íàÿ ôîðìà (19) îïðåäåëåíà ïðè y ∈ W 1
2,U è çàìêíóòà.
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Çàìêíóòàÿ êâàäðàòè÷íàÿ ôîðìà (19) (çàâèñèò îò âûáîðà ìàòðèö A è U), ñî-
ãëàñíî ïåðâîé òåîðåìå î ïðåäñòàâëåíèè (ñì., íàïðèìåð, [[52], Ãë. 6.2]), îïðåäå-
ëÿåò ñàìîñîïðÿæåííûé ïîëóîãðàíè÷åííûé îïåðàòîð L, ïðè÷åì îáëàñòü îïðå-
äåëåíèÿ êâàäðàòíîãî êîðíÿ (L + α)1/2 (çäåñü α > 0 � äîñòàòî÷íî áîëüøîå
÷èñëî) ñîâïàäàåò ñW 1

2,U . Òàêèì îáðàçîì ìîãóò áûòü ïîëó÷åíû âñå îïèñàííûå
ðàíåå ñàìîñîïðÿæåííûå ðàñøèðåíèÿ ìèíèìàëüíîãî îïåðàòîðà Lm. Íàïðè-
ìåð, åñëè ñàìîñîïðÿæåííîå ðàñøèðåíèå L îïèñûâàåòñÿ êðàåâûìè óñëîâèÿìè
(U − 1)y∨ + i(U + 1)y∧ = 0, ãäå ìàòðèöà U − 1 îáðàòèìà (ýòî ñîîòâåòñòâóåò
óñëîâèþ â Òåîðåìå Ã J42 6= 0), òî ýòîìó ðàñøèðåíèþ ñîîòâåòñòâóåò êâàäðà-
òè÷íàÿ ôîðìà (19), îïðåäåëåííàÿ íà âñåì ïðîñòðàíñòâå W 1

2 , ïðè÷åì ìàòðèöà
A â (19) íàõîäèòñÿ èç óñëîâèÿ A = −i(U − 1)−1(U + 1), òî åñòü ÿâëÿåòñÿ
ïðåîáðàçîâàíèåì Êýëè îò U .

Ïîäõîä ê îïðåäåëåíèþ îïåðàòîðà ñ ïîìîùüþ ìåòîäà êâàäðàòè÷íûõ ôîðì
ïîçâîëÿåò íàì ïîëó÷èòü äîïîëíèòåëüíóþ èíôîðìàöèþ îá îáëàñòè îïåðàòîðà
L. Íàïðèìåð, âåðíî ñëåäóþùåå óòâåðæäåíèå:

Òåîðåìà Ë

Ïóñòü L � ñàìîñîïðÿæåííîå ðàñøèðåíèå ìèíèìàëüíîãî îïåðàòîðà Lm, à
W 1

2,U � ïîäïðîñòðàíñòâî âW 1
2 , ñîñòîÿùåå èç ôóíêöèé, êîòîðûå óäîâëåòâî-

ðÿåò êðàåâûì óñëîâèÿì íóëåâîãî ïîðÿäêà (èìåþòñÿ â âèäó êðàåâûå óñëîâèÿ
âèäà (15), ïîðîæäàþùèå ðàñøèðåíèå L). Òîãäà

D(L) = {y ∈ W 1
2,U |L(y) ∈ L2}, (20)

ãäå ðàâåíñòâî −y′′ + q(x)y = f(x) ∈ L2 ïîíèìàåòñÿ â ñìûñëå òåîðèè ðàñ-
ïðåäåëåíèé.

Äîêàçàòåëüñòâî òåîðåì Ê è Ë ñì. â [39].

Ïðåäëîæåííûé ìåòîä êâàäðàòè÷íûõ ôîðì ìîæåò áûòü òàêæå èñïîëüçîâàí
è äëÿ îïðåäåëåíèÿ îïåðàòîðîâ ñ êîìïëåêñíûì ïîòåíöèàëîì�ðàñïðåäëåíèåì
q(x). Îäíàêî ýòîò ìåòîä íå äàåò îïðåäåëåíèÿ îïåðàòîðîâ ñ ïðîèçâîëüíûìè
ðåãóëÿðíûìè (èëè áîëåå îáùèìè) êðàåâûìè óñëîâèÿìè, à òîëüêî êðàåâûìè
óñëîâèÿìè, êîòîðûå ÿâëÿþòñÿ ïîä÷èíåííûìè âîçìóùåíèÿìè ñàìîñîïðÿæåí-
íûõ. Â ñëó÷àå êîìïëåêñíîé ôóíêöèè u(x) ðàâåíñòâî (17) ñëåäóåò çàïèñàòü â
âèäå

(L(y), y) = (y′, y′)− (u(x)y, y′)− (u(x)y′, y) + (y∨, y∧).

Ýòî ðàâåíñòâî ïîçâîëÿåò àññîöèèðîâàòü ñ äèôôåðåíöèàëüíûì âûðàæåíèåì
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L(y) êâàäðàòè÷íóþ ôîðìó

,y)ג y) = (y′, y′)− (u(x)y, y′)− (u(x)y′, y) + (Ay∧, y∧),

ãäå A � ïðîèçâîëüíàÿ êîìïëåêñíàÿ ìàòðèöà ðàçìåðà 2 × 2. Çäåñü ïðåäïî-
ëàãàåòñÿ, ÷òî ôîðìà ,y)ג y) îïðåäåëåíà íà ïðîñòðàíñòâå W 1

2,U . Ýòà êâàäðà-
òè÷íàÿ ôîðìà íå ÿâëÿåòñÿ âåùåñòâåííîé, íî îíà ñåêòîðàëüíà è ÿâëÿåòñÿ ε-
ïîä÷èíåííîé ôîðìå (y′, y′) ïðè ëþáîì ε > 0. Ñëåäîâàòåëüíî (ñì. [[52], Ãë.
6.2]), ñóùåñòâóåò ìàêñèìàëüíûé ñåêòîðèàëüíûé îïåðàòîð L, ïîðîæäàþùèé
ýòó ôîðìó. Ïðîèçâîëüíûå ðàñøèðåíèÿ L, ïîëó÷åííûå â ïðåäûäóùåì ïóíêòå,
íå ìîãóò ïîëó÷àòüñÿ íà ýòîì ïóòè. Áîëåå òî÷íî, ýòèì ìåòîäîì ïîëó÷àþòñÿ òå
îïåðàòîðû L èç òåîðåìû Ã, äëÿ êîòîðûõ ðàâåíñòâà Uj(y) = 0, j = 1, 2, âëåêóò
âîçìîæíîñòü ïðåäñòàâëåíèÿ

(y∨, y∧) = (Ay∧, y∧).

4. Ïîñëåäíèé ñïîñîá îïðåäåëåíèÿ îïåðàòîðîâ ñ ïîòåíöèàëàìè�
ðàñïðåäåëåíèÿìè � ìåòîä ìóëüòèïëèêàòîðîâ.

Ïóñòü q(x) ∈ D′, à y ∈ D. Òîãäà

,y)ג y) = (−y′′ + q(x)y, y) = (y′, y′) + (q(x)y, y).

Åñëè ñïðâåäëèâà îöåíêà

|(q(x)y, y)| ≤ ε(y′, y′) +M(y, y),M = M(ε), (21)

òî êâàäðàòè÷íàÿ ôîðìà ñåêòîðèàëüíà è çàìûêàåìà, ïðè÷åì îáëàñòü åå çà-
ìûêàíèÿ ñîâïàäàåò ñ ïðîñòðàíñòâîì Ẇ 1

2 . Â ýòîì ñëó÷àå ñ ôîðìîé ג ìîæíî
àññîöèèðîâàòü îïåðàòîð. Åñòåñòâåíåí âîïðîñ: äëÿ êàêèõ ôóíêöèé q(x) ∈ D′
îöåíêà (21) ñïðàâåäëèâà? Äëÿ îòâåòà íà íåãî ïîëåçíî ââåñòè ñëåäóþùåå ïî-
íÿòèå. Ôóíêöèþ q(x) ∈ D′ íàçîâåì ìóëüòèïëèêàòîðîì èç ïðîñòðàíñòâà Ẇ 1

2 â
äóàëüíîå ïðîñòðàíñòâî W−1

2 , åñëè

|(q(x)y, y)| ≤ C||y||21,2,∀y ∈ D, (22)

ãäå ïîñòîÿííàÿ C íå çàâèñèò îò y, à || · ||1,2 � íîðìà â Ẇ 1
2 . Î÷åâèäíî, ìóëü-

òèïëèêàòîðû îáðàçóþò ëèíåéíîå ïðîñòðàíñòâî ñ íîðìîé ||q|| = inf C, ãäå
èíôèíóì áåðåòñÿ ñðåäè ïîñòîÿííûõ C â (22). Ýòî ïðîñòðàñòâî îáîçíà÷èì ÷å-
ðåç M [1]. Â ñòàòüå [16] ïîêàçàíî, ÷òî W−1

2 ⊂ M [1], à â ñòàòüå [53] äîêàçàíî
ðàâåíñòâî M [1] = W−1

2 è ýêâèâàëåíòíîñòü íîðì â ýòèõ ïðîñòðàíñòâàõ. Õîòÿ
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â ðàáîòàõ [16] è [53] ðàññìàòðèâàþòñÿ îïåðàòîðû íà âñåé ïðÿìîé R ( è èõ
ìíîãîìåðíûå îáðàùåíèÿ â Rn), äîêàçàòåëüñòâà íå ìåíÿþòñÿ ïðè ïåðåõîäå íà
êîíå÷íûé èíòåðâàë. Â íàøåì ñëó÷àå ñïðàâåäëèâîñòü âêëþ÷åíèÿW−1

2 ⊂M [1]
î÷åâèäíà â ñèëó îöåíêè

|(q(x)y, y)| ≤ |(q(x), yy)| ≤ ||q||1,2||yy||1,2 ≤ ||q||−1,2||y||21,2, y ∈ D.

Äàëåå, çàìåòèì, ÷òî ãëàäêèå ôóíêöèè φ ∈ D ïëîòíû â ïðîñòðàíñòâå
W−1

2 = M [1], ñëåäîâàòåëüíî, äëÿ ëþáîãî ìóëüòèïëèêàòîðà q èç ýòîãî ïðî-
ñòðàíñòâà âûïîëíåíà îöåíêà (21). Òåì ñàìûì, äëÿ ëþáîé q ∈ W−1

2 îïðåäåëåí
îïåðàòîð L, àññîöèèðîâàííûé ñ ôîðìîé ,y)ג y). Ýòîò îïåðàòîð L ñîâïàäà-
åò ñ ïðåæíèìè îïðåäåëåíèÿìè îïåðàòîðà L, îòâå÷àþùåãî êðàåâûì óñëîâèÿì
Äèðèõëå

y(0) = y(π) = 0.

Îäíàêî ýòîò ìåòîä ìîæíî ðàñïðîñòðàíèòü äëÿ îïðåäåëåíèÿ îïåðàòîðîâ ñ áî-
ëåå îáùèìè êðàåâûìè óñëîâèÿìè, õîòÿ êðàåâûå óñëîâèÿ ëèáî íå áóäóò ôèãó-
ðèðîâàòü âîâñå, ëèáî áóäåò îäíî óñëîâèå íóëåâîãî ïîðÿäêà.

Ðàññìîòðèì ïîäïðîñòðàíñòâî W 1
2,U ⊆ W 1

2 êîðàçìåðíîñòè 1 èëè 0 (ñì. (18)).
Íà ýòîì ïîäïðîñòðàíñòâå îïðåäåëèì êâàäðàòè÷íóþ ôîðìó

,y)ג y) = (y′, y′) + (q(x), yy), y ∈ W 1
2,U . (23)

Åñëè W 1
2,U = W 1

2 , òî óñëîâèå y ∈ W 1
2,U âëå÷åò çà ñîáîé yy ∈ W 1

2 . Ýòî ñâîéñòâî
ñîõðàíÿåòñÿ äëÿ W 1

2,U , åñëè êðàåâîå óñëîâèå, ïîðîæäàþùåå ýòî ïðîñòðàí-
ñòâî, èìååò âèä y(0) = 0 èëè y(π) = 0, ëèáî y(0) − αy(π) = 0 è α = ±1.
Ïðè α 6= ±1 ôóíêöèÿ yy ∈ W 1

2,V , ãäå èíäåêñ V îçíà÷àåò íîâîå êðàåâîå
óñëîâèå V (φ) = φ(0) − |α|2φ(π) = 0. Èç îïðåäåëåíèÿ ôîðìû (23) è âêëþ-
÷åíèÿ yy ∈ W 1

2,V ñëåäóåò, ÷òî ôîðìà ג êîððåêòíî îïðåäåëåíà íà W 1
2,U , åñëè

q ∈ (W 1
2,V )′ � äóàëüíîìó ïðîñòðàíñòâó ê W 1

2,V ïî îòíîøåíèþ ê ñêàëÿðíîìó
ïðîèçâåäåíèþ â L2.

Ïðîñòðàíñòâî Ẇ 1
2 èìååò êîðàçìåðíîñòü 1 èëè 2 â W 1

2,V , ïîýòîìó W
−1
2 (äó-

àëüíîå ê Ẇ 1
2 èìååò êîðàçìåðíîñòü 1 èëè 2 â (W 1

2,V )′. Íàïðèìåð, â ñëó÷àå
W 1

2,U = W 1
2 èìååì (W 1

2 )′ = W−1
2

⊕
G, ãäåG� äâóìåðíîå ïðîñòðàíñòâî, ñîäåð-

æàùåå ôóíêöèîíàëû F0(y) = y(0) è F1(y) = y(π). Äóàëüíûì ê ïðîñòðàíñòâó
W 1

2,V ñ êðàåâûì óñëîâèåì y(0) − α2y(π) = 0 áóäåò ïðîñòðàíñòâî W−1
2

⊕
G,

ãäå îäíîìåðíîå ïðîñòðàíñòâî G ñîäåðæèò ôóíêöèîíàë F (y) = α2y(0) + y(π).
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Èç ïëîòíîñòè ãëàäêèõ ôóíêöèé â W−1
2 ìîæíî âûâåñòè îöåíêó

|(q, yy)| ≤ ε(y′, y′) +M(y, y), y ∈ W 1
2,U ,

à ïîòîìó êâàäðàòè÷íàÿ ôîðìà (23) îïðåäåëÿåò íåêîòîðûé ñåêòîðèàëüíûé
îïåðàòîð L.

Íåäîñòàòîê òàêîãî îïðåäåëåíèÿ îïåðàòîðà L ñîñòîèò â òîì, ÷òî ìû íå
óêàçûâàåì ÿâíóþ ôîðìóëó äëÿ êâàäðàòè÷íîé ôîðìû (23) ÷åðåç ðåãóëÿðíóþ
ôóíêöèþ u(x) =

∫
q(ξ)dξ. Îäíàêî ýòî ìîæíî èñïðàâèòü è íàïèñàòü ÿâíóþ

ôîðìóëó, èñïîëüçóÿ ïðåäñòàâëåíèå

yy = (y − ψ)y + ψ(y − ψ) + ψψ,

ãäå ψ = y(0) + π−1(y(π) − y(0))x. Ôóíêöèÿ y − φ àííóëèðóåòñÿ íà êîíöàõ
îòðåçêà, à ïîòîìó ñïðàâåäëèâî ðàâåíñòâî

(q(x), yy) = −(u(x), [yy − ψψ]′) + (q(x), ψψ) =

= −(u(x), (yy)′) + (u(x), (ψφ)′) + (q, ψψ),

ïðè ýòîì âûáîð çíà÷åíèÿ (q, ψψ) íàõîäèòñÿ â âàøåé âëàñòè. Íåñëîæíî âèäåòü,
÷òî îïèñàííûé ìåòîä ïîçâîëÿåò îïðåäåëèòü òàêîé æå êëàññ îïåðàòîðîâ, êàê
è ìåòîä êâàäðàòè÷íûõ ôîðì.

2. Òèïû îïåðàòîðîâ

Ìû ðàññêàçàëè îá îïðåäåëåíèè îïåðàòîðà L. Äàëåå â ýòîé ãëàâå ðàññìàòðè-
âàþòñÿ 4 îñíîâíûõ òèïà îïåðàòîðîâ:

• LD � ïîðîæäåííûé âûðàæåíèåì (10) è ãðàíè÷íûìè óñëîâèÿìè Äèðèõëå
y(0) = y(π) = 0,

• LDN � ïîðîæäåííûé âûðàæåíèåì (10) è ãðàíè÷íûìè óñëîâèÿìè
Äèðèõëå-Íåéìàíà y(0) = y[1](π) = 0,

• LND � ïîðîæäåííûé âûðàæåíèåì (10) è ãðàíè÷íûìè óñëîâèÿìè
Íåéìàíà-Äèðèõëå y[1](0) = y(π) = 0,

• LN � ïîðîæäåííûé âûðàæåíèåì (10) è ãðàíè÷íûìè óñëîâèÿìè Íåéìàíà
y[1](0) = y[1](π) = 0.
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Ïîòåíöèàë q ïðåäïîëàãàåòñÿ ýëåìåíòîì ïðîñòðàíñòâàW−1
2 [0, π] âñåõ ëèíåé-

íûõ íåïðåðûâíûõ ôóíêöèîíàëîâ íà ïðîñòðàíñòâå Ñîáîëåâà W 1
2 [0, π]. Ïîäîá-

íûå ôóíêöèîíàëû äîïóñêàþò ïðåäñòàâëåíèå

< q, φ >= −
∫ π

0

u(x)φ′(x)dx+ uπφ(π)− u0φ(0), (24)

ãäå u ∈ L2[0, π] � ââåäåííàÿ âûøå îáîùåííàÿ ïåðâîîáðàçíàÿ ôóíêöèè q, à u0
è uπ � êîìïëåêñíûå ÷èñëà. Ïðåäñòàâëåíèå (24) íåîäíîçíà÷íî, òàê êàê òðîéêè
(u(x), uπ, u0) è (u(x) + c, uπ + c, u0 + c) çàäàþò îäèí è òîò æå ôóíêöèîíàë.

Çàìåòèì, ÷òî êâàäðàòè÷íûå ôîðìû îïåðàòîðîâ èìåþò âèä

< LDy, y >=

∫ π

0

|y[1](x)|2dx−
∫ π

0

u2(x)|y(x)|2dx,

< LDNy, y >=< LDy, y > +uπ|y(π)|2,
< LNDy, y >=< LDy, y > −u0|y(0)|2,
< LNy, y >=< LDy, y > +uπ|y(π)|2 − u0|y(0)|2

(25)

(ôóíêöèþ u çäåñü äëÿ ïðîñòîòû ìû âçÿëè âåùåñòâåííîé). Ïðè ýòîì ïåðâóþ
ôîðìó ìû ðàññìàòðèâàåì íà ïðîñòðàíñòâå Ẇ 1

2 [0, π], âòîðóþ � íà ïðîñòðàí-
ñòâå {y ∈ W 1

2 | y(0) = 0}, òðåòüþ � íà ïðîñòðàíñòâå {y ∈ W 1
2 [0, π]| y(π) = 0},

à ÷åòâåðòóþ � íà âñåì ïðîñòðàíñòâå W 1
2 [0, π].

Èç (25) âèäíî, ÷òî èçó÷èâ ÷åòûðå îïåðàòîðà, ââåäåííûå âûøå, ìû òåì ñà-
ìûì èçó÷èì âñå îïåðàòîðû ñ ðàçäåëåííûìè êðàåâûìè óñëîâèÿìè (óñëîâèÿìè
òèïà Øòóðìà). Äåéñòâèòåëüíî, íàïðèìåð êâàäðàòè÷íàÿ ôîðìà îïåðàòîðà ñ
êðàåâûìè óñëîâèÿìè y(0) = 0, y[1](π) + hy(π) = 0 èìååò âèä∫ π

0

|y[1](x)|2dx−
∫ π

0

u2(x)|y(x)|2dx+ h|y(π)|2 + uπ|y(π)|2, (26)

òî åñòü ñîâïàäàåò ñ ôîðìîé îïåðàòîðà LDN ïðè âûáîðå ÷èñëà c = h â îïðå-
äåëåíèè ôóíêöèè u ïî ôóíêöèîíàëó q.

3. Àñèìïòîòè÷åñêèå ôîðìóëû äëÿ ñîáñòâåííûõ çíà÷åíèé

Ïåðåõîäèì íåïîñðåäñòâåííî ê èçó÷åíèþ êàæäîãî òèïà îïåðàòîðîâ. Êàê ïî-
êàçàíî âûøå, îò âûðàæåíèÿ (10) ìîæíî ïåðåéòè ê ñèñòåìå(

y1
y2

)′
=

(
u 1

−λ− u2 −u

)(
y1
y2

)
, y1 = y, y2 = y[1](x). (27)
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Ñäåëàåì çàìåíó y1(x, λ) = r(x, λ) sin θ(x, λ), y2(x, λ) = λ1/2r(x, λ) cos θ(x, λ),
êîòîðàÿ ÿâëÿåòñÿ ìîäèôèêàöèåé çàìåíû Ïðþôåðà (ñì. [54]). Òîãäà ñèñòåìó
(27) ìîæíî ïåðåïèñàòü â âèäå

r′ sin θ + rθ′ cos θ = ur sin θ + λ1/2r cos θ

λ1/2r′ cos θ − λ1/2rθ′ sin θ = −λr sin θ − u2r sin θ − λ1/2ur cos θ,
(28)

ãäå r = r(x, λ), θ = θ(x, λ), u = u(x), à ïðîèçâîäíûå ôóíêöèé r è θ áåðóòñÿ
ïî ïåðåìåííîé x. Óìíîæèì ïåðâîå óðàâíåíèå â (28) íà λ1/2 cos θ è âû÷òåì
âòîðîå óðàâíåíèå, óìíîæåííîå íà sin θ. Â ðåçóëüòàòå ïîëó÷èì óðàâíåíèå äëÿ
ôóíêöèè θ(x, λ)

θ′(x, λ) = λ1/2 + λ−1/2u2(x) sin2 θ(x, λ) + u(x) sin 2θ(x, λ). (29)

Åñëè ìû ñëîæèì ïåðâîå óðàâíåíèå â (28), óìíîæåííîå íà λ1/2 sin θ, ñî âòîðûì
óðàâíåíèåì, óìíîæåííûì íà cos θ, òî ïîëó÷èì óðàâíåíèå íà ôóíêöèþ r(x, λ)

r′(x, λ) = −r(x, λ)

[
u(x) cos 2θ(x, λ) +

1

2
λ−1/2u2(x) sin 2θ(x, λ)

]
. (30)

Èòàê, ìû ïîëó÷èëè óðàâíåíèÿ äëÿ ôóíêöèé r(x, λ) è θ(x, λ), ñ ïîìîùüþ
êîòîðûõ ìîæíî âûðàçèòü ðåøåíèå óðàâíåíèÿ

−y′′ + q(x)y = λy. (31)

Ââåäåì íåîáõîäèìûå îáîçíà÷åíèÿ è ñôîðìóëèðóåì âñïîìîãàòåëüíûå ëåììû
äëÿ èññëåäîâàíèÿ ýòèõ ôîðìóë. Áóäåì îáîçíà÷àòü

v(c, x, λ) =

∫ x

0

u(t) sin(2c+ 2λ1/2t)dt+
1

2
λ−1/2

∫ x

0

u2(t)dt+

+ 2

∫ x

0

∫ t

0

u(t)u(s) cos(2c+ 2λ1/2t) sin(2c+ 2λ1/2s)dsdt−

− 1

2
λ−1/2

∫ x

0

u2(t) cos(2c+ 2λ1/2t)dt,

(32)

γ(c, λ, x) =

∣∣∣∣∫ x

0

u(t) sin(2c+ 2λ1/2t)dt

∣∣∣∣+

∣∣∣∣∫ x

0

u(t) cos(2c+ 2λ1/2t)dt

∣∣∣∣+
+ 2

∣∣∣∣∫ x

0

∫ t

0

u(t)u(s) cos(2c+ 2λ1/2t) sin(2c+ 2λ1/2s)dtds

∣∣∣∣+
+

1

2

∣∣∣∣λ−1/2 ∫ x

0

u2(t) cos(2c+ 2λ1/2t)dt

∣∣∣∣+ |λ|−1/2||u||2L2
+ ||v(x, λ)||L2

.
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Ñôîðìóëèðóåì óòâåðæäåíèÿ, êîòîðûå ïîòðåáóþòñÿ íàì â äàëüíåéøåì.

Ëåììà 1 ([39], �2)

Ïóñòü α > 0 - ïðîèçâîëüíîå ôèêñèðîâàííîå ÷èñëî, à Pα - îáëàñòü, îãðà-
íè÷åííàÿ ïàðàáîëîé |Im

√
λ| < α. Òîãäà ñóùåñòâóåò ÷èñëî µ, çàâèñÿùåå

òîëüêî îò u(x) è α òàêîå, ÷òî ïðè ëþáûõ λ ∈ Pα, Re λ > µ, óðàâíåíèå (29)
èìååò åäèíñòâåííîå ðåøåíèå θ(c, x, λ), îïðåäåëåííîå ïðè âñåõ 0 ≤ x ≤ π è
óäîâëåòâîðÿþùåå íà÷àëüíîìó óñëîâèþ θ(c, 0, λ) = c. Ýòî ðåøåíèå äîïóñêà-
åò ïðåäñòàâëåíèå

θ(c, x, λ) = c+ λ1/2x+ v(c, x, λ) + ρ(c, x, λ),

ãäå |ρ(c, x, λ)| ≤ Mγ2(c, x, λ), λ ∈ Pα, Re λ > µ, ïðè÷åì âûáîð ïîñòîÿííîé
M çàâèñèò îò ôóíêöèè u è α, íî íå çàâèñèò îò c, x, λ.

Ëåììà 2 ([39], �2)

Ïóñòü α > 0 - ïðîèçâîëüíîå ôèêñèðîâàííîå ÷èñëî, à Pα - îáëàñòü, îãðà-
íè÷åííàÿ ïàðàáîëîé |Im

√
λ| < α. Ïóñòü θ(c, x, λ) - ðåøåíèå óðàâíåíèÿ (29)

ñ íà÷àëüíûì óñëîâèåì θ(c, 0, λ) = c. Òîãäà ðåøåíèå r(c, x, λ) óðàâíåíèÿ (30)
ñ íà÷àëüíûì óñëîâèåì r(c, 0, λ) = 1 äîïóñêàåò ïðåäñòàâëåíèå

r(c, x, λ) = 1 +

∫ x

0

u(t) cos (2c+ 2λ1/2)dt+

+
1

2
λ−1/2

∫ x

0

u2(t) sin (2c+ 2λ1/2)dt+ ρ(c, x, λ), λ ∈ Pα, Re λ > µ,

(33)

ãäå |ρ(c, x, λ)| ≤Mγ2(c, x, λ), ïðè÷åì M è µ çàâèñÿò òîëüêî îò u è α.

Ïåðåõîäèì ê íåïîñðåäñòâåííîìó âû÷ècëåíèþ àñèìïòîòèê ñîáñòâåííûõ çíà-
÷åíèé. Àñèìïòîòèêà äëÿ ãðàíè÷íûõ óñëîâèé Äèðèõëå áûëà ïîëó÷åíà â ñòàòüå
Ñàâ÷óêà À.Ì. [30]. Ðàññìîòðèì îñòàëüíûå òèïû. Íà÷íåì èññëåäîâàíèå ñî ñëó-
÷àÿ ãðàíè÷íûõ óñëîâèé Äèðèõëå�Íåéìàíà.

3.1. Ñëó÷àé ãðàíè÷íûõ óñëîâèé Äèðèõëå�Íåéìàíà

Îáîçíà÷èì ÷åðåç {λn}∞n=1 ñîáñòâåííûå çíà÷åíèÿ, çàíóìåðîâàííûå â ïîðÿäêå
âîçðàñòàíèÿ âåùåñòâåííîé ÷àñòè.

Òåîðåìà 1.1.

Äëÿ ñîáñòâåííûõ çíà÷åíèé îïåðàòîðà LDN = −d2/dx2 − q(x) ñ ãðàíè÷íû-
ìè óñëîâèÿìè Äèðèõëå-Íåéìàíà y(0) = 0, y[1](π) = 0, ãäå q(x) = u′(x), à
u(x) ∈ L2, âûïîëíåíî:
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λ1/2n = n− 1/2− 1

π
v(0, π, (n− 1/2)2) + ρ(λn), (34)

ãäå ÷åðåç {ρ(λn)} îáîçíà÷åíà ïðîèçâîëüíàÿ ïîñëåäîâàòåëüíîñòü, óäîâëåòâî-
ðÿþùàÿ óñëîâèþ |ρ(λn)| ≤ Mγ2(0, λn, π). Çäåñü âûáîð ïîñòîÿííîé M çàâè-
ñèò òîëüêî îò ôóíêöèè u.

Äîêàçàòåëüñòâî

Ïóñòü ôóíêöèÿ Ψ(x, λ) � ðåøåíèå óðàâíåíèÿ −y′′+q(x)y = λy ñ ãðàíè÷íû-
ìè óñëîâèÿìè Ψ(0, λ) = 0 è Ψ[1](0, λ) = 1. Òîãäà óðàâíåíèå Ψ(π, λ) = 0 îïåðå-
äåëÿåò ñîáñòâåííûå çíà÷åíèÿ îïåðàòîðà L. Âûðàæàÿ ðåøåíèÿ ÷åðåç ôóíêöèè
Ïðþôåðà, ïîëó÷àåì Ψ(x, λ) = r(0, x, λ) sin(θ(0, x, λ)). Çíà÷èò, óðàâíåíèå äëÿ
ñîáñòâåííûõ çíà÷åíèé èìååò âèä sin(θ(0, π, λ)) = 0. Áóäåì îáîçíà÷àòü äëÿ
êðàòêîñòè m = n − 1/2, n ∈ N, γ(0, λn, π) = γ(λn, π), v(0, x, λ) = v(x, λ). Ïî
Ëåììå 1 ïðè c = 0 è x = π ïîëó÷èì:

λ1/2n +
1

π
v(π, λn) + ρ(λn) = m, ãäå |ρ(λn)| ≤Mγ2(λn, π).

Òàêèì îáðàçîì, íåîáõîäèìî äîêàçàòü îöåíêó

|v(π, λn)− v(π,m2)| ≤Mγ2(λn, π). (35)

Ïðåîáðàçóåì ëåâóþ ÷àñòü íåðàâåíñòâà.

v(π, λn)− v(π,m2) =

∫ π

0

u(t)(sin (2λ1/2n t)− sin (2mt))dt+

+
1

2
(λ−1/2n −m−1)

(∫ π

0

u2(t)dt−
∫ π

0

u2(t) cos (2λ1/2n t)dt

)
−

− 1

2
m−1

(∫ π

0

u2(t) cos (2λ1/2n t)dt−
∫ π

0

u2(t) cos (2mt)dt

)
+

+ 2

(∫ π

0

∫ t

0

u(t)u(s) cos(2λ1/2n t) sin(2λ1/2n s)dsdt−

−
∫ π

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt

)
(36)

Îáîçíà÷èì ñëàãàåìûå èç ïðàâîé ÷àñòè (36) â ïîðÿäêå èõ î÷åðåäíîñòè
I1, I2, I3, I4, è ââåäåì âåëè÷èíó νn = λ

1/2
n − m, ïðè÷åì îòìåòèì, ÷òî èç (32)

ñëåäóåò, ÷òî |νn| ≤Mγ2(λn, π). Ïåðåéäåì ê îöåíêå I1, äëÿ ýòîãî ïðåîáðàçóåì
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ñóììó ñèíóñîâ ê áîëåå óäîáíîìó âèäó, ïðèìåíÿÿ ðàçëîæåíèå ôóíêöèè sin(x)

â ðÿä Òåéëîðà â òî÷êå x = 2λ
1/2
n t (íàïîìíèì, ÷òî 0 ≤ t ≤ π).

sin (2λ1/2n t)− sin (2mt) = sin (2λ1/2n t)− sin (2λ1/2n t− 2νnt) =

= sin (2λ1/2n t)− sin (2λ1/2n t) cos (2νnt) + cos (2λ1/2n t) sin (2νnt) =

= sin (2λ1/2n t)− sin (2λ1/2n t)(1−O(ν2n)) + cos (2λ1/2n t)(2νnt+O(ν3n)) =

=2νnt cos (2λ1/2n t) +O(ν2n)

Ïîäñòàâèì ïîëó÷åííîå â I1:

I1 =

∣∣∣∣2νn ∫ π

0

tu(t) cos (2λ1/2n t)dt+O(ν2n)

∣∣∣∣ =

∣∣∣∣2νnπ ∫ π

0

u(t) cos (2λ1/2n t)dt

− 2νn

∫ π

0

∫ t

0

u(s) cos (2λ1/2n s)dsdt

∣∣∣∣+O(ν2n) ≤M |νn||γ(λn, π)| ≤M 2γ2(λn, π).

Äàëåå çàìåòèì, ÷òî λ
−1/2
n − m−1 = O(m−2), m−2 ≤ Mγ2(λn, π) è

cos (2λ
1/2
n t) − cos (2mt) = O(νn), νnm−1 ≤ Mγ2(λn, π), ñëåäîâàòåëüíî I2 è

I3 ïî ìîäóëþ íå ïðåâîñõîäÿò âåëè÷èíû Mγ2(λn, π).

Äëÿ îöåíêè ïîñëåäíåãî ñëàãàåìîãî â ïðàâîé ÷àñòè (36) âîñïîëüçóåìñÿ ðà-
âåíñòâîì:

cos (2λ1/2n t) sin (2λ1/2n s)− cos (2mt) sin (2ms) =

= cos (2λ1/2n t)(sin (2λ1/2n s)− sin (2ms)) + (cos (2λ1/2n t)− cos (2mt)) sin (2ms) =

=2νns cos (2λ1/2n t) cos (2λ1/2n s)− sin (2λ1/2n t) sin (2λ1/2n s) +O(ν2n)

Èç îïðåäåëåíèÿ ôóíêöèè γ(λn, x) ïîñëå èçìåíåíèÿ ïîðÿäêà èíòåãðèðîâà-
íèÿ ïîëó÷èì:

2νn

(∫ π

0

u(t) cos (2λ1/2n t)

∫ t

0

u(s) cos (2λ1/2n s)dsdt

)
≤Mγ2(λn, π).

2νn

(∫ π

0

u(t) sin (2λ1/2n t)

∫ t

0

u(s) sin (2λ1/2n s)dsdt

)
≤Mγ2(λn, π).

Çíà÷èò, |I4| ≤Mγ2(λn, π), è ñïðàâåäëèâîñòü îöåíêè (35) óñòàíîâëåíà. Òåîðå-
ìà 1.1 äîêàçàíà. �

Çàìå÷àíèå 1.1.
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Èç [39] �2 ñëåäóåò, ÷òî â ñëó÷àå u ∈ L2 äëÿ ëþáîãî ôèêñèðî-
âàííîãî x ∈ [0, π] ïîñëåäîâàòåëüíîñòü {|γ(λn, x)|} ∈ l2. Îáîçíà÷èâ
γ(x) =

∑∞
n=1 |γ(λn, x)|2, ïîëó÷èì, ÷òî ||γ(x)||C[0,π] ≤ C.

Çàìå÷àíèå 1.2.

Â Òåîðåìå 1.1 íóìåðàöèþ ÷èñåë λn íàäî íà÷èíàòü èìåííî ñ n = 1. Ýòî
ñëåäóåò èç ðåçóëüòàòîâ ðàáîò [39]. À èìåííî èç òîãî, ÷òî íàéäåòñÿ ÷èñ-
ëî R > 0 òàêîå, ÷òî êîëè÷åñòâî ÷èñåë λn, ëåæàùèõ â êðóãå |λn| < R,
ñ ó÷åòîì êðàòíîñòè ñîâïàäàåò ñ ÷èñëîì ñîáñòâåííûõ çíà÷åíèé íåâîçìó-
ùåííîãî îïåðàòîðà (ñ íóëåâûì ïîòåíöèàëîì). Ìû èñïîëüçóåì ýòîò ôàêò
è â äîêàçàòåëüñòâå ñëåäóþùèõ òåîðåì.

Çàìå÷àíèå 1.3.

Îòìåòèì, ÷òî ïîòåíöèàë q ïðåäïîëàãàåòñÿ êîìïëåêñíîçíà÷íûì, òàê
÷òî ñîáñòâåííûå çíà÷åíèÿ λn íå îáÿçàíû áûòü ïðîñòûìè. Îäíàêî, ãåîìåò-
ðè÷åñêàÿ êðàòíîñòü êàæäîãî ñîáñòâåííîãî çíà÷åíèÿ ðàâíà åäèíèöå, ÷òî
ñëåäóåò èç òåîðåìû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ äèôôåðåí-
öèàëüíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà. Òàêèì îáðàçîì, äëÿ êàæäîãî ñîá-
ñòâåííîãî çíà÷åíèÿ ìû èìååì ëèøü îäíó æîðäàíîâó öåïî÷êó. Âîïðîñ ïî-
ñòðîåíèÿ ýòîé öåïî÷êè, ðàâíî êàê è âîïðîñ ïîñòðîåíèÿ áèîðòîãîíàëüíîé
ñèñòåìû, ïîäðîáíî ðàññìîòðåí â [30]. Íàì áóäåò âàæíî ëèøü òî, ÷òî ïðè
áîëüøèõ n âñå ñîáñòâåííûå çíà÷åíèÿ λn ïðîñòû. Ýòîò ôàêò ìû áóäåì èñ-
ïîëüçîâàòü â ñëåäóþùèõ ãëàâàõ.

3.2. Ñëó÷àé ãðàíè÷íûõ óñëîâèé Íåéìàíà�Äèðèõëå

Òåîðåìà 1.2.

Äëÿ ñîáñòâåííûõ çíà÷åíèé îïåðàòîðà LND = −d2/dx2 − q(x) ñ ãðàíè÷íû-
ìè óñëîâèÿìè Íåéìàíà�Äèðèõëå y[1](0) = 0, y(π) = 0, ãäå q(x) = u′(x), à
u(x) ∈ L2, âûïîëíåíî:

λ1/2n = n− 1

2
− 1

π
v(π/2, π, (n− 1

2
)2) + ρ(λn), n = 1, 2, ... (37)

ãäå ÷åðåç {ρ(λn)} îáîçíà÷åíà ïîñëåäîâàòåëüíîñòü, óäîâëåòâîðÿþùàÿ óñëî-
âèþ |ρ(λn)| ≤ Mγ2(π/2, π, λn). Âûáîð ïîñòîÿííîé M çàâèñèò òîëüêî îò
ôóíêöèè u.

Äîêàçàòåëüñòâî

Ïóñòü ôóíêöèÿ Ψ(x, λ) � ðåøåíèå óðàâíåíèÿ −y′′+q(x)y = λy ñ ãðàíè÷íû-
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ìè óñëîâèÿìè Ψ[1](0, λ) = 0 è Ψ(0, λ) = 1. Òîãäà óðàâíåíèå Ψ(π, λ) = 0 îïå-
ðåäåëÿåò ñîáñòâåííûå çíà÷åíèÿ îïåðàòîðà L. Âûðàæàÿ ðåøåíèÿ ÷åðåç ôóíê-
öèè Ïðþôåðà, ïîëó÷àåì Ψ(x, λ) = r(π/2, x, λ) sin(θ(π/2, x, λ)). Òàêèì îáðà-
çîì, óðàâíåíèå äëÿ ñîáñòâåííûõ çíà÷åíèé èìååò âèä sin(θ(π/2, π, λ)) = 0. Ïî
Ëåììå 1 ïðè c = π/2 ïîëó÷èì:

λ1/2n +
1

π
v(π/2, π, λn) + ρ(π, λn) +

1

2
= n, ãäå |ρ(π, λn)| ≤Mγ2(π/2, π, λn).

Â ðåçóëüòàòå, íåîáõîäèìî äîêàçàòü îöåíêó

|v(π/2, π, λn)− v(π/2, π, (n− 1/2)2)| ≤Mγ2(π/2, π, λn). (38)

Çàìåòèì, ÷òî èç (32) ñëåäóåò, ÷òî γ(0, x, λ) = γ(π/2, x, λ), ïîýòîìó çäåñü êàê
è â Òåîðåìå 1.1 ìû áóäåì èñïîëüçîâàòü îáîçíà÷åíèå γ(π/2, x, λ) = γ(x, λ).

Ïðåîáðàçóåì ëåâóþ ÷àñòü íåðàâåíñòâà, îáîçíà÷èâ äëÿ êðàòêîñòè n − 1/2
÷åðåç m.

v(π/2, π, λn)− v(π/2, π,m2) = −
∫ π

0

u(t)(sin (2λ1/2n t)− sin (2mt))dt+

+
1

2
(λ−1/2n −m−1)

(∫ π

0

u2(t)dt+

∫ π

0

u2(t) cos (2λ1/2n t)dt

)
+

+
1

2
m−1

(∫ π

0

u2(t) cos (2λ1/2n t)dt−
∫ π

0

u2(t) cos (2mt)dt

)
+

+ 2

(∫ π

0

∫ t

0

u(t)u(s) cos(2λ1/2n t) sin(2λ1/2n s)dsdt−

−
∫ π

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt

)
(39)

Îáîçíà÷èì ñëàãàåìûå èç ïðàâîé ÷àñòè (39) â ïîðÿäêå èõ î÷åðåäíîñòè
I1, I2, I3, I4, è ââåäåì âåëè÷èíó νn = λ

1/2
n −m, êîòîðàÿ ïî îïðåäåëåíèþ, äàííî-

ìó â (32), ïîä÷èíÿåòñÿ íåðàâåíñòâó |νn| ≤Mγ2(λn, π). Ïåðåéäåì ê îöåíêå I1,
äëÿ ýòîãî ïðåîáðàçóåì ñóììó ñèíóñîâ ê áîëåå óäîáíîìó âèäó, ïðèìåíÿÿ ðàç-
ëîæåíèå ôóíêöèè sin(x) â ðÿä Òåéëîðà â òî÷êå x = 2λ

1/2
n t (çäåñü 0 ≤ t ≤ π).

28



sin (2λ1/2n t)− sin (2mt) = sin (2λ1/2n t)− sin (2λ1/2n t− 2νnt) =

= sin (2λ1/2n t)− sin (2λ1/2n t) cos (2νnt) + cos (2λ1/2n t) sin (2νnt) =

= sin (2λ1/2n t)− sin (2λ1/2n t)(1−O(ν2n)) + cos (2λ1/2n t)(2νnt+O(ν3n)) =

=2νnt cos (2λ1/2n t) +O(ν2n)

Ïîäñòàâèì ïîëó÷åííîå â I1:

I1 =

∣∣∣∣2νn ∫ π

0

tu(t) cos (2λ1/2n t)dt+O(ν2n)

∣∣∣∣ =

∣∣∣∣2νnπ ∫ π

0

u(t) cos (2λ1/2n t)dt

− 2νn

∫ π

0

∫ t

0

u(s) cos (2λ1/2n s)dsdt

∣∣∣∣+O(ν2n) ≤M |νn||γ(λn, π)| ≤M 2γ2(λn, π).

Êàê è â Òåîðåìå 1.1, çäåñü âûïîëíÿþòñÿ íåðàâåíñòâà λ−1/2n −m−1 = O(m−2),
m−2 ≤ Mγ2(λn, π) è cos (2λ

1/2
n t) − cos (2mt) = O(νn), νnm−1 ≤ Mγ2(λn, π),

ñëåäîâàòåëüíî I2 è I3 ïî ìîäóëþ íå ïðåâîñõîäÿò âåëè÷èíû Mγ2(λn, π).

Äëÿ îöåíêè ïîñëåäíåãî ñëàãàåìîãî â ïðàâîé ÷àñòè (39) âîñïîëüçóåìñÿ ðà-
âåíñòâîì:

cos (2λ1/2n t) sin (2λ1/2n s)− cos (2mt) sin (2ms) =

= cos (2λ1/2n t)(sin (2λ1/2n s)− sin (2ms)) + (cos (2λ1/2n t)− cos (2mt)) sin (2ms) =

=2νns cos (2λ1/2n t) cos (2λ1/2n s)− sin (2λ1/2n t) sin (2λ1/2n s) +O(ν2n)

Èç îïðåäåëåíèÿ ôóíêöèè γ(c, λn, x) ïîñëå èçìåíåíèÿ ïîðÿäêà èíòåãðèðî-
âàíèÿ ïîëó÷èì:

2νn

(∫ π

0

u(t) cos (2λ1/2n t)

∫ t

0

u(s) cos (2λ1/2n s)dsdt

)
≤Mγ2(λn, π).

2νn

(∫ π

0

u(t) sin (2λ1/2n t)

∫ t

0

u(s) sin (2λ1/2n s)dsdt

)
≤Mγ2(λn, π).

Òàêèì îáðàçîì, |I4| ≤Mγ2(λn, π), è ìû ïîäòâåðäèëè ñïðàâåäëèâîñòü îöåíêè
(38). Òåîðåìà 1.2 äîêàçàíà. �

3.3. Ñëó÷àé ãðàíè÷íûõ óñëîâèé Íåéìàíà

Òåîðåìà 1.3.
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Äëÿ ñîáñòâåííûõ çíà÷åíèé îïåðàòîðà LN = −d2/dx2−q(x) ñ ãðàíè÷íûìè
óñëîâèÿìè Íåéìàíà y[1](0) = 0, y[1](π) = 0, ãäå q(x) = u′(x), à u(x) ∈ L2,
âûïîëíåíî:

λ1/2n = n− 1

π
v(π/2, π, n2) + ρ(λn), n = 0, 1, 2, ... (40)

ãäå |ρ(λn)| ≤Mγ2(π/2, π, λn), ïðè÷åì âûáîð ïîñòîÿííîé M çàâèñèò òîëüêî
îò ôóíêöèè u.

Äîêàçàòåëüñòâî

Ïóñòü ôóíêöèÿ Ψ(x, λ) � ðåøåíèå óðàâíåíèÿ −y′′+q(x)y = λy ñ ãðàíè÷íû-
ìè óñëîâèÿìè Ψ[1](0, λ) = 0 è Ψ(0, λ) = 1. Òîãäà óðàâíåíèå Ψ(π, λ) = 0 îïåðå-
äåëÿåò ñîáñòâåííûå çíà÷åíèÿ îïåðàòîðà L. Âûðàæàÿ ðåøåíèÿ ÷åðåç ôóíêöèè
Ïðþôåðà, ïîëó÷àåì Ψ(x, λ) = r(π/2, x, λ) cos(θ(π/2, x, λ)). Çíà÷èò, óðàâíå-
íèå äëÿ ñîáñòâåííûõ çíà÷åíèé äàííîé çàäà÷è èìååò âèä cos(θ(π/2, π, λ)) = 0.
Äàëåå, ïðèìåíèâ Ëåììó 1 ïðè óñëîâèè c = π/2, ïîëó÷èì, ÷òî íåîáõîäèìî
äîêàçàòü îöåíêó

|v(π/2, π, λn)− v(π/2, π, n2)| ≤Mγ2(π/2, π, λn). (41)

Ðàññìîòðèì ïîäðîáíåå ëåâóþ ÷àñòü íåðàâåíñòâà (41). Êàê â Òåîðåìå 1.2,
áóäåì çàïèñûâàòü γ(π/2, π, λn) â âèäå γ(π, λn).

v(π, λn)− v(π, n2) = −
∫ π

0

u(t)(sin (2λ1/2n t)− sin (2nt))dt+

+
1

2
(λ−1/2n − n−1)

(∫ π

0

u2(t)dt+

∫ π

0

u2(t) cos (2λ1/2n t)dt

)
+

+
1

2
n−1

(∫ π

0

u2(t) cos (2λ1/2n t)dt−
∫ π

0

u2(t) cos (2nt)dt

)
+

+ 2

(∫ π

0

∫ t

0

u(t)u(s) cos(2λ1/2n t) sin(2λ1/2n s)dsdt−

−
∫ π

0

∫ t

0

u(t)u(s) cos(2nt) sin(2ns)dsdt

)
(42)

Îáîçíà÷èì ñëàãàåìûå èç ïðàâîé ÷àñòè (42) â ïîðÿäêå èõ î÷åðåäíîñòè
I1, I2, I3, I4 è ðàññìîòðèì èõ ïî îòäåëüíîñòè. Àíàëîãè÷íî Òåîðåìå 1.1 ââå-
äåì âåëè÷èíó νn = λ

1/2
n − n, äëÿ êîòîðîé âûïîëíåíî |νn| ≤ Mγ2(λn, π) (ýòî

ñëåäóåò èç (32)). Íà÷íåì àíàëèç (42) ñ I1, ãäå ïðåîáðàçóåì ñóììó ñèíóñîâ,
ïðèìåíÿÿ, êàê è ðàíüøå, ðàçëîæåíèå sin(x) â ðÿä Òåéëîðà â òî÷êå x = 2λ

1/2
n t:
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sin (2λ1/2n t)− sin (2nt) = sin (2λ1/2n t)− sin (2λ1/2n t− 2νnt) =

= sin (2λ1/2n t)− sin (2λ1/2n t) cos (2νnt) + cos (2λ1/2n t) sin (2νnt) =

= sin (2λ1/2n t)− sin (2λ1/2n t)(1−O(ν2n)) + cos (2λ1/2n t)(2νnt+O(ν3n)) =

=2νnt cos (2λ1/2n t) +O(ν2n)

Ïîäñòàâèì ïîëó÷åííîå â I1:

I1 =

∣∣∣∣2νn ∫ π

0

tu(t) cos (2λ1/2n t)dt+O(ν2n)

∣∣∣∣ =

∣∣∣∣2νnπ ∫ π

0

u(t) cos (2λ1/2n t)dt

− 2νn

∫ π

0

∫ t

0

u(s) cos (2λ1/2n s)dsdt

∣∣∣∣+O(ν2n) ≤M |νn||γ(λn, π)| ≤M 2γ2(λn, π).

Äàëåå äîêàæåì, ÷òî I2 è I3 ïî ìîäóëþ íå ïðåâîñõîäÿò âåëè÷èíû Mγ2(λn, π).
Ýòî âûïîëíÿåòñÿ, áëàãîäàðÿ òîìó ÷òî λ−1/2n −n−1 = O(n−2), n−2 ≤Mγ2(λn, π)

è cos (2λ
1/2
n t)− cos (2nt) = O(νn), νnn−1 ≤Mγ2(λn, π).

Ïåðåõîäèì ê îöåíêå ïîñëåäíåãî ñëàãàåìîãî â ïðàâîé ÷àñòè (42). Äëÿ ýòîãî
âîñïîëüçóåìñÿ ðàâåíñòâîì:

cos (2λ1/2n t) sin (2λ1/2n s)− cos (2nt) sin (2ns) =

= cos (2λ1/2n t)(sin (2λ1/2n s)− sin (2ns)) + (cos (2λ1/2n t)− cos (2nt)) sin (2ns) =

=2νns cos (2λ1/2n t) cos (2λ1/2n s)− sin (2λ1/2n t) sin (2λ1/2n s) +O(ν2n)

Èç îïðåäåëåíèÿ ôóíêöèè γ(λn, x) ïîñëå èçìåíåíèÿ ïîðÿäêà èíòåãðèðîâà-
íèÿ ïîëó÷èì:

2νn

(∫ π

0

u(t) cos (2λ1/2n t)

∫ t

0

u(s) cos (2λ1/2n s)dsdt

)
≤Mγ2(λn, π).

Òî æå âåðíî äëÿ àíàëîãè÷íîãî èíòåãðàëà ñ ñèíóñàìè. Çíà÷èò,
|I4| ≤ Mγ2(λn, π), è ñïðàâåäëèâîñòü îöåíêè (41) óñòàíîâëåíà. Òåîðåìà
1.3 äîêàçàíà. �

3.4. Îáîáùåííàÿ òåîðåìà

Âîñïîëüçóåìñÿ äîêàçàííûì âûøå è ðåçóëüòàòàìè ðàáîòû [39] è ñôîðìóëèðó-
åì òåîðåìó îá àñèìïòîòèêàõ â îáùåì âèäå.
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Òåîðåìà 1.4.

Äëÿ ñîáñòâåííûõ çíà÷åíèé îïåðàòîðà L = −d2/dx2 − q(x), q(x) = u′(x),
u(x) ∈ L2, âûïîëíåíî:

λ1/2n = m− 1

π
v(c, π,m2) + ρ(λn), (43)

ãäå â ñëó÷àå ãðàíè÷íûõ óñëîâèé

• Äèðèõëå (y(0) = 0, y(π) = 0) : m ∈ N, c = 0

• Íåéìàíà (y[1](0) = 0, y[1](π) = 0): m ∈ N
⋃

0, c = π/2,

• Äèðèõëå�Íåéìàíà (y(0) = 0, y[1](π) = 0): m = n− 1
2 , n ∈ N, c = 0,

• Íåéìàíà�Äèðèõëå (y[1](0) = 0, y(π) = 0): m = n− 1
2 , n ∈ N, c = π/2,

à |ρ(λn)| ≤Mγ2(c, π, λn).
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Ãëàâà 2. Àñèìïòîòèêà ñîáñòâåííûõ ôóíêöèé

1. Ñîáñòâåííûå è ïðèñîåäèíåííûå ôóíêöèè

Ïðîäîëæèì èññëåäîâàíèå îïåðàòîðà Øòóðìà-Ëèóâèëëÿ

Ly = −d
2y

dx2
+ q(x)y (44)

â ïðîñòðàíñòâå L2[0, π] ñ ïîòåíöèàëîì q(x) = u′(x), ãäå u(x) ∈ L2[0, π] (ïðî-
èçâîäíàÿ ïîíèìàåòñÿ â ñìûñëå ðàñïðåäåëåíèé).

Â Ãëàâå 1 ïîêàçàíî, ÷òî îò äèôôåðåíöèàëüíîãî âûðàæåíèÿ (44) ìû ìîæåì
ïåðåéòè ê ñèñòåìå

LMy = L(y),

D(LM) = {y| y, y[1] ∈ W 1
1 [0, π], L(y) ∈ L2[0, π], }

ãäå LM � ìàêñèìàëüíûé îïåðàòîð, à y[1](x) := y′(x)−u(x)y(x) � ïåðâàÿ êâà-
çèïðîèçâîäíàÿ. Îáîçíà÷èì ÷åðåç w(x, λ) ðåøåíèå äèôôåðåíöèàëüíîãî óðàâ-
íåíèÿ L(w) = λw ñ íà÷àëüíûìè óñëîâèÿìè w(0, λ) = 0, w[1](0, λ) = 1. Íóëè
öåëîé ôóíêöèè w(π, λ) ñîâïàäàþò ñ ñîáñòâåííûìè çíà÷åíèÿìè îïåðàòîðà L. Â
ñèëó òåîðåìû î ñóùåñòâîâàíèè è åäèíñòâåííîñòè, ãåîìåòðè÷åñêàÿ êðàòíîñòü
êàæäîãî ñîáñòâåííîãî çíà÷åíèÿ ðàâíà 1. Â ñëó÷àå âåùåñòâåííîãî ïîòåíöèàëà
ïðèñîåäèíåííûå ôóíêöèè îòñóòñòâóþò, òî åñòü âñå ñîáñòâåííûå çíà÷åíèÿ ÿâ-
ëÿþòñÿ ïðîñòûìè, íî â îáùåì ñëó÷àå, ýòî íå òàê. Îáîçíà÷èì ÷åðåç {µk}∞1 âñå
íóëè ôóíêöèè w(π, λ) áåç ó÷åòà êðàòíîñòè, òî åñòü µj = µk òîëüêî ïðè j = k.
Íóìåðàöèþ áóäåì âåñòè â ïîðÿäêå âîçðàñòàíèÿ ìîäóëÿ, à â ñëó÷àå ñîâïàäå-
íèÿ ìîäóëåé � ïî âîçðàñòàíèþ àðãóìåíòà, çíà÷åíèÿ êîòîðîãî âûáèðàþòñÿ
èç èíòåðâàëà (−π, π]. Öåïî÷êîé èç ñîáñòâåííûõ è ïðèñîåäèíåííûõ ôóíêöèé,
îòâå÷àþùåé ñîáñòâåííîìó çíà÷åíèþ µk, íàçûâàåòñÿ ñèñòåìà ôóíêöèé

{y0k, y1k, ..., y
pk−1
k },

äëÿ êîòîðîé

(L− µkI)y0k = 0, (L− µkI)yjk = yj−1k , j = 1, ..., pk − 1.

Îòìåòèì, ÷òî â íàøåì ñëó÷àå ãåîìåòðè÷åñêàÿ êðàòíîñòü ñîáñòâåííûõ çíà÷å-
íèé = 1, ïîýòîìó ìû ãîâîðèì òîëüêî îá îäíîé öåïî÷êå, âñåãäà ïðåäïîëàãàÿ,
÷òî åå äëèíà ìàêñèìàëüíà.
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Ïóñòü µk � íîëü ôóíêöèè w(π, λ) êðàòíîñòè qk. Çàìåòèì, ÷òî ôóíêöèè
w

(j)
λ (x, λ), j = 1, 2, ..., qk−1 óäîâëåòâîðÿþò äèôôåðåíöèàëüíûì âûðàæåíèÿì

L(w
(j)
λ ) = λw

(j)
λ +w

(j−1)
λ , ïðè÷åì w(j)

λ (0, λ) ≡ 0. Êðîìå òîãî w(j)
λ (π, µk) = 0, òàê

êàê µk - ýòî íîëü êðàòíîñòè qk. Ïîëó÷àåòñÿ, ÷òî w
(j)
λ (x, µk), j = 1, 2, ..., qk − 1

îáðàçóþò öåïî÷êó èç ñîáñòâåííîé è ïðèñîåäèíåííûõ ôóíêöèé, îòâå÷àþùóþ
ñîáñòâåííîìó çíà÷åíèþ µk. Êàê è ëþáàÿ öåïî÷êà èç ñîáñòâåííîé è ïðèñî-
åäèíåííûõ ôóíêöèé, ýòà ñèñòåìà ëèíåéíî íåçàâèñèìà, è çíà÷èò ïîðîæäàåò
ïðîñòðàíñòâî ðàçìåðíîñòè qk. Îñòàëîñü äîáàâèòü (ñì. Íàéìàðê [40], ãëàâà 1,
ïóíêò 3) , ÷òî ýòà öåïî÷êà ÿâëÿåòñÿ êàíîíè÷åñêîé, òî åñòü èìååò ìàêñèìàëü-
íóþ äëèíó (pk = qk).

Íàì áóäåò óäîáíî ââåñòè è äðóãóþ íóìåðàöèþ ñîáñòâåííûõ è ïðèñîåäè-
íåííûõ ôóíêöèé. Ïîä ñèñòåìîé ñîáñòâåííûõ è ïðèñîåäèíåííûõ ôóíêöèé
{yn(x)}∞n=1 ìû áóäåì äàëåå ïîíèìàòü ñèñòåìó

∞⋃
k=1

{ w
(j)
λ (·, µk)

||w(·, µk)||L2

}qk−1
j=0

.

Òàêèì îáðàçîì, ||yn||L2
= 1, åñëè yn � ñîáñòâåííàÿ ôóíêöèÿ. ×åðåç {λn}∞n=1

îáîçíà÷èì íóëè ôóíêöèè w(π, λ) â ïîðÿäêå âîçðàñòàíèÿ ìîäóëÿ ñ ó÷åòîì
êðàòíîñòè (â ýòîì ñëó÷àå Lyn = λnyn äëÿ ëþáîãî n ∈ N).

Ïîñòðîèì òåïåðü áèîðòîãîíàëüíóþ ñèñòåìó {vn(x)}∞n=1 ê ñèñòåìå
{yn(x)}∞n=1. Ïðåæäå âñåãî çàìåòèì, ÷òî ïðè ëþáîì k ñèñòåìà {zjk}

qk−1
j=0 , ãäå

zkj (x) = w
(j)
λ (x, µk), ÿâëÿåòñÿ ñèñòåìîé èç ñîáñòâåííûõ è ïðèñîåäèíåííûõ

ôóíêöèé îïåðàòîðà L∗ = d2

dx2 + q, îòâå÷àþùåé ñîáñòâåííîìó çíà÷åíèþ µk.
Ïîêàæåì òåïåðü, êàê ñ ïîìîùüþ êîíå÷íûõ ëèíåéíûõ êîìáèíàöèé ñèñòå-
ìû

⋃∞
k=1{z

j
k}

qk−1
j=0 ïîñòðîèòü áèîðòîãîíàëüíóþ {vn(x)}∞n=1 ê íåé ñèñòåìó. Çà-

ìåòèì, ÷òî åñëè ôóíêöèÿ z ëåæèò â êîðíåâîì ïîäïðîñòðàíñòâå îïåðàòî-
ðà L∗, îòâå÷àþùåì ñîáñòâåííîìó çíà÷åíèþ µl, à ôóíêöèÿ y � â êîðíåâîì
ïîäïðîñòðàíñòâå îïåðàòîðà L, îòâå÷àþùåì ñîáñòâåííîìó çíà÷åíèþ µk, ãäå
k 6= l, òî ôóíêöèè y è z îðòîãîíàëüíû. Äåéñòâèòåëüíî, äëÿ ñîáñòâííûõ
ôóíêöèé µk(y, z) = (Ly, z) = (y, L∗z) = µl(y, z), òî åñòü (y, z) = 0. Åñ-
ëè òåïåðü y � ïåðâàÿ ïðèñîåäèíåííàÿ ôóíêöèÿ, à z � ñîáñòâåííàÿ ôóíê-
öèÿ, òî, ó÷èòûâàÿ òî, ÷òî îðòîãîíàëüíîñòü ñîáñòâåííûõ ôóíêöèé óæå äî-
êàçàíà, µk(y, z) = (Ly, z) = (y, L∗z) = µl(y, z). Äàëüíåéøåå î÷åâèäíî.
Òàêèì îáðàçîì, äîñòàòî÷íî ïîñòðîèòü áèîðòîãîíàëüíóþ ñèñòåìó â êàæäîì
êîðíåâîì ïîäïðîñòðàíñòâå ïî îòäåëüíîñòè. Â ñëó÷àå ïðîñòîãî ñîáñòâåííî-
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ãî çíà÷åíèÿ ïîëó÷èì: vn(x) = yn(x)/(yn(x), yn(x)). Çíàìåíàòåëü çäåñü îòëè-
÷åí îò íóëÿ, òàê êàê èíòåãðèðîâàíèåì ïî ÷àñòÿì ëåãêî ïîëó÷èòü ðàâåíñòâî∫ π
0 w

2(x, µk)dx = w′λ(π, µk)w
′
x(π, µk).

2. Àñèìïòîòè÷åñêèå ôîðìóëû äëÿ ñîáñòâåííûõ è ïðèñîåäèíåííûõ
ôóíêöèé

Íàéäåì â ÿâíîì âèäå àñèìïòîòèêè ñèñòåìû ñîáñòâåííûõ è ïðèñîåäèíåííûõ
ôóíêöèé äëÿ ðåøåíèÿ íàøåé çàäà÷è

−y′′ + q(x)y = λy. (45)

Òàê æå, êàê â Ãëàâå 1, ìû ïîäðîáíî ðàññìîòðèì ðåãóëÿðíûå êðàåâûå óñëî-
âèÿ è ñîîòâåòñòâóþùèå èì 4 îïåðàòîðà:

• LD � ïîðîæäåííûé âûðàæåíèåì (44) è ãðàíè÷íûìè óñëîâèÿìè Äèðèõëå
y(0) = y(π) = 0,

• LDN � ïîðîæäåííûé âûðàæåíèåì (44) è ãðàíè÷íûìè óñëîâèÿìè
Äèðèõëå-Íåéìàíà y(0) = y[1](π) = 0,

• LND � ïîðîæäåííûé âûðàæåíèåì (44) è ãðàíè÷íûìè óñëîâèÿìè
Íåéìàíà-Äèðèõëå y[1](0) = y(π) = 0,

• LN � ïîðîæäåííûé âûðàæåíèåì (44) è ãðàíè÷íûìè óñëîâèÿìè Íåéìàíà
y[1](0) = y[1](π) = 0.

Â Ãëàâå 1 ïîêàçàíû ñëåäóþùèå ñâîéñòâà ýòèõ îïåðàòîðîâ, êîòîðûå íàì ïî-
íàäîáÿòñÿ â äàëüíåéøåì:

• Îíè ôðåäãîëüìîâû ñ èíäåêñàìè (0, 0) (à â ñëó÷àå âåùåñòâåííîãî ïîòåí-
öèàëà ñàìîñîïðÿæåíû è îãðàíè÷åíû);

• Ýòè îïåðàòîðû èìåþò ÷èñòî äèñêðåòíûé ñïåêòð.

Â ñòàòüå Ñàâ÷óêà [30] áûë ïîäðîáíî èçó÷åí ñëó÷àé îïåðàòîðà LD. Ðàññìîò-
ðèì ïî î÷åðåäè îñòàëüíûå òèïû îïåðàòîðîâ, íà÷èíàÿ ñî ñëó÷àÿ ãðàíè÷íûõ
óñëîâèé Äèðèõëå�Íåéìàíà.
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Ââåäåì âñïîìîãàòåëüíûå îáîçíà÷åíèÿ. Áóäåì îáîçíà÷àòü

v(c, x, λ) =

∫ x

0

u(t) sin(2c+ 2λ1/2t)dt+
1

2
λ−1/2

∫ x

0

u2(t)dt+

+ 2

∫ x

0

∫ t

0

u(t)u(s) cos(2c+ 2λ1/2t) sin(2c+ 2λ1/2s)dsdt−

− 1

2
λ−1/2

∫ x

0

u2(t) cos(2c+ 2λ1/2t)dt,

(46)

γ(c, λ, x) =

∣∣∣∣∫ x

0

u(t) sin(2c+ 2λ1/2t)dt

∣∣∣∣+

∣∣∣∣∫ x

0

u(t) cos(2c+ 2λ1/2t)dt

∣∣∣∣+
+ 2

∣∣∣∣∫ x

0

∫ t

0

u(t)u(s) cos(2c+ 2λ1/2t) sin(2c+ 2λ1/2s)dtds

∣∣∣∣+
+

1

2

∣∣∣∣λ−1/2 ∫ x

0

u2(t) cos(2c+ 2λ1/2t)dt

∣∣∣∣+ |λ|−1/2||u||2L2
+ ||v(c, x, λ)||L2

.

Ïðèâåäåì âñïîìîãàòåëüíûå ëåììû, êîòîðûå ïîíàäîáÿòñÿ íàì ïðè äîêàçà-
òåëüñòâå îñíîâíûõ óòâåðæäåíèé. Â Ãëàâå 1 áûëî ïîêàçàíî, ÷òî ðåøåíèå óðàâ-
íåíèÿ (45) ìîæíî âûðàçèòü ÷åðåç ôóíêöèè r(c, x, λ) è θ(c, x, λ), äëÿ êîòîðûõ
âûïîëíÿþòñÿ ðàâåíñòâà:

θ′(x, λ) = λ1/2 + λ−1/2u2(x) sin2 θ(x, λ) + u(x) sin 2θ(x, λ). (47)

r′(x, λ) = −r(x, λ)

[
u(x) cos 2θ(x, λ) +

1

2
λ−1/2u2(x) sin 2θ(x, λ)

]
. (48)

Òàêæå èìåþò ìåñòî ñëåäóþùèå ëåììû:

Ëåììà 1 ([39], �2)

Ïóñòü α > 0 - ïðîèçâîëüíîå ôèêñèðîâàííîå ÷èñëî, à Pα - îáëàñòü, îãðà-
íè÷åííàÿ ïàðàáîëîé |Im

√
λ| < α. Òîãäà ñóùåñòâóåò ÷èñëî µ, çàâèñÿùåå

òîëüêî îò u(x) è α òàêîå, ÷òî ïðè ëþáûõ λ ∈ Pα, Re λ > µ, óðàâíåíèå (47)
èìååò åäèíñòâåííîå ðåøåíèå θ(c, x, λ), îïðåäåëåííîå ïðè âñåõ 0 ≤ x ≤ π è
óäîâëåòâîðÿþùåå íà÷àëüíîìó óñëîâèþ θ(c, 0, λ) = c. Ýòî ðåøåíèå äîïóñêà-
åò ïðåäñòàâëåíèå

θ(c, x, λ) = c+ λ1/2x+ v(c, x, λ) + ρ(c, x, λ),

ãäå |ρ(c, x, λ)| ≤ Mγ2(c, x, λ), λ ∈ Pα, Re λ > µ, ïðè÷åì âûáîð ïîñòîÿííîé
M çàâèñèò îò ôóíêöèè u è α, íî íå çàâèñèò îò c, x, λ.
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Ëåììà 2 ([39], �2)

Ïóñòü α > 0 - ïðîèçâîëüíîå ôèêñèðîâàííîå ÷èñëî, à Pα - îáëàñòü, îãðà-
íè÷åííàÿ ïàðàáîëîé |Im

√
λ| < α. Ïóñòü θ(c, x, λ) - ðåøåíèå óðàâíåíèÿ (47)

ñ íà÷àëüíûì óñëîâèåì θ(0, λ) = c. Òîãäà ðåøåíèå r(c, x, λ) óðàâíåíèÿ (48) ñ
íà÷àëüíûì óñëîâèåì r(c, 0, λ) = 1 äîïóñêàåò ïðåäñòàâëåíèå

r(c, x, λ) = 1−
∫ x

0

u(t) cos (2c+ 2λ1/2)dt−

− 1

2
λ−1/2

∫ x

0

u2(t) sin (2c+ 2λ1/2)dt+ ρ(c, x, λ), λ ∈ Pα, Re λ > µ,

(49)

ãäå |ρ(c, x, λ)| ≤Mγ2(c, x, λ), ïðè÷åì M è µ çàâèñÿò òîëüêî îò u è α.

Ïåðåõîäèì ê íåïîñðåäñòâåííîìó èçó÷åíèþ ïîñòàâëåííîãî âîïðîñà.

2.1. Ñëó÷àé ãðàíè÷íûõ óñëîâèé Äèðèõëå�Íåéìàíà

Òåîðåìà 2.1.

Ðàññìîòðèì îïåðàòîð LDN , ïîðîæäåííûé äèôôåðåíöèàëüíûì âûðàæå-
íèåì −y′′ + q(x)y, ãäå q(x) = u′(x) â ñìûñëå ðàñïðåäåëåíèé, à êîìïëåêñ-
íîçíà÷íàÿ ôóíêöèÿ u(x) ∈ L2, è êðàåâûìè óñëîâèÿìè Äèðèõëå-Íåéìàíà
y(0) = 0, y[1](π) = 0. Îáîçíà÷èì ÷åðåç {yn(x)}∞n=1 ñèñòåìó ñîáñòâåí-
íûõ è ïðèñîåäèíåííûõ ôóíêöèé îïåðàòîðà L, ÷åðåç {vn(x)}∞n=1 � áèîðòî-
ãîíàëüíóþ ñèñòåìó (ïðè÷åì ñîáñòâåííûå ôóíêöèè ìû íîðìèðóåì óñëîâèåì
||yn||L2

= 1). Òîãäà ñïðàâåäëèâû ñëåäóþùèå àñèìïòîòè÷åñêèå ôîðìóëû:
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√
π

2
yn(x) = sin(mx)

(
1 +

1

π

∫ π

0

(π − t)uR(t) cos(2mt)dt−
∫ x

0

u(t) cos(2mt)dt

)
+

+
1

2m
sin(mx)

(
−
∫ x

0

u2(t) sin(2mt)dt+

+
1

π

∫ π

0

(π − t)(u2R(t)− u2I(t)) sin(2mt)dt

)
+

+ cos(mx)

(∫ x

0

u(t) sin(2mt)dt+ 2

∫ x

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt−

− x

π

∫ π

0

u(t) sin(2mt)dt− 2x

π

∫ π

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt

)
+

+
1

2m
cos(mx)

(∫ x

0

u2(t)dt−
∫ x

0

u2(t) cos(2mt)dt−

− x

π

∫ π

0

u2(t)dt+
x

π

∫ π

0

u2(t) cos(2mt)dt

)
+ ρ(x, λn).

(50)

Çäåñü è äàëåå ÷åðåç ρ(x, λn) áóäåì îáîçíà÷àòü ôóíêöèè, óäîâëåòâîðÿþùèå
îöåíêå sup

0≤x≤π

∑∞
n=1 |ρ(x, λn)| ≤ C, m = n − 1/2, n ∈ N; uR(x) è uI(x) îáîçíà-

÷àþò âåùåñòâåííóþ è ìíèìóþ ÷àñòè ôóíêöèè u(x) ñîîòâåòñòâåííî.
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Ñîîòâåòñòâóþùèå ôóíêöèè áèîðòîãîíàëüíîé ñèñòåìû èìåþò âèä:√
π

2
vn(x) =

= sin(mx)

(
1 +

1

π

∫ π

0

(π − t)(uR(t) + 2iuI(t)) cos(2mt)dt−

−
∫ x

0

u(t) cos(2mt)dt

)
+

+
1

2m
sin(mx)

(
−
∫ x

0

u2(t) sin(2mt)dt+

+
1

π

∫ π

0

(π − t)(u2R(t)− u2I(t) + 4iuR(t)uI(t)) sin(2mt)dt

)
+

+ cos(mx)

(∫ x

0

u(t) sin(2mt)dt+ 2

∫ x

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt−

− x

π

∫ π

0

u(t) sin(2mt)dt− 2x

π

∫ π

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt

)
+

+
1

2m
cos(mx)

(∫ x

0

u2(t)dt−
∫ x

0

u2(t) cos(2mt)dt−

− x

π

∫ π

0

u2(t)dt+
x

π

∫ π

0

u2(t) cos(2mt)dt

)
+ ρ(x, λn).

(51)

Äîêàçàòåëüñòâî

Ñîãëàñíî çàìåíå Ïðþôåðà (ïîäðîáíîå îïèñàíèå ñì. Ãëàâà 1), ñîáñòâåííûå
ôóíêöèè èìåþò âèä

yn(x, λn) = r(c, x, λn) sin θ(c, x, λn). (52)

Çàìåòèì, ÷òî ïðèñîåäèíåííûå ôóíêöèè ïðè äîñòàòî÷íî áîëüøèõ n îòñóòñòâó-
þò, òàê êàê ñîáñòâåííûå çíà÷åíèÿ ïðîñòû (ñì. Çàìå÷àíèå 1.2 Ãëàâû 1). Òàêæå
îòìåòèì, ÷òî ñîáñòâåííûå ôóíêöèè, çàäàííûå ôîðìóëîé (52), íå íîðìèðîâà-
íû. Ïîäñòàâèì â (52) àñèìïòîòè÷åñêèå ôîðìóëû äëÿ ôóíêöèé r(c, x, λ) è
θ(c, x, λ), ãäå ñîãëàñíî Ëåììàì 1 è 2 ïðè c = 0,

r(0, x, λn) = 1−
∫ x

0

u(t) cos (2λ1/2n t)dt− 1

2
λ−1/2n

∫ x

0

u2(t) sin (2λ1/2n t)dt+ ρ(0, x, λn),

θ(0, x, λn) = λ1/2n x+ v(0, x, λn) + ρ(0, x, λn), |ρ(0, x, λn)| ≤Mγ2(0, x, λn)

.
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Äàëüøå äëÿ êðàòêîñòè áóäåì îáîçíà÷àòü θ(0, x, λn) = θ(x, λn),
r(0, x, λn) = r(x, λn), v(0, x, λ) = v(x, λ), ρ(0, x, λn) = ρ(x, λn),
γ(0, x, λn) = γ(x, λn). Òàêæå ââåäåì âåëè÷èíó µn = (−1/π)v(π,m2). Òåïåðü
âîñïîëüçóåìñÿ äîêàçàííîé â Ãëàâå 1 òåîðåìîé î ñîáñòâåííûõ çíà÷åíèÿõ (ñì.
Ãëàâà 1, Òåîðåìà 1.1) è ïðåîáðàçóåì sin(θ(x, λn)).

sin θ(x, λn) = sin (λ1/2n x+ v(x, λn) + ρ(x, λn))

Çäåñü äëÿ ïðîäîëæåíèÿ öåïî÷êè ðàâåíñòâ áóäåì èñïîëüçîâàòü ðàçëîæåíèå â
ðÿä Òåéëîðà ôóíêöèé cosx è sinx.

sin(λ1/2n x+ v(x, λn) + ρ(x, λn)) = sin (µnx+mx+ v(x, λn) + ρ(x, λn)) =

= sin(mx) cos(µnx+ v(x, λn) + ρ(x, λn))+

+ cos(mx) sin(µnx+ v(x, λn) + ρ(x, λn)) =

= sin(mx)(1 + (µnx+ v(x, λn) + ρ(x, λn))
2)+

+ cos(mx)(µnx+ v(x, λn) + ρ(x, λn)) + ρ(x, λn) =

= sin(mx) + cos(mx)

∫ x

0

u(t) sin (2mt)dt+
1

2m
cos(mx)

∫ x

0

u2(t)dt+

+ 2 cos(mx)

∫ x

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt−

− 1

2m
cos(mx)

∫ x

0

u2(t) cos(2mt)dt− x

π
cos(mx)

∫ π

0

u(t) sin (2mt)dt−

− x

2mπ
cos(mx)

∫ π

0

u2(t)dt−

− 2x

π
cos(mx)

∫ π

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt+

+
x

2mπ
cos(mx)

∫ π

0

u2(t) cos(2mt)dt+ ρ(x, λn).
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Ïîäñòàâèì ïîëó÷åííîå â âûðàæåíèÿ äëÿ ôóíêöèé yn(x).

yn(x, λn) = r(x, λn) sin(θ(x, λn)) = sin(mx) + cos(mx)

∫ x

0

u(t) sin (2mt)dt+

+
1

2m
cos(mx)

∫ x

0

u2(t)dt+ 2 cos(mx)

∫ x

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt−

− 1

2m
cos(mx)

∫ x

0

u2(t) cos(2mt)dt− x

π
cos(mx)

∫ π

0

u(t) sin (2mt)dt−

− x

2mπ
cos(mx)

∫ π

0

u2(t)dt−

− 2x

π
cos(mx)

∫ π

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt+

+
x

2mπ
cos(mx)

∫ π

0

u2(t) cos(2mt)dt− sin(mx)

∫ x

0

u(t) cos(2mt)dt−

− 1

2m
sin(mx)

∫ x

0

u2(t) sin (2mt)dt+ ρ(x, λn),

(53)

ïðè ýòîì sup
0≤x≤π

∑∞
n=1 |ρ(x, λn)| ≤ C.

Ïðîèçâåäåì íîðìèðîâêó ñîáñòâåííûõ ôóíêöèé, äëÿ ýòîãî ïîëó÷åí-

íîå âûðàæåíèå íåîáõîäèìî äîìíîæèòü íà
(∫ π

0 yn(x)yn(x)dx
)−1/2

(íàïîì-

íèì, ÷òî ôóíêöèÿ q(x) ïðåäïîëàãàåòñÿ êîìïëåêñíîçíà÷íîé). Áóäåì âûäå-
ëÿòü âåùåñòâåííóþ è ìíèìóþ ÷àñòü ôóíêöèè u(x), òî åñòü îáîçíà÷èì
u(x) = uR(x) + iuI(x). Òîãäà ñîïðÿæåííàÿ ôóíêöèÿ âûãëÿäèò ñëåäóþùèì
îáðàçîì: u(x) = uR(x)− iuI(x).
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∫ π

0

yn(x)yn(x)dx =

∫ π

0

[
sin(mx) + cos(mx)

∫ x

0

(uR(t) + iuI(t)) sin (2mt)dt+

+
1

2m
cos(mx)

∫ x

0

(u2R(t)− u2I(t) + 2iuR(t)uI(t))dt+

+ 2 cos(mx)

∫ x

0

∫ t

0

(uR(t) + iuI(t))(uR(s) + iuI(s))·

· cos(2mt) sin(2ms)dsdt−

− 1

2m
cos(mx)

∫ x

0

(u2R(t)− u2I(t) + 2iuR(t)uI(t)) cos(2mt)dt−

− x

π
cos(mx)

∫ π

0

(uR(t) + iuI(t)) sin (2mt)dt−

− x

2mπ
cos(mx)

∫ π

0

(u2R(t)− u2I(t) + 2iuR(t)uI(t))dt−

− 2x

π
cos(mx)

∫ π

0

∫ t

0

(uR(t) + iuI(t))(uR(s) + iuI(s))·

· cos(2mt) sin(2ms)dsdt+

+
x

2mπ
cos(mx)

∫ π

0

(u2R(t)− u2I(t) + 2iuR(t)uI(t)) cos(2mt)dt−

− sin(mx)

∫ x

0

(uR(t) + iuI(t)) cos(2mt)dt−

− 1

2m
sin(mx)

∫ x

0

(u2R(t)− u2I(t) + 2iuR(t)uI(t)) sin (2mt)dt+ ρ(x, λn)
]
·

·
[
sin(mx) + cos(mx)

∫ x

0

(uR(t)− iuI(t)) sin (2mt)dt+

+
1

2m
cos(mx)

∫ x

0

(u2R(t)− u2I(t)− 2iuR(t)uI(t))dt+

+ 2 cos(mx)

∫ x

0

∫ t

0

(uR(t)− iuI(t))(uR(s)− iuI(s))·

· cos(2mt) sin(2ms)dsdt−

− 1

2m
cos(mx)

∫ x

0

(u2R(t)− u2I(t)− 2iuR(t)uI(t)) cos(2mt)dt−

− x

π
cos(mx)

∫ π

0

(uR(t)− iuI(t)) sin (2mt)dt−

− x

2mπ
cos(mx)

∫ π

0

(u2R(t)− u2I(t)− 2iuR(t)uI(t))dt−

− 2x

π
cos(mx)

∫ π

0

∫ t

0

(uR(t)− iuI(t))(uR(s)− iuI(s))·

· cos(2mt) sin(2ms)dsdt+
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+
x

2mπ
cos(mx)

∫ π

0

(u2R(t)− u2I(t)− 2iuR(t)uI(t)) cos(2mt)dt−

− sin(mx)

∫ x

0

(uR(t)− iuI(t)) cos(2mt)dt−

− 1

2m
sin(mx)

∫ x

0

(u2R(t)− u2I(t)− 2iuR(t)uI(t)) sin (2mt)dt+ ρ(x, λn)
]
dx

Âûäåëèì íåêîòîðûå òèïû ñëàãàåìûõ, êîòîðûå ïîëó÷àþòñÿ ïðè ïåðåìíîæå-
íèè yn è yn, è îòìåòèì, ïî÷åìó êàæäûé èç íèõ îáðàçóåò ïîñëåäîâàòåëüíîñòü,
ëåæàùóþ â l1.

1)
π∫
0

u(t) sin (2mt)dt
π∫
0

u(t) sin (2mt)dt,

èçíà÷àëüíî u(t) ∈ L2, çíà÷èò åå êîýôôèöèåíòû Ôóðüå îáðàçóþò ïîñëåäîâà-
òåëüíîñòü èç ïðîñòðàíñòâà l2, òîãäà â êâàäðàòå îíè ïðèíàäëåæàò ïðîñòðàí-
ñòâó l1;

2) 1
m

π∫
0

u(t) sin (2mt)dt,

àíàëîãè÷íî ïóíêòó 1) èíòåãðàëüíûé ñîìíîæèòåëü ÿâëÿåòñÿ ïîñëåäîâàòåëü-
íîñòüþ èç ïðîñòðàíñòâà l2, ïðè äîìíîæåíèè åãî íà 1/m, ïîëó÷àåì ïîñëåäî-
âàòåëüíîñòü, ïðèíàäëåæàùóþ l1;

3) 1
m

π∫
0

t∫
0

u(t)u(s) cos(2mt) sin(2ms)dsdt,

ïîñëåäîâàòåëüíîñòü, îáðàçóåìàÿ äâîéíûì èíòåãðàëîì, èç ïðîñòðàíñòâà l2, à
ñîìíîæèòåëü 1/m ïåðåâîäèò ïðîèçâåäåíèå â ïðîñòðàíñòâî l1;

4) 1
m

π∫
0

u2(t) sin(2mt)dt
π∫
0

u(t) sin(2mt)dt,

âòîðîé èíòåãðàë îáðàçóåò ïîñëåäîâàòåëüíîñòü, ïðèíàäëåæàùóþ l2, u(t) ∈ L2,
ñëåäîâàòåëüíî, u2(t) ∈ L1 è çíà÷èò åå êîýôôèöèåíòû Ôóðüå óáûâàþò; ïåðå-

ìíîæàåì ïîñëåäîâàòåëüíîñòè {
π∫
0

u(t) sin(2mt)dt} è {1/m} è ðåçóëüòèðóþùàÿ

ïîñëåäîâàòåëüíîñòü áóäåò èç ïðîñòðàíñòâà l1;

5) 1
m

π∫
0

u2(t) sin(2mt)dt
π∫
0

u(t) sin(2mt)dt, ïîïàäàåò â îñòàòîê àíàëîãè÷íî

ïóíêòó 4);

6) âñå èíòåãðàëû ñ ñîìíîæèòåëåì 1/m2, à òàêæå âñåâîçìîæ-
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íûå ïðîèçâåäåíèÿ
π∫
0

u2(t)dt,
π∫
0

u2(t) sin(2mt)dt,
π∫
0

u(t) sin(2mt)dt,

π∫
0

t∫
0

u(t)u(s) cos(2mt) sin(2ms)dsdt, ãäå â ôîðìóëàõ âñòðå÷àþòñÿ òðè çíà-

êà èíòåãðàëà îáðàçóþò ïîñëåäîâàòåëüíîñòè, ëåæàùèå â ïðîñòðàíñòâå l1;

7) âñå øåñòü ïóíêòîâ ðàññìàòðèâàþòñÿ àíàëîãè÷íî â ñëó÷àå, êîãäà ïîÿâëÿ-
þòñÿ èíòåãðàëû ñ u(x).

Ñ ó÷åòîì ïðèâåäåííûõ ðàññóæäåíèé è òîãî, ÷òî ïðè ñëîæåíèè ñëàãàåìûõ,
ñîñòàâëÿþùèõ yn(x) è yn(x), ñ îäèíàêîâûìè êîýôôèöèåíòàìè ìíèìûå ÷àñòè
áóäóò ñîêðàùàòüñÿ, ïðîäîëæèì âû÷èñëåíèå íîðìèðîâî÷íîãî ñîìíîæèòåëÿ,
ïðèâîäÿ ñðàçó ïîäîáíûå ÷ëåíû.
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∫ π

0

yn(x)yn(x)dx =

∫ π

0

sin2(mx)dx+

+ 2

∫ π

0

sin(mx) cos(mx)

∫ x

0

uR(t) sin (2mt)dtdx+

+ 2

∫ π

0

sin(mx)
1

2m
cos(mx)

∫ x

0

(u2R(t)− u2I(t))dtdx+

+ 2

∫ π

0

sin(mx)2 cos(mx)

∫ x

0

∫ t

0

(uR(t)uR(s)− uI(t)uI(s))·

· cos(2mt) sin(2ms)dsdtdx−

− 2

∫ π

0

sin(mx)
1

2m
cos(mx)

∫ x

0

(u2R(t)− u2I(t)) cos(2mt)dtdx−

− 2

∫ π

0

sin(mx)
x

π
cos(mx)

∫ π

0

uR(t) sin (2mt)dtdx−

− 2

∫ π

0

sin(mx)
x

2mπ
cos(mx)

∫ π

0

(u2R(t)− u2I(t))dtdx−

− 2

∫ π

0

sin(mx)
2x

π
cos(mx)

∫ π

0

∫ t

0

(uR(t)uR(s)− uI(t)uI(s))·

· cos(2mt) sin(2ms)dsdtdx+

+ 2

∫ π

0

sin(mx)
x

2mπ
cos(mx)

∫ π

0

(u2R(t)− u2I(t)) cos(2mt)dtdx−

− 2

∫ π

0

sin2(mx)

∫ x

0

uR(t) cos(2mt)dtdx−

− 2

∫ π

0

1

2m
sin2(mx)

∫ x

0

(u2R(t)− u2I(t)) sin (2mt)dtdx+ ρ(λn),

(54)

ãäå
∑∞

n=1 |ρ(λn)| ≤ C.

Ïðè ïîäñ÷åòå äàííîãî ñîìíîæèòåëÿ âàæíî ïîìíèòü, ÷òî m íå ÿâëÿåòñÿ öå-
ëûì ÷èñëîì, à m = n−1/2, ãäå n � öåëîå. Óìåíüøèì êîëè÷åñòâî èíòåãðàëîâ
â êàæäîì ñëàãàåìîì, ïîëüçóÿñü ñëåäóþùèìè ðàâåíñòâàìè:∫ π

0

sin2(mx)dx =
1

2

∫ π

0

(1− cos(2mx))dx =
π

2
− sin(2mx)

4m

∣∣∣∣π
0

=
π

2
; (55)
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∫ π

0

sin(mx) cos(mx)

∫ x

0

F (t)dtdx =
1

2

∫ π

0

sin(2mx)

∫ x

0

F (t)dtdx =

=
1

2

∫ π

0

F (t)

∫ π

t

sin(2mx)dxdt = −1

2

∫ π

0

F (t)
cos(2mx)

2m

∣∣∣∣π
t

dt =

=
1

4m

∫ π

0

F (t)(1 + cos(2mt))dt;

(56)

∫ π

0

sin(mx) cos(mx)

∫ x

0

∫ t

0

F (t)F (s)dsdtdx =

=
1

2

∫ π

0

sin(2mx)

∫ x

0

∫ t

0

F (t)F (s)dsdtdx =

=
1

2

∫ π

0

F (t)

∫ π

t

sin(2mx)

∫ t

0

F (s)dsdxdt =

=
1

2

∫ π

0

∫ t

0

F (t)F (s)

∫ π

t

sin(2mx)dxdsdt =

=
1

2

∫ π

0

∫ t

0

F (t)F (s)
− cos(2mx)

2m

∣∣∣∣π
t

dsdt =

=
1

4m

∫ π

0

∫ t

0

F (t)F (s)(1 + cos(2mt))dsdt;

(57)

∫ π

0

x sin(mx) cos(mx)

∫ π

0

F (t)dtdx =
1

2

∫ π

0

x sin(2mx)

∫ π

0

F (t)dtdx =

=
1

2

∫ π

0

F (t)

∫ π

0

x sin(2mx)dxdt =
1

2

∫ π

0

F (t)
(−x cos(2mx)

2m

∣∣∣∣π
0

+

+
1

2m

∫ π

0

cos(2mx)dx
)
dt =

1

2

∫ π

0

F (t)
( π
2m

+
1

2m

sin(2mx)

2m

∣∣∣∣π
0

)
dt =

=
π

4m

∫ π

0

F (t)dt;

(58)
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∫ π

0

x sin(mx) cos(mx)

∫ π

0

∫ t

0

F (t)F (s)dsdtdx =

=
1

2

∫ π

0

∫ t

0

F (t)F (s)

∫ π

0

x sin(2mx)dxdsdt =

=
1

2

∫ π

0

∫ t

0

F (t)F (s)
(−x cos(2mx)

2m

∣∣∣∣π
0

+
1

2m

∫ π

0

cos(2mx)dx
)

=

=
1

2

∫ π

0

∫ t

0

F (t)F (s)
( π
2m

+
1

2m

sin(2mx)

2m

∣∣∣∣π
0

)
dsdt =

π

4m

∫ π

0

∫ t

0

F (t)F (s)dsdt;

(59)∫ π

0

sin2(mx)

∫ x

0

F (t)dtdx =

∫ π

0

F (t)

∫ π

t

sin2(mx)dxdt =

=
1

2

∫ π

0

F (t)

∫ π

t

(1− cos(2mx))dxdt =

=
1

2

∫ π

0

F (t)[(π − t)−
∫ π

t

cos(2mx)dx]dt =

=
1

2

∫ π

0

F (t)[(π − t)− sin(2mx)

2m

∣∣∣∣π
t

]dt =

=
1

2

∫ π

0

F (t)(π − t)dt− 1

4m

∫ π

0

F (t) sin(2mt)dt;

(60)

ãäå F (t) è F (s) � ñîîòâåòñòâóþùèå ïîäûíòåãðàëüíûå ôóíêöèè â ïðàâîé ÷à-
ñòè (54).

Ïîëüçóÿñü ïðèâåäåííûìè ðàâåíñòâàìè (55) � (60) ïðîäîëæèì ïðåîáðàçî-
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âàíèÿ:∫ π

0

yn(x)yn(x)dx =
π

2
+

1

2m

∫ π

0

uR(t) sin (2mt)(1 + cos(2mt))dt+

+
1

4m2

∫ π

0

(u2R(t)− u2I(t))(1 + cos(2mt))dt+

+
1

m

∫ π

0

∫ t

0

(uR(t)uR(s)− uI(t)uI(s)) cos(2mt) sin(2ms)(1 + cos(2mt))dsdt−

− 1

4m2

∫ π

0

(u2R(t)− u2I(t)) cos(2mt)(1 + cos(2mt))dt− 1

2m

∫ π

0

uR(t) sin (2mt)dt−

− 1

4m2

∫ π

0

(u2R(t)− u2I(t))dt−

− 1

m

∫ π

0

∫ t

0

(uR(t)uR(s)− uI(t)uI(s)) cos(2mt) sin(2ms)dsdt+

+
1

4m2

∫ π

0

(u2R(t)− u2I(t)) cos(2mt)dt−

−
∫ π

0

uR(t) cos(2mt)(π − t)dt+
1

2m

∫ π

0

uR(t) cos(2mt) sin(2mt)dt−

− 1

2m

∫ π

0

(u2R(t)− u2I(t)) sin(2mt)(π − t)dt+

+
1

4m2

∫ π

0

(u2R(t)− u2I(t)) sin2(2mt)dt+ ρ(λn)

(61)

Ëåãêî çàìåòèòü, ÷òî áîëüøèíñòâî èç ñëàãàåìûõ â ïðàâîé ÷àñòè (61) îáðàçó-
þò ïîñëåäîâàòåëüíîñòü, ëåæàùóþ â l1 (÷òî ïîêàçàíî âûøå). Òàêèì îáðàçîì,
îêîí÷àòåëüíî íîðìèðîâî÷íûé ñîìíîæèòåëü èìååò ñëåäóþùèé âèä:∫ π

0

yn(x)yn(x)dx =
π

2
−
∫ π

0

(π − t)uR(t) cos(2mt)dt−

− 1

2m

∫ π

0

(π − t)(u2R(t)− u2I(t)) sin (2mt)dt+ ρ(λn) =

=
π

2

(
1− 2

π

∫ π

0

(π − t)uR(t) cos(2mt)dt−

− 1

πm

∫ π

0

(π − t)(u2R(t)− u2I(t)) sin(2mt)dt

)
+ ρ(λn),

ãäå
∑∞

n=1 |ρ(λn)| ≤ C.
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Âîçâåäåì ïîëó÷åííîå âûðàæåíèå äëÿ íîðìèðîâêè ñîáñòâåííûõ ôóíêöèé â
ñòåïåíü −1/2:

(

∫ π

0

yn(x)yn(x)dx)−1/2 =

√
2

π

(
1 +

1

π

∫ π

0

(π − t)uR(t) cos(2mt)dt+

+
1

2πm

∫ π

0

(π − t)(u2R(t)− u2I(t)) sin(2mt)dt

)
+ ρ(λn),

(62)

Òåïåðü ïåðåìíîæèì ñîîòíîøåíèÿ (53) è (62) è ïîëó÷èì àñèìïòîòè÷åñêèå
ôîðìóëû äëÿ íîðìèðîâàííûõ ñîáñòâåííûõ ôóíêöèé:

yn(x, λn) =
[
sin(mx) + cos(mx)

∫ x

0

u(t) sin (2mt)dt+

+
1

2m
cos(mx)

∫ x

0

u2(t)dt+

+ 2 cos(mx)

∫ x

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt−

− 1

2m
cos(mx)

∫ x

0

u2(t) cos(2mt)dt− x

π
cos(mx)

∫ π

0

u(t) sin (2mt)dt−

− x

2mπ
cos(mx)

∫ π

0

u2(t)dt−

− 2x

π
cos(mx)

∫ π

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt+

+
x

2mπ
cos(mx)

∫ π

0

u2(t) cos(2mt)dt− sin(mx)

∫ x

0

u(t) cos(2mt)dt−

− 1

2m
sin(mx)

∫ x

0

u2(t) sin (2mt)dt+ ρ(x, λn)
]
·

·
[√2

π

(
1 +

1

π

∫ π

0

(π − t)uR(t) cos(2mt)dt+

1

2πm

∫ π

0

(π − t)(u2R(t)− u2I(t)) sin(2mt)dt

)
+ ρ(λn)

]
,

Îòìåòèì, ÷òî ïðè ïåðåìíîæåíèè ñëàãàåìûõ èç ïðàâîé ÷àñòè (53) íà âòî-
ðîå è òðåòüå ñëàãàåìîå ïðàâîé ÷àñòè (62) ïðàêòè÷åñêè âñå (êðîìå ïåðâîãî)
îáðàçóþò ïîñëåäîâàòåëüíîñòè èç l1, êîòîðûå ïîéäóò â îñòàòîê. Â ðåçóëüòàòå
ïîñëå ðàñêðûòèÿ ñêîáîê è ïðèâåäåíèÿ ïîäîáíûõ ïîëó÷èì ðàâåíñòâî (50).
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Ïåðåõîäèì ê âû÷èñëåíèþ ôóíêöèé áèîðòîãîíàëüíîé ñèñòåìû. Êàê ïîêà-
çàíî âûøå, îíè çàäàþòñÿ ðàâåíñòâîì vn(x) = yn(x)

(
(yn(x), yn(x))

)−1
. Âòîðîé

ñîìíîæèòåëü ìîæíî çàïèñàòü â âèäå (yn(x), yn(x)) =
∫ π
0 y

2
n(x)dx. Ó÷èòûâàÿ

ïåðå÷èñëåííûå âûøå òèïû ñëàãàåìûõ, êîòîðûå âõîäÿò â îñòàòî÷íóþ ïîñëå-
äîâàòåëüíîñòü, ïîëó÷èì, ÷òî

π

2

∫ π

0

y2n(x)dx =

=

∫ π

0

[
sin(mx)

(
1 +

1

π

∫ π

0

(π − t)uR(t) cos(2mt)dt−

−
∫ x

0

u(t) cos(2mt)dt

)
+

+
1

2m
sin(mx)

(
−
∫ x

0

u2(t) sin(2mt)dt+

+
1

π

∫ π

0

(π − t)(u2R(t)− u2I(t)) sin(2mt)dt

)
+

+ cos(mx)

(∫ x

0

u(t) sin(2mt)dt+

+ 2

∫ x

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt−

− x

π

∫ π

0

u(t) sin(2mt)dt− 2x

π

∫ π

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt

)
+

+
1

2m
cos(mx)

(∫ x

0

u2(t)dt−
∫ x

0

u2(t) cos(2mt)dt−

− x

π

∫ π

0

u2(t)dt+
x

π

∫ π

0

u2(t) cos(2mt)dt

)
+ ρ(λn)

]2
dx

Ðàññìîòðèì ïîäðîáíåå ñëàãàåìûå ñ ñèíóñàìè, òàê êàê ñëàãàåìûå ñ êîñèíóñàìè
ïîéäóò â îñòàòîê. Áóäåì ïîëüçîâàòüñÿ ñëåäóþùèìè ðàâåíñòâàìè:∫ π

0

sin2(mx)

∫ x

0

(uR(t) + iuI(t)) cos(2mt)dtdx =

=
1

2

∫ π

0

(uR(t) + iuI(t)) cos(2mt)(π − t)dt−

− 1

4m

∫ π

0

(uR(t) + iuI(t)) cos(2mt) sin(2mt)dt;

50



1

π

∫ π

0

sin2(mx)

∫ π

0

uR(t) cos(2mt)dtdx =
1

2

∫ π

0

uR(t) cos(2mt)(π − t)dt;∫ π

0

sin2(mx)

∫ x

0

(u2R(t)− u2I(t) + 2iuR(t)uI(t)) sin(2mt)dtdx =

=
1

2

∫ π

0

(u2R(t)− u2I(t) + 2iuR(t)uI(t)) sin(2mt)(π − t)dt−

− 1

4m

∫ π

0

(u2R(t)− u2I(t) + 2iuR(t)uI(t)) sin2(2mt)dt;

1

π

∫ π

0

sin2(mx)

∫ π

0

(u2R(t)− u2I(t)) sin(2mt)dtdx =

=
1

2

∫ π

0

(u2R(t)− u2I(t)) sin(2mt)(π − t)dt.

Â ðåçóëüòàòå ïîëó÷èì, ÷òî∫ π

0

y2n(x)dx = 1− 2i

π

∫ π

0

uI(t) cos(2mt)(π − t)dt−

− 2i

πm

∫ π

0

(π − t)uR(t)uI(t) sin(2mt)dt+ ρ(λn)

(63)

Îñòàåòñÿ ïîñëåäíèé øàã: âîçâåñòè ïîëó÷åííûé ðåçóëüòàò â ñòåïåíü (−1) è
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ïåðåìíîæèòü ñîñòàâíûå ÷àñòè

vn(x) = yn(x)
(
(yn(x), yn(x))

)−1
=

=

√
2

π

[
sin(mx)

(
1 +

1

π

∫ π

0

(π − t)uR(t) cos(2mt)dt−
∫ x

0

u(t) cos(2mt)dt

)
+

+
1

2m
sin(mx)

(
−
∫ x

0

u2(t) sin(2mt)dt+

+
1

π

∫ π

0

(π − t)(u2R(t)− u2I(t)) sin(2mt)dt

)
+

+ cos(mx)

(∫ x

0

u(t) sin(2mt)dt+ 2

∫ x

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt−

− x

π

∫ π

0

u(t) sin(2mt)dt− 2x

π

∫ π

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt

)
+

+
1

2m
cos(mx)

(∫ x

0

u2(t)dt−
∫ x

0

u2(t) cos(2mt)dt−

− x

π

∫ π

0

u2(t)dt+
x

π

∫ π

0

u2(t) cos(2mt)dt

)
+ ρ(x, λn)

]
·

·
[
1 +

2i

π

∫ π

0

uI(t) cos(2mt)(π − t)dt+
2i

πm
(π − t)uR(t)uI(t) sin(2mt)dt+ ρ(λn)

]
Îòêóäà è ïîëó÷èì ôîðìóëó (51). Òåîðåìà 2.1 äîêàçàíà. �

2.2. Ñëó÷àé ãðàíè÷íûõ óñëîâèé Íåéìàíà�Äèðèõëå

Òåîðåìà 2.2.

Ðàññìîòðèì îïåðàòîð L, ïîðîæäåííûé äèôôåðåíöèàëüíûì âûðàæåíè-
åì −y′′ + q(x)y, ãäå q(x) = u′(x) â ñìûñëå ðàñïðåäåëåíèé, à êîìïëåêñ-
íîçíà÷íàÿ ôóíêöèÿ u(x) ∈ L2, è êðàåâûìè óñëîâèÿìè Íåéìàíà�Äèðèõëå
y[1](0) = 0, y(π) = 0. Îáîçíà÷èì ÷åðåç {yn(x)}∞n=1 ñèñòåìó ñîáñòâåí-
íûõ è ïðèñîåäèíåííûõ ôóíêöèé îïåðàòîðà L, ÷åðåç {vn(x)}∞n=1 � áèîðòî-
ãîíàëüíóþ ñèñòåìó (ïðè÷åì ñîáñòâåííûå ôóíêöèè ìû íîðìèðóåì óñëîâèåì
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||yn||L2
= 1). Òîãäà ñïðàâåäëèâû ñëåäóþùèå àñèìïòîòè÷åñêèå ôîðìóëû:√

π

2
yn(x) = cos(mx)

(
1− 1

π

∫ π

0

(π − t)uR(t) cos(2mt)dt+

+

∫ x

0

u(t) cos(2mt)dt

)
+

+
1

2m
cos(mx)

(∫ x

0

u2(t) sin(2mt)dt−

− 1

π

∫ π

0

(π − t)(u2R(t)− u2I(t)) sin(2mt)dt

)
+

+ sin(mx)

(∫ x

0

u(t) sin(2mt)dt− 2

∫ x

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt−

− x

π

∫ π

0

u(t) sin(2mt)dt+
2x

π

∫ π

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt

)
+

+
1

2m
sin(mx)

(
−
∫ x

0

u2(t)dt−
∫ x

0

u2(t) cos(2mt)dt+

+
x

π

∫ π

0

u2(t)dt+
x

π

∫ π

0

u2(t) cos(2mt)dt

)
+ ρ(x, λn).

(64)

Çäåñü è äàëåå ÷åðåç ρ(x, λn) áóäåì îáîçíà÷àòü ôóíêöèè, óäîâëåòâîðÿþùèå
îöåíêå sup

0≤x≤π

∑∞
n=1 |ρ(x, λn)| ≤ C, m = n− 1

2 , n ∈ N; uR(x) è uI(x) îáîçíà÷àþò

âåùåñòâåííóþ è ìíèìóþ ÷àñòè ôóíêöèè u(x) ñîîòâåòñòâåííî.
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Ñîîòâåòñòâóþùèå ôóíêöèè áèîðòîãîíàëüíîé ñèñòåìû èìåþò âèä:√
π

2
vn(x) =

= cos(mx)

(
1− 1

π

∫ π

0

(π − t)(uR(t) + 2iuI(t)) cos(2mt)dt+

+

∫ x

0

u(t) cos(2mt)dt

)
+

+
1

2m
cos(mx)

(∫ x

0

u2(t) sin(2mt)dt−

− 1

π

∫ π

0

(π − t)(u2R(t)− u2I(t) + 4iuR(t)uI(t)) sin(2mt)dt

)
+

+ sin(mx)

(∫ x

0

u(t) sin(2mt)dt−

− 2

∫ x

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt−

− x

π

∫ π

0

u(t) sin(2mt)dt+
2x

π

∫ π

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt

)
+

+
1

2m
sin(mx)

(
−
∫ x

0

u2(t)dt−
∫ x

0

u2(t) cos(2mt)dt+

+
x

π

∫ π

0

u2(t)dt+
x

π

∫ π

0

u2(t) cos(2mt)dt

)
+ ρ(x, λn).

(65)

Äîêàçàòåëüñòâî

Äëÿ ïðåäñòàâëåíèÿ ñîáñòâåííûõ è ïðèñîåäèíåííûõ ôóíêöèé áóäåì èñïîëü-
çîâàòü ôîðìóëó

yn(x, λn) = r(c, x, λn) sin θ(c, x, λn), (66)

ñïðàâåäëèâîñòü êîòîðîé äëÿ äàííîé çàäà÷è ïîêàçàíà âî ââåäåíèè êî âòîðîé
ãëàâå. Ïîäñòàâèì â (66) àñèìïòîòè÷åñêèå ôîðìóëû äëÿ ôóíêöèé r(c, x, λ) è
θ(c, x, λ), â êîòîðûõ, ñîãëàñíî Ëåììàì 1 è 2, ïðè c = π/2,
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r(π/2, x, λn) = 1 +

∫ x

0

u(t) cos (2λ1/2n t)dt+

+
1

2
λ−1/2n

∫ x

0

u2(t) sin (2λ1/2n t)dt+ ρ(π/2, x, λn),

θ(π/2, x, λn) = λ1/2n x+ v(π/2, x, λn) + ρ(π/2, x, λn),

|ρ(π/2, x, λn)| ≤Mγ2(π/2, x, λn).

(67)

Ïðè äîêàçàòåëüñòâå ýòîé òåîðåìû êàê è ðàíåå áóäåì îáîçíà÷àòü
ρ(π/2, x, λn) = ρ(x, λn), γ(π/2, x, λn) = γ(x, λn), µn = (−1/π)v(π/2, π,m2), à
m = n− 1/2.

Ïðèìåíèì òðèãîíîìåòðè÷åñêîå òîæäåñòâî sin(x + π
2 ) = cosx è âîñïîëüçó-

åìñÿ àñèìïòîòè÷åñêîé ôîðìóëîé äëÿ ñîáñòâåííûõ çíà÷åíèé, âûâåäåííîé äëÿ
ñëó÷àÿ êðàåâûõ óñëîâèé Íåéìàíà-Äèðèõëå â Ãëàâå 1. Ïîëó÷èì, ÷òî

sin(θ(π/2, x, λn)) = cos (λ1/2n x+ v(π/2, x, λn) + ρ(x, λn)) =

= cos (µnx+mx+ v(x, λn) + ρ(x, λn)) =

= cos(mx) cos (µnx+ v(x, λn) + ρ(x, λn))−
− sin(mx) sin (µnx+ v(x, λn) + ρ(x, λn)) =

= cos(mx)(1 + (µnx+ v(π/2, x, λn) + ρ(x, λn))
2)−

− sin(mx)(µnx+ v(π/2, x, λn) + ρ(x, λn)) + ρ(x, λn) =

= cos(mx) + sin(mx)

∫ x

0

u(t) sin (2mt)dt− 1

2m
sin(mx)

∫ x

0

u2(t)dt−

− 2 sin(mx)

∫ x

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt−

− 1

2m
sin(mx)

∫ x

0

u2(t) cos(2mt)dt− x

π
sin(mx)

∫ π

0

u(t) sin (2mt)dt+

+
x

2mπ
sin(mx)

∫ π

0

u2(t)dt+

+
2x

π
sin(mx)

∫ π

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt+

+
x

2mπ
sin(mx)

∫ π

0

u2(t) cos(2mt)dt+ ρ(x, λn).

(68)

Â ðåçóëüòàòå, ñ ó÷åòîì (67) è (68), âûðàæåíèå äëÿ ôóíêöèé yn(x) áóäåò âû-
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ãëÿäåòü ñëåäóþùèì îáðàçîì:

yn(x, λn) = r(π/2, x, λn) sin(θ(π/2, x, λn)) = cos(mx)+

+ sin(mx)

∫ x

0

u(t) sin (2mt)dt−

− 1

2m
sin(mx)

∫ x

0

u2(t)dt−

− 2 sin(mx)

∫ x

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt−

− 1

2m
sin(mx)

∫ x

0

u2(t) cos(2mt)dt− x

π
sin(mx)

∫ π

0

u(t) sin (2mt)dt+

+
x

2mπ
sin(mx)

∫ π

0

u2(t)dt+

+
2x

π
sin(mx)

∫ π

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt+

+
x

2mπ
sin(mx)

∫ π

0

u2(t) cos(2mt)dt+ cos(mx)

∫ x

0

u(t) cos(2mt)dt+

+
1

2m
cos(mx)

∫ x

0

u2(t) sin (2mt)dt+ ρ(x, λn),

(69)

ïðè ýòîì sup
0≤x≤π

∑∞
n=1 |ρ(x, λn)| ≤ C â ñèëó Çàìå÷àíèÿ 1 (ñì. Ãëàâà 1).

Ïðîèçâåäåì íîðìèðîâêó ñîáñòâåííûõ ôóíêöèé, äëÿ ýòîãî ïîëó÷åííóþ

ôîðìóëó (69) íåîáõîäèìî äîìíîæèòü íà
(∫ π

0 yn(x)yn(x)dx
)−1/2

. Âû÷èñëèì

ïîñëåäíåå âûðàæåíèå, âûäåëèâ âåùåñòâåííóþ è ìíèìóþ ÷àñòè ôóíêöèè u(x).
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∫ π

0

yn(x)yn(x)dx =

∫ π

0

[
cos(mx) + sin(mx)

∫ x

0

(uR(t) + iuI(t)) sin (2mt)dt−

− 1

2m
sin(mx)

∫ x

0

(u2R(t)− u2I(t) + 2iuR(t)uI(t))dt−

− 2 sin(mx)

∫ x

0

∫ t

0

(uR(t) + iuI(t))(uR(s) + iuI(s))·

· cos(2mt) sin(2ms)dsdt−

− 1

2m
sin(mx)

∫ x

0

(u2R(t)− u2I(t) + 2iuR(t)uI(t)) cos(2mt)dt−

− x

π
sin(mx)

∫ π

0

(uR(t) + iuI(t)) sin (2mt)dt+

+
x

2mπ
sin(mx)

∫ π

0

(u2R(t)− u2I(t) + 2iuR(t)uI(t))dt+

+
2x

π
sin(mx)

∫ π

0

∫ t

0

(uR(t) + iuI(t))(uR(s) + iuI(s))·

· cos(2mt) sin(2ms)dsdt+

+
x

2mπ
sin(mx)

∫ π

0

(u2R(t)− u2I(t) + 2iuR(t)uI(t)) cos(2mt)dt+

+ cos(mx)

∫ x

0

(uR(t) + iuI(t)) cos(2mt)dt+

+
1

2m
cos(mx)

∫ x

0

(u2R(t)− u2I(t) + 2iuR(t)uI(t)) sin (2mt)dt+ ρ(x, λn)
]
·

·
[
cos(mx) + sin(mx)

∫ x

0

(uR(t)− iuI(t)) sin (2mt)dt−

− 1

2m
sin(mx)

∫ x

0

(u2R(t)− u2I(t)− 2iuR(t)uI(t))dt−

− 2 sin(mx)

∫ x

0

∫ t

0

(uR(t)− iuI(t))(uR(s)− iuI(s))·

· cos(2mt) sin(2ms)dsdt−

− 1

2m
sin(mx)

∫ x

0

(u2R(t)− u2I(t)− 2iuR(t)uI(t)) cos(2mt)dt−

− x

π
sin(mx)

∫ π

0

(uR(t)− iuI(t)) sin (2mt)dt+

+
x

2mπ
sin(mx)

∫ π

0

(u2R(t)− u2I(t)− 2iuR(t)uI(t))dt+

+
2x

π
sin(mx)

∫ π

0

∫ t

0

(uR(t)− iuI(t))(uR(s)− iuI(s))·

· cos(2mt) sin(2ms)dsdt+
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+
x

2mπ
sin(mx)

∫ π

0

(u2R(t)− u2I(t)− 2iuR(t)uI(t)) cos(2mt)dt+

+ cos(mx)

∫ x

0

(uR(t)− iuI(t)) cos(2mt)dt+

+
1

2m
cos(mx)

∫ x

0

(u2R(t)− u2I(t)− 2iuR(t)uI(t)) sin (2mt)dt+ ρ(x, λn)
]
dx

Çäåñü ìîæíî âûäåëèòü òå æå 7 òèïîâ ñëàãàåìûõ, ÷òî è ïðè äîêàçàòåëüñòâå
Òåîðåìû 2.1, êîòîðûå îáðàçóþò ïîñëåäîâàòåëüíîñòè, ëåæàùèå â l1:

1)
π∫
0

u(t) sin (2mt)dt
π∫
0

u(t) sin (2mt)dt;

2) 1
m

π∫
0

u(t) sin (2mt)dt;

3) 1
m

π∫
0

t∫
0

u(t)u(s) cos(2mt) sin(2ms)dsdt;

4) 1
m

π∫
0

u2(t) sin(2mt)dt
π∫
0

u(t) sin(2mt)dt;

5) 1
m

π∫
0

u2(t) sin(2mt)dt
π∫
0

u(t) sin(2mt)dt;

6) âñå èíòåãðàëû ñ ñîìíîæèòåëåì 1/m2, à òàêæå âñåâîçìîæ-

íûå ïðîèçâåäåíèÿ
π∫
0

u2(t)dt,
π∫
0

u2(t) sin(2mt)dt,
π∫
0

u(t) sin(2mt)dt,

π∫
0

t∫
0

u(t)u(s) cos(2mt) sin(2ms)dsdt, ãäå â ôîðìóëàõ âñòðå÷àþòñÿ òðè çíà-

êà èíòåãðàëà;

7) âñå øåñòü ïóíêòîâ â ñëó÷àå, êîãäà ïîÿâëÿþòñÿ èíòåãðàëû ñ u(x).

Ïðîäîëæèì âû÷èñëåíèå íîðìèðîâî÷íîãî ñîìíîæèòåëÿ, ïðèâîäÿ ïîäîáíûå
ñëàãàåìûå è, ïî âîçìîæíîñòè, àêêóìóëèðóÿ îñòàòî÷íûå ïîñëåäîâàòåëüíîñòè
â {ρ(x, λn)} ∈ l1.
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∫ π

0

yn(x)yn(x)dx =

∫ π

0

cos2(mx)dx+

+ 2

∫ π

0

sin(mx) cos(mx)

∫ x

0

uR(t) sin (2mt)dtdx−

− 2

∫ π

0

sin(mx)
1

2m
cos(mx)

∫ x

0

(u2R(t)− u2I(t))dtdx−

− 2

∫ π

0

sin(mx)2 cos(mx)

∫ x

0

∫ t

0

(uR(t)uR(s)− uI(t)uI(s))·

· cos(2mt) sin(2ms)dsdtdx−

− 2

∫ π

0

sin(mx)
1

2m
cos(mx)

∫ x

0

(u2R(t)− u2I(t)) cos(2mt)dtdx−

− 2

∫ π

0

sin(mx)
x

π
cos(mx)

∫ π

0

uR(t) sin (2mt)dtdx+

+ 2

∫ π

0

sin(mx)
x

2mπ
cos(mx)

∫ π

0

(u2R(t)− u2I(t))dtdx+

+ 2

∫ π

0

sin(mx)
2x

π
cos(mx)

∫ π

0

∫ t

0

(uR(t)uR(s)− uI(t)uI(s))·

· cos(2mt) sin(2ms)dsdtdx+

+ 2

∫ π

0

sin(mx)
x

2mπ
cos(mx)

∫ π

0

(u2R(t)− u2I(t)) cos(2mt)dtdx+

+ 2

∫ π

0

cos2(mx)

∫ x

0

uR(t) cos(2mt)dtdx+

+ 2

∫ π

0

1

2m
cos2(mx)

∫ x

0

(u2R(t)− u2I(t)) sin (2mt)dtdx+ ρ(λn)

(70)

Ñíîâà ïîä÷åðêíåì, ÷òî m íå ÿâëÿåòñÿ öåëûì ÷èñëîì, à m = n− 1/2, ãäå n
� öåëîå. Óìåíüøèì êîëè÷åñòâî èíòåãðàëîâ â êàæäîì ñëàãàåìîì, ïîëüçóÿñü
ñëåäóþùèìè ðàâåíñòâàìè:∫ π

0

cos2(mx)dx =
1

2

∫ π

0

(1 + cos(2mx))dx =
π

2
+

sin(2mx)

4m

∣∣∣∣π
0

=
π

2
; (71)
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∫ π

0

sin(mx) cos(mx)

∫ x

0

F (t)dtdx =
1

2

∫ π

0

sin(2mx)

∫ x

0

F (t)dtdx =

=
1

2

∫ π

0

F (t)

∫ π

t

sin(2mx)dxdt = −1

2

∫ π

0

F (t)
cos(2mx)

2m

∣∣∣∣π
t

dt =

=
1

4m

∫ π

0

F (t)(1 + cos(2mt))dt;

(72)

∫ π

0

sin(mx) cos(mx)

∫ x

0

∫ t

0

F (t)F (s)dsdtdx =

=
1

2

∫ π

0

sin(2mx)

∫ x

0

∫ t

0

F (t)F (s)dsdtdx =

=
1

2

∫ π

0

F (t)

∫ π

t

sin(2mx)

∫ t

0

F (s)dsdxdt =

=
1

2

∫ π

0

∫ t

0

F (t)F (s)

∫ π

t

sin(2mx)dxdsdt =

=
1

2

∫ π

0

∫ t

0

F (t)F (s)
− cos(2mx)

2m

∣∣∣∣π
t

dsdt =

=
1

4m

∫ π

0

∫ t

0

F (t)F (s)(1 + cos(2mt))dsdt;

(73)

∫ π

0

x sin(mx) cos(mx)

∫ π

0

F (t)dtdx =
1

2

∫ π

0

x sin(2mx)

∫ π

0

F (t)dtdx =

=
1

2

∫ π

0

F (t)

∫ π

0

x sin(2mx)dxdt =
1

2

∫ π

0

F (t)
(−x cos(2mx)

2m

∣∣∣∣π
0

+

+
1

2m

∫ π

0

cos(2mx)dx
)
dt =

1

2

∫ π

0

F (t)
( π
2m

+
1

2m

sin(2mx)

2m

∣∣∣∣π
0

)
dt =

=
π

4m

∫ π

0

F (t)dt;

(74)
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∫ π

0

x sin(mx) cos(mx)

∫ π

0

∫ t

0

F (t)F (s)dsdtdx =

=
1

2

∫ π

0

∫ t

0

F (t)F (s)

∫ π

0

x sin(2mx)dxdsdt =

=
1

2

∫ π

0

∫ t

0

F (t)F (s)
(−x cos(2mx)

2m

∣∣∣∣π
0

+
1

2m

∫ π

0

cos(2mx)dx
)

=

=
1

2

∫ π

0

∫ t

0

F (t)F (s)
( π
2m

+
1

2m

sin(2mx)

2m

∣∣∣∣π
0

)
dsdt =

π

4m

∫ π

0

∫ t

0

F (t)F (s)dsdt;

(75)∫ π

0

cos2(mx)

∫ x

0

F (t)dtdx =

∫ π

0

F (t)

∫ π

t

cos2(mx)dxdt =

=
1

2

∫ π

0

F (t)

∫ π

t

(1 + cos(2mx))dxdt =

=
1

2

∫ π

0

F (t)[(π − t) +

∫ π

t

cos(2mx)dx]dt =

=
1

2

∫ π

0

F (t)[(π − t) +
sin(2mx)

2m

∣∣∣∣π
t

]dt =

=
1

2

∫ π

0

F (t)(π − t)dt+
1

4m

∫ π

0

F (t) sin(2mt)dt;

(76)

ãäå F (t) è F (s) � ñîîòâåòñòâóþùèå ïîäûíòåãðàëüíûå ôóíêöèè â ïðàâîé ÷à-
ñòè (70).

Ïîëüçóÿñü ïðèâåäåííûìè ðàâåíñòâàìè (71) � (76) ïðîäîëæèì âû÷èñëåíèå
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(70):∫ π

0

yn(x)yn(x)dx =
π

2
+

1

2m

∫ π

0

uR(t) sin (2mt)(1 + cos(2mt))dt−

− 1

4m2

∫ π

0

(u2R(t)− u2I(t))(1 + cos(2mt))dt−

− 1

m

∫ π

0

∫ t

0

(uR(t)uR(s)− uI(t)uI(s)) cos(2mt) sin(2ms)(1 + cos(2mt))dsdt−

− 1

4m2

∫ π

0

(u2R(t)− u2I(t)) cos(2mt)(1 + cos(2mt))dt−

− 1

2m

∫ π

0

uR(t) sin (2mt)dt+

+
1

4m2

∫ π

0

(u2R(t)− u2I(t))dt+

+
1

m

∫ π

0

∫ t

0

(uR(t)uR(s)− uI(t)uI(s)) cos(2mt) sin(2ms)dsdt+

+
1

4m2

∫ π

0

(u2R(t)− u2I(t)) cos(2mt)dt+

+

∫ π

0

uR(t) cos(2mt)(π − t)dt+
1

2m

∫ π

0

uR(t) cos(2mt) sin(2mt)dt+

+
1

2m

∫ π

0

(u2R(t)− u2I(t)) sin(2mt)(π − t)dt+

+
1

4m2

∫ π

0

(u2R(t)− u2I(t)) sin2(2mt)dt+ ρ(λn)

(77)

Áîëüøàÿ ÷àñòü ñëàãàåìûõ (77) îáðàçóþò ïîñëåäîâàòåëüíîñòü, ëåæàùóþ â l1
(àíàëîãè÷íî òîìó, êàê ïîêàçàíî â äîêàçàòåëüñòâå Òåîðåìû 2.1). Â ðåçóëüòàòå,
ïîëó÷èì ñëåäóþùèé âèä íîðìèðîâî÷íîãî ñîìíîæèòåëÿ:∫ π

0

yn(x)yn(x)dx =
π

2
+

∫ π

0

(π − t)uR(t) cos(2mt)dt+

+
1

2m

∫ π

0

(π − t)(u2R(t)− u2I(t)) sin (2mt)dt+ ρ(λn) =

=
π

2

(
1 +

2

π

∫ π

0

(π − t)uR(t) cos(2mt)dt+

+
1

πm

∫ π

0

(π − t)(u2R(t)− u2I(t)) sin(2mt)dt

)
+ ρ(λn),
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ãäå
∑∞

n=1 |ρ(λn)| ≤ C.

Âîçâåäåì ïîëó÷åííîå âûðàæåíèå â ñòåïåíü (−1/2):(∫ π

0

yn(x)yn(x)dx
)−1/2

=

√
2

π

(
1− 1

π

∫ π

0

(π − t)uR(t) cos(2mt)dt−

− 1

2πm

∫ π

0

(π − t)(u2R(t)− u2I(t)) sin(2mt)dt

)
+ ρ(λn),

(78)
Òåïåðü ïåðåìíîæèì ñîîòíîøåíèÿ (69) è (78). Ïîëó÷èì àñèìïòîòè÷åñêóþ
ôîðìóëó äëÿ íîðìèðîâàííûõ ñîáñòâåííûõ ôóíêöèé:

yn(x, λn) =
[
cos(mx) + sin(mx)

∫ x

0

u(t) sin (2mt)dt−

− 1

2m
sin(mx)

∫ x

0

u2(t)dt− 2 sin(mx)

∫ x

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt−

− 1

2m
sin(mx)

∫ x

0

u2(t) cos(2mt)dt− x

π
sin(mx)

∫ π

0

u(t) sin (2mt)dt+

+
x

2mπ
sin(mx)

∫ π

0

u2(t)dt+

+
2x

π
sin(mx)

∫ π

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt+

+
x

2mπ
sin(mx)

∫ π

0

u2(t) cos(2mt)dt+ cos(mx)

∫ x

0

u(t) cos(2mt)dt+

+
1

2m
cos(mx)

∫ x

0

u2(t) sin (2mt)dt+ ρ(x, λn)
]
·

·
[√2

π

(
1− 1

π

∫ π

0

(π − t)uR(t) cos(2mt)dt−

− 1

2πm

∫ π

0

(π − t)(u2R(t)− u2I(t)) sin(2mt)dt

)
+ ρ(λn)

]
,

Îòìåòèì, ÷òî ïðè ïåðåìíîæåíèè ñëàãàåìûõ ïðàâîé ÷àñòè (69) íà âòîðîå
è òðåòüå ñëàãàåìîå ïðàâîé ÷àñòè (78) ïî÷òè âñå (êðîìå ïåðâîãî) îáðàçóþò
ïîñëåäîâàòåëüíîñòè èç l1, êîòîðûå ïîéäóò â îñòàòîê. Â ðåçóëüòàòå ïîñëå ðàñ-
êðûòèÿ ñêîáîê è ïðèâåäåíèÿ ïîäîáíûõ ïîëó÷èì ðàâåíñòâî (64).

Ïåðåõîäèì ê âû÷èñëåíèþ ôóíêöèé áèîðòîãîíàëüíîé ñèñòåìû. Êàê ìû çíà-
åì, îíè çàäàþòñÿ ðàâåíñòâîì vn(x) = yn(x)

(
(yn(x), yn(x))

)−1
. Âòîðîé ñîìíî-

æèòåëü ìîæíî çàïèñàòü â âèäå (yn(x), yn(x)) =
∫ π
0 y

2
n(x)dx. Ó÷èòûâàÿ ïåðå-
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÷èñëåííûå âûøå òèïû ñëàãàåìûõ, êîòîðûå âõîäÿò â îñòàòî÷íóþ ïîñëåäîâà-
òåëüíîñòü, ïîëó÷èì, ÷òî

π

2

∫ π

0

y2n(x)dx = cos(mx)

(
1− 1

π

∫ π

0

(π − t)uR(t) cos(2mt)dt+

+

∫ x

0

u(t) cos(2mt)dt

)
+

+
1

2m
cos(mx)

(∫ x

0

u2(t) sin(2mt)dt−

− 1

π

∫ π

0

(π − t)(u2R(t)− u2I(t)) sin(2mt)dt

)
+

+ sin(mx)

(∫ x

0

u(t) sin(2mt)dt− 2

∫ x

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt−

− x

π

∫ π

0

u(t) sin(2mt)dt+
2x

π

∫ π

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt

)
+

+
1

2m
sin(mx)

(
−
∫ x

0

u2(t)dt−
∫ x

0

u2(t) cos(2mt)dt+

+
x

π

∫ π

0

u2(t)dt+
x

π

∫ π

0

u2(t) cos(2mt)dt

)
+ ρ(λn)

Òåïåðü îáðàòèì âíèìàíèå íà ñëàãàåìûå ñ êîñèíóñàìè, òàê êàê ñëàãàåìûå ñ
ñèíóñàìè ïîéäóò â îñòàòîê. Áóäåì ïîëüçîâàòüñÿ ñëåäóþùèìè ðàâåíñòâàìè:∫ π

0

cos2(mx)

∫ x

0

(uR(t) + iuI(t)) cos(2mt)dtdx =

=
1

2

∫ π

0

(uR(t) + iuI(t)) cos(2mt)(π − t)dt+

+
1

4m

∫ π

0

(uR(t) + iuI(t)) cos(2mt) sin(2mt)dt;

(79)

1

π

∫ π

0

cos2(mx)

∫ π

0

uR(t) cos(2mt)dtdx =
1

2

∫ π

0

uR(t) cos(2mt)(π − t)dt;

(80)∫ π

0

cos2(mx)

∫ x

0

(u2R(t)− u2I(t) + 2iuR(t)uI(t)) sin(2mt)dtdx =

=
1

2

∫ π

0

(u2R(t)− u2I(t) + 2iuR(t)uI(t)) sin(2mt)(π − t)dt+

+
1

4m

∫ π

0

(u2R(t)− u2I(t) + 2iuR(t)uI(t)) sin2(2mt)dt;

(81)
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1

π

∫ π

0

cos2(mx)

∫ π

0

(u2R(t)− u2I(t)) sin(2mt)dtdx =

=
1

2

∫ π

0

(u2R(t)− u2I(t)) sin(2mt)(π − t)dt.
(82)

Èç (79) � (82) ñëåäóåò, ÷òî∫ π

0

y2n(x)dx = 1 +
2i

π

∫ π

0

uI(t) cos(2mt)(π − t)dt+

+
2i

πm

∫ π

0

(π − t)uR(t)uI(t) sin(2mt)dt+ ρ(λn)

Îñòàåòñÿ ïîñëåäíèé øàã: âîçâåñòè ïîëó÷åííûé ðåçóëüòàò â ñòåïåíü (−1) è
ïåðåìíîæèòü ñîñòàâíûå ÷àñòè

vn(x) = yn(x)
(
(yn(x), yn(x))

)−1
=

=

√
2

π

[
cos(mx)

(
1− 1

π

∫ π

0

(π − t)uR(t) cos(2mt)dt+

∫ x

0

u(t) cos(2mt)dt

)
+

+
1

2m
cos(mx)

(∫ x

0

u2(t) sin(2mt)dt− 1

π

∫ π

0

(π − t)(u2R(t)− u2I(t)) sin(2mt)dt

)
+

+ sin(mx)

(∫ x

0

u(t) sin(2mt)dt− 2

∫ x

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt−

− x

π

∫ π

0

u(t) sin(2mt)dt+
2x

π

∫ π

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt

)
+

+
1

2m
sin(mx)

(
−
∫ x

0

u2(t)dt−
∫ x

0

u2(t) cos(2mt)dt+

+
x

π

∫ π

0

u2(t)dt+
x

π

∫ π

0

u2(t) cos(2mt)dt

)
+ ρ(x, λn)

]
[
1− 2i

π

∫ π

0

uI(t) cos(2mt)(π − t)dt−

− 2i

πm

∫ π

0

(π − t)uR(t)uI(t) sin(2mt)dt+ ρ(λn)
]

Îòêóäà è ïîëó÷èì ôîðìóëó (65). Òåîðåìà 2.2 äîêàçàíà. �

2.3. Ñëó÷àé ãðàíè÷íûõ óñëîâèé Íåéìàíà

Òåîðåìà 2.3.
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Ðàññìîòðèì îïåðàòîð L, ïîðîæäåííûé äèôôåðåíöèàëüíûì âûðàæåíèåì
−y′′ + q(x)y, ãäå q(x) = u′(x) â ñìûñëå ðàñïðåäåëåíèé, à êîìïëåêñíîçíà÷íàÿ
ôóíêöèÿ u(x) ∈ L2, è êðàåâûìè óñëîâèÿìè Íåéìàíà y[1](0) = 0, y[1](π) = 0.
Îáîçíà÷èì ÷åðåç {yn(x)}∞n=1 ñèñòåìó ñîáñòâåííûõ è ïðèñîåäèíåííûõ ôóíê-
öèé îïåðàòîðà L, ÷åðåç {vn(x)}∞n=1 � áèîðòîãîíàëüíóþ ñèñòåìó (ïðè÷åì
ñîáñòâåííûå ôóíêöèè ìû íîðìèðóåì óñëîâèåì ||yn||L2

= 1). Òîãäà ñïðàâåä-
ëèâû ñëåäóþùèå àñèìïòîòè÷åñêèå ôîðìóëû:√
π

2
yn(x) = cos(mx)

(
1− 1

π

∫ π

0

(π − t)uR(t) cos(2mt)dt+

+

∫ x

0

u(t) cos(2mt)dt

)
+

+
1

2m
cos(mx)

(∫ x

0

u2(t) sin(2mt)dt−

− 1

π

∫ π

0

(π − t)(u2R(t)− u2I(t)) sin(2mt)dt

)
+

+ sin(mx)

(∫ x

0

u(t) sin(2mt)dt− 2

∫ x

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt−

− x

π

∫ π

0

u(t) sin(2mt)dt+
2x

π

∫ π

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt

)
+

+
1

2m
sin(mx)

(
−
∫ x

0

u2(t)dt−
∫ x

0

u2(t) cos(2mt)dt+

+
x

π

∫ π

0

u2(t)dt+
x

π

∫ π

0

u2(t) cos(2mt)dt

)
+ ρ(x, λn).

(83)

Çäåñü è äàëåå ÷åðåç ρ(x, λn) áóäåì îáîçíà÷àòü ôóíêöèè, óäîâëåòâîðÿþ-
ùèå îöåíêå sup

0≤x≤π

∑∞
n=1 |ρ(x, λn)| ≤ C, m ∈ N; uR(x) è uI(x) îáîçíà÷àþò

âåùåñòâåííóþ è ìíèìóþ ÷àñòè ôóíêöèè u(x) ñîîòâåòñòâåííî.
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Ñîîòâåòñòâóþùèå ôóíêöèè áèîðòîãîíàëüíîé ñèñòåìû èìåþò âèä:√
π

2
vn(x) =

= cos(mx)

(
1− 1

π

∫ π

0

(π − t)(uR(t) + 2iuI(t)) cos(2mt)dt+

+

∫ x

0

u(t) cos(2mt)dt

)
+

+
1

2m
cos(mx)

(∫ x

0

u2(t) sin(2mt)dt−

− 1

π

∫ π

0

(π − t)(u2R(t)− u2I(t) + 4iuR(t)uI(t)) sin(2mt)dt

)
+

+ sin(mx)

(∫ x

0

u(t) sin(2mt)dt− 2

∫ x

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt−

− x

π

∫ π

0

u(t) sin(2mt)dt+
2x

π

∫ π

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt

)
+

+
1

2m
sin(mx)

(
−
∫ x

0

u2(t)dt−
∫ x

0

u2(t) cos(2mt)dt+

+
x

π

∫ π

0

u2(t)dt+
x

π

∫ π

0

u2(t) cos(2mt)dt

)
+ ρ(x, λn).

(84)

Äîêàçàòåëüñòâî

Îòìåòèì, ÷òî ïðè íàõîæäåíèè ñîáñòâåííûõ ôóíêöèé äëÿ ãðàíè÷íûõ óñëî-
âèé Íåéìàíà ãëàâíûé ÷ëåí àñèìïòîòèê äëÿ ñîáñòâåííûõ çíà÷åíèé ÿâëÿåòñÿ
öåëûì ÷èñëîì (ñì. Ãëàâà 1, Òåîðåìà 1.3), ïîýòîìó â íàøèõ ðàñ÷åòàõ â ýòîé
òåîðåìå m � öåëîå.

Äëÿ âû÷èñëåíèÿ ñîáñòâåííûõ è ïðèñîåäèíåííûõ ôóíêöèé áóäåì èñïîëüçî-
âàòü ôîðìóëó

yn(x, λn) = r(c, x, λn) sin θ(c, x, λn), (85)

Ïîäñòàâèì â (85) àñèìïòîòè÷åñêèå ôîðìóëû äëÿ ôóíêöèé r(c, x, λ) è
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θ(c, x, λ), ãäå, ñîãëàñíî Ëåììàì 1 è 2, ïðè c = π/2,

r(π/2, x, λn) = 1 +

∫ x

0

u(t) cos (2λ1/2n t)dt+

+
1

2
λ−1/2n

∫ x

0

u2(t) sin (2λ1/2n t)dt+ ρ(π/2, x, λn),

θ(π/2, x, λn) = λ1/2n x+ v(π/2, x, λn) + ρ(π/2, x, λn),

|ρ(π/2, x, λn)| ≤Mγ2(π/2, x, λn).

(86)

Ïðè äîêàçàòåëüñòâå äëÿ êðàòêîñòè îáîçíà÷èì ρ(π/2, x, λn) = ρ(x, λn),
γ(π/2, x, λn) = γ(x, λn), µn = (−1/π)v(π/2, π,m2), à m = n− 1/2.

Ïðèìåíÿÿ òðèãîíîìåòðè÷åñêîå òîæäåñòâî sin(x + π
2 ) = cosx è èñïîëüçóÿ

àñèìïòîòè÷åñêóþ ôîðìóëó äëÿ ñîáñòâåííûõ çíà÷åíèé, ïîëó÷åííóþ äëÿ ãðà-
íè÷íûõ óñëîâèé Íåéìàíà â Ãëàâå 1, ìîæíî âûâåñòè, ÷òî

sin(θ(π/2, x, λn)) = cos (λ1/2n x+ v(π/2, x, λn) + ρ(x, λn)) =

= cos (µnx+mx+ v(x, λn) + ρ(x, λn)) =

= cos(mx) cos (µnx+ v(x, λn) + ρ(x, λn))−
− sin(mx) sin (µnx+ v(x, λn) + ρ(x, λn)) =

= cos(mx)(1 + (µnx+ v(π/2, x, λn) + ρ(x, λn))
2)−

− sin(mx)(µnx+ v(π/2, x, λn) + ρ(x, λn)) + ρ(x, λn) =

= cos(mx) + sin(mx)

∫ x

0

u(t) sin (2mt)dt− 1

2m
sin(mx)

∫ x

0

u2(t)dt−

− 2 sin(mx)

∫ x

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt−

− 1

2m
sin(mx)

∫ x

0

u2(t) cos(2mt)dt− x

π
sin(mx)

∫ π

0

u(t) sin (2mt)dt+

+
x

2mπ
sin(mx)

∫ π

0

u2(t)dt+

+
2x

π
sin(mx)

∫ π

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt+

+
x

2mπ
sin(mx)

∫ π

0

u2(t) cos(2mt)dt+ ρ(x, λn).

(87)

Â ðåçóëüòàòå, ñ ó÷åòîì (86) è (87), âûðàæåíèå äëÿ ôóíêöèé yn(x) áóäåò âû-
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ãëÿäåòü ñëåäóþùèì îáðàçîì:

yn(x, λn) = r(π/2, x, λn) sin(θ(π/2, x, λn)) = cos(mx)+

+ sin(mx)

∫ x

0

u(t) sin (2mt)dt−

− 1

2m
sin(mx)

∫ x

0

u2(t)dt− 2 sin(mx)

∫ x

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt−

− 1

2m
sin(mx)

∫ x

0

u2(t) cos(2mt)dt− x

π
sin(mx)

∫ π

0

u(t) sin (2mt)dt+

+
x

2mπ
sin(mx)

∫ π

0

u2(t)dt+

+
2x

π
sin(mx)

∫ π

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt+

+
x

2mπ
sin(mx)

∫ π

0

u2(t) cos(2mt)dt+ cos(mx)

∫ x

0

u(t) cos(2mt)dt+

+
1

2m
cos(mx)

∫ x

0

u2(t) sin (2mt)dt+ ρ(x, λn),

(88)

ãäå sup
0≤x≤π

∑∞
n=1 |ρ(x, λn)| ≤ C.

Ïðîèçâåäåì íîðìèðîâêó ñîáñòâåííûõ ôóíêöèé, äëÿ ýòîãî ïîëó÷åííóþ

ôîðìóëó (88) íåîáõîäèìî äîìíîæèòü íà
(∫ π

0 yn(x)yn(x)dx
)−1/2

. Âû÷èñëèì

ïîñëåäíåå âûðàæåíèå, âûäåëèâ âåùåñòâåííóþ è ìíèìóþ ÷àñòè ôóíêöèè u(x).
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∫ π

0

yn(x)yn(x)dx =

∫ π

0

[
cos(mx) + sin(mx)

∫ x

0

(uR(t) + iuI(t)) sin (2mt)dt−

− 1

2m
sin(mx)

∫ x

0

(u2R(t)− u2I(t) + 2iuR(t)uI(t))dt−

− 2 sin(mx)

∫ x

0

∫ t

0

(uR(t) + iuI(t))(uR(s) + iuI(s))·

· cos(2mt) sin(2ms)dsdt−

− 1

2m
sin(mx)

∫ x

0

(u2R(t)− u2I(t) + 2iuR(t)uI(t)) cos(2mt)dt−

− x

π
sin(mx)

∫ π

0

(uR(t) + iuI(t)) sin (2mt)dt+

+
x

2mπ
sin(mx)

∫ π

0

(u2R(t)− u2I(t) + 2iuR(t)uI(t))dt+

+
2x

π
sin(mx)

∫ π

0

∫ t

0

(uR(t) + iuI(t))(uR(s) + iuI(s))·

· cos(2mt) sin(2ms)dsdt+

+
x

2mπ
sin(mx)

∫ π

0

(u2R(t)− u2I(t) + 2iuR(t)uI(t)) cos(2mt)dt+

+ cos(mx)

∫ x

0

(uR(t) + iuI(t)) cos(2mt)dt+

+
1

2m
cos(mx)

∫ x

0

(u2R(t)− u2I(t) + 2iuR(t)uI(t)) sin (2mt)dt+ ρ(x, λn)
]
·

·
[
cos(mx) + sin(mx)

∫ x

0

(uR(t)− iuI(t)) sin (2mt)dt−

− 1

2m
sin(mx)

∫ x

0

(u2R(t)− u2I(t)− 2iuR(t)uI(t))dt−

− 2 sin(mx)

∫ x

0

∫ t

0

(uR(t)− iuI(t))(uR(s)− iuI(s))·

· cos(2mt) sin(2ms)dsdt−

− 1

2m
sin(mx)

∫ x

0

(u2R(t)− u2I(t)− 2iuR(t)uI(t)) cos(2mt)dt−

− x

π
sin(mx)

∫ π

0

(uR(t)− iuI(t)) sin (2mt)dt+

+
x

2mπ
sin(mx)

∫ π

0

(u2R(t)− u2I(t)− 2iuR(t)uI(t))dt+

+
2x

π
sin(mx)

∫ π

0

∫ t

0

(uR(t)− iuI(t))(uR(s)− iuI(s))·

· cos(2mt) sin(2ms)dsdt+
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+
x

2mπ
sin(mx)

∫ π

0

(u2R(t)− u2I(t)− 2iuR(t)uI(t)) cos(2mt)dt+

+ cos(mx)

∫ x

0

(uR(t)− iuI(t)) cos(2mt)dt+

+
1

2m
cos(mx)

∫ x

0

(u2R(t)− u2I(t)− 2iuR(t)uI(t)) sin (2mt)dt+ ρ(x, λn)
]
dx

Çäåñü ìîæíî âûäåëèòü òå æå 7 òèïîâ ñëàãàåìûõ, ÷òî è ïðè äîêàçàòåëü-
ñòâå Òåîðåìû 2.1, êîòîðûå îáðàçóþò ïîñëåäîâàòåëüíîñòè, ëåæàùèå â l1: 1)
π∫
0

u(t) sin (2mt)dt
π∫
0

u(t) sin (2mt)dt;

2) 1
m

π∫
0

u(t) sin (2mt)dt;

3) 1
m

π∫
0

t∫
0

u(t)u(s) cos(2mt) sin(2ms)dsdt;

4) 1
m

π∫
0

u2(t) sin(2mt)dt
π∫
0

u(t) sin(2mt)dt;

5) 1
m

π∫
0

u2(t) sin(2mt)dt
π∫
0

u(t) sin(2mt)dt;

6) âñå èíòåãðàëû ñ ñîìíîæèòåëåì 1/m2, à òàêæå âñåâîçìîæ-

íûå ïðîèçâåäåíèÿ
π∫
0

u2(t)dt,
π∫
0

u2(t) sin(2mt)dt,
π∫
0

u(t) sin(2mt)dt,

π∫
0

t∫
0

u(t)u(s) cos(2mt) sin(2ms)dsdt, ãäå â ôîðìóëàõ âñòðå÷àþòñÿ òðè çíà-

êà èíòåãðàëà;

7) âñå øåñòü ïóíêòîâ â ñëó÷àå, êîãäà ïîÿâëÿþòñÿ èíòåãðàëû ñ u(x). Ïðî-
äîëæèì âû÷èñëåíèå íîðìèðîâî÷íîãî ñîìíîæèòåëÿ, ïðèâîäÿ ïîäîáíûå ñëàãà-
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åìûå.∫ π

0

yn(x)yn(x)dx =

∫ π

0

cos2(mx)dx+

+ 2

∫ π

0

sin(mx) cos(mx)

∫ x

0

uR(t) sin (2mt)dtdx−

− 2

∫ π

0

sin(mx)
1

2m
cos(mx)

∫ x

0

(u2R(t)− u2I(t))dtdx−

− 2

∫ π

0

sin(mx)2 cos(mx)

∫ x

0

∫ t

0

(uR(t)uR(s)− uI(t)uI(s))·

· cos(2mt) sin(2ms)dsdtdx−

− 2

∫ π

0

sin(mx)
1

2m
cos(mx)

∫ x

0

(u2R(t)− u2I(t)) cos(2mt)dtdx−

− 2

∫ π

0

sin(mx)
x

π
cos(mx)

∫ π

0

uR(t) sin (2mt)dtdx+

+ 2

∫ π

0

sin(mx)
x

2mπ
cos(mx)

∫ π

0

(u2R(t)− u2I(t))dtdx+

+ 2

∫ π

0

sin(mx)
2x

π
cos(mx)

∫ π

0

∫ t

0

(uR(t)uR(s)− uI(t)uI(s))·

· cos(2mt) sin(2ms)dsdtdx+

+ 2

∫ π

0

sin(mx)
x

2mπ
cos(mx)

∫ π

0

(u2R(t)− u2I(t)) cos(2mt)dtdx+

+ 2

∫ π

0

cos2(mx)

∫ x

0

uR(t) cos(2mt)dtdx+

+ 2

∫ π

0

1

2m
cos2(mx)

∫ x

0

(u2R(t)− u2I(t)) sin (2mt)dtdx+ ρ(λn),

(89)

ãäå
∑∞

n=1 |ρ(λn)| ≤ C.

Äëÿ òîãî ÷òîáû óìåíüøèòü êîëè÷åñòâî èíòåãðàëîâ â êàæäîì ñëàãàåìîì,
ìû ìîæåì èñïîëüçîâàòü ñëåäóþùèå ðàâåíñòâà (îáðàùàåì âíèìàíèå, ÷òî çäåñü
m � öåëîå):∫ π

0

cos2(mx)dx =
1

2

∫ π

0

(1 + cos(2mx))dx =
π

2
+

sin(2mx)

4m

∣∣∣∣π
0

=
π

2
; (90)
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∫ π

0

sin(mx) cos(mx)

∫ x

0

F (t)dtdx =
1

2

∫ π

0

sin(2mx)

∫ x

0

F (t)dtdx =

=
1

2

∫ π

0

F (t)

∫ π

t

sin(2mx)dxdt = −1

2

∫ π

0

F (t)
cos(2mx)

2m

∣∣∣∣π
t

dt =

=
1

4m

∫ π

0

F (t)(−1 + cos(2mt))dt;

(91)

∫ π

0

sin(mx) cos(mx)

∫ x

0

∫ t

0

F (t)F (s)dsdtdx =

=
1

2

∫ π

0

sin(2mx)

∫ x

0

∫ t

0

F (t)F (s)dsdtdx =

=
1

2

∫ π

0

F (t)

∫ π

t

sin(2mx)

∫ t

0

F (s)dsdxdt =

=
1

2

∫ π

0

∫ t

0

F (t)F (s)

∫ π

t

sin(2mx)dxdsdt =

=
1

2

∫ π

0

∫ t

0

F (t)F (s)
− cos(2mx)

2m

∣∣∣∣π
t

dsdt =

=
1

4m

∫ π

0

∫ t

0

F (t)F (s)(−1 + cos(2mt))dsdt;

(92)

∫ π

0

x sin(mx) cos(mx)

∫ π

0

F (t)dtdx =
1

2

∫ π

0

x sin(2mx)

∫ π

0

F (t)dtdx =

=
1

2

∫ π

0

F (t)

∫ π

0

x sin(2mx)dxdt =
1

2

∫ π

0

F (t)
(−x cos(2mx)

2m

∣∣∣∣π
0

+

+
1

2m

∫ π

0

cos(2mx)dx
)
dt =

1

2

∫ π

0

F (t)
(
− π

2m
+

1

2m

sin(2mx)

2m

∣∣∣∣π
0

)
dt =

= − π

4m

∫ π

0

F (t)dt;

(93)
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∫ π

0

x sin(mx) cos(mx)

∫ π

0

∫ t

0

F (t)F (s)dsdtdx =

=
1

2

∫ π

0

∫ t

0

F (t)F (s)

∫ π

0

x sin(2mx)dxdsdt =

=
1

2

∫ π

0

∫ t

0

F (t)F (s)
(−x cos(2mx)

2m

∣∣∣∣π
0

+
1

2m

∫ π

0

cos(2mx)dx
)

=

=
1

2

∫ π

0

∫ t

0

F (t)F (s)
(
− π

2m
+

1

2m

sin(2mx)

2m

∣∣∣∣π
0

)
dsdt =

= − π

4m

∫ π

0

∫ t

0

F (t)F (s)dsdt;

(94)

∫ π

0

cos2(mx)

∫ x

0

F (t)dtdx =

∫ π

0

F (t)

∫ π

t

cos2(mx)dxdt =

=
1

2

∫ π

0

F (t)

∫ π

t

(1 + cos(2mx))dxdt =

=
1

2

∫ π

0

F (t)[(π − t) +

∫ π

t

cos(2mx)dx]dt =

=
1

2

∫ π

0

F (t)[(π − t) +
sin(2mx)

2m

∣∣∣∣π
t

]dt =

=
1

2

∫ π

0

F (t)(π − t)dt+
1

4m

∫ π

0

F (t) sin(2mt)dt;

(95)

ãäå F (t) è F (s) � ñîîòâåòñòâóþùèå ïîäûíòåãðàëüíûå ôóíêöèè ïðàâîé ÷àñòè
(89). Ïîëüçóÿñü ïðèâåäåííûìè ðàâåíñòâàìè (90) � (95) ïðîäîëæèì âû÷èñëå-
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íèå (89):∫ π

0

yn(x)yn(x)dx =
π

2
− 1

2m

∫ π

0

uR(t) sin (2mt)(−1 + cos(2mt))dt+

+
1

4m2

∫ π

0

(u2R(t)− u2I(t))(−1 + cos(2mt))dt+

+
1

m

∫ π

0

∫ t

0

(uR(t)uR(s)− uI(t)uI(s)) cos(2mt) sin(2ms)(−1 + cos(2mt))dsdt+

+
1

4m2

∫ x

0

(u2R(t)− u2I(t)) cos(2mt)(−1 + cos(2mt))dt−

− 1

2m

∫ π

0

uR(t) sin (2mt)dt+

+
1

4m2

∫ π

0

(u2R(t)− u2I(t))dt+

+
1

m

∫ π

0

∫ t

0

(uR(t)uR(s)− uI(t)uI(s)) cos(2mt) sin(2ms)dsdt+

+
1

4m2

∫ π

0

(u2R(t)− u2I(t)) cos(2mt)dt+

+

∫ π

0

uR(t) cos(2mt)(π − t)dt+
1

2m

∫ π

0

uR(t) cos(2mt) sin(2mt)dt+

+
1

2m

∫ π

0

(u2R(t)− u2I(t)) sin(2mt)(π − t)dt+

+
1

4m2

∫ π

0

(u2R(t)− u2I(t)) sin2(2mt)dt+ ρ(λn)

(96)

Áîëüøàÿ ÷àñòü ñëàãàåìûõ (96) îáðàçóþò ïîñëåäîâàòåëüíîñòè, ëåæàùèå â l1
(àíàëîãè÷íî òîìó, êàê ïîêàçàíî â äîêàçàòåëüñòâå Òåîðåìû 2.1). Òàêèì îáðà-
çîì, ìû ïîëó÷èì, ÷òî íîðìèðîâêà â ýòîé òåîðåìå áóäåò ñîâïàäàòü ñ Òåîðåìîé
2.2:
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∫ π

0

yn(x)yn(x)dx =
π

2
+

∫ π

0

(π − t)uR(t) cos(2mt)dt+

+
1

2m

∫ π

0

(π − t)(u2R(t)− u2I(t)) sin (2mt)dt+ ρ(x, λn) =

=
π

2

(
1 +

2

π

∫ π

0

(π − t)uR(t) cos(2mt)dt+

+
1

πm

∫ π

0

(π − t)(u2R(t)− u2I(t)) sin(2mt)dt

)
+ ρ(λn),

ãäå
∑∞

n=1 |ρ(λn)| ≤ C.

Âîçâåäåì ïîëó÷åííîå âûðàæåíèå â ñòåïåíü −1/2:

(∫ π

0

yn(x)yn(x)dx
)−1/2

=

√
2

π

(
1− 1

π

∫ π

0

(π − t)uR(t) cos(2mt)dt−

− 1

2πm

∫ π

0

(π − t)(u2R(t)− u2I(t)) sin(2mt)dt

)
+ ρ(x, λn),

(97)
Òåïåðü ïåðåìíîæèì (88) è (97) è ïîëó÷èì àñèìïòîòè÷åñêóþ ôîðìóëó äëÿ
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íîðìèðîâàííûõ ñîáñòâåííûõ ôóíêöèé:

yn(x, λn) =
[
cos(mx) + sin(mx)

∫ x

0

u(t) sin (2mt)dt−

− 1

2m
sin(mx)

∫ x

0

u2(t)dt−

− 2 sin(mx)

∫ x

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt−

− 1

2m
sin(mx)

∫ x

0

u2(t) cos(2mt)dt− x

π
sin(mx)

∫ π

0

u(t) sin (2mt)dt+

+
x

2mπ
sin(mx)

∫ π

0

u2(t)dt+

+
2x

π
sin(mx)

∫ π

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt+

+
x

2mπ
sin(mx)

∫ π

0

u2(t) cos(2mt)dt+ cos(mx)

∫ x

0

u(t) cos(2mt)dt+

+
1

2m
cos(mx)

∫ x

0

u2(t) sin (2mt)dt+ ρ(x, λn)
]
·

·
[√2

π

(
1− 1

π

∫ π

0

(π − t)uR(t) cos(2mt)dt−

− 1

2πm

∫ π

0

(π − t)(u2R(t)− u2I(t)) sin(2mt)dt

)
+ ρ(λn)

]
,

Îòìåòèì, ÷òî ïðè ïåðåìíîæåíèè ñëàãàåìûõ ïðàâîé ÷àñòè (88) íà âòîðîå è
òðåòüå ñëàãàåìîå (78) âñå (êðîìå ïåðâîãî) îáðàçóþò ïîñëåäîâàòåëüíîñòè èç l1,
êîòîðûå ïîéäóò â îñòàòîê. Â ðåçóëüòàòå ïîñëå ðàñêðûòèÿ ñêîáîê è ïðèâåäåíèÿ
ïîäîáíûõ ïîëó÷èì ðàâåíñòâî (83).

Ïåðåõîäèì ê âû÷èñëåíèþ ôóíêöèé áèîðòîãîíàëüíîé ñèñòåìû:
vn(x) = yn(x)

(
(yn(x), yn(x))

)−1
. Ó÷èòûâàÿ ïåðå÷èñëåííûå âûøå òèïû
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ñëàãàåìûõ, êîòîðûå âõîäÿò â îñòàòî÷íóþ ïîñëåäîâàòåëüíîñòü, ïîëó÷èì, ÷òî

π

2

∫ π

0

y2n(x)dx = cos(mx)·

·
(

1− 1

π

∫ π

0

(π − t)uR(t) cos(2mt)dt+

∫ x

0

u(t) cos(2mt)dt

)
+

+
1

2m
cos(mx)

(∫ x

0

u2(t) sin(2mt)dt− 1

π

∫ π

0

(π − t)(u2R(t)− u2I(t)) sin(2mt)dt

)
+

+ sin(mx)

(∫ x

0

u(t) sin(2mt)dt− 2

∫ x

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt−

− x

π

∫ π

0

u(t) sin(2mt)dt+
2x

π

∫ π

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt

)
+

+
1

2m
sin(mx)

(
−
∫ x

0

u2(t)dt−
∫ x

0

u2(t) cos(2mt)dt+

+
x

π

∫ π

0

u2(t)dt+
x

π

∫ π

0

u2(t) cos(2mt)dt

)
+ ρ(λn)

Òåïåðü îáðàòèì âíèìàíèå íà ñëàãàåìûå ñ êîñèíóñàìè, òàê êàê ñëàãàåìûå ñ
ñèíóñàìè ïîéäóò â îñòàòîê. Ïîñìîòðèì, êàêèå ðàâåíñòâà ìû çäåñü ìîæåì
èñïîëüçîâàòü ñ ó÷åòîì òîãî, ÷òî m � öåëîå.∫ π

0

cos2(mx)

∫ x

0

(uR(t) + iuI(t)) cos(2mt)dtdx =

=
1

2

∫ π

0

(uR(t) + iuI(t)) cos(2mt)(π − t)dt+

+
1

4m

∫ π

0

(uR(t) + iuI(t)) cos(2mt) sin(2mt)dt;

1

π

∫ π

0

cos2(mx)

∫ π

0

uR(t) cos(2mt)dtdx =
1

2

∫ π

0

uR(t) cos(2mt)(π − t)dt;∫ π

0

cos2(mx)

∫ x

0

(u2R(t)− u2I(t) + 2iuR(t)uI(t)) sin(2mt)dtdx =

=
1

2

∫ π

0

(u2R(t)− u2I(t) + 2iuR(t)uI(t)) sin(2mt)(π − t)dt+

+
1

4m

∫ π

0

(u2R(t)− u2I(t) + 2iuR(t)uI(t)) sin2(2mt)dt;
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1

π

∫ π

0

cos2(mx)

∫ π

0

(u2R(t)− u2I(t)) sin(2mt)dtdx =

=
1

2

∫ π

0

(u2R(t)− u2I(t)) sin(2mt)(π − t)dt.

Â ðåçóëüòàòå ïîëó÷èì, ÷òî∫ π

0

y2n(x)dx = 1 +
2i

π

∫ π

0

uI(t) cos(2mt)(π − t)dt+

+
2i

πm

∫ π

0

(π − t)uR(t)uI(t) sin(2mt)dt+ ρ(λn)

Îñòàëîñü âîçâåñòè ïîëó÷åííûé ðåçóëüòàò â ñòåïåíü (−1) è ïåðåìíîæèòü ñî-
ñòàâíûå ÷àñòè:

vn(x) = yn(x)
(
(yn(x), yn(x))

)−1
=

=

√
2

π

[
cos(mx)

(
1− 1

π

∫ π

0

(π − t)uR(t) cos(2mt)dt+

∫ x

0

u(t) cos(2mt)dt

)
+

+
1

2m
cos(mx)

(∫ x

0

u2(t) sin(2mt)dt− 1

π

∫ π

0

(π − t)(u2R(t)− u2I(t)) sin(2mt)dt

)
+

+ sin(mx)

(∫ x

0

u(t) sin(2mt)dt− 2

∫ x

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt−

− x

π

∫ π

0

u(t) sin(2mt)dt+
2x

π

∫ π

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt

)
+

+
1

2m
sin(mx)

(
−
∫ x

0

u2(t)dt−
∫ x

0

u2(t) cos(2mt)dt+

+
x

π

∫ π

0

u2(t)dt+
x

π

∫ π

0

u2(t) cos(2mt)dt

)
+ ρ(x, λn)

]
[
1− 2i

π

∫ π

0

uI(t) cos(2mt)(π − t)dt− 2i

πm

∫ π

0

(π − t)uR(t)uI(t) sin(2mt)dt+ ρ(λn)
]

Îòêóäà è ïîëó÷èì ôîðìóëó (84). Òåîðåìà 2.3 äîêàçàíà. �

2.4. Îáîáùåííàÿ òåîðåìà

Îáúåäèíèì ðåçóëüòàòû, ïîëó÷åííûå â ýòîé ãëàâå è ðàáîòå Ñàâ÷óêà À.Ì. [30]
â îäíó èòîãîâóþ òåîðåìó.

Òåîðåìà 2.4
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Ðàññìîòðèì îïåðàòîð L, ïîðîæäåííûé äèôôåðåíöèàëüíûì âûðàæåíèåì
−y′′ + q(x)y, ãäå q(x) = u′(x) â ñìûñëå ðàñïðåäåëåíèé, à êîìïëåêñíîçíà÷-
íàÿ ôóíêöèÿ u(x) ∈ L2. Îáîçíà÷èì ÷åðåç {yn(x)}∞n=1 ñèñòåìó ñîáñòâåí-
íûõ è ïðèñîåäèíåííûõ ôóíêöèé îïåðàòîðà L, ÷åðåç {vn(x)}∞n=1 � áèîðòî-
ãîíàëüíóþ ñèñòåìó (ïðè÷åì ñîáñòâåííûå ôóíêöèè ìû íîðìèðóåì óñëîâèåì
||yn||L2

= 1). Òîãäà

1) Äëÿ ãðàíè÷íûõ óñëîâèé Äèðèõëå (y(0) = 0, y(π) = 0): m = n, n ∈ N è
ñïðàâåäëèâû ñëåäóþùèå ôîðìóëû:√
π

2
yn(x) = sin(mx)·

·
(

1 +
1

π

∫ π

0

(π − t)uR(t) cos(2mt)dt−
∫ x

0

u(t) cos(2mt)dt

)
+

+
1

2m
sin(mx)·

·
(
−
∫ x

0

u2(t) sin(2mt)dt+
1

π

∫ π

0

(π − t)(u2R(t)− u2I(t)) sin(2mt)dt

)
+

+ cos(mx)

(∫ x

0

u(t) sin(2mt)dt+ 2

∫ x

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt−

− x

π

∫ π

0

u(t) sin(2mt)dt− 2x

π

∫ π

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt

)
+

+
1

2m
cos(mx)

(∫ x

0

u2(t)dt−
∫ x

0

u2(t) cos(2mt)dt−

− x

π

∫ π

0

u2(t)dt+
x

π

∫ π

0

u2(t) cos(2mt)dt

)
+ ρ(x, λn),

(98)
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Ñîîòâåòñòâóþùèå ôóíêöèè áèîðòîãîíàëüíîé ñèñòåìû èìåþò âèä:√
π

2
vn(x) = sin(mx)·

·
(

1 +
1

π

∫ π

0

(π − t)(uR(t) + 2iuI(t)) cos(2mt)dt−
∫ x

0

u(t) cos(2mt)dt

)
+

+
1

2m
sin(mx)

(
−
∫ x

0

u2(t) sin(2mt)dt+

+
1

π

∫ π

0

(π − t)(u2R(t)− u2I(t) + 4iuR(t)uI(t)) sin(2mt)dt

)
+

+ cos(mx)

(∫ x

0

u(t) sin(2mt)dt+ 2

∫ x

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt−

− x

π

∫ π

0

u(t) sin(2mt)dt− 2x

π

∫ π

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt

)
+

+
1

2m
cos(mx)

(∫ x

0

u2(t)dt−
∫ x

0

u2(t) cos(2mt)dt−

− x

π

∫ π

0

u2(t)dt+
x

π

∫ π

0

u2(t) cos(2mt)dt

)
+ ρ(x, λn);

(99)

2) Äëÿ ãðàíè÷íûõ óñëîâèé Äèðèõëå�Íåéìàíà (y(0) = 0, y[1](π) = 0):
m = n− 1

2 , n ∈ N è âûïîëíåíû ðàâåíñòâà (98) è (99);

3) Äëÿ ãðàíè÷íûõ óñëîâèé Íåéìàíà (y[1](0) = 0, y[1](π) = 0):
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m = n, n ∈ N
⋃

0 è âåðíû ôîðìóëû:√
π

2
yn(x) = cos(mx)·

·
(

1− 1

π

∫ π

0

(π − t)uR(t) cos(2mt)dt+

∫ x

0

u(t) cos(2mt)dt

)
+

+
1

2m
cos(mx)·

·
(∫ x

0

u2(t) sin(2mt)dt− 1

π

∫ π

0

(π − t)(u2R(t)− u2I(t)) sin(2mt)dt

)
+

+ sin(mx)

(∫ x

0

u(t) sin(2mt)dt− 2

∫ x

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt−

− x

π

∫ π

0

u(t) sin(2mt)dt+
2x

π

∫ π

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt

)
+

+
1

2m
sin(mx)

(
−
∫ x

0

u2(t)dt−
∫ x

0

u2(t) cos(2mt)dt+

+
x

π

∫ π

0

u2(t)dt+
x

π

∫ π

0

u2(t) cos(2mt)dt

)
+ ρ(x, λn),

(100)

Ïðè ýòîì ñîîòâåòñòâóþùèå ôóíêöèè áèîðòîãîíàëüíîé ñèñòåìû èìåþò
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âèä:√
π

2
vn(x) = cos(mx)·

·
(

1− 1

π

∫ π

0

(π − t)(uR(t) + 2iuI(t)) cos(2mt)dt+

∫ x

0

u(t) cos(2mt)dt

)
+

+
1

2m
cos(mx)

(∫ x

0

u2(t) sin(2mt)dt−

− 1

π

∫ π

0

(π − t)(u2R(t)− u2I(t) + 4iuR(t)uI(t)) sin(2mt)dt

)
+

+ sin(mx)

(∫ x

0

u(t) sin(2mt)dt− 2

∫ x

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt−

− x

π

∫ π

0

u(t) sin(2mt)dt+
2x

π

∫ π

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt

)
+

+
1

2m
sin(mx)

(
−
∫ x

0

u2(t)dt−
∫ x

0

u2(t) cos(2mt)dt+

+
x

π

∫ π

0

u2(t)dt+
x

π

∫ π

0

u2(t) cos(2mt)dt

)
+ ρ(x, λn);

(101)

4) Äëÿ ãðàíè÷íûõ óñëîâèé Íåéìàíà�Äèðèõëå (y[1](0) = 0, y(π) = 0):
m = n− 1

2 , n ∈ N è èìåþò ìåñòî ðàâåíñòâà (100) è (101).

Çäåñü ïðè ëþáîì x ∈ [0, π] {|ρ(x, λn)|} ∈ l1 è sup
0≤x≤π

∑∞
n=1 |ρ(x, λn)| ≤ C;

uR(x) è uI(x) îáîçíà÷àþò âåùåñòâåííóþ è ìíèìóþ ÷àñòè ôóíêöèè u(x)
ñîîòâåòñòâåííî.
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Ãëàâà 3. Ïðèìåíåíèå ïîëó÷åííûõ àñèìïòîòèê â ðåøåíèè

çàäà÷ ðàâíîñõîäèìîñòè

Ðàññìàòðèâàåòñÿ âîïðîñ î ðàâíîìåðíîé íà âñåì îòðåçêå [0, π] ðàâíîñõîäèìî-
ñòè ðàçëîæåíèé â ðÿä ôóíêöèè f ∈ L2 ïî ñèñòåìå ñîáñòâåííûõ è ïðèñîåäè-
íåííûõ ôóíêöèé îïåðàòîðà L ñ åå ðàçëîæåíèåì â òðèãîíîìåòðè÷åñêèé ðÿä
Ôóðüå.

Â ñòàòüå Ñàäîâíè÷åé [34] áûë ïîëó÷åí ïîëîæèòåëüíûé îòâåò íà ïîñòàâ-
ëåííûé âîïðîñ â ñëó÷àå ãðàíè÷íûõ óñëîâèé Äèðèõëå y(0) = 0, y(π) = 0. Â
íàñòîÿùåé ãëàâå àíàëèçèðóþòñÿ îñòàëüíûå òèïû ãðàíè÷íûõ óñëîâèé è ôîð-
ìóëèðóåòñÿ òåîðåìà, îáîáùàþùàÿ ïîëó÷åííûå ðåçóëüòàòû. Ïîìèìî ðåøåíèÿ
çàäà÷è î ðàâíîñõîäèìîñòè òàêæå â ðàáîòå ïîëó÷åíà îöåíêà åå ñêîðîñòè. Èñ-
òîðèÿ ýòîãî âîïðîñà ïîäðîáíî èçëîæåíà â ñòàòüå [33].

Äëÿ äîêàçàòåëüñòâà îáîáùàþùåé òåîðåìû íåîáõîäèìî ðàññìîòðåòü âñå âè-
äû ãðàíè÷íûõ óñëîâèé.

1. Ñëó÷àé ãðàíè÷íûõ óñëîâèé Äèðèõëå�Íåéìàíà

Ðàññìîòðèì ñëó÷àé ãðàíè÷íûõ óñëîâèé Äèðèõëå�Íåéìàíà
y(0) = 0, y[1](π) = 0, ãäå y[1](x) = y′(x) − u(x)y(x) � ïåðâàÿ êâàçèïðî-
èçâîäíàÿ (ñì. Ãëàâó 1). Çäåñü íàì ïîòðåáóåòñÿ àñèìïòîòèêà ñîáñòâåííûõ
ôóíêöèé îïåðàòîðà L, ïîëó÷åííàÿ â Ãëàâå 2.

Òåîðåìà 3.1.

Ðàññìîòðèì îïåðàòîð LDN , ïîðîæäåííûé äèôôåðåíöèàëüíûì âûðàæå-
íèåì −y′′ + q(x)y, ãäå q(x) = u′(x) â ñìûñëå ðàñïðåäåëåíèé, à êîìïëåêñ-
íîçíà÷íàÿ ôóíêöèÿ u(x) ∈ L2, è êðàåâûìè óñëîâèÿìè Äèðèõëå-Íåéìàíà
y(0) = 0, y[1](π) = 0. Îáîçíà÷èì ÷åðåç {yn(x)}∞n=1 ñèñòåìó ñîáñòâåí-
íûõ è ïðèñîåäèíåííûõ ôóíêöèé îïåðàòîðà L, ÷åðåç {vn(x)}∞n=1 � áèîðòî-
ãîíàëüíóþ ñèñòåìó (ïðè÷åì ñîáñòâåííûå ôóíêöèè ìû íîðìèðóåì óñëîâèåì
||yn||L2

= 1). Òîãäà ñïðàâåäëèâû ñëåäóþùèå àñèìïòîòè÷åñêèå ôîðìóëû:
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√
π

2
yn(x) = sin(mx)·

·
(

1 +
1

π

∫ π

0

(π − t)uR(t) cos(2mt)dt−
∫ x

0

u(t) cos(2mt)dt

)
+

+
1

2m
sin(mx)·

·
(
−
∫ x

0

u2(t) sin(2mt)dt+
1

π

∫ π

0

(π − t)(u2R(t)− u2I(t)) sin(2mt)dt

)
+

+ cos(mx)

(∫ x

0

u(t) sin(2mt)dt+ 2

∫ x

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt−

− x

π

∫ π

0

u(t) sin(2mt)dt− 2x

π

∫ π

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt

)
+

+
1

2m
cos(mx)

(∫ x

0

u2(t)dt−
∫ x

0

u2(t) cos(2mt)dt−

− x

π

∫ π

0

u2(t)dt+
x

π

∫ π

0

u2(t) cos(2mt)dt

)
+ ρ(x, λn),

(102)

ãäå sup
0≤x≤π

∑∞
n=1 |ρ(x, λn)| ≤ C, m = n− 1/2, n ∈ N, uR(x) è uI(x) îáîçíà÷àþò

âåùåñòâåííóþ è ìíèìóþ ÷àñòè ôóíêöèè u(x) ñîîòâåòñòâåííî.
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Ñîîòâåòñòâóþùèå ôóíêöèè áèîðòîãîíàëüíîé ñèñòåìû èìåþò âèä:√
π

2
vn(x) = sin(mx)·

·
(

1 +
1

π

∫ π

0

(π − t)(uR(t) + 2iuI(t)) cos(2mt)dt−
∫ x

0

u(t) cos(2mt)dt

)
+

+
1

2m
sin(mx)

(
−
∫ x

0

u2(t) sin(2mt)dt+

+
1

π

∫ π

0

(π − t)(u2R(t)− u2I(t) + 4iuR(t)uI(t)) sin(2mt)dt

)
+

+ cos(mx)

(∫ x

0

u(t) sin(2mt)dt+ 2

∫ x

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt−

− x

π

∫ π

0

u(t) sin(2mt)dt− 2x

π

∫ π

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt

)
+

+
1

2m
cos(mx)

(∫ x

0

u2(t)dt−
∫ x

0

u2(t) cos(2mt)dt−

− x

π

∫ π

0

u2(t)dt+
x

π

∫ π

0

u2(t) cos(2mt)dt

)
+ ρ(x, λn).

(103)

Äëÿ äàëüíåéøåãî èçó÷åíèÿ áóäåò óäîáíî ïåðåãðóïïèðîâàòü ñëàãàåìûå â
ïîëó÷åííûõ ôîðìóëàõ ñëåäóþùèì îáðàçîì:

yn(x) =

√
2

π
sin(mx) + φn(x), vn(x) =

=

√
2

π
sin(mx) + ψn(x),m = n− 1/2, n ≥ Nu,

(104)

ïðè ýòîì φn(x), ψn(x) òàêîâû, ÷òî

sup
0≤x≤π

||{φn(x)}||l2 ≤ Cu, sup
0≤x≤π

||{ψn(x)}||l2 ≤ Cu. (105)

Êðîìå òîãî, ïîñëåäîâàòåëüíîñòè {||φn(x)||L2
} = {φn} è {||ψn(x)||L2

} = {ψn}
ïðèíàäëåæàò ïðîñòðàíñòâó l2 (ñì. [39]), è

||φn||l2 ≤ Cu, ||ψn||l2 ≤ Cu. (106)
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Âåðíåìñÿ ê ñëàãàåìûì (104). Ðàñïèøåì áîëåå äåòàëüíî ôóíêöèè ψn(x), ó÷àñò-
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âóþùèå â âûðàæåíèè äëÿ vn(x). Èç Òåîðåìû 2.1 ïîëó÷àåì, ÷òî√
π

2
vn(x) = sin(mx)·

·
(

1 +
1

π

∫ π

0

(π − t)(uR(t) + 2iuI(t)) cos(2mt)dt−
∫ x

0

u(t) cos(2mt)dt

)
+

+
1

2m
sin(mx)

(
−
∫ x

0

u2(t) sin(2mt)dt+

+
1

π

∫ π

0

(π − t)(u2R(t)− u2I(t) + 4iuR(t)uI(t)) sin(2mt)dt

)
+

+ cos(mx)

(∫ x

0

u(t) sin(2mt)dt+ 2

∫ x

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt−

− x

π

∫ π

0

u(t) sin(2mt)dt− 2x

π

∫ π

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt

)
+

+
1

2m
cos(mx)

(∫ x

0

u2(t)dt−
∫ x

0

u2(t) cos(2mt)dt−

− x

π

∫ π

0

u2(t)dt+
x

π

∫ π

0

u2(t) cos(2mt)dt

)
+ ρ(x, λn) =

= sin(mx)

(
1 +

1

π

∫ π

0

(π − t)(uR(t) + 2iuI(t)) cos(2mt)dt+

+
1

2πm

∫ π

0

(π − t)(u2R(t)− u2I(t) + 4iuR(t)uI(t)) sin(2mt)dt

)
−

− sinmx

∫ x

0

u(t) cos(2mt)dt+ cos(mx)

∫ x

0

u(t) sin(2mt)dt−

− 1

2m
sin(mx)

∫ x

0

u2(t) sin(2mt)dt+

+ cos(mx)

(
2

∫ x

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt−

− x

π

∫ π

0

u(t) sin(2mt)dt− 2x

π

∫ π

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt−

− x

2πm

∫ π

0

u2(t)dt+
x

2πm

∫ π

0

u2(t) cos(2mt)dt+

+
1

2m

∫ x

0

u2(t)dt− 1

2m

∫ x

0

u2(t) cos(2mt)dt

)
+ ρ(x, λn)

(107)
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Òàêèì îáðàçîì, ψn(x) ìîæíî ðàçáèòü íà òðè ãðóïïû ñëàãàåìûõ:

ψn(x) = ψn,0 + ψn,1 + ψn,2

ψn,0 = αn sin(mx)−
√

2

π

∫ x

0

u(t) sin(m(x− 2t))dt, ãäå{|αn|} ∈ l2;

ψn,1(x) =

√
2

π
sin(mx)(− 1

2m

∫ x

0

u2(t) sin(2mt)dt)+

+

√
2

π
cos(mx)

(
−x
π

∫ π

0

u(t) sin(2mt)dt+

+
x

2mπ

∫ π

0

u2(t)dt(cos(2mt)− 1)dt−

− 2x

π

∫ π

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt+

+
1

2m

∫ x

0

u2(t)dt(1− cos(2mt))dt+

+ 2

∫ x

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt

)
;

(108)

sup
0≤x≤π

||{ψn,2(x)}||l2 ≤ Cu, {||ψn,2(x)||L2
} = {ψn,2} ∈ l2, ||ψn,2||l2 ≤ Cu.

Ïåðåõîäèì òåïåðü íåïîñðåäñòâåííî ê èññëåäîâàíèþ ðàâíîñõîäèìîñòè.

Òåîðåìà 3.1.

Ðàññìîòðèì îïåðàòîð LDN , ïîðîæäåííûé äèôôåðåíöèàëüíûì âûðà-
æåíèåì −y′′ + q(x)y, ãäå q(x) = u′(x) â ñìûñëå ðàñïðåäåëåíèé, à êîì-
ïëåêñíîçíà÷íàÿ ôóíêöèÿ u(x) ∈ L2[0, π], è êðàåâûìè óñëîâèÿìè Äèðèõëå-
Íåéìàíà y(0) = 0, y[1](π) = 0. Ïóñòü {yn(x)}∞n=1 � ñèñòåìà ñîáñòâåí-
íûõ è ïðèñîåäèíåííûõ ôóíêöèé îïåðàòîðà LDN , ïðè÷åì äëÿ ñîáñòâåí-
íûõ ôóíêöèé ||yn(x)||L2

= 1, à {vn(x)}∞n=1� áèîðòîãîíàëüíàÿ ê íåé. Äëÿ
ïðîèçâîëüíîé ôóíêöèè f ∈ L2[0, π] îáîçíà÷èì çà cn = (f(x), vn(x)),
cn,0 =

√
2/π(f(x), sin((n− 1/2)x)). Òîãäà èìååò ìåñòî ðàâíîìåðíàÿ íà âñåì

îòðåçêå [0, π] ðàâíîñõîäèìîñòü ðàçëîæåíèÿ ôóíêöèè f â ðÿä ïî ñèñòåìå
{yn(x)}∞n=1 è ïî ñèñòåìå {sin((n− 1/2)x)}∞n=1. Ïðè ýòîì ñêîðîñòü ðàâíîñõî-
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äèìîñòè õàðàêòåðèçóåòñÿ ñëåäóþùèì îáðàçîì∣∣∣∣ l∑
n=1

cnyn(x)−
l∑

n=1

√
2

π
cn,0 sin((n− 1/2)x)

∣∣∣∣
C
≤

≤ Cu
( ∑
n≥l1/2−ε

|cn,0|2
)1/2

+ ||f ||L2
(pu([l

1/2−ε]) + Cul
−ε),

(109)

ãäå ε ∈ (0, 1/2) � ïðîèçâîëüíîå ìàëîå ïîëîæèòåëüíîå ÷èñëî, l1/2−ε > Nu, à

pu(k) = Cu((
∑
n≥k

||ψn(x)||2L2
)1/2 + (

∑
n≥k

||φn(x)||2L2
)1/2), k ≥ Nu. (110)

Äîêàçàòåëüñòâî

Ðàññìîòðèì îïåðàòîðû Bl,N : L2[0, π]→ C[0, π], äåéñòâóþùèå íà ôóíêöèè
f ∈ L2[0, π] ñëåäóþùèì îáðàçîì:

(Bl,N)f(x) =
l∑

n=N

cnyn(x)−
l∑

n=N

√
2

π
cn,0 sin((n− 1/2)x), ãäå N = Nu. (111)

Çäåñü è äàëåå áóäåì îáîçíà÷àòü m = n − 1/2, n = 1, 2, .... Òîãäà ñ ó÷åòîì
(104) è (108) äëÿ ëþáîé ôóíêöèè f ∈ L2[0, π] âåðíî ïðåäñòàâëåíèå:

(Bl,N)f(x) =
l∑

n=N

√
2

π
(f(t), ψn,0(t)) sin(mx)+

+
l∑

n=N

√
2

π
(f(t), ψn,1(t)) sin(mx)+

+
l∑

n=N

√
2

π
(f(t), ψn,2(t)) sin(mx)+

+
l∑

n=N

√
2

π
(f(t), sin(mx))φn(x)+

+
l∑

n=N

√
2

π
(f(t), ψn(t))φn(x).

(112)

Îöåíèì íîðìó îïåðàòîðà Bl,N . Óñëîâèìñÿ ïðè N = 1 äëÿ óïðîùåíèÿ çàïè-
ñè îáîçíà÷àòü Bl,1 = Bl.
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Áóäåì ðàññìàòðèâàòü ïî î÷åðåäè ñëàãàåìûå ïðàâîé ÷àñòè (112). Íàèáîëåå
ñëîæíîé ÿâëÿåòñÿ îöåíêà ïåðâîãî ñëàãàåìîãî. Äëÿ ïåðâîé åãî ÷àñòè ñïðàâåä-
ëèâî íåðàâåíñòâî:

||
l∑

n=N

√
2

π
αn(f(t), sin(mx)) sin(mx)||C ≤ Cu||f ||L2

,

òàê êàê
∑l

n=N |αn|2 ≤ Cu.

Òåïåðü íåîáõîäèìî îöåíèòü âûðàæåíèå:

l∑
n=N

∫ π

0

f(t)

∫ t

0

u(s) sin(m(t− 2s))dsdt sin(mx). (113)

Ïðåîáðàçóåì ïðîèçâåäåíèå ñèíóñîâ:

sin(m(t− 2s)) sin(mx) = 1/2(cos(m(t− 2s− x))− cos(m(t− 2s+ x)))

è ïîäñòàâèì ðåçóëüòàò â (113):

l∑
n=N

∫ π

0

f(t)

∫ t

0

u(s) sin(m(t− 2s))dsdt sin(mx) =

= 1/2
l∑

n=N

∫ π

0

f(t)

∫ t

0

u(s) cos(m(t− 2s− x))dsdt−

− 1/2
l∑

n=N

∫ π

0

f(t)

∫ t

0

u(s) cos(m(t− 2s+ x))dsdt

(114)

Ðàññìîòðèì ïîäðîáíî ïåðâîå ñëàãàåìîå â ïðàâîé ÷àñòè (114) (âòîðîå èññëå-
äóåòñÿ àíàëîãè÷íî).

1/2
l∑

n=N

∫ π

0

f(t)

∫ t

0

u(s) cos(m(t− 2s− x))dsdt =

1/2
l∑

n=N

∫ π

0

f(t)

∫ t

0

u(s) cos(n(t− 2s− x)) cos(t/2− s− x/2)dsdt+

+ 1/2
l∑

n=N

∫ π

0

f(t)

∫ t

0

u(s) sin(n(t− 2s− x)) sin(t/2− s− x/2)dsdt

(115)
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Äàëåå â (115) îòäåëüíî îáðàòèì âíèìàíèå íà ñëàãàåìîå ñ êîñèíóñàìè.

l∑
n=N

∫ π

0

f(t)

∫ t

0

u(s) cos(n(t− 2s− x)) cos(t/2− s− x/2)dsdt =

=
1

2
+

l∑
n=1

∫ π

0

f(t)

∫ t

0

u(s) cos(n(t− 2s− x)) cos(t/2− s− x/2)dsdt−

− 1

2
−

N−1∑
n=1

∫ π

0

f(t)

∫ t

0

u(s) cos(n(t− 2s− x)) cos(t/2− s− x/2)dsdt =

=

∫ π

0

f(t)

∫ t

0

u(s)Dl(t− x− 2s) cos(t/2− s− x/2)dsdt−

−
∫ π

0

f(t)

∫ t

0

u(s)DN−1(t− x− 2s) cos(t/2− s− x/2)dsdt

(116)
Çäåñü Dl(ξ) = 1/2 +

∑l
n=1 cos(nξ) � ÿäðî Äèðèõëå. Òàê êàê t è s ëåæàò íà

îòðåçêå [0, π], òî äëÿ âòîðîãî ñëàãàåìîãî (116) ïîëó÷àåì îöåíêó:

||
∫ π

0

f(t)

∫ t

0

u(s)DN−1(t− x− 2s) cos(t/2− s− x/2)dsdt||C ≤ Cu||f ||L2

Îöåíèì òåïåðü ïåðâîå ñëàãàåìîå (116). Äëÿ ýòîãî, ñëåäóÿ ïðèåìó, îïèñàí-
íîìó â [34], îïðåäåëèì îïåðàòîð Al,−x, äåéñòâóþùèé â ïðîñòðàíñòâå L2[0, π]
ïî ïðàâèëó:

(Al,−xu)(t) =

∫ t

0

u(s)Dl(t− 2s− x)ds

Äàëåå áóäåì îáîçíà÷àòü Al = Al,0. Íàì íåîáõîäèìî îöåíèòü íîðìû îïåðàòî-
ðîâ Al,−x ðàâíîìåðíî ïî l ∈ N è x ∈ [0, π].

Ïîêàæåì, ÷òî îïåðàòîð Al,−x óíèòàðíî ýêâèâàëåíòåí ñóììå îïåðàòîðà Al

è íåêîòîðîãî îïåðàòîðà Ãl,x, íîðìó êîòîðîãî â l2[0, π] îöåíèòü ëåãêî. Ïóñòü
Txg(t) = g(t+ x) � îïåðàòîð ñäâèãà â ïðîñòðàíñòâå L2[0, π] (ñ÷èòàåì, ÷òî âñå
ôóíêöèè ïðîäîëæåíû çà îòðåçîê [0, π] ïåðèîäè÷åñêè). òîãäà ìîæåì çàïèñàòü

(T−xAl,−xTx)(u(·)) = (T−xAl,−x)(u(x+ ·)) = T−x

∫ t

0

u(x+ s)Dl(t− 2s− x)ds =

=

∫ t−x

0

u(x+s)Dl(t−2s−2x)ds =

∫ t

x

u(s)Dl(t−2s)ds = (Alu)(t)−(Ãl,xu)(t),
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ãäå Ãl,xu(t) =
∫ x
0 u(s)Dl(t− 2s)ds. Íåñëîæíî âèäåòü, ÷òî îïåðàòîð Ãl,x ïðåä-

ñòàâëÿåò ñîáîé êîìïîçèöèþ îïåðàòîðà ñðåçêè Hxu(t) = χ[0, x]u(t) è îïåðàòî-
ðà Fl, äåéñòâóþùåãî ïî ïðàâèëó

(Flv)(t) =
l∑

n=1

(∫ π

0

v(s) cos(2ns)ds cos(nt) +

∫ π

0

v(s) sin(2ns)ds sin(nt)

)
+

+
1

2

∫ π

0

v(s)ds.

(117)
Î÷åâèäíî, ÷òî ||Hx||L2

≤ 1,

||Fmv||2L2
= ||

∑l
n=1(an cos(nt) + bn sin(nt)) + 1/2a0||2L2

≤ C||v||2L2
, ãäå

an =
∫ π
0 v(s) cos(2ns)ds, bn =

∫ π
0 v(s) sin(2ns)ds � êîýôôèöèåíòû Ôóðüå

ôóíêöèè v(t). Òàêèì îáðàçîì, íîðìà îïåðàòîðà Ãl,x â L2[0, π] îãðàíè÷åíà
ðàâíîìåðíî ïî l ∈ N è x ∈ [0, π].

Òåïåðü äîêàæåì ðàâíîìåðíóþ ïî l ∈ N îãðàíè÷åííîñòü îïåðàòîðà Al â
ïðîñòðàíñòâå L2[0, π]. Çàìåòèì, ÷òî

(Alu)(t) =

∫ t

0

u(s)Dl(t− 2s)ds =

∫ π

0

u(s)Dl(t− 2s)ds−
∫ π

t

u(s)Dl(t− 2s)ds =

= (Flu)(t)− (E∗l u)(t),

ãäå îïåðàòîð Fl îïåðåäåëåí â (117), à E∗l ÿâëÿåòñÿ ñîïðÿæåííûì ê îïåðàòîðó
El, îïåðåäåëåííîìó ðàâåíñòâîì (Elu)(t) =

∫ t
0 u(s)Dl(2t−s)ds. Òàêèì îáðàçîì,

çàäà÷à ñâîäèòñÿ ê ïðîâåðêå ðàâíîìåðíîé îãðàíè÷åííîñòè îïåðàòîðà El.

Ðàññìîòðèì áèëèíåéíóþ ôîðìó (Elf, g), ãäå f, g ∈ L2[0, π] è äîêàæåì åå
îãðàíè÷åííîñòü. Â ñèëó èçâåñòíîé îöåíêè |Dl(x)| ≤ C

|x| , ãäå C - àáñîëþòíàÿ
ïîñòîÿííàÿ (ñì., íàïðèìåð, [55], Ãë.1 �32), èìååì

|(Elf, g)| =
∣∣∣∣ ∫ π

0

∫ t

0

f(s)g(t)Dl(2t−s)dsdt
∣∣∣∣ ≤ ∫ π

0

∫ t

0

|f(s)||g(t)||Dl(2t−s)|dsdt ≤

≤ C

∫ π

0

∫ t

0

|f(s)||g(t)| 1

2t− s
dsdt ≤ 2C

∫ π

0

∫ t

0

|f(s)||g(t)| 1

t+ s
dsdt ≤

≤ 2C

∫ π

0

∫ π

0

|f(s)||g(t)| 1

t+ s
dsdt ≤ 2πC||f ||L2

||g||L2

Ïðè ïåðåõîäå ê ïîñëåäíåìó íåðàâåíñòâó ìû âîñïîëüçîâàëèñü èçâåñòíûì ôàê-
òîì (ñì. [56], Ãë. 9, ï. 3), ÷òî îïåðàòîð Ãèëüáåðòà ñ ÿäðîì 1/(t+ s) ÿâëÿåòñÿ
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îãðàíè÷åííûì â L2[0,∞). Â ðåçóëüòàòå, ìû ïîëó÷èëè îöåíêó ïåðâîãî ñëàãà-
åìîãî (115). Ñ ó÷åòîì òîãî, ÷òî âòîðîå ñëàãàåìîå òàêæå îãðàíè÷åíî

||
l∑

n=N

∫ π

0

f(t)

∫ t

0

u(s) sin(n(t− 2s− x)) sin(t/2− s− x/2)dsdt||C ≤ Cu||f ||L2
,

ìû äîêàçàëè îöåíêó ||
∑l

n=N

√
2
π(f(t), ψn,0(t)) sin(mx)||C ≤ Cu||f ||L2

.

Âîçâðàùàåìñÿ ê îñíîâíîìó ðàâåíñòâó (112). Óáåäèìñÿ, ÷òî

||
√

2

π

l∑
n=N

(f(t), ψn,1(t)) sin(mx)||L2
≤ Cu||f ||L2

.

Ïðèìåíèì ïîëó÷åííûå âûøå àñèìïòîòè÷åñêèå ôîðìóëû äëÿ ôóíêöèè
ψn,1(x).

(f(t), ψn,1(t)) = − 1

2m

∫ π

0

f(t) sin(mt)

∫ t

0

u2(s) sin(2ms)dsdt)−

−
∫ π

0

f(t) cos(mt)
t

π

∫ π

0

u(s) sin(2ms)dsdt+

+

∫ π

0

f(t) cos(mt)
t

2mπ

∫ π

0

u2(s)(cos(2ms)− 1)dsdt−

− 1

2m

∫ π

0

f(t) cos(mt)

∫ t

0

u2(s) cos(2ms)dsdt+
1

2m

∫ π

0

f(t) cos(mt)

∫ t

0

u2(s)dsdt−

−
∫ π

0

2tf(t)

π
cos(mt)

∫ π

0

∫ s

0

u(s)u(τ) cos(2ms) sin(2mτ)dτdsdt+

+ 2

∫ π

0

f(t) cos(mt)

∫ t

0

∫ s

0

u(s)u(τ) cos(2ms) sin(2mτ)dτdsdt

(118)

Ïîñëåäîâàòåëüíî îöåíèì âñå ñëàãàåìûå (118). Ïåðâîå ñëàãàåìîå:∣∣ l∑
n=N

sin(mx)

2m

∫ π

0

f(t) sin(mt)

∫ t

0

u2(s) sin(2ms)dsdt
∣∣ ≤

≤
∫ π

0

|u(s)|2 sup
0≤x≤π

∣∣ l∑
n=N

sin(mx)

2m
sin(2ms)

∫ π

0

f(t) sin(mt)dt
∣∣ds ≤

≤
∫ π

0

|u(s)|2
l∑

n=N

1

2m

∣∣∫ π

0

f(t) sin(mt)dt
∣∣ds ≤ Cu||f ||L2

,

(119)
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ïîñëåäíåå íåðàâåíñòâî âûïîëíÿåòñÿ, òàê êàê {
∫ π
0 f(t) sin(mt)dt}∞n=N ïðèíàä-

ëåæèò l2 è åå íîðìà íå ïðåâîñõîäèò ||Hsf ||L2
≤ ||f ||L2

, ãäå Hs � îïåðàòîð
ñðåçêè â ïðîñòðàíñòâå L2[0, π].

Âòîðîå ñëàãàåìîå (118):

sup
0≤x≤π

∣∣ l∑
n=N

∫ π

0

t

π
f(t) cos(mt)

∫ π

0

u(s) sin(2ms)dsdt sin(mx)
∣∣ ≤

≤ 1

π

( l∑
n=N

|
∫ π

0

tf(t) cos(mt)dt|2
) 1

2
( l∑
n=N

|
∫ π

0

u(s) sin(2ms)ds|2
) 1

2 ≤ Cu||f ||L2
.

(120)

Òðåòüå ñëàãàåìîå (118):

sup
0≤x≤π

∣∣ l∑
n=N

∫ π

0

tf(t)

2πm
cos(mt)

∫ π

0

u2(s)(cos(2ms)− 1)dsdt sin(mx)
∣∣ ≤

≤ Cu(
l∑

n=N

1

m2
)
1
2 (

l∑
n=N

|
∫ π

0

tf(t) cos(mt)dt|2)
1
2 ≤ Cu||f ||L2

.

(121)

×åòâåðòîå ñëàãàåìîå: àíàëîãè÷íî ïåðâîìó.

Ïÿòîå ñëàãàåìîå: îáîçíà÷èì U(t) =
∫ t
0 u

2(s)dt (ýòà ôóíêöèÿ áóäåò àáñîëþò-
íî íåïðåðûâíîé), èíòåãðèðóåì u2(s):

sup
0≤x≤π

∣∣ l∑
n=N

sin(mx)

2m

∫ π

0

f(t) cos(mt)

∫ t

0

u2(s)dsdt
∣∣ ≤

≤
l∑

n=N

1

2m
|
∫ π

0

f(t)U(t) cos(mt)dt| ≤

≤ C(
l∑

n=N

|
∫ π

0

f(t)U(t) cos(mt)dt|2)
1
2 ≤ C||f(t)U(t)||L2

≤ Cu||f ||L2
.

(122)

Äëÿ îöåíêè øåñòîãî ñëàãàåìîãî ââåäåì ôóíêöèþ ξ(s, τ), äåéñòâóþùóþ ïî
ïðàâèëó: ξ(s, τ) = 1, åñëè τ ≤ s, â îñòàëüíûõ ñëó÷àÿõ ξ(s, τ) = 0. Òîãäà
ôóíêöèÿ u(s)u(τ)ξ(s, τ) ∈ L2[0, π]. Ïîëó÷èì:
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|
l∑

n=N

∫ π

0

2tf(t)

π
cos(mx)

∫ π

0

∫ s

0

u(s)u(τ) cos(2ms) sin(2mτ)dτdsdt sin(mx)| ≤

≤ 2

π
sup

0≤x≤π
(

l∑
n=N

|
∫ π

0

tf(t) cos(mx)dt|2)
1
2 ·

· (
l∑

n=N

|
∫ π

0

∫ s

0

u(s)u(τ) cos(2ms) sin(2mτ)dτds|2)
1
2 ≤

≤ C||f ||L2
(

l∑
n=N

|
∫ π

0

∫ π

0

u(s)u(τ)ξ(s, τ) cos(2ms) sin(2mτ)dτds|2)
1
2 ≤ Cu||f ||L2

.

(123)

Ïåðåõîäèì ê ïîñëåäíåìó ñëàãàåìîìó (118). Îáîçíà÷èì çà H̃s îïåðàòîð ñðåç-
êè H̃sf(t) = ξ[s,π]f(t). Òîãäà

|
l∑

n=N

∫ π

0

f(t) cos(mx)

∫ t

0

∫ s

0

u(s)u(τ) cos(2ms) sin(2mτ)dτdsdt sin(mx)| =

= sup
0≤x≤π

|
∫ π

0

u(s)
l∑

n=N

cos(2ms) sin(mx)(H̃sf(t), cos(mt))(Hsu(τ), sin(2mτ))ds| ≤

≤
∫ π

0

|u(s)| · |
l∑

n=N

(H̃sf(t), cos(mt))(Hsu(τ), sin(2mτ))|ds ≤

≤ C

∫ π

0

|u(s)| · ||H̃sf(t)||L2
· ||Hsu||L2

≤ Cu||f ||L2

(124)

Â ðåçóëüòàòå ïðèâåäåííûõ îöåíîê (119) � (124) ïîëó÷àåì, ÷òî äëÿ (118)
âûïîëíÿåòñÿ:

||
√

2

π

l∑
n=N

(f(t), ψn,1(t)) sin(mx)||C ≤ Cu||f ||L2
. (125)

Âåðíåìñÿ ñíîâà ê îöåíêå ñëàãàåìûõ èç îñíîâíîãî ðàâåíñòâà (112).
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Îöåíêà òðåòüåãî ñëàãàåìîãî ïîëó÷àåòñÿ ñ ó÷åòîì (108) äîâîëüíî ïðîñòî:

sup
0≤x≤π

∣∣ l∑
n=N

√
2

π
(f(t), ψn,2(t)) sin(mx)

∣∣ ≤√2

π

l∑
n=N

∣∣∫ π

0

f(t) · ψn,2(t)dt
∣∣

≤
√

2

π

l∑
n=1

||f ||L2

∫ π

0

|ψn,2(t)|2dt ≤ Cu||f ||L2
.

(126)

×òî êàñàåòñÿ ÷åòâåðòîãî ñëàãàåìîãî (112), â ñèëó (106) âûïîëíÿåòñÿ íåðà-
âåíñòâî:

||
l∑

n=N

√
2

π
(f(t), sin(mt))φn(x)||C ≤

√
2

π
sup

0≤x≤π

l∑
n=N

(|(f(t), sin(mt))| · |φn(x)|) ≤

≤ Cu||f ||L2
.

(127)

Äëÿ ïîñëåäíåé ÷àñòè (112) â ñèëó (105) âåðíî ñëåäóþùåå:

||
l∑

n=N

√
2

π
(f(t), ψn(t))φn(x)||C ≤ sup

0≤x≤π

∣∣ l∑
n=N

√
2

π
||f(t)||L2

· ||ψn(t))||L2
· φn(x)

∣∣
≤
√

2

π
||f ||L2

sup
0≤x≤π

∣∣ l∑
n=N

||ψn(t)||L2
φn(x)

∣∣ ≤ Cu||f ||L2
.

(128)

Â ðåçóëüòàòå, ìû ïîëó÷èëè îöåíêó îñíîâíîãî ðàâåíñòâà (112). Îïåðà-
òîð Bl ìîæíî ïðåäñòàâèòü â âèäå ñóììû Bl = BN−1 + Bl,N , à òàê êàê
||BN−1||L2→C ≤ Cu (ñóììà êîíå÷íîãî ÷èñëà ñëàãàåìûõ), òî è

||Bl||L2→C ≤ Cu

.

Òàêèì îáðàçîì, ìû äîêàçàëè ðàâíîìåðíóþ îãðàíè÷åííîñòü îïåðàòîðîâ Bl

äëÿ ëþáîé ôóíêöèè u ∈ L2[0, π].

Ðàññìîòðèì äåéñòâèå îïåðàòîðà Bl íà ñîáñòâåííûå è ïðèñîåäèíåííûå
ôóíêöèè îïåðàòîðà L:

(Blyk)(x) =
l∑

n=1

(yk(x), vn(x))yn(x)− 2

π

l∑
n=1

(yk(x), sin(mx)) sin(mx). (129)
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Ïåðâîå ñëàãàåìîå (129) ðàâíî 0 ïðè m < k è ðàâíî yk(x) ïðè m ≥ k.
Âòîðîå ñëàãàåìîå ïðåäñòàâëÿåò ñîáîé ÷àñòè÷íóþ ñóììó ðÿäà Ôóðüå ôóíêöèè
yk. Âñå ôóíêöèè yk ∈ W 1

2 [0, π], ïîýòîìó ðÿä Ôóðüå ôóíêöèè yk ñõîäèòñÿ ê íåé
ðàâíîìåðíî íà îòðåçêå [0, π], è ìû ïîëó÷àåì, ÷òî

lim
l→∞
||Blyk||C = 0. (130)

Äàëåå âîñïîëüçóåìñÿ âñïîìîãàòåëüíîé òåîðåìîé

Òåîðåìà ([15], òåîðåìà 2.7)

Ïóñòü u ∈ L2[0, π]. Òîãäà ñèñòåìà {yn(x)}∞n=1 ñîáñòâåííûõ è ïðèñîåäè-
íåííûõ ôóíêöèé îïåðàòîðà L îáðàçóåò áàçèñ Ðèññà â ïðîñòðàíñòâå L2[0, π].

Îòñþäà ñëåäóåò, ÷òî ëþáóþ ôóíêöèþ f(x) ìîæíî ïðèáëèçèòü ëèíåéíûìè
êîìáèíàöèÿìè ôóíêöèé ñèñòåìû {yk(x)}, è âåðíî ðàâåíñòâî:

lim
l→∞
||Blf ||C = 0. (131)

Òàêèì îáðàçîì, ìû äîêàçàëè ðàâíîñõîäèìîñòü ðàçëîæåíèÿ â ðÿä ïî ñè-
ñòåìå ñîáñòâåííûõ è ïðèñîåäèíåííûõ ôóíêöèé îïåðàòîðà LDN è ñèñòåìå
{sin((n − 1/2)x)}∞n=1. Îñòàëñÿ íåðåøåííûì âîïðîñ î ñêîðîñòè ýòîé ðàâíîñ-
õîäèìîñòè.

Îáîçíà÷èì çà gk(x) =
∑k

n=1 cnyn(x) äëÿ ëþáîãî k ≥ Nu (ãäå
cn = (f(x), vn(x))). Òîãäà äëÿ ëþáîé ôóíêöèè f ∈ L2[0, π] è äëÿ ëþáîãî
íàòóðàëüíîãî l âûïîëíåíî:

||Blf ||C ≤ ||Bl(f − gk)||C + ||Blgk||C . (132)

Îöåíèì íîðìû ïåðâîãî ñëàãàåìîãî ïðàâîé ÷àñòè (132) â ïðîñòðàíñòâå
C[0, π].

||Bl(f − gk)||C ≤ Cu
( ∞∑
n=k+1

|cn,0|2
)1/2

+ ||f ||L2
pu(k + 1), (133)

ãäå cn,0 =
√

2/π(f(x), sin(mx)), à ÷èñëà pu(k) îïðåäåëåíû â (110).

Ïîäñòàâèì àñèìïòîòè÷åñêèå ôîðìóëû (104):

||f(x)− gk(x)||L2
≤ ||

∞∑
n=k+1

2

π
(f(x), sin(mx)) sin(mx)||L2

+
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+||
∞∑

n=k+1

2

π
(f(x), ψn(x)) sin(mx)||L2

+

+||
∞∑

n=k+1

2

π
(f(x), sin(mx))φn(x)||L2

+ ||
∞∑

n=k+1

2

π
(f(x), ψn(x))φn(x)||L2

≤

≤ Cu(
∞∑

n=k+1

|cn,0|2)1/2+

+||f ||L2

(
(
∞∑

n=k+1

||ψn||2L2
)1/2 + (

∞∑
n=k+1

||φn||2L2
)1/2 +

∞∑
n=k+1

||ψn||L2
· ||φn||L2

)
=

= Cu(
∞∑

n=k+1

|cn,0|2)1/2 + vu(k + 1)||f ||L2
.

Òàê êàê íîðìà îïåðàòîðà Bl íå ïðåâîñõîäèò êîíñòàíòó Cu, îòñþäà âûòåêàåò
íåðàâåíñòâî (133).

Ïåðåéäåì ê îöåíêå âòîðîãî ñëàãàåìîãî â (132).

Ïóñòü l > k. Îáîçíà÷èì ÷åðåç Sl îïåðàòîð, äåéñòâóþùèé
èç ïðîñòðàíñòâà W 1

2 [0, π] â ïðîñòðàíñòâî C[0, π] ïî ïðàâèëó:
Slh(x) = 2/π

∑∞
n=l+1(h(t), sinmt) sinmx. Âñå ñîáñòâåííûå è ïðèñîåäè-

íåííûå ôóíêöèè îïåðàòîðà LDN ïðèíàäëåæàò ïðîñòðàíñòâóW 1
2 [0, π], çíà÷èò

äåéñòâèå îïåðàòîðà Sl íà íèõ êîððåêòíî îïðåäåëåíî, ñëåäîâàòåëüíî, âåðíî:

Blgk(x) = gk(x)− 2

π

l∑
n=1

(gk(t), sin(mt)) sin(mx) = Slgk(x)

Îòêóäà:
||Blgk||C ≤ ||Sl(gk − gN)||C + ||SlgN ||C (134)

Ïóñòü m > k ≥ Nu. Ïîëó÷àåì, ÷òî

||Sl(gk − gN)||C = ||
k∑

n=N+1

cnSlyn(x)||C = ||
k∑

n=N+1

cnSlφn(x)||C ,

òàê êàê yn(x) =
√

2/π sinmx + φn(x), (ñì. (104)). Äàëåå âîñïîëüçóåìñÿ òåì,
÷òî

k∑
n=N+1

|cn|2 ≤
∞∑

n=N+1

|cn|2 ≤
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≤ 2
(2

π

∞∑
n=N+1

|(f(x), sin(mx))|2 +
∞∑

n=N+1

|(f(x), ψn(x))|2
)
≤ Cu||f ||2L2

.

Òîãäà

||
k∑

n=N+1

cnSlφn(x)||C ≤ (
k∑

n=N+1

|cn|2)1/2(
k∑

n=N+1

||Slφn(x)||2C)1/2 ≤

Cu||f ||L2
(

k∑
n=N+1

||Slφn(x)||2C)1/2.

Îöåíèì íîðìó ||Slφn(x)||C ñ ó÷åòîì òîãî, ÷òî φn(0) = 0.

||Slφn(x)||C ≤
2

π

∞∑
j=l+1

|(φn(x), sin((j + 1/2)x))| =

=
2

π

∞∑
j=l+1

|(φn(x)
′
, cos((j + 1/2)x))|
j + 1/2

≤

≤ 2

π

( ∞∑
j=l+1

1

(j + 1/2)2
)1/2( ∞∑

j=l+1

|(φn(x)
′
, cos((j + 1/2)x))|2

)1/2 ≤
≤ Cul

−1/2||φn(x)||W 1
2
.

(135)

Èç [39], �2 ñëåäóåò, ÷òî φn(x)
′

= nηn(x) + u(x)yn(x), ||φn(x)||W 1
2
≤ Cunηn,

ãäå ||{ηn}||l2 ≤ Cu. Îòñþäà ïîëó÷àåì, ÷òî

||Slφn(x)||C ≤ Cul
−1/2nηn.

Â ðåçóëüòàòå, ïåðâîå ñëàãàåìîå (134) ìîæíî îöåíèòü òàê:

||Sl(gk − gN)||C ≤ Cu||f ||L2

( k∑
n=1

l−1n2η2n
)1/2 ≤ Cu||f ||L2

l−1/2k.

×òî êàñàåòñÿ âòîðîãî ñëàãàåìîãî, äåéñòâèå îïåðàòîðà Sl íà ôóíêöèè gN îöå-
íèâàåòñÿ òàê æå, êàê â (135):

||SlgN(x)||C ≤ Cul
−1/2||gN(x)||W 1

2
.
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×èñëî N ôèêñèðîâàíî è çàâèñèò òîëüêî îò ïåðâîîáðàçíîé ïîòåíöèàëà u,
ïîýòîìó ||gN(x)||W 1

2
≤ Cu||f ||L2

è

||SlgN ||C ≤ Cul
−1/2||f ||L2

.

Â èòîãå, ïîëó÷àåì, ÷òî

||Blgk||C ≤ ||f ||L2
· Cukl−1/2. (136)

Òåïåðü äîñòàòî÷íî âçÿòü k = [l1/2−ε], ãäå ε ∈ (0, 1/2) ïðîèçîâîëüíî, è èç
(132), (133), (136) áóäåò íåïîñðåäñòâåííî ñëåäîâàòü (109). Òåîðåìà 3.1 ïîëíî-
ñòüþ äîêàçàíà. �

2. Ñëó÷àé ãðàíè÷íûõ óñëîâèé Íåéìàíà�Äèðèõëå è Íåéìàíà

Ïåðåõîäèì ê èññëåäîâàíèþ îñòàâøèõñÿ âèäîâ ãðàíè÷íûõ óñëîâèé Íåéìàíà-
Äèðèõëå. Íàì ïîíàäîáèòñÿ (ñì. Ãëàâà 2) âñïîìîãàòåëüíàÿ

Òåîðåìà 2.2.

Ðàññìîòðèì îïåðàòîð LND, ïîðîæäåííûé äèôôåðåíöèàëüíûì âûðàæå-
íèåì −y′′ + q(x)y, ãäå q(x) = u′(x) â ñìûñëå ðàñïðåäåëåíèé, à êîìïëåêñ-
íîçíà÷íàÿ ôóíêöèÿ u(x) ∈ L2, è êðàåâûìè óñëîâèÿìè Íåéìàíà�Äèðèõëå
y[1](0) = 0, y(π) = 0. Òîãäà ñïðàâåäëèâû ñëåäóþùèå àñèìïòîòè÷åñêèå ôîð-
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ìóëû:√
π

2
yn(x) = cos(mx)·

·
(

1− 1

π

∫ π

0

(π − t)uR(t) cos(2mt)dt+

∫ x

0

u(t) cos(2mt)dt

)
+

+
1

2m
cos(mx)·

·
(∫ x

0

u2(t) sin(2mt)dt− 1

π

∫ π

0

(π − t)(u2R(t)− u2I(t)) sin(2mt)dt

)
+

+ sin(mx)

(∫ x

0

u(t) sin(2mt)dt− 2

∫ x

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt−

− x

π

∫ π

0

u(t) sin(2mt)dt+
2x

π

∫ π

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt

)
+

+
1

2m
sin(mx)

(
−
∫ x

0

u2(t)dt−
∫ x

0

u2(t) cos(2mt)dt+

+
x

π

∫ π

0

u2(t)dt+
x

π

∫ π

0

u2(t) cos(2mt)dt

)
+ ρ(x, λn),

(137)

ãäå sup
0≤x≤π

∑∞
n=1 |ρ(x, λn)| ≤ C, m = n− 1

2 , n ∈ N, uR(x) è uI(x) îáîçíà÷àþò

âåùåñòâåííóþ è ìíèìóþ ÷àñòè ôóíêöèè u(x) ñîîòâåòñòâåííî.
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Ñîîòâåòñòâóþùèå ôóíêöèè áèîðòîãîíàëüíîé ñèñòåìû èìåþò âèä:√
π

2
vn(x) = cos(mx)·

·
(

1− 1

π

∫ π

0

(π − t)(uR(t) + 2iuI(t)) cos(2mt)dt+

∫ x

0

u(t) cos(2mt)dt

)
+

+
1

2m
cos(mx)

(∫ x

0

u2(t) sin(2mt)dt−

− 1

π

∫ π

0

(π − t)(u2R(t)− u2I(t) + 4iuR(t)uI(t)) sin(2mt)dt

)
+

+ sin(mx)

(∫ x

0

u(t) sin(2mt)dt− 2

∫ x

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt−

− x

π

∫ π

0

u(t) sin(2mt)dt+
2x

π

∫ π

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt

)
+

+
1

2m
sin(mx)

(
−
∫ x

0

u2(t)dt−
∫ x

0

u2(t) cos(2mt)dt+

+
x

π

∫ π

0

u2(t)dt+
x

π

∫ π

0

u2(t) cos(2mt)dt

)
+ ρ(x, λn).

(138)

Ñíîâà ïåðåãðóïïèðóåì ñëàãàåìûå â ïîëó÷åííûõ ôîðìóëàõ ñëåäóþùèì îá-
ðàçîì:

yn(x) =

√
2

π
cos(mx) + φn(x), vn(x) =

=

√
2

π
cos(mx) + ψn(x),m = n− 1/2, n ≥ Nu,

(139)

ïðè ýòîì φn(x), ψn(x) òàêîâû, ÷òî

sup
0≤x≤π

||{φn(x)}||l2 ≤ Cu, sup
0≤x≤π

||{ψn(x)}||l2 ≤ Cu. (140)

Êðîìå òîãî ïîñëåäîâàòåëüíîñòè {||φn(x)||L2
} = {φn} è {||ψn(x)||L2

} = {ψn}
ïðèíàäëåæàò ïðîñòðàíñòâó l2, è

||φn||l2 ≤ Cu, ||ψn||l2 ≤ Cu. (141)

Âåðíåìñÿ ê ñëàãàåìûì (139). Ðàñïèøåì áîëåå äåòàëüíî ôóíêöèè ψn(x), ó÷àñò-
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âóþùèå â âûðàæåíèè äëÿ vn(x). Èç Òåîðåìû 2.2 ïîëó÷àåì, ÷òî√
π

2
vn(x) = cos(mx)·

·
(

1− 1

π

∫ π

0

(π − t)(uR(t) + 2iuI(t)) cos(2mt)dt+

∫ x

0

u(t) cos(2mt)dt

)
+

+
1

2m
cos(mx)

(∫ x

0

u2(t) sin(2mt)dt−

− 1

π

∫ π

0

(π − t)(u2R(t)− u2I(t) + 4iuR(t)uI(t)) sin(2mt)dt

)
+

+ sin(mx)

(∫ x

0

u(t) sin(2mt)dt− 2

∫ x

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt−

− x

π

∫ π

0

u(t) sin(2mt)dt+
2x

π

∫ π

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt

)
+

+
1

2m
sin(mx)

(
−
∫ x

0

u2(t)dt−
∫ x

0

u2(t) cos(2mt)dt+

+
x

π

∫ π

0

u2(t)dt+
x

π

∫ π

0

u2(t) cos(2mt)dt

)
+ ρ(x, λn) =

= cos(mx)

(
1− 1

π

∫ π

0

(π − t)(uR(t) + 2iuI(t)) cos(2mt)dt−

− 1

2πm

∫ π

0

(π − t)(u2R(t)− u2I(t) + 4iuR(t)uI(t)) sin(2mt)dt

)
+

+ cosmx

∫ x

0

u(t) cos(2mt)dt+ sin(mx)

∫ x

0

u(t) sin(2mt)dt+

+
1

2m
cos(mx)

∫ x

0

u2(t) sin(2mt)dt+

+ sin(mx)

(
−2

∫ x

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt−

− x

π

∫ π

0

u(t) sin(2mt)dt+
2x

π

∫ π

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt+

+
x

2πm

∫ π

0

u2(t)dt+
x

2πm

∫ π

0

u2(t) cos(2mt)dt−

− 1

2m

∫ x

0

u2(t)dt− 1

2m

∫ x

0

u2(t) cos(2mt)dt

)
+ ρ(x, λn)

(142)
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Òàêèì îáðàçîì, ψn(x) ìîæíî ðàçáèòü íà òðè ãðóïïû ñëàãàåìûõ:

ψn(x) = ψn,0 + ψn,1 + ψn,2

ψn,0 = αn cos(mx)−
√

2

π

∫ x

0

u(t) cos(m(x− 2t))dt, ãäå{|αn|} ∈ l2;

ψn,1(x) =

√
2

π
cos(mx)(

1

2m

∫ x

0

u2(t) sin(2mt)dt)+

+

√
2

π
sin(mx)

(
−x
π

∫ π

0

u(t) sin(2mt)dt+

+
x

2mπ

∫ π

0

u2(t)dt(cos(2mt) + 1)dt+

+
2x

π

∫ π

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt−

− 1

2m

∫ x

0

u2(t)dt(1 + cos(2mt))dt−

− 2

∫ x

0

∫ t

0

u(t)u(s) cos(2mt) sin(2ms)dsdt

)
;

(143)

sup
0≤x≤π

||{ψn,2(x)}||l2 ≤ Cu, {||ψn,2(x)||L2
} = {ψn,2} ∈ l2, ||ψn,2||l2 ≤ Cu.

Ïåðåõîäèì íåïîñðåäñòâåííî ê ôîðìóëèðîâêå è äîêàçàòåëüñòâó òåîðåìû î ðàâ-
íîñõîäèìîñòè.

Òåîðåìà 3.2.

Ðàññìîòðèì îïåðàòîð LND, ïîðîæäåííûé äèôôåðåíöèàëüíûì âûðà-
æåíèåì −y′′ + q(x)y, ãäå q(x) = u′(x) â ñìûñëå ðàñïðåäåëåíèé, à êîì-
ïëåêñíîçíà÷íàÿ ôóíêöèÿ u(x) ∈ L2[0, π], è êðàåâûìè óñëîâèÿìè Íåéìàíà-
Äèðèõëå y[1](0) = 0, y(π) = 0. Ïóñòü {yn(x)}∞n=1 � ñèñòåìà ñîáñòâåí-
íûõ è ïðèñîåäèíåííûõ ôóíêöèé îïåðàòîðà LND, ïðè÷åì äëÿ ñîáñòâåí-
íûõ ôóíêöèé ||yn(x)||L2

= 1, à {vn(x)}∞n=1� áèîðòîãîíàëüíàÿ ê íåé. Äëÿ
ïðîèçâîëüíîé ôóíêöèè f ∈ L2[0, π] îáîçíà÷èì çà cn = (f(x), vn(x)),
cn,0 =

√
2/π(f(x), cos((n−1/2)x)). Òîãäà èìååò ìåñòî ðàâíîìåðíàÿ íà âñåì

îòðåçêå [0, π] ðàâíîñõîäèìîñòü ðàçëîæåíèÿ ôóíêöèè f â ðÿä ïî ñèñòåìå
{yn(x)}∞n=1 è ïî ñèñòåìå {cos((n − 1/2)x)}∞n=1. Ïðè ýòîì ñêîðîñòü ðàâíîñ-
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õîäèìîñòè õàðàêòåðèçóåòñÿ ñëåäóþùèì îáðàçîì∣∣∣∣ l∑
n=1

cnyn(x)−
l∑

n=1

√
2

π
cn,0 cos((n− 1/2)x)

∣∣∣∣
C
≤

≤ Cu
( ∑
n≥l1/2−ε

|cn,0|2
)1/2

+ ||f ||L2
(pu([l

1/2−ε]) + Cul
−ε),

(144)

ãäå ε ∈ (0, 1/2) � ïðîèçâîëüíîå ìàëîå ïîëîæèòåëüíîå ÷èñëî, l1/2−ε > Nu, à

pu(k) = Cu((
∑
n≥k

||ψn(x)||2L2
)1/2 + (

∑
n≥k

||φn(x)||2L2
)1/2), k ≥ Nu. (145)

Äîêàçàòåëüñòâî

Ðàññìîòðèì îïåðàòîðû Bl,N : L2[0, π]→ C[0, π], äåéñòâóþùèå íà ôóíêöèè
f ∈ L2[0, π] ñëåäóþùèì îáðàçîì:

(Bl,N)f(x) =
l∑

n=N

cnyn(x)−
l∑

n=N

√
2

π
cn,0 cos((n− 1/2)x), ãäå N = Nu. (146)

Çäåñü è äàëåå áóäåì îáîçíà÷àòü m = n − 1/2, n = 1, 2, .... Òîãäà ñ ó÷åòîì
(139) è (143) äëÿ ëþáîé ôóíêöèè f ∈ L2[0, π] âåðíî ïðåäñòàâëåíèå:

(Bl,N)f(x) =
l∑

n=N

√
2

π
(f(t), ψn,0(t)) cos(mx)+

+
l∑

n=N

√
2

π
(f(t), ψn,1(t)) cos(mx)+

+
l∑

n=N

√
2

π
(f(t), ψn,2(t)) cos(mx)+

+
l∑

n=N

√
2

π
(f(t), cos(mx))φn(x)+

+
l∑

n=N

√
2

π
(f(t), ψn(t))φn(x).

(147)

Îöåíèì íîðìó îïåðàòîðà Bl,N . Óñëîâèìñÿ ïðè N = 1 äëÿ óïðîùåíèÿ çàïè-
ñè îáîçíà÷àòü Bl,1 = Bl.
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Áóäåì ðàññìàòðèâàòü ïî î÷åðåäè ñëàãàåìûå ïðàâîé ÷àñòè (147). Íàèáîëåå
ñëîæíîé ÿâëÿåòñÿ îöåíêà ïåðâîãî ñëàãàåìîãî. Äëÿ ïåðâîé åãî ÷àñòè ñïðàâåä-
ëèâî íåðàâåíñòâî:

||
l∑

n=N

√
2

π
αn(f(t), cos(mx)) cos(mx)||C ≤ Cu||f ||L2

Òåïåðü íåîáõîäèìî îöåíèòü âûðàæåíèå:

l∑
n=N

∫ π

0

f(t)

∫ t

0

u(s) cos(m(t− 2s))dsdt cos(mx). (148)

Ïðåîáðàçóåì ïðîèçâåäåíèå êîñèíóñîâ:

cos(m(t− 2s)) cos(mx) = 1/2(cos(m(t− 2s− x)) + cos(m(t− 2s+ x)))

è ïîäñòàâèì ðåçóëüòàò â (148):

l∑
n=N

∫ π

0

f(t)

∫ t

0

u(s) cos(m(t− 2s))dsdt cos(mx) =

= 1/2
l∑

n=N

∫ π

0

f(t)

∫ t

0

u(s) cos(m(t− 2s− x))dsdt+

+ 1/2
l∑

n=N

∫ π

0

f(t)

∫ t

0

u(s) cos(m(t− 2s+ x))dsdt

(149)

Ïîëüçóÿñü ðàññóæäåíèÿìè èç Òåîðåìû 3.1, àíàëîãè÷íî äîêàçûâàåòñÿ, ÷òî∑l
n=N

√
2
π(f(t), ψn,0(t)) cos(mx) ≤ Cu||f ||L2

.

Äàëåå óáåäèìñÿ, ÷òî

||
√

2

π

l∑
n=N

(f(t), ψn,1(t)) cos(mx)||L2
≤ Cu||f ||L2

.

Ïðèìåíèì ïîëó÷åííûå âûøå àñèìïòîòè÷åñêèå ôîðìóëû äëÿ ôóíêöèè
ψn,1(x).
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(f(t), ψn,1(t)) =
1

2m

∫ π

0

f(t) cos(mt)

∫ t

0

u2(s) sin(2ms)dsdt)−

−
∫ π

0

f(t) sin(mt)
t

π

∫ π

0

u(s) sin(2ms)dsdt+

+

∫ π

0

f(t) sin(mt)
t

2mπ

∫ π

0

u2(s)(cos(2ms) + 1)dsdt−

− 1

2m

∫ π

0

f(t) sin(mt)

∫ t

0

u2(s) cos(2ms)dsdt−

− 1

2m

∫ π

0

f(t) sin(mt)

∫ t

0

u2(s)dsdt+

+

∫ π

0

2tf(t)

π
sin(mt)

∫ π

0

∫ s

0

u(s)u(τ) cos(2ms) sin(2mτ)dτdsdt−

− 2

∫ π

0

f(t) sin(mt)

∫ t

0

∫ s

0

u(s)u(τ) cos(2ms) sin(2mτ)dτdsdt

(150)

Ïîñëåäîâàòåëüíî îöåíèì âñå ñëàãàåìûå (150). Ïåðâîå ñëàãàåìîå:

∣∣ l∑
n=N

cos(mx)

2m

∫ π

0

f(t) cos(mt)

∫ t

0

u2(s) sin(2ms)dsdt
∣∣ ≤

≤
∫ π

0

|u(s)|2 sup
0≤x≤π

∣∣ l∑
n=N

cos(mx)

2m
sin(2ms)

∫ π

0

f(t) cos(mt)dt
∣∣ds ≤

≤
∫ π

0

|u(s)|2
l∑

n=N

1

2m

∣∣∫ π

0

f(t) cos(mt)dt
∣∣ds ≤ Cu||f ||L2

,

(151)

ïîñëåäíåå íåðàâåíñòâî âûïîëíÿåòñÿ, òàê êàê {
∫ π
0 f(t) cos(mt)dt}∞n=N ïðèíàä-

ëåæèò l2 è åå íîðìà íå ïðåâîñõîäèò ||Hsf ||L2
≤ ||f ||L2

, ãäå Hs � îïåðàòîð
ñðåçêè â ïðîñòðàíñòâå L2[0, π].

Âòîðîå ñëàãàåìîå (150):
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sup
0≤x≤π

∣∣ l∑
n=N

∫ π

0

t

π
f(t) sin(mt)

∫ π

0

u(s) sin(2ms)dsdt cos(mx)
∣∣ ≤

≤ 1

π

( l∑
n=N

|
∫ π

0

tf(t) sin(mt)dt|2
) 1

2
( l∑
n=N

|
∫ π

0

u(s) sin(2ms)ds|2
) 1

2 ≤ Cu||f ||L2
.

(152)

Òðåòüå ñëàãàåìîå (150):

sup
0≤x≤π

∣∣ l∑
n=N

∫ π

0

tf(t)

2πm
sin(mt)

∫ π

0

u2(s)(cos(2ms) + 1)dsdt cos(mx)
∣∣ ≤

≤ Cu(
l∑

n=N

1

m2
)
1
2 (

l∑
n=N

|
∫ π

0

tf(t) sin(mt)dt|2)
1
2 ≤ Cu||f ||L2

.

(153)

×åòâåðòîå ñëàãàåìîå: àíàëîãè÷íî ïåðâîìó.

Ïÿòîå ñëàãàåìîå: îáîçíà÷èì U(t) =
∫ t
0 u

2(s)dt (ýòà ôóíêöèÿ áóäåò àáñîëþò-
íî íåïðåðûâíîé), èíòåãðèðóåì u2(s):

sup
0≤x≤π

∣∣ l∑
n=N

cos(mx)

2m

∫ π

0

f(t) sin(mt)

∫ t

0

u2(s)dsdt
∣∣ ≤

≤
l∑

n=N

1

2m
|
∫ π

0

f(t)U(t) sin(mt)dt| ≤

≤ C(
l∑

n=N

|
∫ π

0

f(t)U(t) sin(mt)dt|2)
1
2 ≤ C||f(t)U(t)||L2

≤ Cu||f ||L2
.

(154)

Äëÿ îöåíêè øåñòîãî ñëàãàåìîãî ââåäåì ôóíêöèþ ξ(s, τ), äåéñòâóþùóþ ïî
ïðàâèëó: ξ(s, τ) = 1, åñëè τ ≤ s, â îñòàëüíûõ ñëó÷àÿõ ξ(s, τ) = 0. Òîãäà
ôóíêöèÿ u(s)u(τ)ξ(s, τ) ∈ L2[0, π]. Ïîëó÷èì:
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|
l∑

n=N

∫ π

0

2tf(t)

π
sin(mx)

∫ π

0

∫ s

0

u(s)u(τ) cos(2ms) sin(2mτ)dτdsdt cos(mx)| ≤

≤ 2

π
sup

0≤x≤π
(

l∑
n=N

|
∫ π

0

tf(t) sin(mx)dt|2)
1
2 ·

· (
l∑

n=N

|
∫ π

0

∫ s

0

u(s)u(τ) cos(2ms) sin(2mτ)dτds|2)
1
2 ≤

≤ C||f ||L2
(

l∑
n=N

|
∫ π

0

∫ π

0

u(s)u(τ)ξ(s, τ) cos(2ms) sin(2mτ)dτds|2)
1
2 ≤ Cu||f ||L2

.

(155)

Ïåðåõîäèì ê ïîñëåäíåìó ñëàãàåìîìó (150). Îáîçíà÷èì çà H̃s îïåðàòîð ñðåç-
êè H̃sf(t) = ξ[s,π]f(t). Òîãäà

|
l∑

n=N

∫ π

0

f(t) sin(mx)

∫ t

0

∫ s

0

u(s)u(τ) cos(2ms) sin(2mτ)dτdsdt cos(mx)| =

= sup
0≤x≤π

|
∫ π

0

u(s)
l∑

n=N

cos(2ms) cos(mx)(H̃sf(t), sin(mt))(Hsu(τ), sin(2mτ))ds| ≤

≤
∫ π

0

|u(s)| · |
l∑

n=N

(H̃sf(t), sin(mt))(Hsu(τ), sin(2mτ))|ds ≤

≤ C

∫ π

0

|u(s)| · ||H̃sf(t)||L2
· ||Hsu||L2

≤ Cu||f ||L2

(156)

Â ðåçóëüòàòå ïðèâåäåííûõ îöåíîê (151) � (156) ïîëó÷àåì, ÷òî äëÿ (150)
âûïîëíÿåòñÿ:

||
√

2

π

l∑
n=N

(f(t), ψn,1(t)) cos(mx)||C ≤ Cu||f ||L2
. (157)

Âåðíåìñÿ ñíîâà ê îöåíêå ñëàãàåìûõ èç îñíîâíîãî ðàâåíñòâà (147).
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Îöåíêà òðåòüåãî ñëàãàåìîãî ïîëó÷àåòñÿ ñ ó÷åòîì (143) äîâîëüíî ïðîñòî:

sup
0≤x≤π

∣∣ l∑
n=N

√
2

π
(f(t), ψn,2(t)) cos(mx)

∣∣ ≤√2

π

l∑
n=N

∣∣∫ π

0

f(t) · ψn,2(t)dt
∣∣

≤
√

2

π

l∑
n=1

||f ||L2

∫ π

0

|ψn,2(t)|2dt ≤ Cu||f ||L2
.

(158)

×òî êàñàåòñÿ ÷åòâåðòîãî ñëàãàåìîãî (147), â ñèëó (141) âûïîëíÿåòñÿ íåðà-
âåíñòâî:

||
l∑

n=N

√
2

π
(f(t), cos(mt))φn(x)||C ≤

√
2

π
sup

0≤x≤π

l∑
n=N

(|(f(t), cos(mt))| · |φn(x)|) ≤

≤ Cu||f ||L2
.

(159)

Äëÿ ïîñëåäíåé ÷àñòè (147) â ñèëó (140) âåðíî ñëåäóþùåå:

||
l∑

n=N

√
2

π
(f(t), ψn(t))φn(x)||C ≤ sup

0≤x≤π

∣∣ l∑
n=N

√
2

π
||f(t)||L2

· ||ψn(t))||L2
· φn(x)

∣∣
≤
√

2

π
||f ||L2

sup
0≤x≤π

∣∣ l∑
n=N

||ψn(t)||L2
φn(x)

∣∣ ≤ Cu||f ||L2
.

(160)

Â ðåçóëüòàòå, ìû ïîëó÷èëè îöåíêó îñíîâíîãî ðàâåíñòâà (147). Îïåðà-
òîð Bl ìîæíî ïðåäñòàâèòü â âèäå ñóììû Bl = BN−1 + Bl,N , à òàê êàê
||BN−1||L2→C ≤ Cu (ñóììà êîíå÷íîãî ÷èñëà ñëàãàåìûõ), òî è

||Bl||L2→C ≤ Cu

.

Òàêèì îáðàçîì, ìû äîêàçàëè ðàâíîìåðíóþ îãðàíè÷åííîñòü îïåðàòîðîâ Bl

äëÿ ëþáîé ôóíêöèè u ∈ L2[0, π].

Ðàññìîòðèì äåéñòâèå îïåðàòîðà Bl íà ñîáñòâåííûå è ïðèñîåäèíåííûå
ôóíêöèè îïåðàòîðà L:

(Blyk)(x) =
l∑

n=1

(yk(x), vn(x))yn(x)− 2

π

l∑
n=1

(yk(x), cos(mx)) cos(mx). (161)
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Ïåðâîå ñëàãàåìîå (161) ðàâíî 0 ïðè m < k è ðàâíî yk(x) ïðè m ≥ k.
Âòîðîå ñëàãàåìîå ïðåäñòàâëÿåò ñîáîé ÷àñòè÷íóþ ñóììó ðÿäà Ôóðüå ôóíêöèè
yk. Âñå ôóíêöèè yk ∈ W 1

2 [0, π], ïîýòîìó ðÿä Ôóðüå ôóíêöèè yk ñõîäèòñÿ ê íåé
ðàâíîìåðíî íà îòðåçêå [0, π], è ìû ïîëó÷àåì, ÷òî

lim
l→∞
||Blyk||C = 0. (162)

Äàëåå âîñïîëüçóåìñÿ âñïîìîãàòåëüíîé òåîðåìîé

Òåîðåìà ([15], òåîðåìà 2.7)

Ïóñòü u ∈ L2[0, π]. Òîãäà ñèñòåìà {yn(x)}∞n=1 ñîáñòâåííûõ è ïðèñîåäè-
íåííûõ ôóíêöèé îïåðàòîðà L îáðàçóåò áàçèñ Ðèññà â ïðîñòðàíñòâå L2[0, π].

Îòñþäà ñëåäóåò, ÷òî ëþáóþ ôóíêöèþ f(x) ìîæíî ïðèáëèçèòü ëèíåéíûìè
êîìáèíàöèÿìè ôóíêöèé ñèñòåìû {yk(x)}, è âåðíî ðàâåíñòâî:

lim
l→∞
||Blf ||C = 0. (163)

Òàêèì îáðàçîì, ìû äîêàçàëè ðàâíîñõîäèìîñòü ðàçëîæåíèÿ â ðÿä ïî ñè-
ñòåìå ñîáñòâåííûõ è ïðèñîåäèíåííûõ ôóíêöèé îïåðàòîðà LND è ñèñòåìå
{cos((n − 1/2)x)}∞n=1. Îñòàëñÿ íåðåøåííûì âîïðîñ î ñêîðîñòè ýòîé ðàâíîñ-
õîäèìîñòè.

Îáîçíà÷èì çà gk(x) =
∑k

n=1 cnyn(x) äëÿ ëþáîãî k ≥ Nu (ãäå
cn = (f(x), vn(x))). Òîãäà äëÿ ëþáîé ôóíêöèè f ∈ L2[0, π] è äëÿ ëþáîãî
íàòóðàëüíîãî l âûïîëíåíî:

||Blf ||C ≤ ||Bl(f − gk)||C + ||Blgk||C . (164)

Îöåíèì íîðìû ïåðâîãî ñëàãàåìîãî ïðàâîé ÷àñòè (164) â ïðîñòðàíñòâå
C[0, π].

||Bl(f − gk)||C ≤ Cu
( ∞∑
n=k+1

|cn,0|2
)1/2

+ ||f ||L2
pu(k + 1), (165)

ãäå cn,0 =
√

2/π(f(x), cos(mx)), à ÷èñëà pu(k) îïðåäåëåíû â (145).

Ïîäñòàâèì àñèìïòîòè÷åñêèå ôîðìóëû (139):

||f(x)− gk(x)||L2
≤ ||

∞∑
n=k+1

2

π
(f(x), cos(mx)) cos(mx)||L2

+
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+||
∞∑

n=k+1

2

π
(f(x), ψn(x)) cos(mx)||L2

+

+||
∞∑

n=k+1

2

π
(f(x), cos(mx))φn(x)||L2

+ ||
∞∑

n=k+1

2

π
(f(x), ψn(x))φn(x)||L2

≤

≤ Cu(
∞∑

n=k+1

|cn,0|2)1/2+

+||f ||L2

(
(
∞∑

n=k+1

||ψn||2L2
)1/2 + (

∞∑
n=k+1

||φn||2L2
)1/2 +

∞∑
n=k+1

||ψn||L2
· ||φn||L2

)
=

= Cu(
∞∑

n=k+1

|cn,0|2)1/2 + vu(k + 1)||f ||L2
.

Òàê êàê íîðìà îïåðàòîðà Bl íå ïðåâîñõîäèò êîíñòàíòó Cu, îòñþäà âûòåêàåò
íåðàâåíñòâî (165).

Ïåðåéäåì ê îöåíêå âòîðîãî ñëàãàåìîãî â (164).

Ïóñòü l > k. Îáîçíà÷èì ÷åðåç Sl îïåðàòîð, äåéñòâóþùèé
èç ïðîñòðàíñòâà W 1

2 [0, π] â ïðîñòðàíñòâî C[0, π] ïî ïðàâèëó:
Slh(x) = 2/π

∑∞
n=l+1(h(t), cosmt) cosmx. Âñå ñîáñòâåííûå è ïðèñîåäè-

íåííûå ôóíêöèè îïåðàòîðà LND ïðèíàäëåæàò ïðîñòðàíñòâóW 1
2 [0, π], çíà÷èò

äåéñòâèå îïåðàòîðà Sl íà íèõ êîððåêòíî îïðåäåëåíî, ñëåäîâàòåëüíî, âåðíî:

Blgk(x) = gk(x)− 2

π

l∑
n=1

(gk(t), cos(mt)) cos(mx) = Slgk(x)

Îòêóäà:
||Blgk||C ≤ ||Sl(gk − gN)||C + ||SlgN ||C (166)

Ïóñòü m > k ≥ Nu. Ïîëó÷àåì, ÷òî

||Sl(gk − gN)||C = ||
k∑

n=N+1

cnSlyn(x)||C = ||
k∑

n=N+1

cnSlφn(x)||C ,

òàê êàê yn(x) =
√

2/π cosmx + φn(x), (ñì. (139)). Äàëåå âîñïîëüçóåìñÿ òåì,
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÷òî

k∑
n=N+1

|cn|2 ≤
∞∑

n=N+1

|cn|2 ≤

≤ 2
(2

π

∞∑
n=N+1

|(f(x), cos(mx))|2 +
∞∑

n=N+1

|(f(x), ψn(x))|2
)
≤ Cu||f ||2L2

.

Òîãäà

||
k∑

n=N+1

cnSlφn(x)||C ≤ (
k∑

n=N+1

|cn|2)1/2(
k∑

n=N+1

||Slφn(x)||2C)1/2 ≤

Cu||f ||L2
(

k∑
n=N+1

||Slφn(x)||2C)1/2.

Îöåíèì íîðìó ||Slφn(x)||C ñ ó÷åòîì òîãî, ÷òî φn(0) = 0.

||Slφn(x)||C ≤
2

π

∞∑
j=l+1

|(φn(x), cos((j + 1/2)x))| =

=
2

π

∞∑
j=l+1

|(φn(x)
′
, sin((j + 1/2)x))|
j + 1/2

≤

≤ 2

π

( ∞∑
j=l+1

1

(j + 1/2)2
)1/2( ∞∑

j=l+1

|(φn(x)
′
, cos((j + 1/2)x))|2

)1/2 ≤
≤ Cul

−1/2||φn(x)||W 1
2
.

(167)

Èç [39], �2 ñëåäóåò, ÷òî φn(x)
′

= nηn(x) + u(x)yn(x), ||φn(x)||W 1
2
≤ Cunηn,

ãäå ||{ηn}||l2 ≤ Cu. Îòñþäà ïîëó÷àåì, ÷òî

||Slφn(x)||C ≤ Cul
−1/2nηn.

Â ðåçóëüòàòå, ïåðâîå ñëàãàåìîå (166) ìîæíî îöåíèòü òàê:

||Sl(gk − gN)||C ≤ Cu||f ||L2

( k∑
n=1

l−1n2η2n
)1/2 ≤ Cu||f ||L2

l−1/2k.
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×òî êàñàåòñÿ âòîðîãî ñëàãàåìîãî, äåéñòâèå îïåðàòîðà Sl íà ôóíêöèè gN îöå-
íèâàåòñÿ òàê æå, êàê â (167):

||SlgN(x)||C ≤ Cul
−1/2||gN(x)||W 1

2
.

×èñëî N ôèêñèðîâàíî è çàâèñèò òîëüêî îò ïåðâîîáðàçíîé ïîòåíöèàëà u,
ïîýòîìó ||gN(x)||W 1

2
≤ Cu||f ||L2

è

||SlgN ||C ≤ Cul
−1/2||f ||L2

.

Â èòîãå, ïîëó÷àåì, ÷òî

||Blgk||C ≤ ||f ||L2
· Cukl−1/2. (168)

Òåïåðü äîñòàòî÷íî âçÿòü k = [l1/2−ε], ãäå ε ∈ (0, 1/2) ïðîèçîâîëüíî, è èç
(164), (165), (168) áóäåò íåïîñðåäñòâåííî ñëåäîâàòü (144). Òåîðåìà 3.2 ïîëíî-
ñòüþ äîêàçàíà. �

Çàìå÷àíèå 3.1

Äîêàçàòåëüñòâî ðàâíîñõîäèìîñòè â ñëó÷àå ãðàíè÷íûõ óñëîâèé Íåéìàíà
ïîëíîñòüþ ñîâïàäàåò ñ ðàññóæäåíèÿìè Òåîðåìû 3.2 ñ òîé ëèøü ðàçíèöåé,
÷òî m áóäåò öåëûì ÷èñëîì. Ýòî ñëåäóåò èç äîêàçàòåëüñòâà Òåîðåìû 2.3
Ãëàâû 2, îòêóäà âèäíî, ÷òî íà÷èíàÿ ñ ôîðìóëû (139) ðàññóæäåíèÿ áóäóò
ïîâòîðÿòüñÿ.

3. Îáîáùåííàÿ òåîðåìà î ðàâíîñõîäèìîñòè ñ îöåíêîé åå ñêîðîñòè

Ñôîðìóëèðóåì ïîëó÷åííûå ðåçóëüòàòû â âèäå îáùåé òåîðåìû.

Òåîðåìà 3.4

Ðàññìîòðèì îïåðàòîð L, ïîðîæäåííûé äèôôåðåíöèàëüíûì âûðàæåíè-
åì −y′′ + q(x)y, ãäå q(x) = u′(x) â ñìûñëå ðàñïðåäåëåíèé, à êîìïëåêñ-
íîçíà÷íàÿ ôóíêöèÿ u(x) ∈ L2[0, π]. Ïóñòü {yn(x)}∞n=1 � ñèñòåìà ñîá-
ñòâåííûõ è ïðèñîåäèíåííûõ ôóíêöèé îïåðàòîðà L, ïðè÷åì äëÿ ñîáñòâåí-
íûõ ôóíêöèé ||yn(x)||L2

= 1, à {vn(x)}∞n=1� áèîðòîãîíàëüíàÿ ê íåé. Äëÿ
ïðîèçâîëüíîé ôóíêöèè f ∈ L2[0, π] îáîçíà÷èì çà cn = (f(x), vn(x)),
cn,0 =

√
2/π(f(x), F (mx)). Òîãäà èìååò ìåñòî ðàâíîìåðíàÿ íà âñåì îòðåçêå

[0, π] ðàâíîñõîäèìîñòü ðàçëîæåíèÿ ôóíêöèè f â ðÿä ïî ñèñòåìå {yn(x)}∞n=1
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è ïî ñèñòåìå {F (mx)}. Ïðè ýòîì ñêîðîñòü ðàâíîñõîäèìîñòè õàðàêòåðèçó-
åòñÿ ñëåäóþùèì âûðàæåíèåì

∣∣∣∣ l∑
n=1

cnyn(x)−
l∑

n=1

√
2

π
cn,0F (mx)

∣∣∣∣
C
≤

≤ Cu
( ∑
n≥l1/2−ε

|cn,0|2
)1/2

+ ||f ||L2
(vu([l

1/2−ε]) + Cul
−ε),

(169)

ãäå ε ∈ (0, 1/2) � ïðîèçâîëüíîå ìàëîå ïîëîæèòåëüíîå ÷èñëî, l1/2−ε > Nu, à

vu(k) = Cu((
∑
n≥k

||ψn||2L2
)1/2 + (

∑
n≥k

||φn||2L2
)1/2), k ≤ Nu.

Çäåñü â ñëó÷àå ãðàíè÷íûõ óñëîâèé

• Äèðèõëå (y(0) = 0, y(π) = 0) F (α) = sin(α), m ∈ N,

• Íåéìàíà (y[1](0) = 0, y[1](π) = 0) F (α) = cos(α), m ∈ N
⋃

0,

• Äèðèõëå�Íåéìàíà (y(0) = 0, y[1](π) = 0) F (α) = sin(α), m = n − 1
2,

n ∈ N,

• Íåéìàíà�Äèðèõëå (y[1](0) = 0, y(π) = 0) F (α) = cos(α),m = n − 1
2,

n ∈ N.

Äîêàçàòåëüñòâî

Äîêàçàòåëüñòâî ñëåäóåò èç Òåîðåìû 3.1, Òåîðåìû 3.2 è Çàìå÷àíèÿ 3.1. �
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