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ON THE EXISTENCE OF A NONEXTENDABLE SOLUTION
OF THE CAUCHY PROBLEM FOR A (3 + 1)-DIMENSIONAL
THERMAL-ELECTRICAL MODEL

M. V. Artemeva*’ and M. O. Korpusov*f

A thermal—electrical (3+1)-dimensional model of heating a semiconductor in an electric field is considered.
For the corresponding Cauchy problem, the existence of a classical solution nonextendable in time is proved

and an a priori estimate global in time is obtained.
Keywords: nonlinear Sobolev-type equations, local solvability, nonlinear capacity, blow-up time estimates

DOI: 10.1134/S0040577924120146

1. Introduction

The modern radio information systems that provide solutions to space monitoring problems are charac-
terized by a large number of densely located electronic units, continuous operation for a long time, and high
reliability requirements. When a structurally complex radio information system operates in heat-stressed
modes, the heat generation in electronic equipment increases sharply due to high current loads. The
increased heat generation leads to overheating of the equipment and hence to a decrease in the reliability
of the product [1] as well as an increase in the failure probability. These circumstances necessitate the need
to study nonlinear thermal processes in a semiconductor and to construct and study the thermal—electrical
model of a semiconductor.

This paper is a continuation of the studies started in [2]-[8]. In [7], a thermal-electrical semiconductor
heating model was proposed, which reduced to considering the nonclassical third-order equation

0 v 9 dro
o (600 310l + 1770 1)
For the problem on the closed interval = € [0, L] with the boundary conditions

¢(0,8) = po(t),  92(0,8) = pu(t),  ¢(2,0) = ¢go(x) (2)

we obtained the result on the existence of a classical solution nonextendable in time and also obtained
sufficient conditions for the blow-up of solutions in finite time, which from a physical standpoint means the
occurrence of electrical breakdown.
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In this paper, we consider the following Cauchy problem for a model (3 + 1)-dimensional equation
in (1):

O (Beule, )+ Deu(e, 1Y) + Avu(w,) =0, u(a,0) = uo(e), 0
3. 92
A, = g g
j=1 (%cj

For ¢ > 3/2, we prove the existence of a nonextendable solution; for small initial data, we prove the existence
of a global-in-time solution of the Cauchy problem and obtain an estimate for the decrease in time.

2. Cauchy Problem. The case q > 2

We consider the Cauchy problem

o)
Agu+ |Dyul?) + Agu = 0, > 1, 1) € R3 x [0, 7],
(‘%( u+ |Dyul?) u q (2,1) [0,7] 4)

u(z,0) = uo(x), r € R3.

We consider the class of radially symmetric solutions of Cauchy problem (4) and introduce a new function

an:ﬁ&gﬁ? (5)
Then Cauchy problem (4) becomes
d (Ow(r,t) 1 p ow(r,t)
875( or + r2(a—1) [o(r, )] ) + or 0,
Ouo(r) ©)
_ 2v%0
w(r,0) =r o

We thus arrive at the initial boundary value problem

9 (Ow(r,t) |w|i(r,t) ow(r,t)
at( or 2a-n )T g, =0 a>1 (nt)€[0,+00) x[0,T], -

w(0,t) =0, w(r,0) = wy(r), (r,t) € [0,+00) x [0,T].
We consider the operator

_ b))l ()

Qu(wih(r) =" +a T i) ®)

and introduce Banach spaces required for the further study. We give the following definitions.

Definition 1. We say that h € Cp(r=*,1+17;]0,+00)) for a > 0 and v > 0 if h € Cp[0, +00) and the
following norm is finite:

|h]la,y == sup max{l+r7,r"“}h(r)]. (9)
re[0,+00)

Remark 1. If v = 0, then instead of Cy(r~%,1 + r7;[0,+00)), we simply write Cy(r~%; [0, +00)),
and instead of | - |

ay, We write || - ||q.
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Definition 2. We say that h € C’él)(r 7P, 1+77;[0,+00)) for @« > 0, B > 0, and v > 0 if
h(r) € Cél)[O, +00) and the following norm is ﬁmte.

Ihlla,p~ == sup max{l,r “}h(r)|+ sup max{l+ 7"7,7“6}‘ dh(r (10)
ref0,400) rE[0,+00)
The following lemmas hold.
Lemma 1. The linear spaces
Gy, 14175 [0,400)), Gy (™ r7P, 14175 (0, +00))
are Banach spaces with respect to respective norms (9) and (10).
Lemma 2. For any function w(r) € Cy(r=%;[0,4+00)), if the inequalities
a2, q>3/2 (11)
are satisfied, then the operator Qq(w) acts as
Qa2(w): Cél)(r_o‘, r B 147, [0, 4+00)) — Co(r=P, 1417, [0, +00)), (12)

B=a+(a=-2)(¢-1), y=2(¢-1),

and the following relations hold:
Q5 (w): Cy(r=, 147750, +00)) — Cél)(r_o‘, 7P 14770, 400)),
_ " " w(y) 92w (13)
o) = @z w)r() = [esp(—a [ ORI ) )
0 P

Proof. For ¢ > 3/2 and o > 2, we have the inequalities

q—2
| < ol < forant e o1
i (14)
w(r)|72w(r) -1
12(g—1) < Jlw|| for all r € [1,+o0].
We note the estimate
|q *w(y) T qw(y)lt
'/ - WS ey W
" w(y)|r! O Jw(y)|et
:/0 J2(a-1) dy+/1 ey WS

1 +oo
_ a—2)(g— _ 1 _
<lolg [ oDV ay st [ <Ml (5)
0 1

On the one hand, we note that from the explicit form of h(r) in (22), it follows that h(r) € C([0, +o0).
On the other hand, for r € (0, 1], we have

1 _ , T
e 1] < exptadn (o ™) 0 [0 dp -

= exp(¢Mi(a, q)[w[F) f+1>a. (16)

14+8"
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For r > 1, we have

1
[A(r)] < eXP(Ml(Oé,q)IIwIIZ‘fl)IIfIIﬁ,v/0 p’ dp + exp(Mi(a, q)|[wl|Z ) fllg.

T dp _
></1 14 g S Melg @) exp(Mi(e, )|[wllg NS lls.q (17)

because v = 2(¢ — 1) > 1 for ¢ > 3/2. Thus, from (16) and (17), we obtain h(r) € Cp(r—*; [0, +00)). It is
easy to prove the relation

dh(r)

|w(r)[ 7 2w(r)
dr h

=f(r)—q 12(a-1) (r) € Cb(rfﬁ, 14770, 400)). (18)
The lemma is proved.

Lemma 3. For any function w(r,t) € C([0,T]; Cp(r—%;[0,+00))), if the inequalities

are satisfied, then the operator Qq2(w) acts as

Qa(w): C([0,T]; CV (=, =8 141730, 400))) — C([0,T]; Co(r~?, 1 +17; [0, +0))),
B=a+(a-2)(q-1), v=2(qg—1),

and the following relations hold:

Q3 (w): C([0,T); Co(r~F,1+17;[0,400))) = C([0,T); C (1=, v, 1+ 173 [0, +00))), (21)
w )|9 2
hr ) = Q5 (w) f(r,1) / exp< / o yt'q 1)( vt) dy)f(p,t)dp. (22)

Proof. Property (20) is obvious. We prove properties (21) and (22). The following relations hold:

q 2
h(r;t1) — h(r,ts) :/o [exp< / w(y,ta 2|(q ; w(y,t1) dy) B
q 2
_exp< / lw(y, t 2|(q y w(y, t2) dy)]f(p,tl)dp+

wy,t 1 2w(y, t
s [on(caf L0 ).
0 P

x [f(p,t1) = fp,t2)] dp := hl( ) + ha(r), (23)
y tl)l(q N (yatl) dy) exp< / |w yatz)2|(qll)v(y7t2) dy) _

exp(
/ exp< /p st(y)QI(qq?lz;Js(y) dy> ds.
wy(y) = su(y,t2) + (1 - s)uly,ta), 1)
exp( ([ LD 1) o s [ )
/ 0 ot ) = et . (25)
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First, we note the inequality

ws (Y)] < slwly, t1)| + (1 = s)[w(y, t2)] < max{[w(y, t2)], lw(y, t2)[}, s €[0,1].

We then have the estimates

" ws (y)|472 ws(y)]972
1 ) — wtemtas] < [ ) =t +

oo |w5( )|qj2 q—2 q—2
+ lw(y, t1) — w(y, t2)| dy < max{|Jw(t)||&, lw(t2)I&77} x
1

y2(‘1_1)

' 2 1 e dy
y [/ (oD >dy+/ Q(q_l)]Hw(tl)—w(tg)Ha <
0 1 Y

< Ms(a, ) max{[[w(t) |22, w(t2) |72 Hw(tr) — w(t2)]a-
Thus, from (23) with (26) taken into account, we obtain

1halle < Ma(er, q) exp(Mi (o, q) max{|lw(t) [ 47, [lw(t2)[471}) x
x max{lw(t) 1572 [lw(t) |52 Hw(t:) — wt2)llallf (t1)ll5,-

Similarly, we obtain the estimate

1h2lla < Mi(a, q) exp(Mi(e, q)llw(t2) 1) f (1) = f(t2)]l 5.

Therefore, Egs. (27) and (28) imply the estimate

1h(t1) = h(t2)lla < Ma(e, @)lexp(Mi(a, ¢) max{[lw(t)[[E7" [[w(t2)[E71}) x

x max{[[w(t) [472, [[w(t) [ Hlw(t) — wlt)llall £ (E)].4 +

+exp(Mi (e, @) [w(t2) |47 f(t1) = f(t2)ll5.4],

whence it follows that
||h(t1) — h(fg)”a — 40 as |t1 — t2| — +0.

We now note the relation dh(r 1) lw(r, )9~ 2w(r, t)
rt) w(r, t)| T “w(r,t
P (0 B R h(r,t),

from which, similarly to (30), we obtain the estimate

Hdh(“ ) R ) — fr) o + gl () — Al +

dr dr

‘ﬁﬁ
+q(q — 1) max{[w(t)[|£72, w(t2)[|E*HIA(E) [[allw(t)

which implies

— +0 as |t1 — t2| — 40.

By

dh(r, tl) _ dh(r, tg)
dr dr

Thus, from (30) and (33), we obtain
||h(t1) - h(tg)”aﬁﬁ — +0 as |t1 — t2| — +0.

Therefore, h(r,t) € C([0,T7; Cél)(r*a, =81+ 77;[0,4+00))). The lemma is proved.

— w(t2)l|a;

(26)

(28)

(34)
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We now define the classical solution of initial boundary value problem (7).
Definition 3. A function w(r,t) € C ([0, T}; Cél)(r_o‘, =P 14170, 400))) with
az2, q¢g>1, f=a+(a—2)(¢g—-1), v=2(¢—-1)

is called a classical solution of problem (7) if the function pointwise satisfies the above relations for all
(r,t) € ]0,+00) x [0,T], and the derivatives at the boundary points are understood as one-sided limits.

Let w(r,t) be a classical solution of problem (7) in the sense of Definition 1, and let ¢ > 2. Then the
following equivalent relations hold for all (r,t) € [0,400) % [0, T7:

Qs(w) %1: + Qa(wyw = f(rt),  w(r0) =wo(r),  flrt):= q“?‘;((?; _%'q (35)
O b= Qi) wlr0)=wolr), (36)
wi) =uoe + [ NG w10 =a (37)

We can rewrite the last integral equation in the form

Q)0 = woe+ [ I N dr, 6= (39)

0

The following lemma holds.

Lemma 4. For q > 2 and any function wy(r) € Cél)(r‘o‘, =P, 1+ 717;]0,+00)), the operator defined
in (39) acts as

Q: C([0,T); Cy(r~; 0, +00))) — CO([0, T]; V) (r=, =8 1+ 1730, +0))). (40)

Proof. On one hand, we note that

f(r,t) € C([0,T); Co(r=",1+77;[0, +00)) (41)
for any function
w(r,t) € C([0,T]; Co(r~—; [0, +00))). (42)
On the other hand, the operator
t
So(t) = / == () dr (43)
0
act as
S: C([0,T); CV (=, 8 1+ 175 [0, 400))) = CO([0,T); CV (1=, 772, 1 4173 [0, +00))). (44)
It remains to note that
¢ 1 lw(r, )9
Q) = wolr)e ™t +S(@5 @)f(r,1),  frt)i=q ) (45)
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Remark 2. In particular, we have
Q: C(0,T]; Co(r=%;[0,+00))) = C([0,T]; Cp(r~=; [0, +00))).
We consider the closed convex and bounded set

B = {w(t) € C([0,T}; Cy(r~*; [0, +00))) : [lw| < R},

[w]l == sup [[w(t)|a-
t€[0,T)

The following lemma holds.

(46)

(47)

Lemma 5. For any function wo(r) € Cy(r—%;[0,400)) and for ¢ > 1, there exists a sufficiently large

R > 0 and a sufficiently small T > 0 such that
Q: Br — Bg.
Proof. Let R > 0 be large enough that

Jwoll = llwolla <

We fix such an R > 0. The following estimate holds:
15 (w(r)) £ (7)lla < Ma(ar, @) DN ],
It follows from (39) with (49) and (50) taken into account that the estimate

q—1
1Q(w)[| < [Jwoll + T Ma(a, g™ (@I <

holds if T' > 0 is small enough that
TM;(a, g)e s (R pa-1 ¢ |
k) ~X 2 .
Taking Lemma 4 into account, we obtain the sought assertion. The lemma is proved.

The following lemma holds.

Lemma 6. For a sufficiently small T > 0 and for q > 2, () is a contraction operator on Bg:

1QGwn) ~ Q) < oy — ws

for any wy,ws € BR.
Proof. Let w;(t),ws(t) € Br. We introduce the following functions for k =1, 2:

_ Jwn(r )]

9k (Ta t) = (Q;l(wk (Ta t))fk (Ta t))(’l", t)v fk(rv t) =4q r2(a—1)

(48)

(50)

(52)



As in the derivation of estimate (29), we obtain the inequality
-1
lga(rt) = g2(r, )| < Ma(ar, @)™ DT RI72 [y — wo| sup ! [fullg +
¢

)

—1
+ MR gy Ilf1 = falls.A), (55)
t€[0,T]

and the following estimate holds:

sup [ f1(t) = fo(®)lls.y < Ms(a, @) R Jwr — wa]. (56)
t€[0,T]
From estimates (55) and (56), we obtain
lgr (1, £) = ga(r, )| < Mo(, @) DT RIZURT 1]y — ws . (57)

From (39) with (56) and (57) taken into account, we obtain the estimate

a1 o 1
1Q(w1) = Q(wa)l| < TMa(av, g)e™ *DF ™ RITURI 4 1][|wn — wal < | [lwy — w] (58)
2

if T > 0 is small enough that
- 1
T Mg(a, ¢)eM (DR 1Rq71[Rq +1] < o

The lemma is proved.

Taking Lemmas 5 and 6 and the contraction mapping principle into account, we conclude that for
any function wo(r) € Cp(r—;[0,400)), if inequalities (19) are satisfied for sufficiently small T' > 0, there
exists a unique solution of integral equation (38) in the class C([0,T]; Cp(r~%;[0, +00))). Using standard
algorithms for continuing solutions of integral equation (38) in time (see [9]), we obtain the following result.

Theorem 1. If ¢ > 2 and the inequality « > 2 is satisfied, then for any function wy(r) €
Cy(r=;[0,400)), there is a maximal Ty = To(wg) > 0 such that, for any T € (0,Tp), there exists
a unique solution w(r,t) of class C([0,T]; Cp(r—%;[0,+00))) of integral equation (38), and either Ty = 400
or Ty < 4o00; in the latter case,

li t)la = .
T t) o = +oc (59)

Taking Lemma 4 into account and using Eq. (38), we formulate the main theorem in this paper.

Theorem 2. If ¢ > 2 and inequality o« > 2 is satisfied, then for any function wy(r) €
Cy(r=; [0, +00)) N CM[0,4+00), there is a maximal Ty = To(wg) > O such that, for any T € (0,Ty),
there exists a unique classical solution of problem (7) in the sense of Definition 3, and either Ty = +o00
or Ty < +oo; in the latter case, the limit property (59) holds.

We now consider the following integral inequality for ¢ € [0, T:
t ot
2(t) < z(0)e™" —|—/ e~ g e22" " (1) 24(1) dr, g>1, =z(t)>=0. (60)
0
We assume that the number d > 0 is such that the inequalities

2(0)<d,  aje™ @l <1 (61)
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hold. We also assume that there is t = t5 > 0 such that
z(t) < d, z(tg) =d for all ¢ € [0,1to). (62)

Then we have
ale‘”‘zq_l(t)zq(t) <are™ @il < d for t €0, (63)

Therefore, from (60) with (61) and (63) taken into account, we obtain the inequality
2(tg) < z(0)e " + /Oto e_(tO_T)ale‘”qul(T)zq(T) dr <
<de ™ +d(l—e)=d = 2(t) <d. (64)
This contradicts assumption (62). Therefore, if inequality (61) holds, we have
z(t) <d forall ¢te][0,T]. (65)
The following theorem holds.

Theorem 3. If in addition to the conditions in Theorem 2, we have
lwolla < d  for M4(oz,q)el\/[l(o"q)”l(ﬁldq_1 <1, (66)

where M and My are constants that appear in the proof of Lemma 2, then the classical solution of Cauchy
problem (7) in the sense of Definition 3 exists globally in time, and ||w(t)||o < d for all t € [0, +00). If

wo(r) =0, Mu(a, )fwolld™ <1, (67)

then the solution of the Cauchy problem exists globally in time and the following inequality holds:

[[wollae™
Wl (t) < . 68
1l < 1 Ao, ol (1 - e-amntran o
Proof. As in the proof of Lemma 2, we obtain the inequality
t
lwlla(t) < llwollae™" + / e T My(a, )M DI w4 (7) dr. (69)
0

It remains to use the arguments in (60)—(65).

If wo(r) > 0 in addition to the other conditions, then integral equation (37) implies the inequality
w(r,t) = 0 for all (r,t) € [0,400) x [0,Tp). With this inequality taken into account, we use integral
equation (38) to obtain the estimate

t
lwlla(t) < llwollae™ +M4(Q’Q)/o e |lw|& (7) dr. (70)
We introduce the function
2(t) = [lwlla(t)e". (71)
From (70), we then derive the inequality
t ¢
2(t) < z(0) + M4eft/ e~ @) dr < 2(0) + M4/ e~ @D a(7) dr, (72)
0 0

whence, using the Bihari inequality (see [10]), we obtain the inequality

z(0)

S a0 - e

(73)

from which, using the condition M42971(0) < 1, we deduce the remaining assertions of the theorem.
The theorem is proved.
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3. Cauchy Problem. The case 3/2 < g < 2

In the case 3/2 < ¢ < 2, Lemma 2 remains true. Lemma 3 takes the following form.

Lemma 7. For any function w(r,t) € C([0,T]; Cp(r~%; [0, +00))) if the inequalities o > 2,3/2 < q < 2,
and

w(r,t) = wo(r)e™,  wo(r) € Cy(r™; [0, +00)), (74)
wo(r) = apmin{l,r}, ap >0,
are satisfied, then the operator Qq(w) acts as
Qa(w): C(0. 71 GV (™% 172, 1417:(0,400)) = GO TEC ™ Lo ko)),
B=a+(a=2)(¢-1), ~v=2q-1),
and the following relations hold:
Q5 (w): C([0,T);Cy(r=P, 1+ 1730, +00))) — C([0,T); CL (r=,r78 1 417, [0, +00))),
T T J1)[a2 7 (76)
b = Q3 ) ) = [ e [T 1O DR ) 10y

Proof. The proof of this lemma repeats the proof of Lemma 2. We must consider estimate (26)
separately, where the use of condition ¢ > 2 was essential. In the case 3/2 < ¢ < 2, this estimate becomes

ws(y) = sw(y,t1) + (1 — s)w(y, ta) = swo(y)e ™™ + (1 — s)wo(y)e” " =
= wo(y) min{e ", e} > gomin{1,y*} min{e ", e 2} >0, s€0,1], y >0,

|ws ()72 [w(y, 1) — w(y, t2)] <
< af Yy T max{e®m 0N Cm0RY Jw(t) —wts)]la, y € [0,1],

ws (y)|7 2 [w(y, t1) — w(y, t2)] <
< 4§ 2max{€2 DY w(t) —w(ta)lla, Yy > 1,

0
" ws (y)]@ 2 1 w,(y q—2
}/ | Q(q |1) (yatl) - U)(y,tg)] dy‘ <‘/ | yQ((q)_|1) |U1(y,t1) - U)(y,tg)ldy+
0
T Jws (y) 72
[ ) wlta) dy <

1 —+o00 dy
<af”’ max{e(z_q)tlae(z_q)t2}[/ yeRehdy +/ y2(q1)} g
0 1

x [[w(t) = w(ts)|la < Ma(a, g, ao) max{e®= %, G2} ||w(tr) — w(ts)||a-
Similarly, we must change estimate (32). Thus, the lemma is proved.
We now consider the following complete metric space with the metric generated by the norm

Dpr = {w(t) € C([0,T]; Cp(r~*;[0,+00))): |w| < R, w(t) > woe '}, (77)
[[w]l = sup lw®)[la;  wo € Cp(r™; [0, +00)).

Lemmas 4 and 5 with Bg replaced by Dg remain valid without changes. The following lemma holds.
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Lemma 8. If conditions (74) are satisfied for a sufficiently small T > 0 and for q € (3/2,2), then Q is

a contraction operator on Dpg:
(78)

1
1Q(w1) = Qw2)|| <, lwr — we|
for any wy,ws € Dpg.

Proof. Let wy(t), w2(t) € Dr. We introduce the following functions for k = 1, 2:

|w1€(r7 t)lq

)= (@3 (A0 ) ), A= 5O

g1(r,t) = g2(r, 1) = /O T [exp <—q /p s (y’;':q_zf)vl - dy) -

" w 7t q_zw 7t
_exp<_q/p |wa (y y)2|(q1)2(y )dy>:|f1(p,t)dp+

' " wa(y, )7 2wy, t)
+/0 exp(—q/p y2(a-1) dy) X
X [fl(pa t) - fQ(pa t)] dp = hl(ra t) + hQ(Tv t)a
(79)

" wi(y, 017 2wy, t) " wa(y, )7 2wy, t)
exp(—q/ J20a-1) dy | —exp —q/p 2a=1) dy | =

1 r -2
_ [ d lws (y, )7 ws (y, 1)
_/O ds exp<—q/p 2a=1) dy | ds,
’Ujs(y,t) = Swl(yvt) + (1 - S)wQ(yvt)a
d " wg(y, 1)]9 2w, (y, t " wg(y, 1) ]9 2w, (y, t
exp(_q/ lws (y, 1) (y )dy> :_q(q_l)exp<_q/ |ws (y y)2|<q_1) (y )dy) "
P P

ds yz(‘l—l)
" ws(y, 1)
[ 1O ) — st

It now remains to use the estimates

ws(yat) = sSw1 (yat) + (1 - S)w2(yat) = SwO(y)e_t + (1 - S)MO(y)e_t

s€0,1], y=>0,

w2(t)||0¢7 Yy e [07 1]7
y=1,

=wo(y)e™" = agmin{l,y*}e* > 0,
Jws (y, |72 w1 (y, £) —wa(y, )] < af~y* @ Ve () —
Jws (y, 1) Jw(y, t) = w(y, )] < a§ *e® P lwi(t) — w2 (t)]la,
1 -2
lws(y, £)]?
lwi(y, t) —wa(y,t)| dy +

" ws (y, 1)]77
L y2(q*1) [wl (ya t) - wZ(ya t)] dy < A y2(q71)

+o0 -2 ' o
ws(y,t)]? 22 T ’
Ty A

X [[wi(t) = wa(t)|a < Ma(a, g, a0)e®~ D [Jwi(t) — wa(t)]|a-

The further reasoning is the same as in the proof of Lemma 6. The lemma is proved.

Further, as in the preceding section, we conclude that Theorems 1 and 2 hold under the condition

q € (3/2,2) and conditions (74). Finally, under these conditions, Theorem 3 is also true.
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