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Blow-up of solutions of an abstract Cauchy problem
for a formally hyperbolic equation with double non-linearity

M. O. Korpusov and A. A. Panin

Abstract. We consider an abstract Cauchy problem for a formally hyper-
bolic equation with double non-linearity. Under certain conditions on the
operators in the equation, we prove its local (in time) solubility and give
sufficient conditions for finite-time blow-up of solutions of the correspond-
ing abstract Cauchy problem. The proof uses a modification of a method
of Levine. We give examples of Cauchy problems and initial-boundary
value problems for concrete non-linear equations of mathematical physics.

Keywords: finite-time blow-up, generalized Klein—-Gordon equations,
non-linear hyperbolic equations, non-linear mixed boundary-value prob-
lems, field theory.

8§ 1. Introduction
We shall consider an abstract Cauchy problem for a formally hyperbolic equation
with double non-linearity of the following form:

Our main concern is to find conditions for the blow-up of solutions of this problem.

First of all we note that there are three main methods for studying blow-up
phenomena: the energy method of Levine [1]-]7], which was further developed
in [8], the non-linear capacity method of Pokhozhaev and Mitidieri [9]-[12] and the
method of self-model regimes, which is based on various comparison tests and was
developed by Samarskii, Galaktionov, Kurdyumov and Mikhailov in [13], [14].

Concerning the study of Cauchy problems for equations of the form (1.1), we first
of all mention the classical papers [1] and [5], which studied an abstract hyperbolic
equation of the form

Puy = —Au+ Z (u)

and obtained sufficient conditions for finite-time blow-up of solutions of the cor-
responding Cauchy problem. Some initial-boundary value problems were consid-
ered as examples. Note that the Cauchy problem exhibits some difficulties for
the method in [1], but they were successfully resolved in [12]. We also mention the
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classical paper [6], which studies problems for an abstract equation of formally
hyperbolic type with dissipation:

Puy = —Au+ Bu — aPus + F(t, u). (1.2)

Note that the operator acting on the first derivative with respect to time in (1.2) is
linear and coincides (up to a constant factor) with the operator acting on the second
derivative. Equation (1.1) shows that our situation is different.

We note that we continue to develop the modified method, which was initially
applied only to Sobolev equations (see [8]).

§ 2. A differential inequality

Consider the main differential inequality

PP — a(P)? + D' P + 3D > 0, a>1, >0, ~

WV

0, (2.1)
where
o(t) e CA([0,T]),  ®(t) =0, B(0)>0.

Dividing both sides of (2.1) by ®!7 and making certain calculations, we obtain
the inequality

o\ Y
<<I>‘¥> +’Y@ + B89 >0,

which in its turn means that

1
m(@l—&)ﬁ 4 ﬁ(@l—a)l _’_ﬁq)—()( 2 0. (22)

We introduce the notation
Z(t) = &1 7(1). (2.3)

Using this notation, we obtain from (2.2) that

Z" +~47" - Ba—1)Z2° L0, o = . (2.4)
o —
We also write
Y(t) = e Z(t). (2.5)
This enables us to rewrite (2.4) in the form
V" — Y = Bla—1)e Y™ <0, 5= Ll (2.6)
o —

Note that we have a chain of equalities

Y = (@) = o (o — 1) |- (t) + Lq)(t) . (2.7)

a—1
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Suppose that the following initial condition holds:

3'(0) > ﬁ@(o). (2.8)

Then there is a tg > 0 such that

o'(t) > ﬁ@(t), te[0,t). (2.9)

We deduce from (2.9) and (2.7) that Y'(¢t) < 0 for ¢t € [0,tg). Since —Y’(¢) > 0
for ¢t € [0, tp), it follows from (2.6) that

Y~ Bla—1)e Y <0, 5= Ll t e [0,t). (2.10)
a—
We now multiply both sides of (2.10) by Y’ and obtain
YY" - Bla—1De %Yy’ >0, =L oo te o). (2.11)
a—
It is easy to see that the following equality holds:
eotyery = L Lpstytrayy L go-stytra (2.12)
1 —+ a1 dt 1 =+ ' '

We substitute (2.12) into (2.11) and obtain the inequality

Bla-1) d Bla—1)3

VY-S o @ [e 0ty o] — o eyt >0, te(0,t),
which yields that
Bla—1) d -5
Yy - [e7fylta] > t € [0,tp). 2.13
e 120, tefot) (2.13)
Integrating (2.13), we get
2 —1)2
(Yl)2 2 A2 + 52(3_ 1) 676tyl+o¢1 > A2, (214)
where 5 )2
20(a — 1 o
A2 = (Y/(O))Q — WY1+ 1(0) (215)

We now assume that A2 > 0. After some calculations, this condition takes the
form

A2 = (o — 1)20722(0) KfI)’(()) - <I>(0))2

a—1

23
200 — 1

@(0)} >0.  (2.16)

Hence the condition 42 > 0 is equivalent to the condition

(q)/(())_ a”fb(o)) > 256}1@(0). (2.17)
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We now conclude from (2.14) and (2.16) that
V() <—A<0 = ®(t) > ﬁfb(tg).
Then Y'(tg) < 0. Therefore, using the algorithm of continuation in time, we get
Y'(t) <0 Ytelo,T]
Hence the following inequalities hold:

Y|>A>0 = Y'(t)<—A = Y(t) <Y(0)— At
et/ (a—1)

= ‘I’l_a(t) < e_wt[q)l_a(o) - At] = O(t) > [q)1_a<0) _ At]l/(a—l)'

We state the result as a theorem.

Theorem 2.1. Suppose that ®(t) € C)([0,T]) and the following conditions hold:

o'(0) > ﬁ@(m, (2.18)

(@'(0)— 7 @(0)) >2a2€1q>(0) (2.19)

and, moreover, ®(t) > 0, ®(0) > 0. Then T > 0 cannot be arbitrarily large.
Namely, we have

T < T <P (0)A7E,

A2 = (o — 1)2072%(0) K@/(o) - ai 1<I>(o))2 - 2;? 1@(0)},

where
et/ (a—1)

0 > G — a7

§ 3. Statement of the problem

The classical statement of the problem under consideration is

Py d - ,

u(0) = uyg, u'(0) = uy, (3.2)

where H’f and IF} are the Fréchet derivatives of the corresponding functionals. To
state our assumptions on the operator coefficients, we introduce some notation.
Consider Banach spaces V, Vo, V;, W; for j =1,...,n and ¢ = 1,2 with norms
I 0ls 1< 1fos I Ilj5 | ]2 respectively. Let V*, Vi, V¥ W be the spaces conjugate to V,
Vo, V;, W, with respect to the duality brackets (-, -), (-, <)o, (-, - )j, (-, - )i, with

norms || - |[*, [} - [I5, |- [I5, [ - [{ respectively.
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Suppose that the Banach spaces Vg, V, V;, W; are reflexive and separable for
j=1,...,nand i =1,2. Suppose also that

A:V — V", Ay: Vo — VG, Aj:V; — V5
Moreover, we assume that
H(u): Wy — R, F(u): Wy — R.

The Banach spaces W; and V are assumed to be uniformly convex (this will be
used in §6).

We now state conditions on the operator-valued coefficients in (3.1).
Conditions A.

(i) The operator A: V — V* is linear, continuous and symmetric. We have
[|Au||* < M|u|| for all w € V.

(ii) The operator A is coercive and we have (Au,u) > mlul/? for all u € V.

(iii) The expression (Au,u)'/?
the Banach space V.
Conditions Ag.

(i) The operator Ag: Vo — V§ is linear, continuous, symmetric and non-negative
definite. We have [[Aou||§ < Mo|ullo for all u € V.

(ii)* The operator Ay is coercive and we have (Agu,u)o = mg||ul|Z for all u € V.

(iii)* The expression (Aou,u>(1)/2
of the Banach space V.
Conditions A;.

(i) The operator A;: V; — V¥ is continuous.

(ii) The operator A; is Fréchet differentiable and its Fréchet derivative A’ (u) €
Cy(Vy;L£(V;, V7)) is a continuous, bounded, symmetric, monotone, and non-
negative definite operator for a fixed u € V;. We have A’ ;(0) =6 and (A;(v),v); >0
for v € V;.

(iii) The operator A; is positive homogeneous:

is a norm on V inducing the original topology of

is a norm on Vj inducing the original topology

Aj(ru) = rP 1A (u) for p;>2, r>=0, weV,
(iv) We have upper bounds
145 @15 < MyllallF ™" 114G @llv,—v; < MllelF %, M; > 0.
(v)* We have lower bounds
(Aj(u),u); = mylluf?,  my >0

. . 1/p;
(vi)* The expression <Aj(u),u>j/p

the original topology of V.

is a norm on the Banach space V; inducing



942 M. O. Korpusov and A. A. Panin

Remark 3.1. The first estimate in condition A;, (iv) follows from the second. To
prove this, we consider the functional G(u) = (A;(u),y);, where y € V; is an
arbitrary fixed element with ||y||; = 1. Then the functional G(u) = (A;(u),y); is
Fréchet differentiable and its derivative is given by

Gl (u)h = (Ajp(w)h,y);.

Indeed,
[(Aj(u+h),y); — (Aj(u), y); — (A (w)h, y);|
[P,
A (uth) = Aj(u) — A p(u)h, y);]
121l
14 (u + h) — A;(u) — Ajp(whF 0
h 12l

is Fréchet differentiable. Furthermore, by condition

because the operator A;(u)
= QV;. Then Lagrange’s formula for Fréchet-differentiable

A, (iii) we have A;(0v,)
functionals yields that

— 2
(A (w),y);] = [(A) ), y) | < Ml flullllyll;, A€ (0,1).
Taking the supremum over all y € V; with ||y||; = 1, we obtain the first estimate

in conditions A;, (iv).

Remark 3.2. When we say that a linear operator D: B — B* is symmetric, we mean
that (Du, v) = (Dv, u) for all u,v € B, where (-, ) are the duality brackets between
B and B*.

Conditions H.
(i) The functional H: W; — R is non-negative and Fréchet differentiable. The
Fréchet derivative H’f is boundedly Lipschitz continuous, that is, we have

[H (u1) — HY (u2)|7 < pa(R)|ur —ugly  Vur,up € Wy,
where the function p; = p1(R) is bounded on every compact set and non-decreasing,

and R = max{\ul\l, |UQ|1}.
(ii) The Fréchet derivative of H satisfies the upper bound

IH(u)|; < Mylulf™" YueW;, p>2.

(iif) There is a constant 1 > 0 such that for all u € Wy we have (H'(u),u)1 <
pH(w).
(iv)* For all u € Wy we have cifulf < (H}(u),u);.
Conditions F.
(i) The functional F: Wy — R is Fréchet differentiable. The Fréchet deriva-
tive F’f is boundedly Lipschitz continuous, that is, we have

[F' (u1) — Fy (u2) |5 < po(R)|ur —uzle Vur,ug € Wo,

where the function ps = ps(R) is bounded on every compact set and non-decreasing,
and R = max{|u1lz, |uz|2}.
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(ii) The Fréchet derivative of F satisfies the upper bound
[F(u)l3 < Mplul§™ YueW,, ¢>0.

(iii) There is a constant ¢ > 2 such that 6F(u) < (F}(u), u)2 for all u € W.

The starred conditions A-F (for example, (iii)*) are used only in theorems on
weak generalized solubility. The non-starred conditions are required for strong
generalized solubility.

We now state conditions imposed on the Banach spaces V, Vo, V;, W; for
j=1...,nandi=1,2.

Conditions L. There is a Hilbert space L (identified with its conjugate) such that
we have continuous embeddings

VcLcVvy V,CcLcV; W,cLcWj, j=0,...,n, i=1,2.

w=vn (Nv;)n(Nw)

be the reflexive separable Banach space possessing the property of density of the
embeddings

Let

ds ds " ds " ds ds " ds " ds ds " ds "
WCVCcV*CWwWr, WCVjCVjCW, WCW, CW; CW
foralli=1,2and j =0,...,n.

Definition 3.3. A strong generalized solution of the problem (3.1), (3.2) is a func-
tion
u(t) € CA0,T); W), u(0)=uoeW, ' (0)=u €W, (3.3)

such that for all ¢t € (0,7") we have
((D(u),w)) =0 YweW, (3.4)
where
du d " , ,
j=1
and ((-, -)) are the duality brackets between W and W*.
Definition 3.4. A weak generalized solution of the problem (3.1), (3.2) is a function
u(t) € L®°(0,T;Wy), o' € L®(0,T;V)NIL*(0,T; Vo), (3.5)
4
dt
such that the equality

(Gt + (st )

Aj(u) €LPI(0,T;V5), j=1,....n, %AO(U)ELQ(QT;VS), (3.6)
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holds for all w € Wy and all ¢(t) € D(0,T), where ((-, - ))p are the duality brackets
between the space D(0,T) of test functions and the corresponding space D’'(0,T) of
distributions and, moreover, the following initial conditions hold: u(0) = ug € Wy,
w(0) =u; €V.

8§ 4. Auxiliary results

In this section, some results that are used in the main text will be proved in the
required general form.

Lemma 4.1. If an operator A: X — X* is Fréchet differentiable and has a sym-
metric Fréchet derivative
Al (u): X — L(X,X"),

and if A(su) = sP~LA(u) for all s =0 and some p > 2, where X is a Banach space
with conjugate X* and duality brackets (-, -), then the functional

P(u) = (A(u),u): X—=R

is continuously Fréchet differentiable and its Fréchet derivative is
Vi(u) =pA(u) YueX

Proof. Let us prove the operator identity

Al (uwu = (p— 1)Aw).

On one hand, we have (by condition Aj, (iii)),

d d, _ p—1 _ p—1
_ p—1 — _ p—2 — p—1 _
dsA(su) o — ("7 A(w) = (p— 1)sP 7= A(u) S Au) . A(su).
(4.1)
On the other hand, by the chain rule for Fréchet derivatives,
d
—A(su) = Al (su)u. (4.2)

ds
Combining (4.1) and (4.2), we have

b= 1A(su) = Al (su)u.
s

Putting s = 1, we get the required identity,
(p—1DAu) = Al (u)u YueX.
We make the following calculations:
Pluth) —(u) = (Alu+h),u+ h) — (A(u), u)
Au) + Al (u)h + w(u, h),u+ h) — (A(u), u)
vh) + (AL (u)h + w(u, h), u+ h)

h
vh) + (AL (w)h, u) + (A (wh, B) + (w(u, h), w + 1)
+ AL (wu, h) + @ (u, h),
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where @W(u, h) = (A (u)h, h) + (w(u, h),u + h). Moreover,
(@(u, )| < (1A (][I + llw(u, R (el + 1211
<

cr|[P)1® + llew(u, h) |« ([l + |A])).-
Finally, ot
im 2P
Ihll—o  |[A]]

Hence the Fréchet derivative of the functional ¢ (u) is given by

Ui(u) = Alu) + A, (Wu = Au) + (p — 1)A(u) = pA(u).
It follows that t(u) is continuously Fréchet differentiable. O

Lemma 4.2. Under the hypotheses of Lemma 4.1 suppose that u(t) € CV ([0, T]; X)
for some T > 0. Then

Y(u)(t) = (Au),u) € CD([0, T]).

Proof. We first note that, by Lemma 4.1 and the chain rule for Fréchet derivatives,

W ) ) = plA ), o).

Consider the function f(t) = (A(u),u’). We claim that f(t) € C([0,T]). Indeed,
fix any ¢ € [0, T] and suppose that ¢t + s € [0,7]. Then
ft+s) = f(s) = (Ault + ), u'(t + 5)) — (Au(t), ' (t))
= (Au(t)) + Ay (u(®)[u(t + s) = u(t)] + w(t, s), u'(t + 5))
= (A(u(t), v/ (1)) = (Au(t),u'(t + s) — (1))
+ (AL (u(t) [ut + s) —u(t)] u'(t + 5)) + (w(t, 5), 0 (t + 5)).
Using this chain of equalities, we arrive at the inequality
[f(t+s) = FO < NA@@®)l] v+ 5) —u'(B)]]
+ AL @) e llult + 5) = u@H (4 )| + ot s)l]fu’(E+ s)ll-
Note that

[/t + )| < W' @O + 11w/t +5) = ' ()] < ex,
where ¢; > 0 is independent of ¢,s € [0,T]. Thus we get a bound
[f(t+s) = F(O)] < c2lu'(E+ 5) = u/ ()] + esllult + 5) — u®) || + callw(t, 5]+,
where ¢, ¢3, ¢4 € (0,+00) depend only on ¢ € [0,7T]. Moreover,

lim w(t,s)||« =0.
Hu(t+8)*U(t)HH0” (&, 5)l
It follows that
lim f(t 4+ 5) = f(1).

Thus f(t) € C([0,T7]), as required. OJ
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Lemma 4.3. Under the hypotheses of Lemma 4.1 suppose that u(t) € CV ([0, T]; X)
for some T > 0. Then

, _p—1d
() ) = P2 (A,

Proof. By Lemma 4.1 we have

d !/

2 (Aw), u) = p{A(u), u). (4.3)
Moreover, p

p(A(u),u') = 7 (A(u), u) = (Aw))' u) + (Au), u),
whence
(0 — 1A ), ) = (), ) = (A@))' ). (14)

Comparing (4.3) and (4.4), we get the required result. (J

§ 5. Blow-up of solutions

Let T > 0 be such that a strong generalized solution of the problem (3.1), (3.2)
exists on [0,7]. We introduce the following notation:

D(t) = %(Au,u) —|—/O (;(Aou,wo + Z pj_l(Aj(u),u)j)ds

=1 P
p; — 1
Agug,up)o + — (Aj(uo),uo);, (5.1
2p<00 0/)0 pojzjl Py (uo); uo)s, (5.1)
J(t) = (Au' vy + /(Aou u Q+Z )ds
pj — 1
<A0U0,U0 o+ Z > (Aj(uo),uo);, (5.2)
j=1
where po = max;—i, .. npj.
Lemma 5.1. We have
(®)? < po®J Vtel0,T]. (5.3)
Proof. The following equality holds:
-1
&' = (Au,u’) + <A0u u)o + Z p]p (Aj(u),u); (5.4)
j=1 I

and, by the generalized Schwartz inequality, we have

[(Au, v < (Au,u)/? (A’ o). (5.5)
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Finally, there is a chain of equalities

Pj— pj—1
Aj(u),u); = =——
o (A (), u); o

t d p] — 1
/0 75 (A (), u)jds + Py (A (uo),uo);

= /0 (Aj(w) u);ds + pi—1 (Aj(uo), uo);

Dj
_ / (A% () ds + P22 (A (up), o), (5.6)
0 Dy
where we have used Lemma 4.3. We again use Schwartz’ inequality and get
1/2 1/2
(A () | < (AG ')A p (w2, (5.7)

Note that A’ .(u)u = (p; — 1)A;(u). Therefore (5.7) yields the inequality

(A () | < (A (/)32 (o — 1Y (A (u), )2, (5.8)

Thus it follows from (5.6) and (5.8) that

pi—1 t
#<AJ‘(U)7U>J‘ </0 <A;~f(u)ul’u/>;/2(pj _ 1)1/2<Aj(u),u)}/2 ds
J

pj—1

Dj

) (/Otm;f(U)U/’ v ds) 1/2(pj - (/Ot<Aj(U)7 u); dS) :

" (pjpjl) 1/2<Aj(u0)’u0>;/2 (pjpjl> 1/2<AJ‘(U0)>U0>}/2. (5.9)

+

<Aj (UO) ’ u0>j

We now obtain from (5.4), (5.5) and (5.9) that

(@/)2 < ((Au, u>1/2<Au’,u’>l/2

+ (/;(Aou/,u')()ds)lm (/Ot%w’%ds)l/z
' zn: (/Ot s 0y ds) 1/2(pj D (/Ot<Aj (), u) ds) N

1 1
+ % (Aoug, U0>(1)/2 ﬁ (Agug, U0>(1)/2

5.

Note that we have

(B = () ()

k=1



948 M. O. Korpusov and A. A. Panin

for all ag,bx, > 0, K =1,...,m. Therefore for an appropriate choice of a; and by
we get

(®)? < ((Au,u> —+ /Ot {(Aou,u)o + i(pj — 1)<Aj(u),u>j] ds

1
(Agug, uo)o + Z b A'(UO)»U0>J'>

=1 Pi
(A, ') + /Ot[<A0U/»U'>0+§<(AJ(U))/»U/>J}CZS

(oo, uo) o+zpfp‘ L) un)s ) <mBOI@, (51
j=1 J

[\3“—‘

[\3‘}_. PN

where we have used the notation (5.1) and (5.2). O

We now proceed to deduce the first and second energy equalities. To do this, we
put w = w in (3.4) and integrate by parts:

1 d? ,
3 @Q&u u) — (Au',u')
d D)
+ 4t (o Z B (), ) + (B ) s = (), (6.12)
whence by the definition of the functional ®(t) we obtain the first energy equality
T B ) )y = () + (B (), ) (5.13)
el = (Au',u (), u)z. .
We now put w = «’ in (3.4) and integrate by parts:
d (Au u'y + / (Agu,u) +Z i )ds+H(u) EF() (5.14)
dt ot/ w)o dt '
Integrating (5.14) with respect to time, we see that
1
(ol )+ / ( (ot o 0+Z )ds— F(0) + H(w) = F(w), (5.15)
where

— 1
E(0) = §<AU1, ur) + H(uo) — F(uo).
By condition F, (iii) we have 0F (u) < (F;(u), u)2. Therefore (5.13) and (5.15) yield
the inequality
d2

O+ (B (u), ) > (ol ) + & (A )

+9/ (A\OU ) zn: >ds—0E( )+ OH@W),  (5.16)
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whence in view of the notation (5.2) we get

03+ 0T(0) > OHI(w) — (B, (u), )1 + (1 n Z)J
— (1 + Z) <;<AOUO, uo)o + ; pjp; 1 <Aj(u0),u0>j). (5.17)

We now observe that by conditions H, (i), (iii) we have
(Hf (u), w)y < pH(u),  H(u) > 0.
Therefore it follows from (5.17) under the assumption 6 > p that

d*®

a2

+E(0) > (1 + Z) J, (5.18)

where

E(O) = g<AU1,U1> + GH(U())

+ (14 5) (3thomo, oo+ > o) w); ) = O o). (519)

Therefore we obtain the following inequality from (5.3) and (5.18):
PP — a(®')? + 4P > 0, (5.20)
where

1 0

Thus by Theorem 2.1 we arrive at the following blow-up result.

Theorem 5.2. Suppose that

'(0) > (60(0)Y2, ®(0) >0, 6>2(py—1), 6>y, (5.21)
21(0)
1 0
J= 20— 1 fOT’ E(0)>07 O(:(l—'-), Po = max pj.
0 for E(0) <0, Po 2 j=l,..n

Then T > 0 cannot be arbitrarily large. Namely, we have
T < T <P (0)A7E,
A% = (a—1)°@7%(0)[(2'(0))* — 62(0)],

and
1

o(t) > (®1=a(0) — At)/(a—1)”
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where
1 tr1 “~pj— 1
8(0) = gt + [ (Glhanao+ Y B a0, )as
1 I wp;—1
+ —(Agug, ug)o + — J Aj(ug),ug);,
5y (oto, U)o po; " (A (uo), uo);
1 1 I w—p; —1
®(0) = = (Aug, ug) + — (Agug,up)o + — J Aj(ug),up) s,
(0) 2< 0, Uo) 2p0< 00, U0)0 po; o (A (uo), uo);
/ 1 - pj_l
©(0) = (Auo, u1) + 5 (Aouo, uo)o + > o (A (uo), uo);,
g=1
0
E(O) <AU1, U1> + GH(U())

T2

+ (1 + Z) (;(Aouo,u())o Py B 1<Aj(u0),u0>j) — O (o).

= P
Remark 5.3. The hypotheses of Theorem 5.2 impose no restrictions on the num-
ber E(0) > 0. This is essential since, as a rule, the requirement that the initial
energy be positive, also imposes two further conditions. Therefore our problem is
to prove the consistency of the resulting hypotheses of the theorem.

Assertion 5.4. The hypotheses of Theorem 5.2 are consistent.

Proof. Clearly, the consistency must be verified only in the case when E(0) > 0.
By the conditions on the operators A, Ag, A;, j=1,...,n, we have ®(0) > 0 for
all (ug,u;) provided only that wg # 0. Hence the hypothesis (5.21) will hold if
ug # 0 and 0
0®(0
0< (@(0))? < 1. (5.22)
Clearly, to prove the consistency, it suffices to consider the case when n = 1. In
this case, pg = p1. We now adopt the following scheme.
1) Fix the operators A, Ag, A;.
2) Put H(u) = [uf?l, p= o > 2
3) Choose any 6 > p = p, 8 > 2(p; — 1). Note that then § > p; +p1 —2 > py
because p; > 2.
4) Put F(u) = |u]}, where » > 6. Then Steps 1-3 yield that, first, condi-
tion F, (iii) holds, second, » > p = u, whence the order of growth of the func-
tional F(u) is higher than that of H(u) and, third, » > p; (this will be used below).

5) Fix any non-zero ug, ui. Introduce the notation
\I/(R) = (I)[RUO, Rul](O), \Ill(R) = (PI[RUO, Rul](0)7 (S(R) = 6[RUO, RU1]
Consider the following function of R:

(- 2D
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Writing it out explicitly and factoring out an appropriate power of R in each factor,
we obtain the following explicit expression for I'(R) if we use the linearity of linear
operators and condition A (iii) along with the explicit forms of F(u) and H(u) and
divide by R?:

2 (Aug, uo) + 271,1<A0U07U0> + Rp1_2%<A1(u0)7u0>1

F(R) = 1
p—1(2 +6)-1
2E(0
X : © e y— 5, (5.23)
[(Auo, u1) + 5 (Aouo, uo)o + RV~ B2 (A (ug), uo)1]
where
1 _op1—1
ZE(O) = 0<AU1, U1> + (2 + 0) 5<A0U0,U0>0 + Rpl T<A1UO,U()>1
1
+ 20(RP™?H(ug) — R"2F(up)).

(5.24)

The numerator 2E(0) of the second quotient in (5.23) is positive since E(0) > 0.
Note that the first numerator and denominator in (5.23) are positive by the condi-
tions imposed on the operators. We need to show that

0<T(R)<1. (5.25)

We easily see that I'(R) tends to a positive limit I’y as R — 40, and that Ty is
determined only by the linear operators (we recall that ug, u; are fixed). It is also
clear that the limit of I'(R) as R — 400 is equal to —oo because the highest growth
exponent has a negative summand —20 R"~2F(ug) in (5.24). Since the denominator
never vanishes on the interval R € (0, 400), the function I'(R) is continuous and,
therefore, assumes all values in the interval (—oo,T'), including arbitrarily small
positive values. This guarantees that (5.25) holds. The condition E(0) > 0 also
holds since otherwise we would have I'(R) < 0. O

§ 6. Local solubility in the sense of weak generalized solutions

We prove the local solubility of the Cauchy problem (3.1), (3.2) in several steps,
using Galerkin’s method along with the methods of compactness and monotonicity.
Step 1. Statement of the problem for Galerkin approximants. Let {wg} be

— ds
a Galerkin basis in the separable Hilbert space W C W. We introduce the notation
Upy = Zcml(t)wl, cm1 € CA([0,T]), T > 0.
1=1

The function u,, is called a Galerkin approximant to the exact solution u of the
problem (3.3), (3.4) if it is a classical solution of the following system of ordinary
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differential equations:

ny

g ((fi,wr)) 7 = 0, k=1,....,m, ni=4+n, (6.1)
=1
d du d
@, LW
fl dt d ) f2 dt ou

d

%Aj72(um)a J=3.,24n, f3n :Hlf(um)’ Jatn = _Flf(um)»

where the choice of the various duality brackets ((fi, wy));w between the Hilbert

fi =

spaces W and W is _described by the equalities (arising from the corresponding
dense embeddings of W in the spaces V, Vo, V;, Wy and W):

((fr,we)) 55 = (f1,wi), ((f2, wr))ow = (f2, Wi )os
<<f3+j7wk>>(3+j)W = <f3+jawk>j7 <<f4+n»wk>>(4+n)w = (f4+n; wk)h
<<f5+mwk>>(5+n)w = (fs4n, Wi)2-

We also add the initial conditions
Umo = U (0) = cmi(0)w; — ug  strongly in Wy, (6.2)
l

Um1 = u;n(o) =

L

e (0w — uy  strongly in V. (6.3)

~

1

Step 2. Local solubility for Galerkin approximants. We rewrite the system
(6.1)-(6.3) for Galerkin approximants in the form

s dQle dcml i non
Z(Awl,wk> 72 7 (Z Aqwy, wy, 0+ZZ % (U )wp, wi) 5 )
I=1 =1 1=1 j=1
+ (H}(um)7wk)1 - (Ff(um)awk))Q =0
(6.4)
for kK =1,...,m. Consider the quadratic form generated by the matrix with entries

A = (Awh wk>

By conditions A, (ii) we have the following chain of equalities:

m

D anF = (AL = mllElP, =)y
k=1

k,j=1

Using the embedding W C V, we conclude from this that the matrix (ax;) of our
quadratic form is non-degenerate by Sylvester’s criterion. Hence the matrix in front
of the second derivative with respect to time in (6.4) is invertible. By the conditions
introduced above, we have

Gr(+) € C(V5 L(V;,V5)), Hp(-) € C(Wi; W), Fy(-) € C(Wp; W5).
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Therefore, by Peano’s theorem, the system of ordinary differential equations (6.4)
with initial conditions (6.2) and (6.3) has at least one classical solution ¢, (t) €
C®([0,T;,]) for some T,, > 0. Generally speaking, the number T}, depends
on m € N. But a priori estimates (see below) will enable us to prove that
cmi(t) € C3)(]0,T)) for some T > 0, where T is independent of m.

Step 3. A priori estimates. To deduce these, we multiply both sides of (6.1) by
¢ (t) and sum over k =1,...,m to obtain the equality

d|1

% §<Aulma 7n>+H(um):|

+ (Aot o+ Y (A p(wn)ur,, ur,) s = (Fp(um), )2 (6.5)
=1

Note that by conditions A; we have
(A f (Um0 20, 5 =0,...,m.

Integrating (6.5) with respect to time, we obtain
1 t
Ut} + Bun) + [ (Aot )ods
t
+Z / ()3 ds = En(0) 4 [ (). )2 ds, (69)
0

1
E,.0) = §<Au1m,u1m> + H(wmo)-

Suppose that we have
1
|(Fy (v), w)a| < callwl||olf* (6.7)

and continuous embeddings

v,we Wy C Wy C V. (6.8)

Remark 6.1. Let us give an example of spaces Wi, Wy, V and an operator F
for which inequality (6.7) holds. We put

W, = WeP(Q), W, =L1*%(Q), V=L,

where Q C R¥ is a bounded domain with sufficiently smooth boundary, and the
functional F(u) is given by

Q+2d
qu2/|u| z.

UJ)QZ/ [v]9vw dex.
Q

Clearly,
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Assuming that 2¢ + 2 < p*, we have a chain of inequalities

1/2 1/2
(Eyewnl < ([ oszas) - ( ffas) - <cal Vil ol

Thus (6.7) holds in this case.
Hence it follows from (6.6) and (6.7) that

1
§<Aufm7 m> +H(um) / <A0um7 Uy 0d8+2/ jf Um m’u;n>] ds

B0 e [ Wl as (©9)
0
and by conditions A and H we have

(Aug, upy) > mllug, %, Hum) > —

m’ 'm

Redenoting ¢; := ¢1/p and using this and (6.9), we arrive at the inequality

t n t
m
Sl + i + [ (o idaods+ 3 [ 08 )i ), ds
j=1

t
< B0+ Z [ Ul + a2 ds. (610

Arguing in the standard way using Young’s arithmetical inequality

an qu 1 1
ab< — + —, —+—=1,
il q2 q1 Q2
and the Gronwall-Bellman—Bihari inequality in the two cases p > 2¢ + 2 and p <
2q 4 2, we conclude that the following a priori estimates hold:

T
lull € oD, Junh <@, [ lBde<es@), o)
0
T
/ (A ¢ (U ), , iy )5 dt < c6(T) (6.12)
0
for all t € [0,T), where the constants cs,...,cg are independent of m € N and

we have T = 400 when p > 2¢ 4+ 2, and T < +o0o when p < 2¢ + 2. Note that
by conditions H we have

[H(v)[; < Mplof™" YveWy, p>2.
Combining this with the a priori estimates (6.11), we get another a priori estimate:

I ()|} < er(T) V€ [0,T), (6.13)
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where, as above, we have either 7' = +o00 or T' < +0o depending on which case
we are in.

We now aim at obtaining a second-order a priori estimate for the sequence {u!’ }.
To do this, we choose the Galerkin basis {w;} C W in a more concrete way. Suppose
that the eigenvalue/eigenfunction problem

Awk = )\kwk

has a countable set of linearly independent solutions {wy} C V. Now suppose that

{wy} is an orthonormal basis in W. We introduce the projector onto the linear
m

span (to be denoted by W,,,) of the elements {wy,}7 ;:

m

Pz = Z(z, Wi )7 Wh-
k=1

Clearly, P, wr = wy, for k= 1,...,m. It is easy to see that
P,Az = AP,,z = Az, 2 € W,,.

Using the projector P,,, we rewrite (6.1) in the form

1

Z<<fl,PmZ>>lW:0, zeW,

=1
which in its turn yields that

ny

S (P fr2)w=0, z€W,

=1

where the transposed operator P!, and the conjugate operator P are related by
the standard formula
Py, =JPt J1,

J: W — W being the (linear, continuous and invertible) Riesz—Fréchet embedding

operator. Hence we have o
P! D(uy,)=0e€W .

As above, it is easy to see that
Pr Az =P, Az, 2 € W,y.
We now obtain sufficient conditions for the following equality to hold:
P! Az =P, Az, 2z € Wy,.
Assume that the operators P,,, and J commute on the space W,,:

P Jw, = JP,,wg, k=1,...,m. (6.14)
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Remark 6.2. We now give examples of spaces and operators for which (6.14) holds.
1) Suppose that W = H}(Q2), A =1,
—Awy, = AW, wy € H(IJ(Q)
Then
J=(-A)"1H Q) - H)Q).
Clearly, Jwy = ';\’—:, P, wy = wy. Therefore the commutation formula (6.14) holds.
2) Suppose that W = H2(Q2), A =1,
AQ’U)]C = AWk, wg € Hg(Q)
Then
J=(A)"2:H2(Q) — H3(Q).

Clearly, Jw, = 1;\}—:, P wi = wy. Hence the commutation formula (6.14) also holds
in this case.

As a result, we arrive at the operator equality

<<ZA?’Z>>1W = —i(@%fudhw- (6.15)

=2

To get the desired second-order a priori estimate, it suffices to take the supremum
of both sides of (6.15) over z € W, |[|z|lfz7 = 1. The uniform boundedness of P,,
with respect to m € N implies that the transposed operators

P;;W*HW*

are also uniformly bounded with respect to m € N. By the conditions on the
operators stated above and the a priori estimates (6.11) we have the inequalities

T T
/0 (Aot )2 dt < M / |2 dt < er(T). (6.16)

We now note that if Wy C V; for j = 1,...,n, then we have

1A, (il |5 = sup (AL (2t Yty 05
vilij=
1/2 1/2
< sup (A ()l ul )P (g )0, 0)

llvll;=1

- i/2—1 1/2
< Ml 27727 HA, (w1t 1) Y ”srplnvnj
vilj=

< M e |unnlF772 AL (g )il il ) 2 (6.17)

m> “'m/j

By the a priori estimates (6.11) and (6.12), we obtain from (6.17) the a priori
estimate

T
/0 (1A% ()il [7)? dt < c5(T). (6.18)
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Finally, the following a prior: estimates hold:
[ (um) ]} < MHIumI’f*1 < oo(T), (6.19)
‘Ff(um)b MF\Um| 010|Um\(f+1 < e (T) (6.20)

because Wy C Wy. Thus, using the a priori estimates (6.16)—(6.20), we obtain
from (6.15) the second-order a priori estimate

I (e

where either T' = +o00 or T' < +00 (depending on the conditions). We now suppose
that

) dt Clz(T), (621)

Av||s < alAov,v)e/% v eV, (6.22)

Remark 6.3. A model realization of the Hilbert space B is given by the Hilbert
space H}(Q). Here, for example,

A=1,  Aj=-4, Vo=HyQ),
and the inequality (6.22) takes the form
[vllas @) < alllVolllz), v € Hg().

By the a priori estimate (6.11) we arrive at the a priori estimate

T
| I < e (6.23)
0

We introduce the Banach space
Q= {v(t) | v € L*0,T;B), v € L*(0,T;W")}.

Assuming that there is a completely continuous embedding B «—<— V* C W*,
we obtain from the well-known Lyons—Aubin compactness theorem that there is
a completely continuous embedding Q — < 1L2(0,7T;V*).

It follows from the a priori estimates (6.21) and (6.23) that the sequence {Au/,}
is uniformly bounded with respect to m € N in the Banach space Q. Since the
operator A: V — V* is bounded, we get the following a priori estimate from (6.11):

[[Aug, |l < c1a(T). (6.24)

Step 4. Passage to the limit. The resulting a priori estimates (6.11)—(6.13), (6.21)
and (6.23) enable us to conclude that the sequence {un,} has a subsequence with
the following limit properties:

U —u % -weakly in L°°(0,T; W), (6.25)
u S/ x-weakly in L>°(0,T;V), (6.26)

ul, —u'  weakly in L%(0,T;Vy), (6.27)

H'y (um) = x(t)  *-weakly in L>(0,7;W7), (6.28)
Aul, — Au’  strongly in L2(0,T;V*). (6.29)
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Since the linear operator A is coercive, it follows from the limit property (6.29)
that
ul, — v strongly in L?(0,T;V). (6.30)

We now consider all terms subordinate to H's(u,,), starting with F'y(u,,). We
require that there are completely continuous and continuous embeddings W; «—<—
Wy C V. We introduce the Banach space

= {v(t) | v € L"(0,T;Wy), ' € L*(0,T;V)}, r>1.
By the Lyons—Aubin theorem we have a completely continuous embedding
Q1 == L"(0,T; Wy).

It follows from the a priori estimate (6.11) that the sequence {u,,} is uniformly
bounded with respect to m € N in the Banach space Q1. Hence some subsequence
of {u,,} has the limit property

U — w  strongly in L"(0,T; Wy) for every fixed r > 1. (6.31)

Since the operator IF’f (v) is boundedly Lipschitz continuous, we arrive at the limit
equation
F's () — Fy(u)  strongly in L7(0,T;W5), r> 1. (6.32)

We now consider the terms Aguy,, A} (um)uy,. To treat them, we require that
there are completely continuous and continuous embeddmgs

Wi ——=V; CV, 7=0,...,n.

As above, by the Lyons—Aubin compactness theorem we have a completely contin-
uous embedding

Q = L7(0,T;V,), j=0,...,n, r>1. (6.33)

Hence the sequence {u,,} has a subsequence with the limit property

Uy — w  strongly in L"(0,T3V;), j=0,...,n (6.34)
By the properties of the operators A; for j =1,...,n we have

5 (um) = Al p(u)  strongly in IL7(0,T; L(V;, VF)). (6.35)
It now follows from the properties of A; that

Aj(um) — Aj(u) strongly in L"(0,75V3), r>1.

On one hand, this yields that

d * d 3 *
th (Upn) — %Aj(u) x-weakly in D'(0,T; V7). (6.36)
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On the other hand, it follows from the a priori estimate (6.18) that

d

th () — (t)  weakly in L2(0,T; Vi), j=0,...,n (6.37)

Comparing (6.36) and (6.37) and taking into account that the weak* topology
on D'(0,T;V7) is separable, we conclude that

d

d
iy (um) = —Aj(u) weakly in L*(0,T;V3), j=0,...,n. (6.38)

dt

Regarding both sides of (6.1) as elements of D'(0,T), we act by them on an
arbitrary function ¢ (t) € D(0,T) and obtain the equality

(Gt Gt ve)

() (), )1 — (' (), w0, ¢<t>>> —0, (6.39)

D

where ((-, -))p are the duality brackets between D(0,T") and D’(0,T). Using the
limit properties obtained above, we can now pass to the limit as m — +o0 in (6.39)
and obtain

d, . "/ d
<<dt<Au ,w) + ;<CltAj(u),w>j
# (0.0 = F )0, v(0)) =0 (640
for all w € Wy and all 9(t) € D(0,T). We want to prove that in fact x(t)=H/(u).

Step 5. The monotonicity method. To use the monotonicity method, we require

that
(H (v1) — H}(v2), v1 — v2)1 2 0 (6.41)

for all vy, v2 € Wy. Hence for all v € LP(0,T; W) we have
T
0< X, = /0 (B () — B (0), i — 0 . (6.42)

The following equality holds:

T T
/ (HL) (), )1t = / (F'y (), )2
0 0

T
1
_/ (Aum, m>dt+ <A0um0;umo O+E pjp A'(u7n0)7um0>j
0 = v

-1
<A0umT7 UmT)0 — Z pjp (Aj(tm), Umt); (6.43)
=1
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where w7 = U, (T). Note also that
T T 4 T
—/ (AU up,) dt = —/ —(Au;n,um>dt+/ (Al ) dt
0 o dt 0
T
= (Ao, Um1) — (Aupmr, Ul 1) +/ (Aul  ul ydt.  (6.44)
0

By what was proved above, the sequence {u,,(T)} is bounded in W; uniformly
with respect to m € N, and the sequence {u!,(T)} is bounded in V uniformly with
respect to m € N. Since the embedding W; << V is completely continuous, there
is a subsequence of {u,,} such that

U (T) — & strongly in V| (6.45)
u,, (T) — & weakly in V. (6.46)

Since we have proved that
d —
u(t) € L0, T3 Wh),  w/'(t) € L2(0,T5Vo),  —Au'(t) € L0, T; W),

it follows that, after a possible alteration of u(t) on a subset of Lebesgue measure 0
in [0, T, we have

u(t) € C([0,T); Vo),  Au'(t) € C([0,T];W").

Therefore u(0), u(T), Au'(0) and Au'(T) are well defined. By what was proved

above,
I

ul, — ' strongly in L%(0,T;V)

and, therefore, for a subsequence of {u,,} we have

u,,(t) — u'(t) strongly in V for almost all ¢ € [0, T.

m

Therefore & = /(T if we slightly decrease T' > 0. Moreover, the following limit
property holds by (6.34):

Uy — u  strongly in L2(0,T; V).
Therefore for a subsequence we have
Um (t) — u(t) strongly in Vo C V for almost all ¢ € [0, 7.

Hence & = u(T) if we slightly decrease T' > 0. Using the limiting relations obtained
above and the continuity of the linear operator A, we arrive at the following limit
property for a certain subsequence (which we regard for the moment as finalized)

of {um}:

T T
— lim (Aul Jum) dt = (Aug,uq) — (Au(T),u'(T)) +/O (Au/,u') dt. (6.47)

m——+o0 0
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By our overall conditions, the expression <Aj(v),v>]1-/pj, j=0,...,n,is a norm
on the Banach space V; inducing its original topology. Combining this with the
a priori estimate |un,|1 < c(T) and the completely continuous embedding
W, << V;, we have, as above,

U (T) — w(T) strongly in V;. (6.48)
Moreover, for some subsequence of {u,,} we have

i (A (i (1), (7))} = (A5 (u(T)), (D))}, j=0,....m.

m——+00 J J

On the other hand, the following limit property holds because of the initial condi-
tions (6.2) and (6.3):

lim <Aj(’u,m0) um0> L/ps = <AJ(’LL0) UO> /p]7 j = 07 s, n.

m——+oo

Combining all these limit properties, we finally get
T T
lim [ (B (), ) dt = / (F'y (u), u)o dt
0

m——+00 0

T 1
+ (Aug,u1) — {(Au(T), ' (T)) —|—/O (Au' v’y dt + = (Aouo,uo>o

ij 0);Uo)j — *(Aou Jo — ij — 1 (1)), w(T));-
j=1 =t (6.49)

We now let m — +o00 in (6.42) and obtain that

0<— [y [ coondes [ E.

+<Auo,u1>—(Au(T),u’(T))+/O (A o) dt + X <A0u0,u0>0

+ BN (o), o) — 5 (AoulT), u(T))g prJ AT,
=t (6.50)

We multiply both sides of (6.1) by a function o(t) € C([0,T]) and integrate
over t € [0,T]. Note that we have

/ (Aul  p(t)w) dt
0

T
. / (Bt ) dt — Aty 9(0)w) + (At o(T)w)  (6.51)
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for all w € W,, (we recall that W,, is the linear span of the functions wy,...
..., Wpm). Integrating by parts in (6.51) and passing to the limit, we obtain that

T
- / (et gw) dt — (Aun, @(0)w) + (Aud (T), o(T )

+/O jio<thj(U)v‘P(t)w> 4dt+/0T(x(t),go(t)w)1dt

T
J
T
- /0 (F) (), o(t)w)z dt = 0. (6.52)
We introduce the space
D = {w(t) | v e L*(0,T; W), v € L*(0,T;V)}, (6.53)

which is a reflexive Banach space with norm

T 1/2
||v||D=( / <|v|%+||v’||2>dt) .

Note that the sets of the form
{Zwka)wk, pr(t) € CO(0,7]), wy € wl} (6.54)
k=1

are dense in D. Indeed, the following theorem holds.

Theorem 6.4. Let Ly, Lo be Banach spaces with a dense continuous embedding
d‘
Ly C Lo. We define a Banach space D as the set

{v|vel?0,T;Ly), v' € L*(0,T;Ls)}

with norm

lo]|h = ||’UHI%2(O,T;L1) + “Ul“n%2(o,T;L2)-

Then the set C' of elements of the form ;" pi(t)wy, where wy € Ly and
or € C([0,T)), is dense in D.

Proof. Clearly, it suffices to show that for every element of D one can find an
element of C! arbitrarily close to it in the norm of D. This will be done in several
steps.

1. We first prove the following lemma.
Lemma 6.5. The set C([0,T]; Ls) is dense in L2(0,T; Ly).

Proof. It is known [15] that the piecewise-constant functions are dense in
IL2(0,T; Ly). Furthermore, linear interpolation in a sufficiently small neighbour-
hood of the boundary of the set of discontinuity enables us to approximate every
piecewise-constant function within any desired accuracy in L2(0,T; L2) by a con-
tinuous function. Indeed, let w; (resp. wy) be the value of a piecewise-constant
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function w(t) in some left (resp. right) half-neighbourhood of t;. The correspond-
ing linear interpolant wq(t) on the interval [ty — J,tg + J] is given by

t—(tg— 0 to+0)—t
wo(t) = wy + %(wg —wy) = wy — %(wl — wy).
Then we have
to+o
[ o)~ a
to—9
to 2
t—(tg— 9
:/ wl—‘-y(wQ—wl)_wl dt
to—5 20 Lo
to+0 2 2
to+0—t 1)
[ e T - ) |t < S - wall
t[) 26 L2 3

Summing such terms over all points of discontinuity (there are finitely many of
them) and choosing a sufficiently small 0, we get the desired result. [J

2. Let v be an arbitrary element of D. We put w = v’. Then w € L2(0,T; Lo).
For brevity we put
L3 =12(0,T; Ly), Ly =12(0,T; Ly).

We can write .
v(t) = v(0) +/ w(r)dr.
0
3. In view of Lemma 6.5, for every € > 0 there is a w; (t) € C([0, T]; Lz) such that
[w(t) —wi(t)]|z, <e.

It is known [15] that w; can be approximated arbitrarily closely in the norm
of C([0,T]; L2) (and, therefore, in the norm of Ly = L2(0,T;Ls)) by a polyno-
mial with coefficients in Ly, that is, by an element of the form

k

Pl(t) = Zajtj, a; € L.
=0

4. Since the embedding L, dCS Ly is dense, the coefficients of P;(t) (we recall
that they belong to Ly) can be approximated arbitrarily closely by elements of L.
The resulting polynomial P(t) will be arbitrarily close to Pi(t) in the norm of
C([0,T]; L) and, therefore, in the norm of Ls. The same dense embedding enables
us to find an element vy, € Ly arbitrarily close to v(0). We put

Ul(t) = ’U(t) + (’U()l — 1)1).

Clearly,
§ vi(t) =0 (t) = w(t).
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(1) = vo1 + /0 Py(r) dr

Our previous argument enables us to make the function w)(t) = P»(t) arbitrarily
close to v'(t) = w(t) in the norm of L,. We also have

5. We define the element

2

nmm—wmm=é|mw—mmmm=é‘Awm—%wmhLﬁ

/ (/ [[w(r ()l z. dT)th: /OT (/Otl.”w(T) — Po(7)|, dT)th

L/ /mu W72, dr di < T2{w(t) — Py(t)|2,.

This bound shows that ||v1(t) — v2(¢)||L, can be made arbitrarily small provided
that ||w(t) — Py(t)]|1, is sufficiently small. Furthermore,

[o(t) =012 = [v(0) = vou|z,

can also be made arbitrarily small by what was said above. By parts 14, for every
e > 0 one can choose P,(t) such that ||w(t) — Pa(t)||z, < &. Therefore we obtain
that every element v(¢) € D can be approximated within any given accuracy by an
element

¢ k
a' .
UO1+/ PQ(T)dT:1701+Z,7]tJ+17 vo1,a; € L.
0 per A

This proves the theorem. [J
By Step 4 (see (6.25), (6.30)) we have
u(t) € L°°(0, T; Wy) € L2(0,7;W,), u/(t) € L2(0,T;V).

Then u € D. There is also a sequence

I
{w}, w=> euyws,  @ueC,T]

with the limit property

T
/ (Jju—wlf+ v —uj|*)dt = +0  as | — +oc. (6.55)
0
We now prove an auxiliary assertion.
Lemma 6.6. There is a subsequence of {u;} such that

lhfrn lur(t) —u(t)]| =0 wuniformly with respect to t € [0,T). (6.56)
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Proof. We use the technique in [16]. By what was proved at Step 4 (see (6.25),
(6.30)) we have u € 1L.°°(0,T; W;), v/ € L2(0,T;V). Then the following chain of
inequalities holds:

to ta 1/2
futen) ~ (el < [ lala< ([ eEa) Vil < vl
t1

t
1 (6.57)
Hence the function w(t) is uniformly continuous on [0, 7] with values in V.

We note from (6.55) that the sequence {u;} is uniformly bounded in L2(0, T’; W1 )
while the sequence {u}} is uniformly bounded in IL?(0, T'; V). Since W; is compactly
embedded in V, the Lyons—Aubin theorem enables us to find a subsequence of {u;}
such that

u(t) — u(t) strongly in L2(0,T;V),
w(t) — u(t) strongly in V

for almost all ¢ € [0,7]. Hence there is a countable everywhere-dense set E =
{te}72, € [0,T] such that wu;(t) — u(t) strongly in V on E. We claim that then

w(t) — u(t) strongly in V

uniformly on [0,7]. Indeed, we first of all deduce from the boundedness of the
sequence {u} in L2(0,T;V) (see above) and the estimate

t t 1/2
[l (£) s () </ lug|| ds < (/ ||u2||2d8> VIt =t <e(T)VI[t -] (6.58)
t* t*

that {u;} is an equicontinuous sequence of functions on [0, 7] with values in V.
Given any ¢ > 0, we shall now construct an L(e) such that for all | > L(e) we
have
lu(t) —u(t)| <e Vte[0,T)]. (6.59)

This is nothing other than the desired uniform convergence. Using the equiconti-
nuity of {u;} and (6.57), we choose 6 = §(¢/3) such that for |t — ¢| < § we have

_ = € - = €

laa(®) =@l < 5, Jul®) —u(@)ll < 3. (6.60)
Then we choose K = K () in such a way that all pairwise distances between the
points {tx}X | C E are less than § (this is possible since E is dense on [0, T]). We
further choose L = L(¢/3) in such a way that

£

i (te) — u(te)l| < 3

for all ¢y, k=1,..., K (finitely many points), and all [ > L (this is possible because
w(t) — u(t) in V on E). This is the desired L. Indeed, consider the inequality

l[ua () = u(®)]] < [ur(t) = we(ti)ll + lue(tr) — wte)ll + lulte) —w(@)]l,
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where ¢ € [0,T], | > L, and the point ¢, is chosen using the conditions |t — ¢x| < 4,
ke {1,..., K} (this is possible by the construction of K). Then, by the choice of 4,

u(t) — u(ty)]| < =.

lua(8) — wite)]| < =, 3

3

By the choice of L we get

g (tr) — u(ty)|| < g

This proves (6.59). O

Using Lemma 6.6, we conclude that there is a subsequence of {u;} possessing
the following limit properties in addition to (6.55):

lu(0) — u (0)]| — +0, [ — +o0, (6.61)
lu(T) — w (T)| — +0, I — +o0. (6.62)

Since the duality brackets are linear with respect to their second arguments, one
can rewrite (6.52) in the form

- / (Al ol df — (Auy,w(0)) + (Ad'(T), w(T))

/ Z<dt I ul>.dt+/0T(X(t)’ul)1dt/OT(F/f(U)’Ul)zdt0.

(6.63)

Using the limit properties (6.55), (6.61) and (6.62), we can pass to the limit
as | — +oo in (6.63) and obtain

T
— / (Au' u'y dt — (Auy,ug) + (Au/(T),u(T))

/ Z<dt j(u > dt+/oT(X(t)7U)1 dt—/OT(F}(u),u)gdtzo.

(6.64)
We now deal with the terms
T/a
A-(u),u> dt, i=0,...,n.
/0 <dt ’ i
To do this, we deduce from the property
_ L,
A (W) lv; v < Mllull}?
that
[Aj(v1) = Aj(va)|[j < py(R)[lor — v2ll5, (6.65)
where

pi(R)=c;R, R=max{|jv]7 7, vy’ 7}
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Hence there is a chain of inequalities
T ’
| 00 = s ol a

, T
< C;)J/o max{ [0y | 727 2P P | | B2 a2 D) gy

P’ T ) . (ps=2)/ (25 =1)
< ([ max{llon ozl y o

T _ 1/(p;j—1) D
X (/ [[o1 — o}’ dt) . Py=—"=. (6.66)
0 p; — 1

Consider the resulting sequence {u,,} C CM([0,T];V;) of Galerkin approxi-
mants (we regard it as finalized for the moment). By the limit property (6.34),

T
/ [ — w5 dt — 40, m — 400, (6.67)
0
but then (6.66) yields that
T ’
|0 = w5 e = 40, = o (6:63)

We note that the following equality holds by Lemma 4.3:

T T
d pi—1 d
TR = = (A, ,
/0 <dt ](Um),um>.dt Dj /O dt< J(um),um>J dt

J

= 2 ) (D), (D)) = (o m @), O)], =0,
j (6.69)
Moreover, by the initial condition (6.2) and the limit property (6.48) we have
i (A1), (1)), = (A () (D), (D)), (6.70)
(A (00)(0) 0 (0)), = (A (). ). (6.71)

We note that if a sequence converges weakly in 1.2(0, T} V;), then it also converges
weakly in LP5 (0,75V7) for p; > 2 (since pj < 2). Using this and the limit property
(6.38), we finally conclude that there is a subsequence of {uy,} such that

d d /
7 &Aj (u) weakly in P (0,75 V7), j=0,...,n. (6.72)
Therefore, using the limit properties (6.67) and (6.70)—(6.72), we can pass to the
limit as m — +oo in the subsequence {u,,} (finalized at the moment) and obtain

[ ()

J

_ T [(A (u(T)), u(T)); — (Ay(uo), uo);],

Aj (Um) —

0,...,n.
(6.73)



968 M. O. Korpusov and A. A. Panin

Using this and (6.64), we arrive at the equality

T
- /o (Au' "y dt — (Aug,ug) + (Au/(T),u(T))

+/0 (x(t),u)ldt—/o (Fs (u),u)2 dt = 0. (6.74)

This and (6.50) in their turn yield the inequality
T
0</0 (X~ Hy(w),u—v)dt,  veLP(0,T;W,). (6.75)

The following argument is standard in the monotonicity method, but we give it
for completeness. Put v = u — Aw, where w € LP(0,T;Wy), A > 0. Then

T
0< / (x = H}(u — Aw), w); dt.
0

Letting A — 40 (this is possible since the operator H}(-) is boundedly Lipschitz
continuous), we get the inequality

T
o</ (x— W) w)dt,  weLP(0,T; W),
0

This is a contradiction if x(t) # H'(u).

Thus the local solubility is proved. In what follows we need another result on
the strong convergence of the sequence of Galerkin approximants. To state it, we
require that the following additional condition holds:

(H/f(l}l) — H/f('UQ),Il}l — U2)1 2 a|v1 — ’UQH), V1, U2 c Wl. (676)

Since the sequence u,, is bounded in W; (see (6.11)), we have (after choosing
a subsequence)

U, — u weakly in LP(0,7; W), H () — Hy(u) weakly in L¥ (0, T; WY),

(6.77)
and, moreover,
T T
im0 ). ) = /0 (HL) (), ), . (6.78)
Thus we have the limit relation
T T
0= lim (H'y (u) — Hy (um), v — um)1dt > a lim lu — upm |y dt. (6.79)

m——+0oo 0 m——+o0 0
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We conclude that
Um — w  strongly in LP(0,T; W) (6.80)

and, clearly (up to choosing a subsequence),

Um — u  strongly in Wy for almost all ¢ € [0, T].

Step 6. Continuation of solutions in time. We now require the operator A to be
coercive in the following weak sense:

[Aw|s > dlwlly,  weVCW. (6.81)

Then it follows from (6.21) that u” € L2(0,T; W ).
We introduce two classes of functions with values in Banach spaces:

Ry = {v: v(t) € Wy, v'(t) € V}, Ry={v:o(t) eV, v(t) e W }.

By definition of a weak generalized solution u(t) we have u(t) € L*°(0,T; Ry).
Changing u(t), if necessary, on a set of Lebesgue measure 0 in [0, T], we get

u(t) € C([0,T]; Ry). (6.82)

Clearly, R; C Ry. By (6.82), the trace of the function u(t) exists at every point
t € [0,T]. We introduce two functions,

i (T) = isés[-SHF(lull(t)+ [W'[1(8)), (T = S ](IIUII(t)+ 1’ [l (¢)). (6.83)
Let Ty > 0 be such that the weak generalized solution of the problem exists for all
T < Ty. Then either Ty = 400, or Ty < 400 and, in the latter case,

Jim 1 (T) = +oo. (6.84)

Indeed, if (6.84) does not hold, then Ty < 400 and

ILITI}IO 1 (T) < +o0. (6.85)
However,
. < bl .
Aim 42(T) < b lim 91(T) < +o0
Hence,
sup ([l (t) + [lu' [l (t)) < +oc. (6.86)
t€[0,To]

First of all we note that for almost every ¢ € [0, 7] we can pass to the limit in (6.10)
and obtain that

t t
S+ erful? + / (hou',u')ods < B(0) + 5 / (1w/||? + [ul}*) ds. (6.87)
0 0

Combining this with (6.85) and the coercivity of Ay, we see that u’ € .2(0, Tp; Vo).
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The a priori estimate (6.21) takes the form

1 (s

We see from this that the sequence {u,,} has a subsequence with the limit property

) dt < Clg(T) < +00. (688)

d _
aAu - tAu' weakly in L0, T;W").
Then, using (6.88) and the weak sequential semicontinuity of the norm in a reflexive
Banach space, we get the estimate

(HAU ) liminf <HAU
m~>+oo

We shall prove that ¢12(T) < 400 for all T € [0,Tp]. To do this, we consider
equation (6.15). The main difficulty in getting a uniform a priori estimate for the
expression on the left-hand side stems from the summand

) dt < c15(T) < 400, (6.89)

The other summands are much easier to study once this one is understood. Now,
by (6.17) and (6.6) we have the a priori estimates

2 2

/T . d T d
Pl () dtg/ L ps () D) dt
0 dt W o |ldt W dt’ v
T
< cyessisup un (7 [ (8] (i)
s€[0,7] 0
, T
< cjess.sup |, ()77 [Em(0)+/ (F'f(um),u;n)zdt]. (6.90)
s€[0,7) 0
Hence we get the estimate
T 2
d
Aj(um) dt
/0 dt w
<¢j ess[.sul])|um(s)|zfj_ {Em(OH—/ (F's (), u, )2 dt} (6.91)
selo,T 0

By (6.10) we also have

T (pi—2)/
ess.sup \um(s)|zl’j_2 < d; (Em(O) +2 / ([Jul, |I* + |um|2q+2) dt) . (6.92)
s€[0,T] 2 Jo
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Therefore (6.91) and (6.92) yield the desired estimate

i

d 2 (pi=2)/p

b ()

T
dt < dj| Enm(0) + 0—2/ ([ )1 + |t 2‘”2) dt
W 2 Jo

« [Em(()) + /O T(F}(um),u;n)gdt] — Iy (6.93)

The other summands in (6.15) can be estimated in a similar way, and we finally
get the estimate
(e

We now let m — 400 in both sides of this inequality. In particular, for Iy ., we
use (6.27) and the continuous embedding Vo C Wy (along with the other limit
properties obtained in this section by taking the lower limit as m — +oo in the
definition of Iy;,,) to conclude that

e , - (pj—2)/p
lim Jljm:dj(E(o)Jrz/ ('l + Jeft*) 3)
0

m——+oo

) dt Zjljm + IQm + ISm + I4m
7=1

« [E(O) + /OT(IF'f(u),u’)gdt}

e [T o _— (pj—=2)/p
<a;(BO)+Z [ (P + 1) as)

y {E(OH— <[ |1F’f(u)|;dt> v (AT|u’3dt>l/T. (6.94)

Since u(t) € L*°(0,Tp; R1) and (by what was proved above) we have u/(t) €
IL2(0, To; Vo), we obtain from (6.94) that

lim Iijm < e(Th) < +o00 (6.95)

m——+oo

for all T € [0,Tp]. We similarly consider all other terms in the operator equal-
ity (6.15). Thus we arrive at the uniform bound

To d
— A’
(e
It follows that

|Au'(t1) — Au/(t2)]%

||W
< /t2

*

)th < o(Tp) < +00. (6.96)

w

d
—Ad/

* 2 1/2
<t—t1/2 dt 97
it (7 ([Gaw] ) ) o

for all t1,t5 € [0,Tp). Hence we see from (6.97) and (6.81) that u'(¢) is a uniformly
continuous W -valued function on the half-open interval [0,Tp) and, by the proof
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of Lemma 6.6, u(t) is a uniformly continuous V-valued function on [0,7,). Thus
there is a continuous extension of u(t) such that u(Tp) € Ry. As a result, we obtain
that

u(t) € L>°(0, To; Ry), u(t) € C([0,Ty]; R2).

The second inclusion implies that there is an element u(7p) € Re. We claim that
u(Ty) € Ry. Indeed, we put

E={tel0,To]|u(t) € Ry, [ut)llr, <llul=(omr)}-
It follows from the first inclusion that E = [0,7T,]. Consider an arbitrary sequence
t, — 1o — 0, t, € E.

Then the sequence {u(t,)} is bounded in R; and, therefore, contains a subsequence
{u(ty, )} weakly convergent to x in R;. Since the embedding operator Ry — R is
continuous and every continuous operator is also continuous in the sense of weak
convergence, we have u(t,,) — « weakly in Rs. On the other hand, since u(t) €
C([0,Tp]; Re), it follows that w(t,,) — u(Tp) strongly (and, therefore, weakly)
in Ry. Thus x = u(Tp). Since x belongs to R; (being the weak limit of a sequence
of elements of R;), we have u(Ty) € Ry, as required. Hence,

u(Ty) € Ry (6.98)

Remark 6.7. A modification of our proof of (6.98) shows that the function wu(t):
[0,T] — Ry is weakly continuous on [0, T']. (Although not necessary for our purposes
here, this fact is of interest in itself.) Indeed, take an arbitrary point ¢y € [0, 7] and
suppose that ¢, — tg, t, € E. Using the continuity of the function u(¢): [0,7] — Ra
and arguing as above, we obtain a subsequence {t,, } such that u(t,,) — u(to) € Ry
weakly in R;. (In particular, it follows that [[u(to)||r, < [[u(t)|Le<(0,7:R,)-) We
claim that the same limit property holds for the whole sequence {¢,}. Indeed,
otherwise there would be a subsequence {¢,,} and an element f € R} such that
(f,u(tn,))r, 7 (f;u(to))r,. Hence we would have a subsequence {t,, }and anum-
ber ¢ > 0 such that

|<f»u(tnzp)>R1 —(f,u(to))r,| > c

On the other hand, it was proved above that every sequence {u(t;)} with ¢t —to
contains a subsequence weakly converging to u(tg). Applying this assertion to
{u(ty,, )}, we arrive at a contradiction.

Take any T € (0,Tp). By our result on local solubility in the weak generalized
sense, there is a T* = T*(T") > 0 such that the solution of the problem (3.1), (3.2)
exists for t € (T",T' 4+ T*). Note that condition (6.98) holds. Hence there is an
exact lower bound

T = inf T*>0.
T'€[0,T0)
Putting
T**

r=T-=
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we get the following continuation of the solution:
a={ut), t€[0,T]; ult—T"), te [T', T + T*]}.
Thus we obtain that
a={u(t), t€0,T'); u(t—T"), t € [T",To + T**/2]}.

Hence we are able to continue the solution beyond the time T > 0, a contradiction.
Therefore the limit property (6.84) holds.
Thus we have proved the following theorem.

Theorem 6.8. In addition to the conditions on the operator-valued coefficients
stated above, we now adopt conditions (6.7), (6.14), (6.22) (where, moreover,
B —<— V*), condition (6.81) and the conditions

Wi —— Wy CV, Wl‘—>‘—>VjCV, VoCV, VyC Wy, 7=0,...,n,

(H}(’Uﬁ—H}(Ug),Ul —’02)1 2a\v1 —’1)2|11), v1,v2 € Wy

Suppose that the Hilbert space W dCb W has an orthonormal basis of eigenvectors w;
of the operator A. Then the following assertions hold. If p > 2q + 2, then a weak
generalized solution exists for all T € (0,400). If p < 2q + 2, then there is
a Ty > 0 such that a weak generalized solution exists for oll T € (0,Ty). Here
either Ty = 400, or Ty < 400 and, in the latter case, we have

lim sup (|uly (t) + [|u[|(t)) = +oo. (6.99)
1T,

§ 7. Blow-up of weak generalized solutions

Sufficient conditions for the finite-time blow-up of weak generalized solutions
cannot be obtained from the original statement of the problem since such solu-
tions are not sufficiently smooth. However, the Galerkin approximants constructed
in §6 possess the required smoothness: u,,(t) € C) ([0, T]; W).

We introduce the following notation:

1 tr “pi—1
D, (t) = §<Aum, Upn) —|—/0 {2<Aoum7um>0 + Z pjp, <Aj(um),um>j} ds
g=t

1 I «p; —1
+ =— (AoUmo, Umo)o + — E Aj(Umo), Umo)j, (7.1
o o g 20 Aol (1)

Intt) = (ot + [ [ttt + il«Aj(um»cu;»j} ds

(AoUmo, Umo)o + Z pJTO%j(Umo), Um0) ;s (7.2)
]

DN =

_|_

j=1
where pg = max;—1, _,p;. As in the proof of Lemma 5.1, we obtain that

(®,)? <po®mm,  t€0,T]. (7.3)
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Regarding the Galerkin approximation problem (6.1)—(6.3) as the original problem
for u,, and arguing as in § 5, we obtain the differential inequality

1

D, (t) > , 7.4
( ) [(I)}nfa(o) _ Amt]l/(a_l) ( )
where
A7, = (= 1)%,2%(0) [(97,(0))? = 0, @ (0)] >0,
2E:(0) for E(0) >0, 1 0
om =14 200 —1 a=—|1+=], po= max pj,
0 for E(0) <0, Po 2 J=Lmn
1 1 -1
®,,(0) = §<Aum07 Umo) + 20 — (AoUmo, Umo)o + pTJ Z p]pj (A (Umo), Umo)

7j=1

1
@7, (0) = (Ao, um1) + <A0Um07 Umo)o + Z pjp (A (umo), tmo);
j=1 I

0
5 <Aum17 um1> + 9H(“m0)

E,(0) = 2

0 1
+ (1 + 2) ( <A0um03um0 o+ Z bi— A'(umo)»um0>j> - QF('LLmo)

=1 P
We now let m — +oo in (7.4). First, by Lemma 6.6 we have

lim (A, Um) = (Au,u) uniformly with respect to t € [0,T]. (7.5)

m=+oo
Moreover, by what was proved above,
Um — u  strongly in LP/(0,7T;V,), (7.6)
Aj(up) — Aj(u) strongly in 173 (0, T Vi) (7.7)
for 7 =0,...,n. It follows that
(Aj(um), um); — (Aj(u),u); for almost all ¢ € [0,77, (7.8)

and the sequence of numbers {(A;(u,), um);} is bounded uniformly with respect
tom € N. Using (7.5)—(7.8) and the initial conditions (6.2), (6.3), we conclude that
the following limit property holds pointwise for ¢ € [0, T7:

O(t) — B(t),  tel0,T], (7.9)

d)(t):é(Au,u>+/ot< (Aou, uo—&—zp]_l (A;(u ),u>j>ds

= Pi
n
>,

1
+ — (Aguo, up)
2p0< 0UQ, U

pi o), un),-
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The initial conditions (6.2) and (6.3) enable us to obtain that
Ay — A, (7.10)
A% = (a—1)*®72%(0)[(9'(0))* — 69(0)] > 0,

for F 1 0
)= 2 — 1 or (O)>07 Oé:<1+2>7 Po = max pj,
0 for E(0) <0, Do j=1,..n

1 1 1 w~p;—1
®(0) = = (A — (A — J
(0) 2< U07u0>+2p0< 0“07u0>0+poz o

(Aj(uo), uo);,

j=1

pj—1
pj

1 n
®'(0) = (Aug, u1) + §<A0U0,u0>0 + Z

Jj=1

(A (uo),uo)y,

E(0) = g(Aul,ul) + 0H(ug)

4 (1 + Z) <;<Aou0, Yo + ; pjp; L (uo), u0>j> O (o).

Therefore in the limit we obtain from (7.4) that

1

0> Greag) - aguen

(7.11)

Thus we have proved the following theorem.

Theorem 7.1. Suppose that p < 2q + 2 and the hypotheses of Theorem 6.8 hold.
If the following conditions hold:

'(0) > (69(0))/2, ®(0)>0, 6>2(po—1), 0>p, (7.12)
2E(0)
E 1 0
0=1¢2a-1 for E(0) >0, a=(1+2)7 po = max pj,
0 for E(0) <0, Po j=1,...m

then the time T > 0 cannot be arbitrarily large. Namely, we have
T < Ty <P 0)AE,
A% = (o = 1)?072%(0)[(2'(0))* — 62(0)],
and (7.11) holds for all t € [0, Ts).

Remark 7.2. We claim that Ty < 4oo under the hypotheses of Theorem 7.1.
Indeed, assume that Ty = 4+00. Then

ul1(£) + ||| < «(T) < 400, t€[0,T],
for all T' € (0, +00). Since there are embeddings

W, CV, W1CV1'7 7=0,...,n,
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we conclude that
O(t) < ¢(T) < 400, t e [0,T],

for all T' € (0, +00). This contradiction shows that Ty < +oo under the hypotheses
of Theorem 7.1. Hence the limit equality (6.99) also holds.

§ 8. Local solubility in the sense of strong
generalized solutions, and their blow-up

First of all we make a basic assumption: suppose that W = V. We understand
solutions of the problem (3.1), (3.2) in the weak generalized sense of Definition 3.3.
For convenience we reproduce the problem here:

Pud - .
A(ﬁ?+ﬁ(A0u+;AJ—(u)) + i (u) - Fy(u) =0 € V", (8.1)

uw(0) =ug €V, u'(0) =u; €V. (8.2)

By conditions A and the Browder—Minty theorem, there is an inverse operator
-1 * -1 —1 * 1
ATV =YV, ||A vy — A 1)2” SEHIH—’UQ”, v1,v2 € V.

We put v = Au. Then the problem (8.1), (8.2) for a function u(t) in the class
C®([0,T];V) (the operators d?/dt> and A commute on this class of functions)
becomes a Cauchy problem of the form

Pv d _ = _ _ _ .
dt2+dt<A0A 1U+ZAJ»(A 111)) +Hp(A ) —F((A™"v) =0 € V", (83)

j=1

vo = v(0) = Aug, vy = v'(0) = Auy. (8.4)
Note that in the class C®) ([0, T]; V*) equation (8.3) can be written as

v=H(v)=vy+vit+ <AOA_1UO + ZAj(A_lvo))t

j=1

t t n
+ / (t— 5)[F (A v) — By (A~ 0)] ds — / [AOA‘lv 34 (A‘lv)] ds.
0 0 =
(8.5)
We now introduce the following closed, bounded and convex subset of the Banach
space L>°(0,T; V*):

V, = {v e L=(0,T;V"): ||jo]] = ess.sup Jo]]* < r}.
te[0,T]

We claim that if » > 0 is sufficiently large, T' > 0 is sufficiently small, and

,
feoll” < 2,
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then the operator H(-) maps V., to itself. Indeed, the following estimate holds:

* MO * = M * :— *
IHE < ool + |2l * 3 e (ol Ll

Mp b MH ) M; .
+1° L ol + —=llllP | +T *IIIUI\I+Z el

(8.7)
We fix r > 0 so large that (8.6) holds. Let 7' > 0 be so small that

HH@Il<r,  veV,.

Then H(-): V, — V,, asrequired. We now claim that this operator is a contraction
mapping on V,.. Indeed, the following estimate holds:

B _ a1 T? asT? asT M
I|1H (3) — H@)|| < | = () + 2m pa(Ro) + =
M a4 % _
+TZ pff (R)P =2 ||lo —lll, (8.8)
where
ay _ — a _ =
Ry = — R, = =
1= max{][[g[]L, l[z/il}, 2 = _—max{[l[o]l], [Iz[ll},
R} = aq; max{||[v]]], [||v]|[}

and a; is the constant in the continuous embedding W3 C V*, a5 is the constant in
the continuous embedding Wi C V*, a3 is the constant in the continuous embed-
ding Vi C V* and ay; is the constant in the continuous embedding Vi C V*. Thus,
for sufficiently large » > 0 and sufficiently small 7" > 0, (8.8) yields the desired
inequality

_ - 1. - -
I () = H@)ll < 5lllo -2l Vo,0€V,.

By the contraction mapping theorem, the integral equation (8.5) has a unique
solution v(t) € V,. Continuing this solution in time by the standard method, we
obtain a maximal Ty > 0 such that for all T' € (0,Tp) there is a solution of class
L°°(0,T; V*). Here either Ty = +00, or Ty < 400 and, in the latter case, we have
lim sup ||lv = 4o00.
Jim s o)
Using the ‘bootstrap’ method in the standard way, we obtain from (8.5) that
u(t) € CO([0,Tp); V7).
Finally, we conclude from the Lipschitz continuity of A~! that wu(t) €
C®@)([0,Ty); V). This proves the following theorem.

Theorem 8.1. For all ug,u; € V there is a unique strong generalized solution u(t)
of the problem (8.1), (8.2) of class C2)([0,Ty); V) for some Ty > 0. Here either
To = +00 or Ty < 400 and, in the latter case, we have

lim sup ||[Au ~+00. 8.9
Jim sl () = (39)
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Sufficient conditions for the blow-up of the strong generalized solution of the
problem (8.1), (8.2) were obtained in Theorem 2.1.

Theorem 8.2. Suppose that the hypotheses of Theorem 2.1 hold. Then the time
To > 0 in Theorem 8.1 is bounded and, therefore, the limit property (8.9) holds.

Proof. Suppose that the hypotheses of Theorem 2.1 hold. Then that theorem yields
that Ty < 4o00. Hence it follows from Theorem 8.1 that the second case of the
alternative holds. [

8 9. Examples

First of all we note that the procedure of obtaining sufficient conditions for
the blow-up of solutions does not depend on the boundedness of the domain and,
therefore, is applicable to the corresponding Cauchy problems. But local solubility
is often available only for bounded domains. In all the examples below, the proof of
blow-up works for the Cauchy problems. Let © C RY be a bounded domain with
sufficiently smooth boundary. As usual, we write

Np
= N=p for N > p,
400 for N <p.

In the examples below we also put

L =1%9Q), a;(x) € L*°(Q), 0 < ap < aj(z).

Example 9.1. Consider the problem

th ( Au+ Zaj Y|ulPi—2 ) — div(|VulP72Vu) = |u|%u, (9.1)
u(x,0) = uo(x) € WyP(Q), u'(7,0) = uy (x) € L*(9), (9.2)
u‘ag =0. (93)

In this case we have

A = Ia AO = _A7 A](u) - a]( )|u|P] u,

1
= f/ [Vul? dz, F(u) /\u|q+2 dx.
pJa T2

Here and in what follows, I is the identity operator. Moreover, suppose that
V=1L%Q), Ve=H}(Q), V;=LrQ),
Wi =WgP(Q), W,=L"2(Q), B=H}Q),
W = H3(Q) for sufficiently large s > 1 and {wy} C W are solutions of the problem

(—A)’wy, = Apwy, J=(-A)"": H*(Q) — Hj(22).
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Therefore condition (6.14) holds. Thus, assuming that
g+2<p*, p;<p’, ji=1,...,n,
we have completely continuous embeddings
Wi == W,, W; ——Vy, j=1...,n.

Clearly,
W, =L92(Q) cL*(Q) =V

for ¢ > 0 and V; = LPi () C L2(Q2) = V. Moreover,
Vo = H}y(Q) C L?(Q) = V.
Finally, if ¢ + 2 < 2%, then we have the embedding
Vo = Hj(Q) € L3(Q) = Ws.

In the case when 2¢q + 2 < 2%, property (6.7) holds. Properties (6.22) and (6.81)
also hold. Therefore Theorem 6.8 is applicable, and the blow-up of solutions occurs
under the hypotheses of Theorem 7.1.

Example 9.2. Consider the following problem:

P 0 (82— 3 divlay (@) ValP2v0)

52 T 5 U 2 iv(a;(x)|Vu U
+ A(|AuPT2Au) = — div(|Vul|!Vu), (9.4)
u(z,0) = up(x) € Wg’p(ﬂ), W (2,0) =uy(z) € ]LQ(Q)7 (9.5)

ou
’u|aQ = 07 8nm 20 =0. (9.6)
In this case we have
A=1, = A? Aj(u) = — div(a;(z)|Vul[P 2 Vu),

/ |Aul? dz, F(u) q+2/ | V|92 da.
Here
V=LXQ), Vo=HiQ), V;=W"(9),
Wy =WoP(Q), W, =Wy*(Q), B=H}Q).

Moreover, W = H(Q) for sufficiently large s > 0, and {wy} C W are solutions of
the problem

(—A)ka = AW, J = (—A)_S: H_S(Q) — HS(Q)

Therefore property (6.14) holds.
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Thus, assuming that
q+2<p’,  p;<p’

for 7 =0,...,n, we have completely continuous embeddings
Wy ‘—>‘—>W2, W1 ‘—>‘—>Vj, j:O,...7n.

Clearly,
Vo = H2(Q) C L*(Q) = V.

If
q+2<27,

then there is a continuous embedding
Vo = HE(Q) € WyT*(Q) = W,.

Finally, if
2q +2 < 2%,

then property (6.7) holds. Properties (6.22) and (6.81) also hold. Therefore The-
orem 6.8 is applicable, and the blow-up of solutions occurs under the hypotheses
of Theorem 7.1.

Example 9.3. Consider the following problem:

0%u

Tl + = (Azu - Zdlv a;(x)|Vu|P~ 2Vu)> + A%y

= —div(|Vu|?'Vu),  (9.7)
u(z,0) = ug(z) € HA(Q) N H{(Q), o/ (2,0) = uy () € HY(), (9.8)
ulan =0, Aulpa = 0. (9.9)
In this case we have

A=-A Ag=A%  Ayu) = —divia;(2)|VulP">Vu),

1
:7/ |Aul? dz, F(u) /|Vu|q+2dx
2 Jo q+2

Here
V=H}(Q), Vo={ueH(Q)NHHQ): uloo = Aulpo = 0},
V; = WP (Q), Wy = {ueHX(Q)NHLQ): ulog = Aulog = 0},
W, = Wyit?(Q), B=1L3Q).

Thus, if ¢ +2 < 2* and p; < 2* for j = 1,...,n, then we have completely
continuous embeddings

Wy %‘—>W2, Wl‘—>‘—>Vj, j=1,...,’l’L.
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Moreover,
Wy = Woi™(Q) CHY(Q) =V,  V;=W;™(Q) CH)Q) =V,
Vo CHp(R) =V, VoCW,;  g¢+2<2~

Finally, if 2¢ + 2 < 2*, then property (6.7) holds. Property (6.22) also holds.
The following remark shows that the operator A possesses all the properties that
were used in our proof of local solubility in the weak generalized sense.

Remark 9.4. Tt is known that the space HJ () NH?(Q2) admits a basis (in the sense
of convergence in the HZ(Q)-norm) of eigenvectors of the Laplace operator pro-
vided that the boundary of €2 is sufficiently smooth (see, for example, [17], Russian
pp. 132-133). It is also known (see [17], Russian p. 119, or [18], Russian p. 44) that
the expression ||Aul|L2(q) is a norm on HE(€2) N H?*(Q2) equivalent to the standard
Hg-norm. By choosing (Au, Av)i2(q) as the scalar product in Hg(Q2) N H?*(Q) and
appropriately normalizing the system {v,,} (orthogonal in L2(Q)) of eigenfunctions
of the Laplace operator in €2, we get the required orthogonal basis because

(Avn7 Avm)]L2(Q) = )\n)\m(vn7 Um)]Lz(Q) = 0.
We now prove property (6.81). First, there is a chain of continuous embeddings,
one of which is dense:
ds
H(Q) NHA(Q) C HY(Q) c HH(Q) C (H(Q) NHA(Q))*. (9.10)

In the case under consideration,

W = Hy(Q) NH(Q).
Note that
A:HY(Q) — H Q). (9.11)

We denote the duality brackets between W and W~ by ((-, -))w- Using the dense
embedding in (9.10) along with (9.11), we conclude that there is an equation of
duality brackets:

(—Au,u) = ((—Au,u))yy, (9.12)

where (-, -) are the duality brackets between V = H}(2) and V* = H~}(Q). Note
that the following chain of equalities holds for every z € V C W

1Azl = sup [((Azw))yl=  sup  [(Az,w)|

HAwHu_2(Q):1 HAwHLZ(Q)Zl
/ zAw dx
Q

= sup /(Vw,Vz) dx
Q
we W = H2(Q) NHL(Q) € LA(Q).

”AwHL2(S2):1

= sup

= ||lzllL2) (9:13)
”Aw”L2($2):1

for all

The last equality in (9.13) is justified in the following way. It suffices to take w
equal to a solution (up to normalization) of the homogeneous Dirichlet problem for
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the Poisson equation with right-hand side z. Since the boundary of €2 is sufficiently
smooth (see Remark 9.4), this solution belongs to H?(Q) NH(€2). Clearly, there is
a continuous embedding

L2(Q) C (H*(Q) N Hp(2))".

This proves that property (6.81) holds.
We now verify that condition (6.14) holds. Note that

W= {u S HQ(Q) ﬂHé(Q): uloq = Aulga = 0}

and the dualizing map J between W" and W is an integral operator whose kernel
is the Green function of the following problem:

A2G(-y)=0(-—y) in Q  G(,y)=—AG(-,y)=0 on 9.

It is known that the solution of this problem exists and can be written out explicitly.
By our choice of the system of functions {wy}, they are solutions of the problem

2
—Awk = AWy — A WE = )\kwk7 U}k|aQ = Awk|ag =0.

Then the dualizing map J possesses the property

W

ka = )\7%

It follows that condition (6.14) holds.

Example 9.5. Consider the problem

(I - A>?}? + = (u + ZaJ )|ulPi~2u > = |u|%u, a;j(z) € JLS:’(RN), (9.14)

u(0) =up € H'RY),  /(0) = uy € H(RY). (9.15)
In this case we have
A=T-A, Ag=1, Aj(uv) = a;(x)|u|Pi %,

1
Flu) = ——
() q+2

|u|97? de, H(u) =0,
where
V=HRY), V,=L*RY), V;=LPR"Y), Wy=LI"?*R"Y).

We now require that the following conditions hold: p; € (2,2%], ¢ +2 € (2,27].
This guarantees that the basic assumption in §8 is satisfied:

W=V = H'(RY).

Thus all the hypotheses of Theorem 8.1 hold, and blow-up of solutions occurs under
the hypotheses of Theorem 8.2.
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Example 9.6. Consider the problem

2u n
I+ A%% - % <Au + Zdiv(aj(:r)Vu|pf_2Vu)>
j=1
= —div(|Vu|?Vu),  aj(z) € LYRY), (9.16)
u(0) = up € HA(RY), u'(0) = uy € H2(RY). (9.17)

In this case we have

A=1T+A% Ay = —A, Aj(u) = — div(a;(z)|Vul[P —2Vu),

F(u) = —

T g2 Jan Vul2dz,  H(u) =0,

where
V=HRY), Vo=HY(RY), V;,=W'rRY), W,=wWHt2(RY),

We now require that the following conditions hold: p; € (2,2*], ¢ +2 € (2,2*].
This guarantees that the basic assumption in §8 is satisfied:

W=V = HRY).

Thus all the hypotheses of Theorem 8.1 hold, and blow-up of solutions occurs under
the hypotheses of Theorem 8.2.

Example 9.7. Consider the following problem:
Pu 0 . _
([+A2)w - at(Aqu;dlv(aj(as)VupJ 2Vu))

= —Au </sz |Vl dx) qm, aj(z) € LT (RY), (9.18)

u(0) = up € H2RY),  /(0) = uy € H*(RY). (9.19)
In this case we have

A=T+A%  Ag=-4,  Aj(u) = —div(a;(z)|VulP" 2Vu),

1 ) (¢+2)/2
Flu) = — (/RN IVl dx)  H(u) =0,
where
V=HR"Y), Vo=H(RY), V,=W-RY) W,=HRY).
Suppose that the following conditions hold: p; € (2,2*], ¢ > 0. Then we obtain
that the basic assumption in §8 is satisfied:
W =V =H*RY).

Thus all the hypotheses of Theorem 8.1 hold, and blow-up of solutions occurs under
the hypotheses of Theorem 8.2.
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