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ABSTRACT

We present a new covering theorem for a nonlinear mapping on a convex cone, under
the assumptions weaker than the classical Robinson’s regularity condition. When the latter
is violated, one cannot expect to cover the entire neighborhood of zero in the image space.
Nevertheless, our covering theorem gives rise to natural conditions guaranteeing stability of
a solution of a cone-constrained equation subject to wide classes of perturbations, and al-
lowing for nonisolated solutions, and for systems with the same number of equations and
variables. These features make these results applicable to various classes of variational prob-
lems, like nonlinear complementarity problems. We also consider the related stability issues
for generalized Nash equilibrium problems.
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1 Introduction
This paper is concerned with stability properties of a given solution @ of constrained equation
®(u) =0, wePr, (1.1)

where ® : R? — RY is a sufficiently smooth mapping (the exact smoothness requirements will
be specified as needed), and P C RP is a closed convex set. In the main results presented
in Section 2 it will be assumed that the set P is conical at the solution @ in question, which
means that the set P — @ behaves near zero like a cone (the formal definition will be given
below). This setting includes the case when P is polyhedral, allowing us to cover important
applications in Sections 3 and 4. That said, of course, the conicity assumption reduces the
area of applicability of our results; extending them to possibly non-conical P is the subject
of our ongoing research.

We are mostly interested in those cases when the solution in question can be in some
sense singular, and in particular, is not necessarily isolated. Specifically, we wish to obtain
conditions ensuring stability of a given solution subject to wide classes of perturbations,
despite the fact that every neighborhood of this solution may contain other solutions. In this
paper we restrict ourselves to the case of right-hand side perturbations, i.e., we consider the
parametric family of problems

O(u) =w, ué€P, (1.2)

where w € RY is a perturbation parameter.
For unconstrained equation

D(u) =0 (1.3)

(i.e., when P = RP), these issues have been studied in [22]. In this case, the meaning of
singularity is clear: a solution @ of (1.3) is singular if it violates the regularity condition

rank ®' () = ¢,

the latter being equivalent to
im @' (%) = RY, (1.4)

where im stands for the range space of a linear operator. If u is a nonisolated solution of
(1.3), then the contingent cone Tp-1(p)() to the solution set ®~1(0) at u is nontrivial, and
hence, ker ®'() containing Tg-1(gy (%) is also nontrivial, where ker stands for the null space
of a linear operator. In particular, if p = ¢, then ®'(@) is a singular square matrix, and hence,
4 is necessarily a singular solution.

In [22, Theorem 5|, it was shown that a solution @ of (1.3) “survives” perturbations in
large classes if ® is smooth enough, and there exists ¥ € ker ®’(@) such that @ is 2-regular at
@ in the direction v, the latter meaning that

im &' (i) + @ (@) [v, ker ®'(u1)] = RY. (1.5)

This notion is a useful tool in nonlinear analysis and optimization theory; see, e.g., the book
[1], and [17, 18] for some recent applications. Evidently, (1.5) holds automatically with every



v € RP (including v = 0) provided the regularity condition (1.4) is satisfied. At the same
time, (1.5) may hold with nonzero v even if (1.4) is violated, and even if @ is a nonisolated
solution; see the examples in [22] and below.

Furthermore, as demonstrated in [22], condition (1.5) may never hold with v € ker ®'(a)
if p = ¢ (which will be the case of special interest in this work), @ is a singular solution,
and Tg-1()(u) = ker ®'(a), the latter being one of the two ingredients of the concept of
noncriticality of solution 4, as introduced in [22]. The second ingredient is Clarke regularity
of ®~1(0) at 4, and as demonstrated in [22, Theorem 1], under the appropriate smoothness
assumptions, this combination of properties is equivalent to the local Lipschitzian error bound

dist(u, ®71(0)) = O(||®(uw)|) as u € RP tends to , (1.6)

which is known to be equivalent to the following upper Lipschitzian property, the concept
dating back to [31]:

dist(u(w), ®71(0)) = O(|Jw|) as w € R? tends to 0,
where u(w) is any solution of the perturbed equation
D (u) = w, (L.7)

close enough to 4. In addition, [22, Proposition 1] implies that singular noncritical solutions
of (1.3) can only be stable subject to very special perturbations. At the same time, critical
solutions (i.e., those which are not noncritical), or, more precisely, those solutions for which
To-1(0) () is a proper subset of ker ®'(u), can naturally satisfy (1.5) with some v € ker ®'(u),
even if p = ¢, and hence, be stable subject to wide classes of perturbations.

Our goal here is to investigate the possibilities of (at least partial) extension of these
considerations to constrained equations of the form (1.1), which is a very rich problem setting
encompassing a much wider area of applications than (1.3).

Let S stand for the solution set of (1.1). The results for unconstrained equations, outlined
above, might give rise to a conjecture that the constrained local Lipschitzian error bound
property at @ € S, which consists of saying that

dist(u, 8) = O(||®(u)||) as u € P tends to u, (1.8)

is equivalent to the combination of the equality T's(u) = ker ®'(u) N Tp(u) and Clarke regu-
larity of S at @, perhaps under some additional requirements regarding P. However, this is
not true, in general, even when P is a half-space (i.e., is defined by a single linear constraint),
as demonstrated by the following example.

Example 1.1 Take the union U of two closed Euclidian balls in R? (p > 2) with the only
common point & = 0, and an infinitely differentiable function ® : RP — R such that U =
®~1(0) (such function exists, due to Whitney’s theorem [6, Theorem 2.3.1]). Let a € R?\ {0}
be such that the hyperplane {u € R? | (a, u) = 0} separates the specified two balls. If we set
P ={ueRP| (a, u) <0}, then S coincides with one of the balls and hence, is Clarke-regular
at every its point; see Figure 1. Moreover, ®'(u2) = 0, and hence, ker ' (a)NTp(u) = Ts(u) =
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Figure 1: Solution set from Example 1.1.

P. However, from [22, Example 2] it follows that the unconstrained error bound cannot hold
at u for any appropriate ®, evidently implying that the constrained error bound also cannot
hold.

Nevertheless, even in the absence of a “verifiable” equivalent characterization of the con-
strained error bound (1.8), the latter can itself be regarded as the property defining noncritical
solutions. The idea of doing so had been emphasized in the discussion associated to [26] (see
[14, 27]). It can be easily checked that similarly to the unconstrained case, the constrained
error bound (1.8) is equivalent to the upper Lipschitzian property which consists of saying
that

dist(u(w), §) = O(JJw||) as w € R? tends to 0,

where u(w) is any solution of the perturbed constrained equation (1.2), close enough to .

However, further pursuing the line of development for the unconstrained case is not at
all straightforward. To begin with, it is in general not evident what should be regarded as
singularity of a solution @ of (1.1). A seemingly natural understanding of singularity might
be violation of Robinson’s regularity condition

0 € int & (a)(P — a). (1.9)

However, if p = ¢, then (1.9) can only hold when @ € int P, in which case any local analysis
would be essentially concerned with the unconstrained equation (1.3). In other words, any



solution @ ¢ int P would automatically be regarded as singular, and such understanding of
singularity would be unreasonably weak.

Furthermore, if @ is a nonisolated solution of (1.1), then ker (@) (and even ker ®'(u) N
Tp(w)) is necessarily nontrivial. This suggests to keep considering violation of (1.4) (which is
of course stronger than violation of (1.9)) as a possible understanding of singularity, at least
when p = ¢, in which case such singularity of @ is equivalent to saying that ®'(@) is a singular
square matrix.

Repeating with evident modifications the argument in [22, Proposition 1], we come to the
following conclusion. Assuming that ® is smooth enough, and the constrained error bound
(1.8) holds at @ € S, consider any sequences {w*} C R9\ {0}, {u¥} C RP, and {@*}, such that
{w*} — 0, {u¥} — @, and for each k it holds that u” is a solution of (1.2) with w = w¥, while
@* is some projection of u* onto S. Then the sequence {(w*, u* — a*)/||w¥||} is bounded
(because of the upper Lipschitzian property equivalent to the constrained error bound), and
any accumulation point (d, v) of this sequence satisfies the equality ®'(z)v = d. The latter
implies the inclusion d € im ®'(@), where the right-hand side is a proper linear subspace
in RY provided (1.4) is violated. Therefore, a singular solution satisfying the constrained
local Lipschitzian error bound can only be stable subject to very special right-hand side
perturbations, i.e., those tangential to im ®'(u).

In Section 2, we will establish a new covering result for a mapping on a cone, under the
assumptions weaker than Robinson’s regularity, and even allowing for singularity of a solution
in question in the sense of violation of (1.4). In these cases, one cannot expect to cover the
entire neighborhood of 0 in RY, but the set being covered can be guaranteed to be “large”
under some additional conditions. In the case when p = ¢ and the solution in question is
singular, the corresponding additional condition can never be satisfied if the constrained local
Lipschitzian error bound holds at this solution, the observation agreeing with the discussion
above. At the same time, if the error bound is violated, this condition may naturally hold.

Furthermore, in Sections 3 and 4, we will consider applications of the results obtained in
the context of complementarity problems and generalized Nash equilibrium problems.

Some words about our notation, which is fairly standard. Let B(u, t) (S(u, t)) stand for
the closed ball (sphere) in a metric space U, centered at u € U, and with radius ¢ > 0. By
span U, cone U, and ri U,we denote the linear space spanned by U C RP, the conic hull of U,
and the relative interior of U, respectively. The identity operator will be denoted by I. For
a vector u, let u; stand for the subvector with components u;, j € J. Similarly, for a matrix
M, let My, ;, stand for the submatrix with rows numbered by j; € J; and columns numbered
by ja2 € Ja. We write |J| for the cardinality of a finite set J.

2 Covering results

In this section we will consider problem (1.1) under the additional assumption that P is
conical at the solution @ in question, by which we mean that near 0, the radial cone Rp(u) =
cone(P — u) to P at u coincides with P — u. In this case, in local considerations one can
replace P in (1.1) by u+ Rp(w). For this reason, we restrict ourselves to the following problem



setting:
O(u)=0, veu+kK,

where @ : RP — RY is a twice differentiable mapping, K C RP is a closed convex cone, and
u € ®1(0).
We start with the important special case when @ is affine.

Theorem 2.1 Let ®(u) = Au + b with some linear operator A : RP — R? and b € RY, and
let u € ®~1(0).

Then for any closed convez cone C' C R? satisfying C\{0} C ri AK, there exists 6 > 0 such
that for every w € C, there ezists u(w) € u + K such that ®(u(w)) = w, and ||[u(w) — u|| <
Juol /6.

Moreover, if K is polyhedral, the assertion above holds for C = AK.

This result can be regarded as a generalization of the (finite-dimensional) Banach open
mapping theorem to linear operators on cones. The main assertion follows immediately from
[2, Corollary 3], while the proof of the last assertion can be found in [2, p. 448] (this result
is also mentioned in [29, Theorem 2]). If K is not polyhedral, one cannot take C' = AK,
in general, even assuming that AK is closed; the following counterexample was proposed in
[35].

Example 2.1 Define the closed convex cone C = {w € R3 | (wy —w3)? + w3 < w3, ws > 0}.
Let B be the intersection of C' with the cylinder {w € R? | (w; — 1)? 4 w3 < 1}, and let
B = conv(BU{(0, 0, 1)}).

Now we embed the instance of R?, containing the defined objects, into R%, and fix e® €
R*\ {0} such that it is orthogonal to the specified instance of R3. Set K = cone(B + €°),
with B considered as a subset of R, and let A be the orthogonal projector in R* onto R3.
Evidently, for every w € C' there exists t > 0 such that tw € B. Therefore, AK = C, while
A(Urep, 1)(B + e%)) = B. It remains to observe that one can approach 0 staying in C' but
beyond B.

The proof of Theorem 2.2 below requires some formal concepts of covering and the related
stability result which we present next.

A mapping ¥ : U — W between metric spaces U and W is said to be covering at a linear
rate with a constant 6 > 0 with respect to a set V C U if

B(¥U(u), 6t) C ¥(B(u, t)) Yue U, ¥Yt>0such that B(u, t) C V.

If W is covering at a linear rate with a constant 6 with respect to V' = U, we will be simply
saying that ¥ is covering at a linear rate with this constant, which amounts to the property

B(Y(u), 6t) C ¥(B(u, t)) VueU, ¥Yt>0,

and which evidently implies covering at a linear rate with the same constant with respect to
every V C U. When there will be no need to specify the constant of covering, we will be



saying that W is covering at a linear rate (assuming that this holds with some constant). The
study of covering properties in metric spaces dates back to [9] at least.

One useful observation is that if ¥ is a restriction of linear operator A : RP — R? to a
convex cone U = K C RP (with W = R?), then covering at a linear rate with a constant 6 is
in fact equivalent to the following covering property: for every w € R?, there exists u(w) € K
such that Au(w) = w, and ||u(w)|| < ||w]|/f. Furthermore, according to Theorem 2.1 applied
with b = 0 and C' = RY, the latter is equivalent to the equality AK = RY (this can also be
easily verified directly).

The following is a corollary of a more general result derived in [4, 5].

Proposition 2.1 Let U and W be metric spaces, let U be complete, and let ¥ : U — W be
a continuous mapping. Let W be covering at a linear rate with a constant 0 > 0 with respect
to B(u®, p) for some v’ € U and p > 0. Let a mapping Q2 : U — W by Lipschitz-continuous
on B(u®, p) with a constant ¢ € (0, 0), and assume that

19 (u°) — Q)] < (8 — E)p.
Then there exists u € B(u®, p) such that ¥(u) = Q(u).
We are now in a position to prove the main result of this paper.

Theorem 2.2 Let ® be twice differentiable near u € ®~1(0), with its second derivative being
continuous at u, and let ® be 2-reqular at u with respect to K in a direction v € K, 1.e.,

span ® () R (v) + ®" (a)[v, ker ' () N Rk (v)] = R (2.1)

Let ||v]] < 1.

Then for any closed convexr cone C C R? satisfying C \ {0} C rid®'(a)K, any w €
ri®(a)K, and any € > 0, there exist 6 > 0 and ty > 0 such that for all t € [0, to] it
holds that

s, w(t) +Tco(t) C ®((a+ K Ncone B(v, €)) N B(a, t)), (2.2)

where .
05 o(t) = &' (a)v + 12 <2®”(u)[v, o] + w) :
T o(t) = B(0, 6t) N C + B(0, 6t2).
Moreover, if K is polyhedral, the assertion above holds for C = ®'(u)K.

Proof. In the argument below, we cannot use condition (2.1) as it is, because the radial
cone R (¥) is not necessarily closed. To that end, we next show that (2.1) still holds if we
replace Ry () in it by some polyhedral (hence, closed and convex) cones contained in Ry (v).

Indeed, let vi, ..., v! be any nonzero vectors in Rk (v) such that span{®(u)vi, ...,
®'(u)v}} = span @' (u) R (v) and w € ricone{® (u@)vi, ..., ®(@)v}}. Furthermore, let w?,
..., w? € R? be any nonzero vectors such that

span &' (@) Ry (0) + cone{w?, ..., w?} = R% (2.3)



Condition (2.1) implies that for every j € {1, ..., s}, there exists (necessarily nonzero)
U € ker () N Rk (v) such that

" () v, v?] — wj2~ € span & () Rk (0). (2.4)
Set K1 = cone{vi, ..., v}} C Rk (v), Ko = cone{v?, ..., v} C ker ®(u)N R (v). Evidently,
span ' (@) R (v) = span ®' (1) K;. (2.5)

According to (2.3), any vector w € R? can be written as w = w! + Zj 1 ﬂjw2 with some
w! € span ®' (@) Rk (v) and B; > 0, j € {1, ..., s}, and hence, for v? = P 1@1} € Ky it
holds that

o"(a)[7, v} ~w = ¥'(u Zﬂ“ —w —Zﬁa

— Z Bi (@ (u)[v, v] — w}) — w'
Jj=1

€ span®' () Rk (0)
= span®(u)Kj,

where the inclusion is by (2.4), and the last equality is by (2.4). This proves that
span ®'(u) K1 + ®"(u)[v, K] = R%. (2.6)

Let for convenience |[v}|| =1 for all i € {1, ..., r}, and ||v]2\| =1forall j €{1,..., s}
Since v} € Rk(v), there exists 71 > 0 such that v + v} € K for alli € {1, ..., r}. Any
v! € Kj can be written as v* = Y7_, ayv} with some a; > 0, i € {1, ..., r}, which can
be chosen in such a way that the vectors v} with o; > 0 are linearly independent (see, e.g.,
[33, Corollary 17.1.2]). Since the number of linearly independent subsystems of v{, ..., v}
is finite, it can be easily seen that there exists ¢; > 0 such that for every v! € K, one can
chose i, i € {1, ..., r}, in such a way that a < ¢;]jvt||, where a = >"1_; ;.

Similarly, there exists 7o > 0 such that v + 7'21)]2- € K for all j € {1, ..., s}, and there
exists ¢o > 0 such that every v? € K5 can be written as v! = Z;Zl ﬁjvjz with some 8; > 0,
je{l,..., s}, such that 8 < ca||v?||, where 3 = Z;Zl B;.

Therefore, assuming that v' # 0 or v # 0 (and hence, o + 3 > 0), and employing
convexity of K, we derive

ol F0? = ®+(a+5)z +5z 04+5Z b 92

— Zaiﬁ(v—k a+ B Za—i—ﬁ v+ (a+ B )



provided o + 5 < min{7, 72}. Taking into account that

a+ B < er|vt] + col|v?] < (e1 + e2) max{[[v']], [|v*]|},

Hi, 13} < 7, where 7 = min{y, 72} /(c1 +

the needed property necessarily holds if max{|v
c2).

We thus proved that v + vl +v? € K for all v! € K1 N B(0, 7) and v? € Ko N B(0, 7).

Furthermore, according to Theorem 2.1, there exists §; > 0 such that for every w! € C,
there exists v(w') € K satisfying ® (@)v(w') = w' and ||v(wh)|| < ||w?|| /6.

For given t > 0, w! € C, and w? € RY, we need to find a solution of the equation

d(u) = t(®'(@)v + wh) + 12 (;@”(u) [0, 7]+ + w2> . (2.7)

We will construct such solution in the form u = a+tu(t, w!, v!, v?), where u(t, w', v, v?) =
v+ v(w!) + tv! + 02, vt € K1, v? € Ky. Observe that according to the conclusions obtained
above, if t||vl]| < 7 and |[v?|| < 7, then u(t, w!, v}, v?) € K.

Fix any v € K such that ®(u)v" = w. Since ||7]| < 1, there exist to > 0, § > 0, and
p > 0, such that

to([0° +p) <7, p<7, 0/01+1to(|[0°] + p) + p < minfe, 1 |o]|}.
Observe that with these choices, if t € [0, to], w' € B(0, 8), and if (v!, v?) € V(p), where
V(p) = (K1 N B, p)) x (K2 B(0, p))},
then
u(t, w', o', v?) € K Ncone B(v, €), |u(t, w', o', v?)|| < 1. (2.8)

Define the mapping A : K1 — span ® () K = span ® (u)K; (see (2.5)) by setting A(v!) =
®'(@)v! for v' € K . Since w € ri ®'(u) K1, employing [2, Corollary 2] we easily deduce that
A covers at a linear rate with respect to K1 N B(v?, p), provided p > 0 is small enough.

Furthermore, let II be an orthogonal projector onto (span ®(#)K)*. Define the mapping
B : Ky — (span ®'(u)K)* by setting B(v?) = 1®"(u)[v, v?] for v € K. Condition (2.6)
implies that B is surjective, and according to Theorem 2.1, B covers at a linear rate.

Combining these two covering properties, it can be readily seen that the mapping C' :
K1 x Ky — R, C(v!, v?) = & (a)v! + ®”()[v, v?] covers at a linear rate with some constant
02 > 0 with respect to V(p).

After some estimations employing the mean-value theorem, we further obtain that

(7 + tu(t, wh, b, v?) = & (@) (v + v(w!) + tol) + %t%’(a) 5, 7] + t2®" (a) [T, v?]
+w(t, wh, (vl, 02)), (2.9)

where the mapping w : R x R? x (RP x RP) — RY satisfies the following properties, perhaps
after further reducing to > 0, # > 0, and p > 0: for all ¢ € [0, to] and all w! € B(0, 9)

1
lwt, wh, @7, 0Dl < 402, (2.10)

8



and w(t, w!, ) is Lipschitz-continuous on V(p) with a constant fat2/2.
By (2.9), equation (2.7) with u of the specified form can be written as

2@ (@) + 0"(@)[5, v?) + wlt, wh, (o), v2)) = (@ + u?),
or equivalently, for ¢ > 0,
B!, v?) = Q(t, wh, w?, (), %)), (2.11)

where we define ¥ : K1 x K9 — RY,

and Q(t, w!, w?, ) : K1 x Ky — RY,
1

Observe that C(v°, 0) = w, and further reducing p > 0 if necessary, and then also reducing
6§ > 0 so that 6 < 6ap/4, we obtain from (2.10) that for all ¢ € (0, t], and all w' € B(0, §)NC
and w? € B(0, #), it holds that

1 1
12, wt, w?, (0°, 0))] < [lw?] - a2 llwt, wh, (07, 0))] < F02p.

Since ¥ is covering with a constant , with respect to V(p), while Q(t, w', w?, -) is Lipschitz-
continuous on V(p) with a constant 63/2, we obtain from Proposition 2.1 that equation
(2.11) has a solution (v', v2) € V(p). Then u = @ + tu(t, w', v!, v?) solves equation (2.7),
and (2.8) holds, where the second relation then implies that v € B(w, t). This gives the
needed conclusion.

The last assertion of the theorem evidently follows from the proof above, taking into
account the last assertion of Theorem 2.1. |

Theorem 2.2 is an improvement over [2, Theorem 2'], where a more restrictive condition
was used instead of (2.1), namely

span ® (2) K + ®"(u)[v, ker ®(u) N K| = RY. (2.12)

As will be discussed below, condition (2.1) is significantly weaker, and Theorem 2.2 covers a
much wider area than [2, Theorem 2'].

In the case when K = RP (unconstrained equation), Theorem 2.2 is closely related to [22,
Theorem 4], which, in its turn, follows from the results in [20].

Consider first the case when Robinson’s condition holds, i.e., ® (@)K = R?. Then the
2-regularity condition (2.1) (as well as (2.12)) holds automatically for all v € R?, including
v = 0, and one can take C' = R? and w = 0. With these choices, Theorem 2.2 gives the
classical covering result (which is a consequence of Robinson’s stability theorem [30]): for
every w € B(0, 0ty), there exists u(w) € u + K such that ®(u(w)) = w, and ||Ju(w) — al| <
[[wll/6-



Observe, however, that if p = ¢, then Robinson’s condition can only hold when K = RP?,
i.e., in the case of an unconstrained equation.

When Robinson’s condition does not hold, one cannot expect to cover the entire neigh-
borhood of 0. The union of the sets in the left-hand sides of (2.2) over all t € [0, t] is, in
general, a “horn” with a “spike” at 0, and Theorem 2.2 says that under its assumptions, this
“horn” is covered by ® on u + K: for every w in this “horn”, there exists u(w) € 4 + K such
that ®(u(w)) = w, and ||u(w) —u|| = O(to) as top — 0. The next question is when this “horn”
can be guaranteed to be “large”, i.e., not “asymptotically thin”, or in other words, when the
cone of feasible directions to this set at 0 has a nonempty interior. We next demonstrate two
such cases.

Lemma 2.1 Let C C R? be any closed cone, and C C R? be any cone, such that C'\ {0} C
int C.

Then for any w € RY, any 6 > 0, and any 0 € (0, §), there exists to > 0 such that for
every t € [0, to], it holds that

5(0, 0t) N C < B(0, 6t) N C + t*w.

Proof. If w = 0, this statement holds trivially. Let w # 0.

By compactness of the set S(0, ¢) N C, and by the assumptions on C' and C, there exists
5 € (0, 8 — 6] such that S(0, §) N C + B(0, §) € C. For any w € S(0, ) N C and any t > 0,
set W = w — tw. Then, assuming that t[|w|| < §, we obtain @ € B(w, tl|w]]) C B(w, §) C
B(0, 0+6)NC c B(0, )NC. It remains to observe that tw = i+ 2w € B(0, t) NC +t*w,
and hence, the needed assertion holds with ¢ty = §/||w||. [

Corollary 2.1 Let ® be twice differentiable near i € ®~1(0), with its second derivative being
continuous at U, and let
int & (a) K # 0. (2.13)

Then for any closed convex cone C C R? satisfying C \ {0} C int ®'(a)K, there exists
0 > 0 such that for every w € C close enough to 0, there exists u(w) € u + K such that
P(u(w)) = w, and [Ju(w) —al| < [lwl|/0.

Proof. By compactness of the set S(0, §) N C, and by the assumptions on C, there exists
§ > 0 such that S(0, ))NC+B(0, §) C int & (@)K, and hence, C' = cone(S(0, §)NC'+B(0, §))
is a closed convex cone satisfying C' \ {0} C int ® (@)K and C'\ {0} C int C.

Furthermore, condition (2.13) is equivalent to the equality span ®'(2) K = RY, and there-
fore, the 2-regularity condition (2.12) again holds automatically for all v € R?, including
v =0 (as well as in the case when Robinson’s condition holds).

Fix any w € int ®'(u)K. Since

o, w(t) + T o(t) = B(0, 0t) N C + t*w + B(0, 6t?),

10



applying Theorem 2.2 with C replaced by C, we obtain the existence of § > 0 and #, > 0
such that 3 3 .
B(0, 0t) N C + t*w + B(0, 0t*) C ®((u + K) N B(a, t))

for all ¢ € [0, p]. Then by Lemma 2.1, for any 6 € (0, 0), there exists to € (0, to] such that
S0, 0t)NC C ®((u+ K)N B(u, t))

for all t € [0, to].

Now, for any w € C, we have that w € S(0, 6t) N C with ¢ = |Jw|/#, and hence,
w € ®((u+ K) N B(a, t)) provided ||w|| < 0ty. This mean that for any such w, there exists
u(w) € u+ K such that ®(u(w)) = w, and |Ju(w) —u|| <t = ||w||/0, completing the proof. m

Remark 2.1 Essentially the same result was obtained directly (i.e., not as a corollary of
Theorem 2.2) in [29, Theorem 3]. In particular, twice differentiability of ® is in fact not
needed in this result: it is enough to assume that @ is strictly differentiable at .

Observe that in Corollary 2.1, C' can always be chosen in such a way that int C # 0,
and hence, in this case, the corresponding set of “good” right-hand side perturbations (those
“survived” by u) is “large”, as, according to this corollary, the cone of feasible directions to
this set at 0 contains C.

Condition (2.13) can only hold when rank ®' (@) = ¢, or, in other words, im ®'(z) = R?
(and is automatic if, in addition, int K # ). In particular, unlike Corollary 2.2 below,
Corollary 2.1 is never applicable in the case of unconstrained equations when the solution in
question is singular.

Remark 2.2 Consider the case when p = ¢, which will be the case of interest in Section 3.
In this setting Corollary 2.1 becomes trivial in a sense that it is an easy consequence of
classical results. Indeed, (2.13) may only hold when ®'(@) is nonsingular. Therefore, by the
classical inverse function theorem, for all w € RP close to 0, equation ®(u) = w has near u the
unique solution u(w), which depends smoothly on w, and «/(0) = (®/(%))~!. This implies, in
particular, the existence of § > 0 such that ||u(w) — @] < ||w]|/f. Furthermore, substituting
u = u(w) into the constraint v € u + K gives the characterization of “good” perturbations
w as those satisfying:

u(w) € u+ K.

Taking into account the appearance of the Jacobian u/(0), it follows that every w € int ®'(a) K
is a feasible direction to the set of “good” perturbations at 0, and the needed conclusion is
now evident.

This reasoning also applies in the context of Theorem 2.1: if p = ¢ and A is nonsingular,
the assertion of this theorem holds trivially for C = AK.

Corollary 2.2 Let ® be twice differentiable near @ € ®~1(0), with its second derivative being

continuous at @, and let there exist v € ker ®' ()N K such that ® is 2-reqular at u with respect
to K in the direction v, i.e., (2.1) holds.
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Then for every w € ri ®'(u)K there exists > 0 such that for every
Lomini 1
w € cone B §<I> (u)[v, v] + w, 0 (2.14)

close enough to 0, there ezists u(w) € u+ K such that ®(u(w)) = w, and ||u(w) — a| <
lwl|*/2/6.

Proof. Applying Theorem 2.2 with C' = {0}, we obtain the existence of § > 0 and ty > 0
such that for all ¢ € [0, ¢o] it holds that

t2 (;qﬂ’(a) [0, 7] + w) + B(0, 6t*) c ®((u + K) N B(a, t)).

The union of the sets in the left-hand side over all ¢ > 0 coincides with the cone in the
right-hand side of (2.14), and the needed property evidently follows. ]

In the case of an unconstrained equation, Corollary 2.2 is closely related to [22, Theo-
rem 5|. Observe also that if int K # (), then span ®'(7)K = im ®'(@). Therefore, in the
important special case when v € int K (which is automatic for an unconstrained equation),
due to the equality Rx (v) = RP, condition (2.1) takes the form (1.5), which is the 2-regularity
condition as defined for the unconstrained case (or in other words, with respect to the entire
RP). In particular, unlike it would have been for (2.12), K does not appear in this condition
anymore. Observe further that if v € int K, the result of Theorem 2.2 can be derived from
[16, Remark 5].

The next example demonstrates that if o ¢ int K, then (2.1) cannot be replaced by the
weaker (1.5).

Example 2.2 Consider ® : R? — R? ®(u) = (ujug + uf + uj, ugusz), K = Ry x Ry x R,
u=0.
We have: ®'(2) =0, and for v = (0, 1, v) with v € R it holds that Rx(9) = R4 x R x R

and i
@il =5 0 ).

implying that ®”(@)[0, Rk (v)] = Ry x R, and hence, (2.1) does not hold, unlike (1.5).
Observe further that ¢ o(t) = t2®@"(a)[v, 9]/2 = (0, t?v), and if v # 0, it can be easily
seen that the equation
P (u) = ¢s,0(t)

does not have solutions in K for any ¢t # 0. The reason is that v € int K.

We now again turn our attention to the case when p = q.
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Remark 2.3 If p = ¢, (2.1) may hold for some v only when
span @' (1) Ry (v) = im &' (@), ker ®'(u) C Ry (), (2.15)

for the similar reason why Robinson’s condition can only hold when K = RP. Therefore,
in this case, the constrained 2-regularity condition (2.1) is equivalent to the combination of
(2.15) and the the unconstrained 2-regularity condition (1.5).

As discussed above, the equality in (2.15) is automatic if int K # (. The inclusion in
(2.15) implies that ker ®'(u) N Ry (v) = ker ®'(u). The need of (2.15) limits applicability of
Corollary 2.2 when p = ¢, but much less than it would have been if using condition (2.12)
instead of (2.1).

Furthermore, if

ker ®'(7) N K C Ty-1(0)(a), (2.16)

which is automatic provided the constrained local Lipschitzian error bound (1.8) holds at «,
then for every v € ker ® (@) N K it holds that ®”(@)[v, v] € im ®'(@), implying that ® cannot
be 2-regular (and even less so 2-regular with respect to K) at @ in such direction v # 0 if
p = q. Therefore, similarly to the unconstrained case [22], Corollary 2.2 is not applicable at
a singular solution when p = ¢ and (2.16) holds. Observe that (2.16) is automatic if @ is a
noncritical solution of the unconstrained equation (1.3).

3 Complementarity problems

We now turn our attention to a nonlinear complementarity problem (NCP)
z2>0, F(z)>0, (z F(z))=0, (3.1)

with a sufficiently smooth mapping F' : R® — R®. If F is affine, i.e., F(z) = Mz + ¢ with
some M € R**% and ¢ € R®, (3.1) is a linear complementarity problem (LCP). Along with
(3.1), we will consider its perturbed version

2>0, F(z)—y>0, (z, F(z)—y)=0, (3.2)

where y € R® characterizes perturbations of F.
For a given solution z of (3.1), define the index sets

Iy = 10(2) { , S | Z; = E(Z) = 0}7
L = 11(5) {Z = , S ’ zi > 0, FZ(Z) = 0},
Iy = _[2(2) {Z = S | zi =0, FZ(E) > 0}

Then, near z, and for y close enough to 0, the solutions set of (3.2) is the union of solution
sets of the branch systems

ZJh > 07 FJ1 (Z) =Y, ZJy = O) FJQ (Z) > YJas 2l = 07 Fh (Z) =Y, (33)

defined by all partitions (J1, J2) of Iy, i.e., pairs of index sets satisfying J; U Jo = I,
JiNJy = 0.
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Our analysis below strongly relies on this piecewise decomposition of the solution set.
That said, we emphasize that there exist different approaches to stability analysis for com-
plementarity and more general variational problems, e.g., those treating the solution set as a
whole by means of contemporary variational analysis. Among the most prominent tools of the
latter is the Mordukhovich criterion for metric regularity of multifunctions [28, Theorem 4.18,
Remark 4.78], allowing for exact verifiable characterizations of this important stability prop-
erty. Recall, however, in this paper we focus on those cases when metric regularity (which for
NCP is the same as strong metric regularity; see [10]) does not hold, and when one cannot
expect stability with respect to all small perturbations. Specifically, we are mostly interested
in the cases of nonisolated solutions, which can never be (strongly) metrically regular, and
our goal is to single out those special solutions which can still be guaranteed to be stable
with respect to “large” sets of perturbation, while the other solutions are normally “killed” by
generic perturbations. In particular, we obtain weaker than metric regularity stability results
(not for all small perturbations, and with square-root estimates, in general) but under much
weaker assumptions. We believe that the examples presented below in this section cannot be
tackled by any simpler tools known so far.

If the solution Z satisfies the strict complementarity condition Ip(z) = (), (3.3) reduces to
the system of equations

21, = 0, FII(Z) =Yn-

Therefore, assuming that the components of z are ordered in such a way that z = (z1,, 2r,),
the unknown component z;, must satisfy

Fr (21, 0) = yr, (3.4)

and the behavior of such solution @ is characterized by the results from [22], discussed in
Section 1, applied to this unconstrained equation.

The case when strict complementarity is violated is a whole different story. Let S stand
for the solution set of (3.1). According to [13, Lemma 1, Theorem 2|, and similarly to the
case of an unconstrained equation (1.3), the local Lipschitzian error bound of the form

dist(z, ) = O(|| min{z, F(z)}|) (3.5)

as z € R® tends to z, with min applied componentwise, is equivalent to the upper Lipschitzian
property, which consists of saying that

dist(z(y), S) = O(Jly|l)

as y € R® tends to 0, where z(y) is any solution of the perturbed NCP (3.2) close enough to
Z. However, the next simple example demonstrates that unlike in the case of unconstrained
equation (1.3), these equivalent properties do not necessarily imply the lack of stability of
the solution in question if it does not satisfy strict complementarity, even when this solution
is nonisolated.

Example 3.1 Consider the NCP (3.1) with F : R? — R? F(z) = (22, z1). The solution
set has the form & = {z € R? | 21 > 0, 23 > 0, 2120 = 0}. Since this NCP is actually an
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LCP, it follows from [32] that the upper Lipschitzian property, and hence, the error bound
(3.5) is satisfied at every solution of this problem, including z = 0, which is the only solution
violating strict complementarity.

The perturbed NCP (3.2) has the following four groups of solutions, corresponding to
four branch systems (3.3) at z:

1. For J; =0, J, = {1, 2}, we have the solution z = 0 when y; <0, y2 < 0.

2. For J; = {1}, Jo = {2}, solutions exist when y; = 0, and they are those z satisfying
z1 > max{0, y2}, z0 = 0.

3. For J; = {2}, J, = {1}, solutions exist when yo = 0, and they are those z satisfying
z1 =0, 2z > max{0, y1 }.

4. For J; = {1, 2}, Jo = 0, we have the solution z; = ys, 20 = y; when y; > 0, y2 > 0.

Solutions of groups 2 and 3 may approximate as y — 0 any point in S satisfying strict
complementary, but these solutions exist for very special perturbations only, which agrees
with the discussion above: those strictly complementary solutions are noncritical in the sense
of [22] applied to the corresponding unconstrained equation (3.4), or in other words, the error
bound (1.6) holds at them.

At the same time, solutions of groups 1 and 4 tend to Z as y — 0, and they exist for wide
ranges of y.

Therefore, solutions violating strict complementarity may have special stability properties
regardless of the presence or absence of the local Lipschitzian error bound at them, and in
this sense, they can be all regarded as critical. This point of view is further supported by
the following observations. Critical solutions of unconstrained equations are known to be
specially attractive for iterative sequences generated by Newton-type methods [23]. That
said, [24, Example 7.9] demonstrates the case when sequences of the sequential quadratic
programming algorithm are attracted by a prima-dual solution of the Karush-Kuhn—Tucker
(KKT) system for an optimization problem with inequality constraints, with nonunique dual
part violating strict complementary, but noncritical in the sense of [24, Definition 1.41],
which is the same as saying that the local Lipschitzian error bound and the equivalent upper
Lipschitzian property hold at it [24, Proposition 1.43].

However, of course, violation of strict complementary by itself does not imply stability,
even in case of LCP.

Example 3.2 Consider the LCP (3.1) with F: R? — R?, F(z) = (0, —21 + 22 + 1). The
solution set has the form S ={z € R? |0< 21 <1, 20 =0} U {2 €R? | 21 = 2o + 1, 23 > 0}.

A solution z = (1, 0) is nonisolated, and violates strict complementarity unlike all other
solutions close to it. Evidently, Z can be stable only subject to perturbations y € R? with
y1 =0.

In the rest of this section, we obtain some insight into special stability properties of
a solution z of (3.1), violating strict complementarity. For a given partition (Jy, J2) of
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Iy = Iy(2), let the components of z be ordered in such a way that z = (zr,, z1,, 27, 2J,)-
Introducing the slack variable ¢ € RI2l pairs (z5,, zj,) satisfying (3.3) are equivalently
characterized by the system

Ffl(zllaov ZJlaO):yIp FJl(ZIUO) ZJlaO):yha FJ2(Z[1,0, ZJlaO)_O-:sza

z5;, >0, 0>0, (3.6)
with respect to u = (zr,, z,, 0). System (3.6) is a constrained equation
O(u)=w, uekK, (3.7)
where @ : Rt x Rl x RI21 — R x RIAT x RIV2I
®(u) = (Fr,(z1,, 0, 24,, 0), Fy, (21, 0, 21, 0), Fy,(21,, 0, z5,, 0) — 0), (3.8)
K =R R < RI72 (3.9)

with the right-hand side perturbation w = (yr,, yJ,, ¥5,). The basic solution of interest (of
(3.7) with w = 0) is w = (Z1,, 0, 0), and (3.7) is equivalent to

O(u)=w, uveu+ K. (3.10)

3.1 Linear complementarity problem

Let F(z) = Mz + ¢ with some M € R** and ¢ € R®, i.e., let (3.1) be an LCP. We first
consider how Theorem 2.1 can be applied in this context. This leads to a result different
from stability and sensitivity results existing in the LCP literature. The latter usually deals
with all perturbations which are only supposed to be small enough, but either for the case
of an isolated solution of the unperturbed problem, or they are concerned with the behavior
of the entire solution set [8, Chapter 7]. Here, we are interested in stability properties of a
particular solution which can be nonisolated, but nevertheless, can be guaranteed to “survive”
large classes of perturbations, even though those classes cannot be expected to contain a full
neighborhood of 0.
For LCP, the mapping ® defined in (3.8) is also affine: ®(u) = Au + b, where

Mpr, Mpy, O cr
.A == MJIII MJIJI 0 3 b = C']l
MJQIl MJ2J1 -1 CJy
Set
_ Mp, My )
My = My(3 b, Jo) = oho Mh ) 3.11
L= ) = (g (3.11)

My = MQ(E; Ji, JQ) = ( MJ2]1 MJ2J1 ) . (3.12)

Since K is polyhedral, Theorem 2.1 ensures stability of @ with respect to right-hand side
perturbations w € AK, and with Lipschitzian estimate. The set AK is a cone, and it is “large”
in our sense if int AK # (). Since int K # (), the last condition is equivalent to nonsingularity
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of A, which, in its turn, is equivalent to nonsingularity of the matrix M;. Therefore, if this
matrix is nonsingular for at least one partition (J1, J2) of Iy (with a convention that an empty
matrix is nonsingular), solution z is stable subject to a “large” set AK of perturbations: this
set is a polyhedral cone with a nonempty interior, which can be explicitly characterized by

the inequalities
(Mll < n >> >0, MM, < yn > —yj, >0, (3.13)
Y Ji Y

Proposition 3.1 Let z be a solution of the LCP (3.1) with F(z) = Mz+c¢, M € R**5 and
c € R®. Let there exist a partition (J1, J2) of In = Io(Z) such that the matrix My defined in
(3.11) is nonsingular.

Then the polyhedral cone of y € R® satisfying (3.13) with My defined in (3.12) has a
nonempty interior, and there exists 8 > 0 such that for every y in this cone, there exists a
solution z(y) of (3.2) satisfying ||z(y) — z|| < |ly||/0.

Observe that taking J; = 0, Jo = Iy, reduces My to My, 1, and in particular, if I; = 0,
then Proposition 3.1 is automatically applicable with the specified J; and Jo, and with (3.13)
transforming into the inequality yz, < 0.

We have derived this proposition as an example of application of Theorem 2.1. However, in
fact, Proposition 3.1 can be easily derived directly from (3.3), and this agrees with Remark 2.2.

For the LCP in Example 3.1 we have:

01
(1)
and Iy(z) = {1, 2}, [1(2) = I3(z) = (. Consider again the partitions of Iy:

1. For J; = (, the matrix M; is empty, and hence, Proposition 3.1 is applicable, with
(3.13) taking the form y < 0.

2. For J; = {1}, Ja = {2}, it holds that M; = 0, and Proposition 3.1 is not applicable.

3. The case of J; = {2}, Jo = {1} is considered similarly to item 2, with the same
conclusion.

4. For J; = {1, 2}, J; = 0, it holds that M; = M, which is nonsingular, and hence,
Proposition 3.1 is applicable, with (3.13) taking the form y > 0.

Furthermore, for LCP in Example 3.2 we have:

0 0
w=(51),

and Iy(z) = {2}, [1(z) = {1}, I2(2) = 0. For J; = (), it holds that M; = 0, and hence,
Proposition 3.1 is not applicable. For J; = {2}, this matrix equals M, which is a singular
matrix, and hence, Proposition 3.1 is again not applicable. This agrees with the observation
that z can be stable subject to very special perturbations only.
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3.2 Nonlinear complementarity problem

Observe first that if Z is a solution of (3.1), violating strict complementarity, then for every
branch system (3.7), the corresponding K is a proper subset of R x R x RI2l and
hence, Robinson’s regularity condition can never hold, even if Z is an isolated solution. At
the same time, at nonisolated solutions satisfying strict complementarity, it also cannot hold,
for obvious reasons.

In the nonlinear case, in order to apply Corollary 2.1, we need to replace A in considera-
tions above by the Jacobian

1=\ __ M]_ 0
where now oF oF

) 5 )

My =Mi(z 0y, J2) = | i) . oF) .l (3.15)
0zr, 0z,
oF oF

My = MQ(,?; Jl, Jg) = < az}b (2) az:f (2) > . (316)

1 1

Again, since int K # (), condition (2.13) is equivalent to nonsingularity of this Jacobian,
which, in its turn, is equivalent to nonsingularity of M;. Therefore, if this matrix is nonsin-
gular for at least one partition (Jy, Jz2) of Iy, Corollary 2.1 guarantees that the solution z of
the NCP (3.1) is stable subject to a “large” set of perturbations (see also Remark 2.1).

Proposition 3.2 Let F' be strictly differentiable at a solution zZ of the NCP (3.1). Let there
exist a partition (J1, J2) of Iy = Io(Z) such that the matriz My defined in (3.15) is nonsin-
gular.

Then the set of y € R® satisfying

(M;l ( In )) >0, MyM;! ( In ) —yz >0 (3.17)
Y Ji Y

with Ma defined in (3.16) is nonempty, and for any closed conver cone C C R® such that
C \ {0} is contained in the set given by (3.17), there exists 8 > 0 such that for every y € C
close enough to 0, there exists a solution z(y) of (3.2) satisfying ||z(y) — Z|| < ||yll/0.

Taking J, = ), Jo = Iy, reduces the matrix M; to gi’—?(z), and in particular, if I; = 0,
then Proposition 3.2 is automatically applicable with the sﬁeciﬁed Ji and Ja, and with (3.17)
transforming into the inequality yz, < 0.

Now suppose that the matrix M; (and hence, ®'(@)) is singular, and therefore, Corol-
lary 2.1 is not applicable. Then one needs to employ second derivatives and apply Corol-
lary 2.2, when applicable.

By Remark 2.3, in order to verify the assumptions of Corollary 2.2 in this context we
need to show that there exists v € ker ®'(u) N K satisfying (1.5) and (2.15). The equality in
(2.15) is automatic because int K # ) (see (3.9)). From (3.14) it evidently follows that

ker &' (i) = {v = (¢!, My¢Y) | ¢t e ker My},  im @' (@) = im M; x R, (3.18)
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In particular, taking into account (3.9), the inclusion in (2.15) has the form
(¢t My¢Y) € Rie(0) V¢! € ker My, (3.19)
and ker &' (@) N K consists of o = (C', MoCh) with ¢t = ({7, {j,) € RNl x RIM satisfying

Cr >0, MC'=0, My'>o. (3.20)

Furthermore, let 7r_be the orthogonal projector in R x R onto (im Ml)L, and define the
linear operator A(C!) : ker My — (im Mj)*,

0’F _ 0’F _ 0’F _ 0’F _
Al + 5 (D) Cn] m ()l + =2 (2)[Ca]
A =x| 2 02107, 07102, Oer . (3.21)
I )+ 250 e 250 i+ Lo )]
0zf 0z1,02 1, 0z1,0z, 023,

It can be easily derived from (3.18) that (1.5) is equivalent to saying that A(¢!) is nonsingular.
Therefore, Corollary 2.2 is applicable if there exists ¢! satisfying (3.19) (with o = (¢!, Ma(l)),

(3.20), and such that the linear operator A((!) is nonsingular. This yields the following

Proposition 3.3 Let F' be twice differentiable near a solution z of the NCP (3.1), with its
second derivative being continuous at z. Let there exist a partition (Jy, J2) of Iy = Ip(Z) and
M= (Cry, Cry) € RIIXRIN satisfying (3.20) and such that (3.19) holds with o = ({*, MaCh),
and the linear operator A(C') : ker My — (im My)* defined by (3.21) is nonsingular.

Then there exist a cone C' C R® with nonempty interior and 6 > 0 such that for every
y € C close enough to 0, there exists a solution z(y) of (3.2) satisfying ||z(y)—Zz|| < ||ly||*/?/6.

Example 3.3 Consider the NCP (3.1) with F' : R? — R2 F(2) = ((21 — 1)22, (21 — 1)?).
The solution set has the form S = {z € R? | 21 = 1, 20 > 0} N{z € R? | z; > 0, 2o = 0},
and the two solutions violating strict complementarity are (0, 0) and (1, 0). For the former,
I = (), and hence, Corollary 2.1 is applicable, giving stability subject to a “large” set of
perturbations.

Consider z = (1, 0). Then Iy(z) = {2}, I1(2) = {1}, Io(2) = 0. Consider the branch
systems (3.10) (in both of them u = (1, 0), K =R xRy, w = y):

1. For J; =0, J2 = {2}, we have F7,(z) = 0 when zj;, = z2 = 0, implying that the matrix
in (3.21) is always singular, and hence, 2-regularity cannot hold. The branch system
(3.3) may have solutions tending to z only for perturbations y € R? with y; = 0.

2. For Jy = {2}, J» = () we have M7 = 0, M is empty, and hence, (3.20) holds for any
¢! = ¢ € R? with ¢ > 0. Furthermore,

A =rEE- (52 ).

and this matrix is nonsingular for any ¢; # 0. Moreover, any direction o = ¢ with with
C2 > 0 belongs to int K, implying (3.19), and hence, Proposition 3.3 is applicable.

19



The branch system (3.3) has solutions for all perturbations y € R? with yo > 0, except
for those with y; # 0, yo = 0; these solutions are

= { (L vE iR e >0
! (1= /2, =y1/\/y2) otherwise,

and they tend to z as y — 0 provided y; = o(,/y2). Therefore, this branch indeed gives
rise to a “large” set of perturbations “survived” by Z.

We next modify the example above in order to demonstrate the case when Proposition 3.3
is applicable with different partitions, with v € int K and v € int K, respectively.

Example 3.4 Consider the NCP (3.1) with F : R? = R?, F(2) = ((21—1)2+(21—1)22, (21—
1)?). The solution set has the form S = {z € R? | 21 = 1, 23 > 0}, and the only solution
violating strict complementarity is z = (1, 0).

We have: Iy(z) = {2}, I1(2) = {1}, I2(2) = 0. Consider the branch systems (3.10) (in
both of them @ = (1, 0), K = R x R4, w =y):

1. For J; = 0, Jo = {2}, we have F, () = (21 — 1)? when zj, = 20 = 0, M; = 0, Ms = 0,
and hence, by (3.18), ker ®'(z) = R x {0}. Observe that ker ®'(2) Nint K = (), and
hence, there is no appropriate v € int K.

Nevertheless, for any ¢! = ¢; € R and for o = (1, 0) it holds that Ry (v) = R x R,
and hence, (3.19) is satisfied. Moreover, (3.20) holds trivially, while
_ 0%F, - _
M) = 5 (D0 =26

2
023

is nonsingular (distinct from zero) provided {; # 0. Therefore, the solution % of this
branch system (and hence, the solution z of the NCP) is stable subject to a “large” set
of perturbations.

And this is indeed the case, as the branch system (3.3) has solutions for all perturbations
y € R? with y; > max{0, y2}, and these solutions are z(y) = (1 + V1, 0), tending to
z as y — 0. Observe that the specified set of “good” y agrees with what appears in
the right-hand side of (2.14) in Corollary 2.2. Moreover, this example demonstrates, in
particular, that one cannot take in that corollary w = 0.

2. For J; = {2}, Jo = 0 we have u = z, ®(u) = F(z), ®'(a) =0, ker &’'(a)NK = R xR} #
ker ®'(@), implying that ® cannot be 2-regular at @ with respect to K in the sense of
(2.12) in any direction at all. Nevertheless, Proposition 3.3 is applicable, similarly to
the corresponding part of Example 3.4.

And indeed, this branch system (3.3) has solutions for all perturbations y € R? with
yo > 0, except for those with y; # 0, yo = 0; these solutions are

2y) = { (14 Y2, (y1 —v2)//y2)  ify1 > e,
(1 —/y2, —(y1 —y2)/\/¥2) otherwise,

and they tend to z as y — 0 provided y; = o(,/y2). Therefore, this branch also gives
rise to a large set of “good” perturbations.
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We complete this section by observing that the discussion in it can be extended to mixed
complementarity problems (at the price of making the exposition more cumbersome), and in
particular, to KKT systems.

4 Generalized Nash equilibrium problem

In order to avoid too heavy notation, in this section we restrict ourselves to a generalized
Nash equilibrium problem (GNEP) with two players and shared constraints only:

minimize,:  fi (2!, 22) minimize,> fo(x!, 22)

subject to  g(x!, 2%) <0, subject to  g(x!, 2%) <0, (4.1)

where the players’ objective functions f; : R™ x R" — R and fo : R™ x R™ — R and
the constraint mapping g : R"* x R" — R" are smooth. This simplified problem setting
captures the most significant features of GNEP. One of those features making these problems
difficult for analysis and numerical solution is their tendency to have nonisolated solutions,
and this feature is specially interesting in the context of this work. GNEP setting goes back
to [34]; for recent surveys, see [12, 15].

Writing down the KKT optimality systems for the two optimization problems in (4.1), and
removing duplicated constraints, we obtain the following system in the primal-dual variables:
oL
—(at, 2? p') =0, 87:;(961’ a?, p?) =0, (42)
pt =0, (p gzt a?) =0, p?>0, (42 g(a',2?)=0, g(a', 2*) <0,

where L; : R™ xR"2 x R™ — R is the Lagrangian of the corresponding optimization problem
in (4.1), ie.,
LJ( 15127 Mj):f](fEl,1‘2)+<,U,J,g($1,$2)>, ]:17 2.
Along with (4.1), consider its perturbed version with the canonically perturbed players’
problems:

minimize,:  fi (2!, 22) — (a!, 2!) minimize,> fa(x!, 22) — (a2, 22)

subject to  g(a!, 22) < b, subject to  g(a!, 2%) < b,

where a' € R™, a?> € R™ and b € R™ characterize perturbations. Note that b is the same for
both players, i.e., joint constraints remain remain joint after perturbation. The corresponding
perturbed version of the system (4.2) has the form

OLi, 1 o 1v_ 1 0Ly 1 o 5 5
aml(x’x"u)_a’ axQ(x7x7u)_a7
/’Ll Z 07 <H17 g($17 1'2) - b> - 07 /1'2 Z 07 (/’L2) g(.’El, I’2) - b> - 07 g(Il) .T2) S b

For a given solution (z!, 22, ii!, ji?) of (4.2), define the index sets

A=A 2 ={i=1,...,m| g(z", %) =0},
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N=N(@, 2% ={1,..., m}\ 4
Ai:Ai(fl,z-,M):{zeA|p>0}, ji=1,2,
A%;:Aj@l,:z?,nﬂ‘):A\Aj, i=12
A+ - A+(:l: l’ /1 i ) A}i- UA?H AO = AO(:ZJ) :Z‘27 ;ala /3’2) = A(l) mA?)

Then near the solution in question, and for (a', a2, b) close enough to (0, 0, 0), the solution
set of (4.3) is the union of solution sets of the branch systems

81(3101 a?, p') =ad', 62(93 o?, p?) =a®, py =0, pi=0,
1 2
:u’Jl > 07 ,U,Jl > 07 9 (Qj T ) - le’ (44)
:UJng =0, lu2J2 =0, gJQ(xl ‘TQ) = bJ?’

M}4(1)\A(2) >0, MZ%\A}) >0, gA, (xl 12) - bA+7

defined by all partitions (J1, Ja2) of Ay.

The strict complementarity condition for GNEP KKT-type systems (4.2) consists of say-
ing that A} = 0 and A3 = (. If this condition holds, then (4.4) reduces to the system of
equations

oL, { o

o l(x T Ml) 1 aLQ 1 .2 2 1 2 1

a, @(fn L2 ) =d?, ph =0, pd =0, ga(zl, 2?) =ba.
(4.5)
Assuming that the components of ! and p? are ordered in such a way that pu! = (uY, uk)
and p? = (,u,i, /ﬁ\,), we finally obtain the following system of equations characterizing ', 22
and the unknown components of u!' and p?:
ngl (z*, 22, uly, 0) = a?, g ;(;1: 22, 14, 0) =a?,  ga(zt, 2%) =by (4.6)

with respect to u = (2!, 2, pl, ©%). Therefore, the behavior of such solution (z!, 72, i!, j

is characterized by the existing results for unconstrained equations, applied to (1.7) with
P : R™ x R™ x R4 x R4 — R™ x R"2 x RIAl

oL oL
@(u) <8 11< ) 27 M}A: 0)7 871_;(1'17 $2, /J',247 0)7 gA(wlv .’I)Q)> )

with the right-hand side perturbation w = (a', a?, b4). The basic solution of interest (of
(1.7) with w = 0) is @ = (2!, 22, @k, i%).

Observe, however, that unlike what we had for complementarity problems in Section 3,
(4.6) is a system of n; + n2 + |A| equations in nj + ng + 2|A| variables, and nonisolated
solutions of this system do not need to be singular: the Jacobian

62L1 -1 =2 -1 82L1 -1 =2 -1 0ga —2 *
W(iﬂ,fﬂyu) m@ﬂ%#) <89:1( a$)> 0
T
' (u)= Ly 1 2 o 0Ly 1 5 0941 2
8I18$2(x’$7u) 81)28.’E2<w7x’lu) 0 8$2(x’w)
Wi ) A, 0 0

(4.7)
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can have full row rank. If this is the case, and if A # (3, this solution is necessarily nonisolated,
but at the same time, it is metrically regular. In particular the local Lipschitzian error
bound holds at this solution (this result appears as the Lyusternik theorem in [19]), and it is
stable subject to small enough but otherwise arbitrary right-hand side perturbations with a
Lipschitzian estimate (this follows from the classical covering result for nonlinear mappings,
sometimes called the Graves theorem [11, Theorem 5D.2]). These properties are readily
translated to the solution (z', z2, ii!, 1) of (4.2), and to the perturbed version (4.3) of the
latter.

If the row rank of the Jacobian in (4.7) is not full, the system (4.5) can be studied by
means of the results in [22]. Moreover, since the number of equations in this system is greater
than the number of variables (unless A = (}), the covering result from [21, Theorem 5] can
be applicable, which in its turn is a corollary of the implicit function theorem obtained in [7]
(see also [3]). Unlike more general theorems in [20] and [22], the result in [21, Theorem 5]
establishes covering of an entire neighborhood of 0 in the space of right-hand side perturba-
tions, and with a square-root estimate as in Corollary 2.2, provided ® is 2-regular at @ (in
the sense of (1.5)) in some direction v € ker ®'(@) such that ®”(@)[v, v] € im ®'(a).

We proceed with the case when the strict complementarity condition does not hold. For
a given partition (Ji, Jo) of Ag, let the components of u! and p? be ordered in such a way
that pu! = (#}4+, wh, “}71’ ,LL}]Q), pu? = (,u?4+, L3, ,uQJl, ,u%z). Introducing the slack variable
o € RI%2l, the tuples satisfying (4.4) are equivalently characterized by the system

(9L1 8L2
@(l‘l’ :1:27 iu,l4+a 07 /‘6‘1]17 0) = ala @(xlﬂ :U27 :U‘124+7 Oa :u?fla O) = a‘2>
/Llh >0, N%l >0, gn (xla -1'2) =by, gJ2($17 xZ) —0=by, o020, (4.8)
M}4(1)\A% >0, ’U'2Ag\A(1) > 0, gAJr(xla x2) - bA+7

with respect to u = (x!, 22, “114+’ “(111’ ,u?h, N?h’ o). System (4.8) is a constrained equation

(3.7), where ® : R™ xR"2 x R4+ x RN RIAH X RITI X RI2l 5 R™ xR72 xRIA+H X RIVH RV

0L
%(Jfl, xza :u’}4+7 07 /’L}]l? 0)7

OLo
W(w17 1'27 /1’124+7 07 M%l) 0)7

1 2 2 1
K — Rnl X an % (R‘Ail % RTO\AO‘) X RL{H X (R‘Ail X RTO\AO‘) X RE” X RL{Q‘,

with the right-hand side perturbation w = (a', a2, by,, ba,, by,) (in the definition of K, we

further assume that the components of x' and p? are ordered in such a way that ,u}4+ =
1 1 2 _ 2 2 . . . . _ .

(MA}N “A(l)\Ag)7 Wy, = (uAi, MA(Q)\A%))). The basic solution of interest (of (3.7) with w = 0) is

u= (3, 72, (ﬂzl , 0), 0, (ﬁ1242 , 0),0,0), and (3.7) is equivalent to (3.10).
+ i
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In order to apply Corollary 2.1, consider the Jacobian

9%Ly 9%Ly d9A, U T 0
Ozloxl Ozlox? ozt
9%Lsy 0%Lsy 0 0gA,u,
0zldx? 0x20x2 0z2
(I)/(,a) = (9914Jr 8g,4+ 0 0
Ozt 0z2
agh 8ng
Ozt 0z2 0 0
99, 99,
ozt 0z2 0 0

where the derivatives are computed at the same points as in (4.7) (skipped for brevity). Since
int K # (), condition (2.13) holds if and only if this Jacobian has full row rank, which, in its
turn, is equivalent to saying that the matrix

9%Ly 9%Ly 9940\ " 0
Ozloxl Ozxlox? Ozt
9% Loy 9%Lsy 0 0ga,us
0zlox? 0x20x2 0z2
dga,  Oga,
Ozt 0z2 0 0
agfl 8.9]1
ozl 0z 0 0

has full row rank. By Corollary 2.1, taking into account Remark 2.1, we obtain the following

Proposition 4.1 Let fi, fo and g be twice differentiable near (z', %), and let their second

derivatives be continuous at (T

1’ jZ)

Let (', i?) be such that z = (z', 2%, i, p?) is a

solution of (4.2). Let there exist a partition (J1, Ja2) of Ao such that the matriz in (4.9) has

Sfull row rank.

Then there exist a cone C C R™ x R™ x R™ and 0 > 0 such that intC # (), and

for every y = (a', a®,b) € C close enough to (0,0, 0), there exists a solution z(y)

(= (y), 22 (), 1" (v), 1*(y)) of (3.2) satisfying ||z(y) — 2|l < |lyll/0-

Taking J1 = ), Jo = Ao, reduces the matrix in (4.9) to

PL, 9Ly Oga, \ " 0
Ozloxl Ozlox? Ozt
0zlox? 0x20x2 0z2
g, 994,
ozt 0z2 0 0
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If this matrix has full row rank, Proposition 4.1 is automatically applicable with the specified
partitions. Observe that if Ay = (), which is still weaker than the strict complementarity
condition, this matrix takes the form

9L, 0Ly dga\ "’ 0
Ozxloxl Oxlox? oxl

0Ly %Ly 0 dga\" |,
Ozlox2 0x20x2 0z2

dga dga

Ozt 0z? 0 0

the matrix appearing in [25, Proposition 2| as a part of the condition ensuring the local
Lipschitzian error bound for (4.2).

Observe that here, not only the assumptions of Corollary 2.1 but even the stronger
Robinson’s condition can be satisfied for some branches, being equivalent to saying that
the Mangasarian-Fromovitz constraint qualification (MFCQ) holds for the system (4.8) at «,
and with (a', a2, b) = (0, 0, 0). The following is the model example widely used in GNEP
literature.

Example 4.1 ([12, Example 1.1]) Consider the GNEP (4.1) with f; : R x R — R,
fl($1ax2) = (xl - 1)27 f2 : RxR = R, f2(x1a$2) = (ml - 1/2)27 g - R xR — R,
g(z!, %) = 21 + 22 — 1. The solution set of the related KKT-type system (4.2) has the
form

1 2 1 2
1 92 1 2 xt=t,x*=1—t, p =2(1—1t), p*=2(t—1/2),
{(x,x,u,u)eRxRxRx]R te)/2,1] .

For y = (a!, a?, b) € R x R x R close enough to (0, 0), the perturbed KKT-type system
(4.3) has the form

20t = 1) —at +pt =0, 2(2%-1/2) —a?+pu? =0,
pt>0, plat+22-1-b)=0, p?2>0, p?(@'+22-1-b)=0, 2'+22<1+0b.

The solution set of this system is

l=t, 22=1+b—t,

1
W= 12 i 9
(xlaiUQ»Ml,Mz)ERXRXRXR 21 —t)+a’, p~ =2 t*2 b>+a,
1 1, 1,
t - — = bh.1+ =
€|:2 2&—{—, —|—2a:|

Hence, all solutions of the unperturbed KKT-type system are stable subject to arbitrary
perturbations of the specified kind if they are small enough.

At any solution ((¢, 1 —¢), (2(1 —t), 2(t — 1/2))) with ¢ € (1/2, 1), satisfying the strict
complementarity condition, the Jacobian in (4.7) appears to be

2010
@a=020 1
1100
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It has full row rank, and hence, stability of this solution subject to arbitrary perturbations
of the type under consideration follows from the Banach open mapping theorem, since @ is
affine. If we add some higher-order terms in (4.1), vanishing at (¢, 1 —¢), this conclusion will
remain valid for small perturbations, but with the reference to the Graves theorem.

Consider now the solution ((1/2, 1/2), (1, 0)) violating strict complementarity. Then
N =0, A2 =0, AY = 0, implying that Ag = ), and hence, the system (3.6) reduces to

2t — D)+ pt =a1, 20@*—1/2)+pt=a* 2'+22=1+b, p*>>0,

giving a single branch of the solution set. Being considered as a constraint system, and
with (a', a?, b) = (0, 0, 0), this system satisfies MFCQ at the solution in question, which
is equivalent to saying that Robinson’s condition holds for the corresponding constrained
equation. Therefore, even after adding higher-order terms in (4.1), vanishing at (1/2, 1/2),
the solution in question will be stable subject to arbitrary small perturbations of the specified
kind, according to Robinson’s stability theorem.

Solution ((1, 0), (0, 1)) can be considered similarly, and with similar conclusions.
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