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Abstract. We introduce the explicit counterparts and prove realization
theorem for bimodal logics, describing communication of two agents in
case when knowledge (belief) of both agents is described by one of the
logics K, T or K4. The agents may interact by either adopting or verifying
each others knowledge; interaction can be either one-way or two-ways.

Justification logic introduced by S. Artemov in [1,2] gives formal description
of the relation “the agent knows (believes in) ϕ because of justification t”, incor-
porated in the language of justification logic by atoms of the form t :F where t is
a justification term and F is a formula. A justification logic can be considered as
the explicit variant of a propositional modal logic; the justification counterparts
were found for many modal logics such as K, K4, D, T , S4 ([2,3]).

Multi-agent versions of justification logics were presented and studied in [5]
and [4]. In this case interaction between agents is possible; it is expressed via
operations which convert justifications of an agent to justifications of the other
one. In [5] the logics are formulated for which the agents’ knowledge is described
by the modal logic S4 and communication between the agents is either proof
adoption (the agent B can transform evidences of the agent A into his own
ones), or proof verification (given the evidence t the agent B can construct the
evidence for the fact that the agent A accepts t as the evidence for the fact F ). If
the basic logic of the two agents is as strong as S4 these two types of connection
are equivalent. If the reasoning of the agents is described by a weaker system
different types of interaction result in different logics, and this is the case we
study here.

In all the logics presented here justifications are represented by terms con-
structed from justification variables and constants by means of operations on
justifications: bynary · and + and unary !, ⇑21, ⇑12, !21 and !12. The meaning of
operations will become clear from the axioms below. Formulas are built from
propositional variables by boolean connectives and the justification operators: if
t is a justification term and ϕ is a formula then t : iϕ are formulas for i = 1, 2
informally interpreted as “the i-the agent accepts t as an evidence for F .”

We assume that both agents reason in accordance with the same logic which
is either K, T or K4. If we do not assume interaction between the agents this gives
us one of the logics K2, T2 and K42. By J2 we denote the justification version
of the logic K2, its axioms are formulas t : i(F → G) → (s : iF → [t · s] : iG)



and s : iF ∨ t : iF → [s + t] : iF for i = 1, 2. The logics JT2 and JK42 are the
explicit versions of T2 and K42; they are obtained from J2 by adding the axioms
t : iF → F and t : iF →!t : it : iF (i = 1, 2) respectively. The inference rules for
justification logics are Modus Ponens and Axiom Necessitation

` c1 : i1c2 : i2c3 : i3 . . . ck : ikA,

where k is a natural number,ij ∈ {1, 2}, cj are justification constants and A is
one of the axioms of the corresponding logic.

We consider two types of interaction between agents:
Knowledge adoption. An agent knows everything that the other one knows;

operation ⇑ji converts proofs of the i-th agent into proofs of j-th one.

(a↑) 21A→ 22A (a↓) 22A→ 21A
(ja↑) t :1F →⇑21 t :2F (ja↓) t :2F →⇑12 t :1F

Knowledge verification. An agent knows that the other one knows F in
case this is true. The corresponding operations are !ji .

(v↑) 21A→ 2221A (v↓) 22A→ 2122A.
(jv↑) t :1F →!21t :2t :1F (jv↓) t :2F →!12t :1t :2F.

Below is the list of the modal logics together with their justification counter-
parts: for each modal logic L ∈ {K2,T2,K42} we put

– one-way adoption: La = L + (a↑), JLa = JL + (ja↑),
– one-way verification: Lv = L + (v↑), JLv = JL + (jv↑),
– two-way adoption:

La↑,a↓ = L + (a↑) + (a↓), JLa↑,a↓ = JL + (ja↑) + (ja↓)
– two-way verification:

Lv↑,v↓ = L + (v↑) + (v↓), JLv↑,v↓ = JL + (jv↑) + (jv↓),
– uni-directed adoption and verificational:

La↑,v↑ = L + (a↑) + (v↑), JLa↑,v↑ = JL + (ja↑) + (jv↑),
– oppositely directed adoption and verifitation:

La↑,v↓ = L + (a↑) + (v↓), JLa↑,v↓ = JL + (ja↑) + (jv↓).
Theorem 1. For any bi-modal formula F and each logic from the list above
except Ka↑,v↓

2 and Kv↑,v↓
2 one has L ` F if and only if there exists an assignment

F r of terms to all boxes in F in such a way that JL ` F r.
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